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Abstract

We shall investigate the asymptotic behaviour of the widths of best m-
term approximation with respect to Lizorkin-Triebel as well as Besov spaces.
Our approach leads to final assertions in all possible situations. Furthermore,
we shall also discuss embeddings into the approximation spaces A7 (Ly) with
q < oo. This leads to detailed information on the decay of wavelet coefficients

for the elements of Lizorkin-Triebel and Besov spaces.

1 Introduction

Let ® := (¢;); denote a wavelet basis satisfying some additional smoothness, in-
tegrability, and moment conditions. We consider best m-term approximation with

respect to @, i.e., we investigate the quantity
Om(f, ®)x = inf{Hf—chQ/Jj Ix: |A|<m, ¢ €eC,je A} . meEN.
JEA

Associated widths are defined as follows. Let X and Y be quasi-Banach spaces such
that Y — X. Then we define

(Y, X, ®) = sup {am(f, O)x: ||fY] < 1}, m € Ny . (1)

Usually one concentrates on X = L,(R%). However, there is some motivation to

consider also more general cases.

*Supported by Deutsche Forschungsgemeinschaft (DFG), Grant ST 487/14-1.



Let s >0 and 1 < p < co. Under appropriate extra conditions on the basis ® one
knows that the approximation space A: (L,(R?), ®), defined by

f € Lp<Rd) ) sup (m + 1)8 0m<f7 cD)Lp(]Rd) < 00,
m=0,1,...
is given by . .
s
{fZij b (); Gﬂmo}, STty (2)

J
see |13] or [28], and also [20]. However, a characterization of A% (L,(R?),®) in
classical terms of smoothness like derivatives, differences or moduli of smoothness
seems to be unknown. Besov and Lizorkin-Triebel spaces are well-known examples of
spaces allowing a characterization in such terms. Today Besov spaces are indispens-
able in approximation theory. Lizorkin-Triebel spaces are certain generalizations of
Sobolev spaces. They occur much less in approximation theory, but in particular
the classes F; (), sometimes denoted as C;(€2), have played a role in connection
with the sharp maximal function, see [5], [14] and [42, 1.7.2, 5.3|. Furthermore,
there is the famous result of DeVore, Jawerth and Popov [11]. Let 0 <7 < p. A
function f belongs to the Besov space BT(TT i )(Rd) if, and only if it belongs to the
approximation space AT p(L (RY), ®), i.e., it satisfies

(Zm [mf s omlf, @)Lp(Rd)]T)I/T <. (3)

Here in this paper we shall deal with the following more simple problem: we
shall characterize all Besov and Lizorkin-Triebel spaces which are embedded into
As (Ly(RY), ®). In fact, we shall deal with this problem by replacing also L,(R%) by
Besov and Lizorkin-Triebel spaces. Such a program has been initiated by Kyriazis
[29], but see also [11], [26], [24], [8] and [7] for earlier results in this direction.

We shall divide our investigations into three different cases. In a first case we shall
study the behaviour of o,,(Y, X, ®) for pairs (X,Y) of homogeneous Besov and
Lizorkin-Triebel spaces. Then we continue by investigating inhomogeneous Besov
and Lizorkin-Triebel spaces. Finally, we deal with spaces of such type on bounded
open sets. All three cases can be handled by essentially the same methods. How-
ever, there are some differences in the outcome. Whereas the results in the limiting
situations coincide, this turns out to be not the case in the non-limiting situations.
By limiting situations we understand all embeddings which are covered by Lemma
1 below. For homogeneous spaces no further embeddings exist. But for inhomoge-
neous spaces and for spaces on domains the theory of embeddings is much richer,

see Lemma 3 and Figure 1 below. In all non-limiting situations it makes an essential
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difference whether the underlying domain is bounded or unbounded.
Concerning the wavelet system ¢ we wish to remark the following. First of all, we
use different systems for homogeneous spaces, for inhomogeneous spaces on R? and
for spaces on bounded open sets 2. Exact definitions are given in (32), (26), and
(39). When we deal with the widths o,,(Y, X, ®) it is always assumed that Y and
X allow a characterization by means of the system @, see Propositions 1, 2 (homo-
geneous spaces) and Propositions 3, 4 (inhomogeneous spaces on R?) for sufficient
conditions. In case of spaces on domains we will suppose that the associated inho-
mogeneous spaces on R? allow a characterization by ®, since these spaces will be
defined as restrictions of the inhomogeneous spaces.
In this paper we are not interested in optimal bases or the exact determination of
the best m-term approximation, we refer, e.g., to [10, 44, 15, 26, 24| for those aspects
of the theory. In our context it always holds, that

o, X (RY, @) = inf{|| £ = 37 (F.05) 05 | X, (R - A <m ),

JEA

X € {B, F}. With other words, it will be sufficient to approximate f by appropriate
partial sums of the Fourier-wavelet expansion of f.
The paper is organized as follows. In Section 2 we state and comment on our main
results. Section 3 contains some supplements dealing with the decay of wavelet
coefficients of the elements of F;q, B;q in terms of Lorentz sequence spaces. All
proofs will be collected in Section 4. The first step in our proofs will always be
the application of a wavelet isomorphism. This reduces the problem for distribution
spaces to a problem for sequence spaces. Wavelet isomorphisms will be described
in Subsection 4.1. On the level of sequence spaces we use the characterization of
the approximation spaces in terms of Lorentz spaces, see e.g. [37|, as well as the
fact that the approximation spaces with respect to Lizorkin-Triebel spaces do not
depend on the fine-index ¢, see [29]. Our main tool will be interpolation theory.
In Subsections 4.4, 4.7 we collect some more material on embeddings of Besov and
Lizorkin-Triebel spaces into approximation spaces.
Our methods also work in more complicated situations as tensor products of the
spaces considered here or the slightly more general spaces of dominating mixed

smoothness. For more details we refer to [22].

Notation

As usual, N denotes the natural numbers, Z the integers and R the real numbers. If

X and Y are two quasi-Banach spaces, then the symbol Y < X indicates that the



embedding is continuous. As usual, the symbol ¢ denotes positive constants which
depend only on the fixed parameters s,p,q and probably on auxiliary functions,
unless otherwise stated; its value may vary from line to line. Sometimes we will
use the symbols “<” and “2” instead of “<” and “>”, respectively. The meaning of
A < B is given by: there exists a constant ¢ > 0 such that A < ¢ B. Similarly 2 is
defined. The symbol A =< B will be used as an abbreviation of A < B < A. For a
discrete set V the symbol |V| denotes the cardinality of this set.

General information about homogeneous and inhomogeneous Besov and Lizorkin-
Triebel spaces can be found, e.g. in [34, 41, 43| (B; ,, F;,) and [18, 25, 30, 34, 41]
(B? F;’q). We will not give definitions here. However, the wavelet characteriza-

P,
tions, recalled in Subsection 4.1, can be taken as definitions as well.

2 The asymptotic behaviour of the widths of best

m-~-term approximation

We shall investigate the asymptotic behaviour of the widths o, (Y, X, ®) in three dif-
ferent situations. First we study the case of homogeneous spaces of Besov-Lizorkin-
Triebel type. In the second case we turn to inhomogeneous spaces of this type on
unbounded domains and finally we consider spaces on bounded domains. Since we

need to have Y < X this puts different restrictions to the admissible pairs (X,Y).

2.1 Widths of best m-term approximation and homogeneous
spaces

Here we deal with homogeneous spaces of Besov and Lizorkin-Triebel type.

To begin with, we recall the known embedding relations.

Lemma 1. Let s,50,51 € R and 0 < q, qo, 1 < 00.

(i) Let 0 < po, p1 < 0o. We have F0_ (RY) — % (RY) if and only if

P0,90 P1,q1
d d
Sop—— =81 — — (4)
Po P1

and either pg < p1 or po = p1 and gy < q;.

(i) Let 0 < po,p1 < 00. We have B, (RY) — B3 . (R?) if and only if (4), po < p1,
and qo < q; hold.

(iii) Let 0 < pg < p1 < 00 and suppose

d d d
Sg— — =8—— =8 — —. (5)
Do p b1



We have
B (RY) — F* (RY) — B (RY)

Po,90 P1,91

if and only if go <p < q1.
(iv) Let 0 < p < oco. We have

B;qo (RY) — F;q(Rd) s B;,ql (R%)
if and only if g < min(p,q) and max(p,q) < q1.

Remark 1. (i) None of these embeddings is compact.

(ii) For proofs we refer, e.g., to [25] (sufficiency) and to [38| (necessity). In the latter
reference only inhomogeneous spaces are considered. However, the arguments carry
over. The reference [25] does not cover the second embedding in part (iii). For this

part we refer to Franke [17], but see also [45] and [23].

In the list of all possible embeddings only those with py < p; are of interest in our

context.

Lemma 2. Let Y;qo (R?) — X;’ql (R%) be one of the possible embeddings in Lemma
1. Then

Om (YS (RY), X2 (Rd),<1>> =1, meN. (6)

psq0 p

From now on, we concentrate on py < p;. To begin with, we first consider the case

where both, X and Y, are spaces of Lizorkin-Triebel type.

Theorem 1. Let 0 < py < p; < 00, 0 < qo,q1 < 00 and so, 1 as in (4). Then

1 1

O (F (RY), Fo (Rd),cb) =m W',  meN. (7)

Po,q0 P1,q1

Remark 2. (i) Since the embedding £330, (R?) — F2 (R?) is not compact other
widths of this embedding like approximation numbers, Kolmogorov numbers or en-
tropy numbers would not tend to 0 for m — oo.

(ii) The behaviour of o, does not depend on qg, q;. This is in sharp contrast with

the other cases treated below.

Theorem 2. Let 0 < pyg < p1 < 00, 0 < q1 < 00, 0 < qp < p1, and So,s1 as in (4).
We put t := max(po, qo). Then

1

0m<BSO (RY), F= (Rd),@) =m %,  meN. 8)

Po,q0 P1,91



Remark 3. (i) In view of Lemma 1(iii) the restriction 0 < gy < p; is necessary.

(i) This time the behaviour of ¢, does not depend on ¢;. In both cases, in Thm. 1
and Thm. 2, this expresses the fact that the approximation spaces Aio(szf, " (R%), @)
do not depend on ¢; (at least under appropriate restrictions with respect to ®). This

phenomenon has been observed for the first time by Kyriazis [29].

Theorem 3. Let 0 < py < p; <00, 0 < gy <00, pp < q1 <00, and So, $1 as in (4).
We put t := min(py,q1). Then

1 1

am<F (RY), B2 (Rd),cb)xm—?o*f, meN. 9)

Po,q0 P1,91

Remark 4. The restriction py < ¢ < 0o is necessary in this context, see Lemma
1(iii).

Finally we turn to the embedding of Besov into Besov spaces.

Theorem 4. Let 0 < py < p1 <00, 0 < qo < q1 < 00, and sg, 81 as in (4). We put

Then

om (B B, Byt (R, @) <m ™, meN. (10)
Remark 5. (i) The restriction ¢y < ¢ is necessary in this context, see Lemma 1(ii).
(ii) The limiting case for the estimate from above in (10), i.e. the case pio — pil =
11

- — o » has been already investigated by Kyriazis [29]. The non-limiting cases can
be easily traced back to the limiting case.

(iii) Summarizing, we have determined the asymptotic behaviour of

Om <YSO (RY), X351 (RY), (I>> in all reasonable situations. The picture is complete.

Po,q0 P1,91
However, by definition we have excluded the very interesting scale Eso (R%) which

00,40
includes BMO. Best m-term approximation in BMO, VMO or more generally in
F o0 (R?) is quite different from what we are doing here. In our context that part of
the wavelet expansion with the m largest coefficients (by modulus) yields a nearly
optimal approximation. This is wrong with respect to the scale Fggm (RY), see [26]

and [32].

2.2 Best m-term approximation in L,-norms

Restricted to this subsection, we shall use the more precise notation [f] instead of

f, see (25). Furthermore, by W we denote the mapping

1= (U] $5)ike -
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Let 1 < p < oo. Then it is well-known, see [35], [39] or [21], that there exists a
linear isomorphism 7 : F£2(Rd) — L,(R?) such that the equivalence class [T'([f])]
of the image of [f] € FISQ(Rd) coincides with [f]. More precisely, in each class
[f] € Flgz(Rd) there is exactly one element T'([f]) which belongs to L,(R?) and
I T 1 LyRY| = | [f] |F£2(Rd)||. This opens the door for an easy interpretation
of Theorems 1 and 2. For given m and [f] let

Gullf) = > (L) ¥,  AnCZXZ'xE, |An| <m,
(4,k,e)€Am

be chosen in such a way that (cf. remark 14)

IW () = WG (DD [ 2l = oW ([£]), B) o

P1,2

Of course, T'([Gm([f])]) = Gm([f]) for all m since the elements of our wavelet sys-
tem ® belong to L, (R?). As ® is an unconditional basis in F}9172(Rd) it holds
lim,, oo || [f] =[G ([f])] |F£172(]Rd)|| = 0. Thus (G, ([f]))m is a Cauchy sequence in
L,, (RY) as well and its limit is obviously given by the wavelet expansion of [f]. In

this sense we define
on([f], @), (mey = (11)

inf { | S S S - Y s,

j=—00 kcZd eeE (J,k,e)EAm

Am CZXTZEXE, |An| <m, cj,ke@}

Ln(®Y)|

and accordingly

1 1 d(L,L)

v pifﬁ) O\pg  P1
O (Yoodd 7 (R, Ly (RY), @) = sup {om((f), @)1, 00 N[ ¥mods " RN <1}.
Now we can interpret Theorems 1, 2 as follows.

Corollary 1. Let 0 < py < p; < o0 and 1 < p; < oo.
(i) Let 0 < go < oo. Then

) 1,1

d(L—L
am<Fp0(,gg WRY, L, (RY, @) =m W, meN. (12)
(i) Let 0 < qo < p1. We put t :== max(pg, qo). Then

a5 1)

' d d —itar
om (Bl (R, L, (R), @) <m0, meN. (13)



Now we turn to the case p; = 1. First we recall the corresponding embedding

assertions. Let 0 < py < 1. Then

. d(pi—l)
Bpo,q% (Rd> — Ly (Rd)

if and only if 0 < ¢y < 1 and

. d,(pi—l)
Fp% (RY) — Li(RY),

see e.g. [25] and [38] for some details. These embeddings have to be interpreted in

. . . e - d(p-—1)
the sense that there exists a linear continuous injection T : Y, 50 " (R?) — Li(RY).

This will be sufficient to carry over the arguments from above and to use (11) also

with p; = 1.

Corollary 2. Let 0 < py < 1.
(i) Let 0 < go < oo. Then

cd(E -1
T (Fpo(f;g '(RY), L, (RY), c1>) ~m wt', meN. (14)
(i) Let 0 < gqo < 1. If .- — 1 < =, then

Ld(—1 1
o (Bpéf;% )(Rd),Ll(Rd),QJ) ~mwt meN. (15)

2.3 An extremal property of inoo

Let D be a subset of the quasi-Banach space X. Then we define

Om(a,D)x = mf{|ya—zcj¢j Ix: |A|<m, ¢ €C,¢,eD,je A} :
jeA

Obviously og(a,D)x = ||a|x. We are interested in the approximation spaces rela-

tive to o,,. Let s > 0. We define A3(X, D) to be the collection of all elements a of

X such that

00 1/
(S m+1 [(m+1)sam(f,D)X]q> ! if 0<g< oo,
m=0
lal Ay (X, D) :=
sup (m+1)°o,(f,D)x if ¢=o00,
m=0,1,...

is finite, see e.g. [36, 37, 28, 29].

Remark 6. For later use we mention the continuous embedding A> (X,D) —

A: (X, D), qo < q1, which becomes obvious by switching to dyadic subsequences.
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Now we turn to the specific situation X := L,, (R?) and ask for the largest space
}'/;Jifqo (R?) within the scales of homogeneous Besov and Lizorkin-Triebel spaces such

that
Vi o (RY) — A (L, (RY), D) (16)

Po,q0

for a given s > 0. By means of the results of the previous subsection its easy to

determine this space.

Theorem 5. Let 1 < p; < 0o and let s > 0. Let Y(R?) be a homogeneous Besov
or Lizorkin-Triebel space such that Y (RY) — A° (L, (RY),®). Then Y (RY) —
E_(RY) follows, where

Po,00

1 1 1 1

S0 :zd(———) and — =5+ —. (17)
Po P

Remark 7. Theorem 5 remains true for the inhomogeneous spaces on R? and as

well for the spaces on bounded domains.

2.4 Widths of best m-term approximation and inhomoge-

neous spaces on Rd

The theory of embeddings of inhomogeneous spaces is much richer than in case of

homogeneous Spaces.

Lemma 3. Let s,50,51 € R and 0 < q, qo, 1 < 00.
(i) All embeddings collected in Lemma 1 have their inhomogeneous counterparts.

(i) Let 0 < pg < p1 < 00 and suppose

d d
So—— >81 — —. (18)
Po b

Then Y20 (RY) — X2 (R%) holds with Y, X € {F, B}.

Po,q0 P1,q1

Remark 8. (i) Again all these embeddings are not compact.

(i) In Figure 1 below we have plotted the situation with s; = 0 and by ignoring the
influence of ¢o and ¢;. Only the line connecting the pairs (0,1/p;) and (so,1/po)
refers to embeddings in the homogeneous situation, see Lemma 1. We shall call it
limiting situation in the inhomogeneous case.

(ili) For proofs (necessity) and further references, we refer to [38].



s A
st
"""""""""""""""" 1 1
so=d (= —
YS() X81 ....... 0 (po p1 )
P0,q0 P1,Q1

Fig. 1

1 1 1

P1 Po p

Theorem 6. (i) Mutatis mutandis, Theorem 1 - Theorem 5, Corollary 1 and Corol-
lary 2(i) remain true by replacing the spaces with dot by the spaces without a dot.
(i) Let 0 < gy < 1 and t = max(po, qo). Then

d(-L—1 1
Om (Bp(ff’q% )(Rd),Ll(Rd),CI>> =m i m € N. (19)

(iii) Under the restrictions of Lemma 3(ii) we have
o (Vi (RY), XG50, (R, @) =m 565, meN. (20)

Remark 9. For the non-limiting situation, i.e. if

1 1
Do < p1 and 80—81>d(———>7
Po M

we wish to mention that the behaviour of o, (Y;,?,qo (RY), X5 (RY), CID) does not
depend on the relation of sg to s;. This is in sharp contrast to the situation on

bounded domains, see the next subsection.

2.5 Widths of best m-term approximation and spaces on bounded

open sets

Let © be a bounded open subset of R%. Then all embeddings from Lemma 3 remain
true in this situation. But now we also have X3¢ (Q) — X0 (Q) if py > p;.

Moreover, it is known that under the restriction

1 d

80—81>d(———> (21)
Po P17+

the embedding X20 () — Y*_(Q) is compact, see [43, Thm. 4.33]. Here Y, X €

Po,q0 P1,91
(B, FY.
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Fig. 2

Y

1
p1 p
Now we turn to the asymptotic behaviour of ¢, for those compact embeddings.

Theorem 7. Let Q be a bounded open set in R%. Let 0 < pg, p1, o, g1 < 00.

(i) Mutatis mutandis, Theorem 1 - Theorem 5, Corollary 1 and Corollary 2 remain
true by replacing the spaces with dot by the spaces on ).

(i) Let so and sy be as in (21). Then, with Y, X € {B,F} (Y = B if py = 00 and
X =B if pp = ), we have

Po,90 p1,q1

0m<YS° (Q), X (Q),@) = m~=s/d g e N, (22)

Remark 10. (i) Since the embeddings in Theorem 7(ii) are compact we can com-
pare the behaviour of the widths of best m-term approximation with other widths.
Most simple seems to be the comparison with entropy numbers. Under the given

restrictions in Theorem 7 (ii) we have

e (i, Y00, (0. 2314, () = 00 (Y0, (). X1, (), @)

where e,,, denotes the m-th dyadic entropy number of the identity id : Y2, (Q) —
X5 (), cf., eg., [16, Thm. 3.3.2]|.

P1,91
(ii) Theorem 7(ii) is essentially proved in [9].

3 Decay of wavelet coefficients

There is a close relationship between embeddings into approximation spaces with
respect to best m-term approximation and decay of the wavelet coefficients. This is

expressed by the following theorem.

11



Theorem 8. Suppose 0 < py < 0o and 0 < gy < 0o. Let ® be as in (26).

(i) There exists a constant ¢ such that

(L*l)
» Wik/!)jkse |tpo,max(po,qo) 0,00 ’
| (Cf5 500 )iime 1€ < el f 1 Fpod

holds for all f € FpO @ )(]Rd). The estimate becomes false if one replaces £, max(po.qo)

Rl (23)

by Ly, with 0 < u < max(po, qo)-

(ii) Let po < qo. Then there exists a distribution f € Bpg,;) 7)(Rd) such that the
sequence ((f, V$1))jke of its wavelet coefficients does not belong to £y, .

(iii) Let qo < po. For any u < po there exists a distribution f € B,C,ls,;o 7)(Rd) such

that the sequence ((f, V§,))jke of its wavelet coefficients does not belong to Ly, ..

Remark 11. (i) Theorem 8 remains true if one replaces the homogeneous spaces
either by the corresponding inhomogeneous spaces on R or the corresponding spaces
on 2. Of course, in such a case one has to work with different types of wavelet bases,
see (32) and (39).

(ii) The statements in Theorem 8 are obvious in case py = go. Then we simply have

d(55—3)

HCF 5 )ike ool =N f [Fpogss ™ (RO

see Frolposition 1. The interesting cases are those with py # G- i&gain the spaces
d(——= Ld(E2—=2
Fpo(f’0 )(Rd) have an extremal property. From all spaces Ypo(,gg 2)(Rd) with fixed

po they are the largest for which the estimate

F(CFs 950 ike poooll < Il £ 1Emi 2 @Y (24)

d(55-73)

holds for all f € Y,,00 *'(RY), Y € {F, B}.

4 Proofs

In this section all proofs will be given. However, also some additional material is pre-
sented. E.g., in Subsections 4.4, 4.7 properties and embeddings into approximation

spaces will be discussed.

4.1 Wayvelet isomorphisms

We recall a collection of results on the characterization of homogeneous and inho-

mogeneous distribution spaces. For the basics in wavelet theory we refer to [46].

12



4.1.1 Wavelets and homogeneous spaces

Let P denote the set of all polynomials on R¢. Homogeneous spaces of Besov and
Lizorkin-Triebel type are defined as subsets of the space of tempered distributions

S’(R%) modulo polynomials. This means we have to work with equivalence classes

[fl={9eSR): g=f+p,peP}, [feSRY). (25)

We refer to [34, 18, 19, 41| for details. By a slight abuse of notation we will not
distinguish between f and [f] in general. The only exception will be Subsection
2.2. Usually the point of departure is a definition in Fourier analytic terms which
we will not repeat. Here we are interested in a discretization by means of a wavelet
transform.

Let ¢ denote an univariate scaling function associated with the wavelet 1. We put
Y0 := ¢. Let F denote the set of nonzero vertices of the unit cube in R?. For each

vertex e = (eq,... ,eq) € E we let
V() =Y (xq) ... Y (), x=(21,...,2q) c R%.
We suppose that the collection ¢ given by
Co@) =22y —k), e€eE, kel' jEL, (26)

forms an orthonormal basis for the space Lo(R?). Furthermore we assume ® C
C"(RY),

sup (1 + ]m\)M | D¢ ()| < o0, eeE, |of<r, (27)
zER4

and
/ z*Y°(z)dx =0, eel, |af<r, (28)
R4

for some M > d and some r > 0. Let X be the characteristic function of the cube
[0, 1]¢. Then we put

Xjp(z) =X(22—-k), xeR' jeNy,kez’.

In other words, &, is the characteristic function of Q) = 277 ([O, 1]4 + k:)
For the following two propositions we refer to [18], [19] and [30].

Proposition 1. Let s e R, 0 < p < 00 and 0 < q < o0o. Further we suppose with
J :=d/min(1,p, q)

T‘>max{J—d—s,s} and M>maX{J,d+r}.

13



Then, for every f € F (R), we have

F=20 D ) AF U5 v (29)
j=—00 kcZd eeE
convergence in S'(R?) /P (and in 5 (R?) if ¢ < o0), and

I FIEL @)= (32 2 S S (i, v el ))

j=—00 kezd eeE

L,(RY) H . (30)

Proposition 2. Let s € R, 0 < p <00 and 0 < ¢ < oo. Further we suppose with
J :=d/min(1, p)

r>maX{J—d—s,s} and M>maX{J,d+r}.

Then, for every f € B (R?), we have

F=0 D (v,

Jj=—o0 kczZd ecE

convergence in S'(RY) /P (and in B;q(Rd) if max(p,q) < 00), and

1B, ) = (30 2erdebe( S e wor) )

Jj=—00 keZd eeE

Remark 12. These two propositions require an interpretation. If 1 is the Meyer
wavelet on R, then this function satisfies a moment condition of infinite order, i.e.,
(28) holds for all o (and (27) for all M > d). This means that the coefficients
(f; ¥5,) in (29) do not depend on the special representative f of the equivalence
class [f]. In case that v satisfies a moment condition of finite order r only, then we
have to calculate modulo polynomials of order less than r. Hence, we deal with a
different set and also with a different topology. However, with the restrictions on s
as given in the above propositions there are isomorphisms mapping the homogeneous
spaces onto the sets of distributions modulo polynomials of order less than r and
with (30) and (31) finite, respectively. We omit details.

4.1.2 Wavelets and inhomogeneous spaces

We use the same notation as in the previous subsection. In addition, we put

Ve () = dla— k) ... d(ra—ka), TeER keZ' ee E_y:={(0,...,0)}.
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Furthermore we put E; := E for j > 0. In connection with inhomogeneous spaces

on R? our basic set ® is now defined to be the collection of all functions
S s j>—1,keZ ecE;. (32)
Then we have the following, see e.g. [43, Thm. 1.20].

Proposition 3. Let s e R, 0 < p < 00 and 0 < q < oo. Further we suppose with
J :=d/min(1,p, q)

r>maX{J—d—s,s} and M>max{J,d+r}.

Then, for every f € F3 (R), we have

F=2220 > v v (33)
j=—1kezd eeEj
convergence in S'(R?) (and in F$ (R?) if ¢ < 00), and

1715, = [ (3 220 S0 57 g, wi () )

]:—1 k‘GZd BEEJ'

Lp(Rd)H . (34)
Proposition 4. Let s e R, 0 < p <00 and 0 < q < oo. Further we suppose with
J :=d/min(1, p)

r>maX{J—d—s,s} and M>maX{J,d+7"}.

Then, for every f € B;yq(Rd), we have

F=22 2 2 A via vl

j=—1 kezd e€E,
convergence in S'(R?) (and in B (R?) if max(p,q) < 00), and
o (s 1_1 e q/p\ 1/q
1By, R =< (D 2 G (SN pwal) ) (39)

j=-1 keZd eeE;

4.1.3 'Wavelets and domains

Let © C R? be a bounded and open set. Then we define the spaces Fj (€2) and
B> () by restrictions, see e.g. [43, 2.1.1]. More exactly, we put

X5, = {reD@: f=ga forsomege X;, &)
| FIX; (@ = inf [l g1X;,(RY],

15



where the infimum is taken over all g € X;”q(Rd) such that f = go. Here X €
{F,B}.
For our purpose it is enough to observe the following. Let the univariate scaling

function ¢ and the associated wavelet ¢ be compactly supported, say
(Suppqﬁ U suppw) C [=N, N]
for some N > 0. For given f € X, () let £f denote an extension of f such that
1€ 1Xp R < 20 f X5, () < 2[1€F X (R

Then

EF=D0 "D (L U5, ¥5,

Jj=—1kezd ecEj;

Hence, also

Ef=> D> D (LU, (36)

j=—1supp wj’kﬁﬂ;é@ eck;

is an extension of f such that
1€ 15 RO = f 15, (- (37)
Moreover, we have
suppEf C T := {x € R?: dist (z,Q) < 2N}. (38)

For inhomogeneous spaces on bounded domains we define ® to be the collection of

all functions 97, such that
QNsupp s, #0, j>—1,keZ ecE;. (39)

With (36) and (37) we do not get an intrinsic characterization of X, (€2). Those
characterizations are only known under more specific restrictions on the domain {2

and on the set of admissible parameters, see e.g. the monographs [6] and [43].

4.2 Sequence spaces

The described characterizations of the Lizorkin-Triebel and Besov spaces allow a
discretization of our problem, i.e., it is enough to investigate best m-term approx-
imation on appropriate sequence spaces. By ignoring the finite sum Zee g, We are

lead to the following type of sequence spaces.

16



Definition 1. Let 0 < ¢ < 0o and s € R. Let V = (V;); be a sequence of nontrivial
subsets of 7.2.
(i) Let 0 < p < oo. Then by (V) consists of all sequences a = (ajx)jx such that

s ©° (odd(l_1 q/p\ 1/
lalbs, (V)= (326G (3 Jaal) ) <00 (40)
7=0 )\GVJ'
(ii) Let 0 < p < o0o. Then f; (V) consists of all sequences a = (a;x)jx such that

lalin (V= H (i Z 2/ e/ lajn| T XA (- >>1/q

j=0 AeV;

LP(R")H <oo.  (41)

(iii) We define f3, (V) =5, (V).

Remark 13. (i) Two special cases of sequences V are of particular importance. The

first one is simply V; = Z? for all j, and we will denote the corresponding spaces
by b, , and f;

P a0
(nontrivial) set. Then, by looking at (39), we define V by

respectively. For the second one, let Q C R? be a bounded open

V, = {kEZd: <y € @ for someeEEj}. (42)

The corresponding sequence spaces will be denoted by b (€2) and f, (€2), respec-
tively. Furthermore, the following fact is immediate. There exist positive constants

C: and (5 and an appropriate nonnegative integer J, such that
Cy <270V <Cyy G2 (43)

(ii) Let V; := Z% for all j. If the summation in (40) ((41)) extends over Z with
respect to 7, then we will call the spaces homogeneous and denote them by l');q ( ']f,q).
(iii) Obviously by (V) = f5 (V) and b5, = f , respectively.

(iv) The straightforward extension of part (ii) of the above definition to p = co does
not lead to the correct spaces in general, see e.g. Frazier and Jawerth [18|. The only

exception is the case ¢ = o0.
Later on we shall need the following duality assertion.

Lemma 4. Let 1 <p< oo, 1 <q<oo, and s € R. Let V be as in Remark 13 (i).
Then

Und =Ty and  (f3,(V)) = f,5(V).

where ¢’ is defined by % + % =1.

17



Proof. The counterparts of these duality relations for function spaces can be found
in Triebel [41, 2.11.2] (inhomogeneous spaces) and in Frazier and Jawerth [18] (homo-
geneous spaces). This has to be combined with the wavelet isomorphisms described

in the previous subsection. |

4.3 Gagliardo-Nirenberg inequalities and embeddings of se-

quence spaces

In the context of Gagliardo-Nirenberg type inequalities Ohru, see Brezis and Mironescu
[3], has proved the following nice inequality for sequences.
Let 0 < © < 1, 50,81 € R, 59 # s1, and 0 < ¢ < 0o. We put s := (1 — O)sg + Os;y.

Let I either stand for Nj or for Z. Then there exists a constant ¢ such that
. 1/q 4
(S22 laylt) ™ < e (sup 2 jay))
jel Jer

holds for all sequences (a;); of complex numbers. Although the proof given there

, o
<sup 274 \aj|) (44)
jel

is only stated for I = N, it can be carried over to the case I = Z by obvious
modifications. For given 0 < pg,p; < oo we define p by 1/p := (1 —0)/po + ©/p;.
Further, putting

aj =Y laja| Xa(z)

)\EVJ'
for x fixed, applying (44) and Holder’s inequality we arrive at the following Gagliardo-

Nirenberg type inequalities.

Lemma 5. Let 0 < © < 1, s9,81 € R, s9 # 51, and 0 < ¢ < oco. We put s :=
(1-0)sg+©Os;y. For given 0 < pg,p1 < 0o we define p by 1/p:=(1—0)/po+0O/p;.

(i) Let py < oo. There exists a constant ¢ such that

lalfpqll < cllalfp

po.col

O lalfolooll® (45)

p1,

holds for alla € f__ N f

po?oo pl’m.

(ii) Let p1 < co. There exists a constant ¢ such that

lalfy (VI < cllalfy (I lalfs (VI (46)

Po,00 p1,00

holds for all a € f° (V)N f31 (V).

Ppo,0 Pp1,00

On the basis of these Gagliardo-Nirenberg inequalities one could easily prove

the counterparts of the embeddings stated in Lemma 1 on the sequence space level.
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However, by means of Propositions 1-4 they are obvious. Now we turn to the proof
of some embeddings for real interpolation spaces. For the basics in real interpolation

we refer to [1, 2, 40].

Theorem 9. Let 0 < pg < p; <00, 0<qo,q1 <00,0<0O <1, and

d d

° Po ' p1 47)
We put s = (1 — O)sg + Os; and 119 = 1;0@ + p%. Then
reo = (B Bi) o ond BaV) = (52 (V). 03, (9) - (48)

Proof. We only deal with the homogeneous spaces. The modifications needed for
the classes f, (V) are obvious.

Step 1. Our main tool will be the following well-known assertion in interpolation
theory, see [1, Prop. 5.2.10].

Lemma 6. Let { Xy, X1} be an interpolation couple of Banach spaces and let X be an
intermediate space. Furthermore, let0 < © < 1. Then the embedding (Xo, X1)o1 —

X holds if, and only if, for some positive constant ¢ the estimate
LX< el fIXoll™ ) £ 1X0]°

is fulfilled for all f € XoN X;.

We need a few preparations.
Step 2. Let ¢ > 0. For a given sequence a := (a; ) we define the sequences |a| and
|al* by

la| :== (|aj,,\|)j7/\ and lal* == (Ja;x E)j)\’

respectively. Obviously

[allfy l=alfy,ll  and  [{al®|fy7eqell = I al [£5,l°- (49)
We claim
K(t’a’ Ifg,qo’ ;117111) = K(t7 |a|’ Ii?#]o’ ;11,q1) ) t> O’ (50)

where K(t,a, Xo, X;) denotes the K-functional with respect to the pair (Xo, X7).
We argue as follows. Let |a| = ag + a1, a; = (aijr)jn € fsjjqi, i = 0,1. Then, for

appropriate ¢; y, we find

ajx = |aja| €% = (agjx + aijn) €9 = agjx + a1 jx,
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where @; ;) 1= a; ;) €¥*, i =0,1. Because of

| Ggadial 3t ll = N @igain fig 1. i=0,1,
we obtain
K(ta, fioas fora) < K (tJal, f3000s fita)
For the converse estimate we use a similar argument based on |a;,| = a; e A

with the same numbers ;. We get

51 )<K(ta 1 ).

(t |(L| po q0’ Y p1,91 po q0’ Y p1,91

This proves the claim. As an immediate conclusion we find

el |( P0,q0° J p1, q1) 7q|| = | a|( Pordo’ ;11,q1)9,q||' (51)

Step 3. We need a further preparation. Let 0 < ¢ < 1. We claim

(t |CL|E sos fsls ) K(tl/e |a| Fs1 )z-: (52)

po/€q0/€ ' p1/e,q1 /e po 90’ /p1,¢1
where the constants "behind” =< do not depend on a. The proof of this estimate is

based on the lattice structure of the spaces f;’q, ie.

a,b € f;jq, la| < |b] implies ||a|f1f,qH < Hb|f;qH (53)
This property allows us to impose certain restrictions on the Sequences aog and aq
used for the representation |a| = ag + a; in the definition of K (¢/%,]al, f5° . Zfll’ql).

E.g., we may restrict ourselves to sequences of nonnegative real numbers. This may
be seen as follows. As |a| itself is a sequence of real numbers, from |a| = ag + a1
it follows immediately that |a|] = Rag + Ra;. Since the estimates |Rag| < |agl,
|Rai| < |a;| are always true we may assume ag and a; to be real. Furthermore, if
there are pairs (j,m), such that ag;,, < 0 then we define

aO,j’,m’7 (j/7m/> 7£ (]7 m)7 ~ al,j’,m’7 (j/7m/> 7£ (]7 m)7

aO,j’ﬂTL/ - . . a17j,7m/ - . .
0, (4", m') = (j,m), |@ml, (5 m) = (j,m).
Clearly we have |ag| < |ag|, |a1]| < |ai| and |a| = Gp + a;. This procedure is iterated

until @y and a@; are nonnegative. The same argument can be applied to |a|® and

K(t,]al?, f ;é’ja w0/ f;llf&ql /5). By means of these considerations we find
(tl/E jal, Posdo? ;117q1)6 - a;?{)ﬂ@(“ao‘ po,qu + t1/€||a1| thlH)
= nt (ol |27+ el P15 )

1 aurell  tlla| 5325 e

= inf ( a
VLS Vi
la|=ay’ “+a;’*

s int (ool £l tllaal £ ) = K (N £ B

lale=ao+a1 po/e,q0/e p1/e,q1/e po/e.qo0/e’ I p1/e,qi/e
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The second equivalence is a consequence of

i (llao] 525 grell + tllan 25 el

lal=al/* 4}/ 0/€,90/€ p1/eq1/e
=a, 1
= (1/2)(a0+a51§f|a\€§ao+a1 <Ha0‘f;§/€5’q0/5” + tHal ‘f;j/Equl/E}D

= int (fJaol £ el + £ )

|lale=ag+a1
where the last equation is due to the lattice property (53). Similarly one obtains
the reverse estimate. Altogether this proves (52).
Step 4. Now we are in position to apply Lemma 6. Temporarily we assume 1 <
Po < p1 < oo. Observe, that py < p; together with (47) imply

S0 N S1 — f50 s S1 — f50 + S1
P0,00 P1,00 P0,00 p,1 P1,00 P0,00 P1,00

(in the sense of equivalent norms), see Lemma 1(i) and Proposition 1. As an imme-
diate conclusion of (46) and Lemma 6 we obtain
(foooor forcc)o = foa- (54)
Step 5. We assume 1 < pg,p1,q0,q1 < co. We continue by applying duality ar-
guments. To this end it will be convenient for us to replace (54) by its weaker
version
( ;87110’ Psll,(h)ezl - fzil'
Since
/ / /
(Xo,Xl)Q1 — (XO,Xl)QOO
(here (X, X1) has to be an interpolation pair of Banach spaces such that Xy N X;

is dense in X as well as in Xj, see [40, Thm. 1.11.2]), we conclude from Lemma 4

Fte = (s o (55)

Concerning the required density we only mention that finite sequences are dense in
, if max(p, q) < oo. Since (Xo, X1)o00 = (X1, X0)1-0,00 by a change of notation

we obtain (48) under the restrictions 1 < py < p1 < 00, 1 < qo, 1 < 00 and sg, $1 as

n (47).

Step 6. We remove the restrictions with respect to pg, p1,qo and ¢;. Fix 0 < € <

min(1, po, p1, go, ¢1). Then we derive from Step 3

fe) €
el (FosTeanser Foiear =)o ocll = SUPETOK (%, lal, £33 400 f31.0)

e €

:<i1>1138 K( |CL| Po#]o’ Pl#h)) H|a|| Po@o’ PMIl)@,ooH
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and hence with Step 5 and (51)

lal f7ec " = el £57earell 2 Hlal [EATRWES SRR

€
HlCLH( P0,490° p17Q1 H || ’ pO#IO p17Q1 000” '

This completes the proof. |

4.4 Approximation spaces associated to sequence spaces

Approximation spaces with respect to best m-term approximation have been defined
in Subsection 2.3. Later on, we shall need the fact that approximation spaces have
nice properties with respect to real interpolation. The following is proved in [36],

see also [4].

Proposition 5. Let 0 < w,up,uy < oo and 0 < O < 1. Further we assume
S0, 81 > 0 and sg # s1. Let X be a quasi-Banach space and D a subset of X. Then,
with s :== (1 — O) s+ O s1, it holds

(An (X, D), AL (X, D))o = Ay (X, D). (56)

Most important for us will be the study of certain sequence spaces. In this con-
nection we concentrate on best m-term approximation with respect to the canonical

orthonormal basis of ¢5(1), where I is a fixed infinite index set. We put
B:={e: jelI}y, & :=(e, el.:=0x,j kel

Remark 14. When dealing with approximation in the sequence spaces from Defi-

nition 1, the observation
om(a. 2, B) :inf{||a—2a]ej|quH |Al Sm}, zedb f}, (57)
jEA
where a = (a;)jer and I = Ny x Z4, is most helpful. With other words, the optimal

approximation is always given by a partial sum of a = Y_._,a;e/. This follows

jel
immediately from the lattice property of the b- and f-spaces.

By ¢,.(I) we denote the Lorentz sequence spaces. They are the collection of all

sequences a = (a;)jer, such that

la]ép.u(

| _H 775 nEN H o0, 0<an§OO7

where a* = (a}), denotes the non-increasing rearrangement of a. Our point of

departure is the following nice result of Pietsch [37, Ex. 1].
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Proposition 6. Let 0 < p;,u < oo. Let I be a fized index set. Then a € £y, (1)
belongs to the approximation space A (L, (I),B) if and only if a € €y, () where
1/po := s+ 1/p1. Furthermore,

Ila AL (o (1), B)I| = [ @ [€po.u(DII - (58)

4.5 Approximation spaces and embeddings into approxima-

tion spaces

To begin with, we formulate a discrete counterpart of (3) which is in our context a

consequence of Proposition 6.

Corollary 3. Let V be as in Definition 1. Let 0 < py < p1 < 00. Then

.d
1;?7(()) " (gpl (Z X Zd)7 B) = bpoigo

1 1 1 %)

as well as
1 1

L_%)

d(
po (Epl (NO X V),B) = bpo,po (V) )
both in the sense of equivalent quasi-norms.

A1
Proof. Observe bpgf’ﬁo 2 _ Coopo = Lpo- n

Another variant is given by the following.

Corollary 4. Let V be as in Definition 1. Let 0 < py < p1 < o0 and s € R. Then

%—ﬁ cst+d(L—1) -s—&-d(%—%)
Do (bphpl 78) = Upo,po

as well as
L L sd(E-1) s+d(L-1)

158 H(bphmpl (V), B) - bpo,PopO (V) )

both in the sense of equivalent quasi-norms.

Proof. We consider the mapping a — b defined by b; , = 27* a; . Then

O-m(avB),ﬁ—d(ﬁ_%) = O'm<b, B)-d(ﬁ—%) = O'm<b, B)epl

and
Lo lbpen® 21 = 1ol 2l = 11b 16yl
This proves the claim. |
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Remark 15. A case of particular interest is given by s + al(pi1 — 2) = 0. Then we
find

11
po p1 (1.0
Po (bphpl ’

,d(L_L
_ Po Pl
B) - bpo,po

as well as
1 1 ( 1 1 )

ZI;(()) " (bo (V), B) = bpoigo " (v)7

P1,P1
again in the sense of equivalent quasi-norms.

Within a scale AZ(X , D) most interesting are the spaces with ¢ = co.

Lemma 7. Let 0 < py < p1 < 0o. We have

(L_L) 1 _ 1

o = AL (0, 40 B) (59)
as well as
(35~ 57) 7o "1
fro2 (V) = AL " (b, . (V),B) . (60)

Proof. Let 0 < ug < pg < u1 < p;. From Remark 15 we conclude

td(1/uo—1/p1) SN Al/uofl/;m (bO

U ,uo p1,p1’

B) and fd(1/ur—=1/p1) A(l)éurl/pl (60

ul,u1 P1,p1°

B).

Let pio = 1;06 + %. Then Theorem 9 combined with Proposition 5 implies

fAro-1/m) ( fd/uo=1/p) fd(l/ul—l/m)eoo

0,00 0,U0 uy,ul

SN <A<1X/>u071/p1 ([')0 B),Aié“lfl/m ([')0 B)) — A})C/)prl/pl (50 B).

P1,p1? P1,p1? p1,p1?
6,00

This proves (59). The proof of (60) uses the same type of arguments. |

Kyriazis |29] has proved that the approximation spaces associated to Lizorkin-
Triebel spaces do not depend on the microscopic parameter ¢ (in the sense of equiv-
alent quasi-norms). Hence, as an immediate conclusion of Lemma 7 we obtain the

following generalization.

Theorem 10. Let 0 < py < p; < oo and 0 < ¢ < 0o. We have

.d(L_L) 11 0
frooo M= AR T P1,q17 B), (61)
as well as
(f_f) %_ﬁ 0
p070% ' (V) - "400 ( P1,q1 (V), B) . (62)

Proof. Kyriazis [29] has dealt with the homogeneous spaces only. However, more

or less obvious modifications yield the same result for the spaces f; (V). [
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4.6 The asymptotic behaviour of the widths of best m-term

approximation

Now we turn to the behaviour of the quantities o,,(Y, X, B).

4.6.1 Estimates from below

Let V be as in Remark 13(i). For the estimates from below we shall discuss two
types of sequences.

Example 1. Let a™ := (a]));x, m € N, and

AT = Jm, AE A,
m ::{ I=J (63)

0 otherwise ,

where j,, is chosen such that |V, | > 2m and A, is a subset of V;  satisfying

|Ay| = 2m. An easy calculation shows

@™ b, (V)| = | 0™ [fonis (D) = (2m) .

Due to the special structure of the sequences the best m-term approximation is

easy to determine. With either X = (V)or X =02 (V) we obtain

Pl q1 P1,91

Um(ama B)X = ml/p1 .

Hence .
d(L— L
Tm <yp§7z:1% m)(v) CL'O (V),B) 2 Cmfl/poJrl/pl, (64)

7 Up1L,q1
where x,y € {f,b} and ¢ is independent of m.
Example 2. Let b™ := (b74);x, m € N. This time the construction is a little bit
more sophisticated. Let m be fixed. We choose a sequence of pairwise disjoint cubes
Qjri,J=1,...,2m, and define

m

9~ 7a5) 1<j<m, A=#k,
% { Sl = (65)

0 otherwise .

Similarly *™ is defined (taking the same sequence of cubes). As a consequence of

this construction we get

H pm ‘bp()’qo p1 H — ml/wo and H b ‘fpo,qo H =m!/m
as well as
||b2m bm| p1,q1 )H = m!'/" and Hbzm bm‘ D1, q1 )H =m!/"

25



Furthermore, b™ is a best m-term approximation for 4*™. This implies the estimates

(L -1

o (Bt ™ (V). 19,0 (V), B) = g awtilon, (66)
d(L— L

Um( po(,zt)z(()) 1)1)(V)7b;))17q1 (V),B) Z m—l/po-f—l/‘h’ (67)
d(L_— L

oo (Ot " (V). (V). B) > Vs (63)

This proves the needed estimates from below for the widths o, related to pairs of
spaces (Y0 . (), x5t (2)) with =,y € {b, f}, at least if Q) contains a cube with side
length 2. A simple modification of the b (one takes a sequence of 2m pairwise
disjoint cubes Q; 4, j = Jo, - . ,jo+2m, but starting at the higher level j, = jo(£2))
yield the estimates (66) - (68) (up to a positive constant ¢ = ¢(£2)) also for smaller €.
Practically the same examples can be used for the pairs (y5° x5t ) and (950 @5t )
with z,y € {b, f}. This carries over to the distribution spaces by means of Propo-

sitions 1 - 4 and the comments given in Subsection 2.5.

4.6.2 Proofs of Theorems 1 - 4 and Lemma 2

Proof of Theorem 1 . The claim is an immediate consequence of Theorem 10

(estimate from above) and the inequality (64) (estimate from below). |

Proof of Theorem 2 . Step 1. Suppose py < qo < p;. Under the given restrictions
on ¢ the Jawerth-Franke embedding, see Lemma 1 (iii), yields

11 . (L_L . (L_L
Po Pl 0 P1 a0 P1
P0,90 40,91 40,00

Theorem 1 combined with obvious monotonicity properties of the o, lead to

1 1 1 1

-d %_H) 0 .d %_H) 20 _(L_L)
Um(bpo’qo ’ Plﬂh’B) S Om (fqovoo ) P17Q1’B> S mo"9 Pt

For the estimate from below we use (66).
[ m—— .
Step 2. Let qo = p1. Then we know by, ) Smn

— which implies

11
o (B 7 10 B) S 0 (10 £ B) S1
m\ ¥Po,P1 »Jp1,q10 ~ “m\Jp1,q17 Ip1,q1° ~ =

The estimates from below are also given in (66).

Step 3. Suppose 0 < gy < po. The estimate from above is a consequence of

d(L,L ,d(L,L)

L \Po  P1L po Pl
bpo, o > fpo,00
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and Theorem 1. Furthermore, (64) yields the estimate from below. |

Proof of Theorem 3. Step 1. Let p; < ¢;. The continuous embedding

[0 0

p1,P1 bplafh ’
the monotonicity of o, and Theorem 1 yield the estimate from above. The estimate
from below is covered by (64).
Step 2. Let pg < ¢1 < p1. A lifting argument as used in Corollary 4 in combination
with Theorem 10 yield

1 1 1 1 1 1

d(=——--) ==  d(=—=
Po Pl Po 91 91 P1
Po,q0 — 0 ( q1,91 7B> .

1 1

Now we use the continuous embedding fq1 e bg ,.q, to conclude

'd(%_ﬁ) Po ‘111 0
o0 — AL (b B).

P1,917

This proves the estimate from above. The estimate from below follows from (67).

Proof of Theorem 4. Step 1. The estimate from above in the limiting case,

i.e. the case
1 1 1 1

Po P11 G ¢
has been proved by Kyriazis [29, Thm. 3.6]. His arguments, originally given in the

homogeneous situation, carry over to the inhomogeneous case as well. The step
where he refers to some previously proven Jackson-type inequality can be replaced

by the usage of Proposition 6 (recall b 2 _ = (,(Ny x Z%)).

Step 2. Let
1 1 1 1 ) 1 1
—_ <= - —, l.e. r=——-—.
Po P11 Qo ql Po DN
We define ¢, by qi = pio - = —|— o< . Hence qg < q,. This implies
(L1 (L1 1oL
bpoiio " = bpog = A (bm q17B) g

where the second embedding follows from Step 1.

Step 3. It remains to investigate the case

——— <= -, Le. r=———.
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Wedeﬁnep*bypi*;:L_qil_i_

m < L. Hence py < p.. By Lemma 1(ii) and Step

1
p1 po’
1 we conclude
Ld(L—L) " 1_1 0
po Pl px Pl 9 a1
bpo.qo — bp..q0 — AL (bphql?

Step 4. All estimates from below follow from (64) and (68). |

B).

Proof of Lemma 2. The lemma is an immediate consequence of Lemma 1 and

(64). n

4.6.3 Proof of Corollaries 1, 2

Proof of Corollary 1. By using the interpretation in front of the Corollary it

becomes just a reformulation of Theorems 1, 2 with ¢; = 2 and s; = 0. |

Proof of Corollary 2. Step 1. Estimate from above. In the sense of our interpre-
tation we have the continuous embedding F{;(R?) — L;(R?), more precisely, the
inequality

ITIAIL RN S N D (RY)] (69)

holds for all [f] € F?|(R?). By using the Fourier analytic definition of £, (R%), see
e.g. [25], this is obvious. The above inequality (69) guarantees

L d(5-—1) L d(E-1) .
om (Yoodl (R, Li(RY), @) S o (Vi (RY), L (RY), @)

with Y € {F, B}. Hence, Theorems 1, 2 yield the upper bounds in (14) and (15).

Step 2. Estimate from below. This time we use

HABY o RO S N T LR

Then
) P i < Ld(pe=1) d
O (Yoot (R, BY (R, @) S o (Vi (R, Li(R?), @)
follows. Now we apply Theorem 3 with ¢t = 1 and Theorem 4 with

1 1 1
rzmin(——l,—):——l.
Do do Do

This completes the proof. |
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4.6.4 Proof of Theorem 5

By Lllsinlg our interpretation from Subsection 2.2 and Corollary 1 we obtain
Ld(= -+ Ld(LA -1
Foof 7 (RY) o A (L, (RY), @) as well s Bpylg, ™ (RY) > AL (L, (RY), @) with
qo < po < p1. But then
d(A— L d(A— L Ld(L— L Ld(L— L
Byl " (RY = Byl R = Fly U RY = R (R

follows. L

4.6.5 Proof of Theorem 6

Step 1. Estimate from above in (19). Similarly as in the proof of Corollary 2, we

have the continuous embedding By, (R?) — L;(R?), and hence the estimate
d(x2-1) d(+-1) .

on (Bt (RY), Li(RY, @) S o (Bt (R, B, (RY), @)
Now Theorem 4 yields the upper bounds in (19).
Step 2. The estimates from below are similar to the ones in Examples 1 and 2. For
simplicity, we only treat the case d = 1, the generalization to d > 1 is immediate.
Substep 2.1. Let the scaling function ¢ and the associated wavelet ) be compactly
supported with (supp ¢ Usupp) C [—N, N]. Then we define functions f,, by

m

fm = _ (- —4IN).

1=1
Obviously, the summands have pairwise disjoint support, and for any 97, € ® there
is at most one I € {1,...,m}, such that supp 5, Nsupp¢(- — 4IN) # (. At first,
we find
251 201 1/
Hfm‘FPOO#IO (R)H = Hfm‘Bpg,qo (R)H =m0

Furthermore, f,, is a best m-term approximation of f5,,, and hence

1

L1 _1 _1
o (Vi (R), L1 (R), @) 2 5 | fom = ful L (B)]| = ™5™ 0] Lo (B
Substep 2.2. The estimate
. (Bd(;o—l)(Rd) I (R ) —1/qo+1
m \ Ppo,qo , Li(RY), @) > cm

with some positive ¢ follows by an appropriate modification of Example 2.
Step 3. Estimate from above in (20).

Let
1 1 1
EI:—(SO—Sl—d(———>).
2 Po DM
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Then, with x,y € {b, f}, we find

1 1

oy pS0—E _ AP0 P1 bso & d(ﬁfi) B Aifi s1 R
- P1,P1 ) — 0 (l‘ )7

S0
ypo,qo D0;P0 Po P1,q1°

where we have used Corollary 4 and elementary monotonicity properties of the
approximation spaces. By means of Proposition 4 this can be transfered to the as-
sociated distribution spaces.

Step 4. Estimate from below. We use Example 1 with 7, = 0 for all m. [

4.6.6 Proof of Theorem 7

Recall, the sequence spaces f;,(€2) and b;  (€2) have been defined in Remark 13.

Our proof relies on the following result taken from [9].

Proposition 7. Let 0 < pg, p1,qo, ¢1 < 00, So, 51 € R? s.t.

1 1
50—31>dmax<0 ———)
Po D1

holds. Let 2 C R? be a bounded, open and nontrivial. Then we have

_50_31
sup {an(a Byt @ [ allyo . @) < 1} =n"d . (70)

P0>90

Remark 16. We have referred above to |9] but we wish to mention that the proof
given there made essential use of some ideas taken from [12|. Moreover, there is a

series of forerunners on the level of functions spaces, we refer to the surveys [10, 44|
and [31].

Step 1. Preparations. Thanks to the elementary embeddings

B, (pq)(Rd)c_)F:s (Rd)%Bs (pq)(Rd>’

p,min p,max

see, e.g. [41, Prop. 2.3.2/2|, we may concentrate on X =Y = B.

Step 2. Estimate from above. Recall, W sends f to the sequence ((f,5,))j.e of
its wavelet coefficients. Recall also, that £*f denotes an extension of f satisfying
(36)-(38). Hence, with f € By (), we find Wf € b0 (T') (for I' see (38)).

Furthermore,

1f= D (EFS) B (I S IEf— D (EF5) 05, B, (Rl

(j,k,e)EAm (j k e)EA

S TUES U5 Grergam U g (D -
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But this implies

om(/f, (D)Bf,%yql(Q) S om(WES, B)b;;ql(r) )
which yields the estimate from above in view of Proposition 7.
Step 3. Estimate from below. We can argue as in Step 2 using this time Proposition
7 with respect to a set I such that IV C © and dist (I”,0€) > 0. One may also
work with the test sequences from [9] directly. We omit details. |

4.7 More on approximation spaces

Also in this subsection, we assume that V is as in Remark 13.

Again interpolation theory will be our main tool. To begin with, we need a little
supplement of a famous theorem of Lions and Peetre on the interpolation of vector-
valued L,-spaces, see [33]. With L,(A) we denote the Lebesgue-space of functions

with values in a Banach-space A.

Lemma 8. Let 1 < py,p1 <00, 0<O <1 and 1l <p<qg< oo, where
1 1-06

C]
+ —.
p Po yai

Further, let {Ag, A1} be an interpolation couple of Banach-spaces. Then

LP((A07 A1)®,q) - (Lpo (A0)> Lpl (Al))@

a4 "

Proof. The classical result of Lions and Peetre is just

LP((A07 Al)G,p) = (Lpo (AO)’ LP1 (Al))@m (71)

in the sense of equivalent norms. For us, it is convenient to refer to the proof
given in [40, Thm. 1.18.4]. Step 1 and Step 2 of this proof contain the proof of
(71). One has to modify the estimates in formula (6) only. After having started
with || v(z) |(Lp, (Ao), Lpl(Al»e,qu: one has to continue with an application of the
Minkowski inequality with respect to || - |Lg/,(0,00)]l. |

Now we turn to a supplement of Theorem 9.

Theorem 11. Let 0 < py,p1 < 00, 0 < qo, 1 < 00, 50,51 € RY, 50 # 51, 0 < © < 1,

and 0 < p < g < oo, where%:i—oe—i—z% We put s = (1 — ©)sg + Osy. Then

and

w0 (s Bt o 2V = (520D (D)
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Proof. Again we concentrate on the proof of the homogeneous case.
Step 1. This time our proof relies on an interpolation formula for sequence spaces.
We define E; to be the collection of all sequences a = (a;); of complex numbers such
that

lalégll == 1| @ |ayD); |6 @] < oo.

Then the following interpolation formula

b= (G (e (72)
holds, where 0 < ¢,q0,q1 < 00, s = (1 — O) sy + O sy, and sp, 51 € R, 59 # s1. A
proof can be found in |2, Thm. 5.6.1|, for the inhomogeneous case we also refer to
[40, Thm. 1.18.2].

Step 2. Let 1 < po, p1, o, q1,q < oo. Just by definition f;  is isomorphic to a closed
subspace of L,({7). Now we employ the method of retraction and coretraction, see
[2, Thm. 6.4.2] or [40, Thm. 1.2.4]. The claim becomes a consequence of (72) in
combination with Lemma 8.

Step 3. To remove the restriction on the parameters pg, p1, qo, q1, ¢ we use the same

arguments as in Theorem 9. |

Now this information can be used to derive additional knowledge about the embed-

dings of f';’q into approximation spaces, similarly to Lemma 7.

Theorem 12. Let 0 < py < p; < 00 and 0 < qo,q1,q9 < 00. Then

(L1 1L . d(L—1) RN
poyzf;% e 50 pl( pl,qlalg) or pozc()) " (V) %Aé’o pl( pl,ql(v)yB)
(73)
holds if, and only if max(po, qo) < q.

Proof. Again we concentrate on the homogeneous case.
Step 1. Sufficiency in (73). Substep 1.1. Let gy < po. From Corollary 4 and the
monotonicity of the approximation spaces, see Remark 6, we derive

(-1 (L —L) 1 _ 1 0 11

Po P1 po P1’ _ AP0 P1 o p1( {0
Po,q0 — Po,pPo - PO ( p17q178> — Aq ( pl,q17B) .

Substep 1.2. Let pg < qo. Let 0 < ug < pg < u; < p; < oo. Applying Corollary 4
and Theorem 10 we find

1 1) d(l 1 1 1 1 1

(Fuoils ™ furle ™ )y = (A7 (frrgs BLAS ™ (fan By, (T4)
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for any 0 < © < 1. Now we choose © such that pio = % + u%. Proposition 5 implies
1 1

that the space on the right-hand side of (74) is Ag0 ™ ( .191,(117 B). Since
) ) )
P0,90 ( U0 ,U0 y Jui,00 )@7%7

see Theorem 12, we have proved

(1 1) 1 1

+“\po ~ p1 po P10
Po,q0 - q0 ( phql?B) .

Again the monotonicity of the spaces .AZ(X ,D) with respect to ¢ completes the
proof.

Step 2. Necessity. Substep 2.1. A preparation. Again we employ the isomorphism
a +— b defined by b, := 99435 a;, see Corollary 4. Then [l a|f0 || = [/ b]6,|.

p1,p1

This combined with the independence of A;( 0 B) from ¢y, see [29], yields

p1,91?

a1 1

Gy "= AL (fgy B) (75)

p1,91°

if, and only if

11 11
1

po 2 Po P
Ypo,qo — Ag

(lp,, B)
with y € {f,b}. Taking into account Proposition 6, then we see, that (75) is

equivalent to
1 1

po 2

ypo,qo — Epo,q ) ) € {f7 b} . (76)

Substep 2.2. We define a sequence a := (a;jx);j, by

{2‘%(;]- JEN,0<k <2.i=1,...d:
Aj k=

0 otherwise .

Here ¢ := (c;); denotes a sequence of real numbers which will be chosen later on.

Our definition yields

1

.d 1
lalfpoa * Il = Ilellgll- (77)
Let My := 0 and M; := i:1 274 5 ¢ N. Next we suppose that the sequence

_jd . . . : :
(27770 ¢;)jen is nonincreasing. By af we denote the elements of the nonincreasing
rearrangement of the sequence a. Now we are able to calculate || a |, ,||. Indeed,

we obtain

> 1_1 a\ 1/q
laltall = (D (n7o5a;))

(78)

X
B
s
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A comparison of (76), (77), and (78) yields ¢y < g¢.
Substep 2.3. Let (Qjri)jen be a sequence of pairwise disjoint dyadic cubes. We

define a sequence a := (a;;);x by

c; jEN, k=k;
Ajk == :
0 otherwise ,

where the sequence ¢ := (¢;); will be chosen later. Then
(55 —3)
lalfpos Il =Ilcltoll-

For ¢; > 0, nonincreasing, we obtain

> 1_1 a\ 1/aq
laltmall = (D (% 5 ea)) " = llclmall.

n=1
Since f,, — {4 if, and only if py < ¢ we have proved the necessity of ¢ >

max(po, qo)- [ |

AL (L -1
Finally we also want to treat embeddings of the spaces by, s, ) and bpéﬁfo ) (V)

into corresponding approximation spaces.

Theorem 13. Let 0 < py < p; < 00 and 0 < qo,q1,q9 < 00. Then

1 1 1 1 1 1

Ld(==——) R
bp07pq()0 e 50 pl( }?1,(1178) or bPOquoo " (v) - 50 pl( 1(7)1,(]1<V)JB)

1 1 ( 1 1 1 1

holds if, and only if, qo < po < q.

Proof. Step 1. Let gy < pg < q. Then we obtain

L_L) ,d(i_i) 1 _ 1

1 1
L \Po Pl po P1’ _ gpo p1( 40 po 1 ( £0
bp()qu — bp07p0 - PO ( P1,91° B) - .Aq ( P1,91° B) I

due to Corollary 4 (Remark 15) and the monotonicity of the ¢, -spaces.
Step 2. It remains to deal with the necessity of the restrictions gy < po < ¢. It will
be convenient for us to use Substep 2.1 of the proof of Theorem 12.

Substep 2.1. Concerning the necessity of py < ¢, it is enough to notice that

1 1

[albpoigy * 1l = |l ¢lp |l and [[ @ |€py gll = Il ¢ |€p qll, whenever
Ch j=0,kecZ;
Ajk == :
0 otherwise

for some sequence ¢ = (cx)r. As in Substep 2.3 of the proof of Theorem 12, the

embedding ¢,, — {,, , is necessary and hence enforces g > py.

34



Substep 2.2. We assume qo > po. Let (kj)jen C Z¢ be some arbitrary fixed sequence.
Then define a sequence a := (a;) ;% by
c; jJEN, k=K,
Ajik == :
0 otherwise,

where the sequence ¢ := (¢;); consists of positive real numbers and is nonincreasing.

Hence
d(-—-13) _
lalbp 1 =lcllpll  and  [[allygll = || (n/77%,), 6]

Choosing ¢, := n~ /P n € N, we have ¢ € ly, but ¢ & €, , for any ¢ < oco. If
q = 00, then we modify the definition of ¢ by taking this time ¢, := n~"/7° log(1+4n),
n € N. |

Remark 17. While the picture concerning embeddings into approximation spaces

As( .z?vq’ B) and AZ(F;S, (RY), @) and their respective modifications is complete, little

is known about approximation spaces with respect to Besov spaces, apart from the
special case p = ¢ and Theorem 4. However, we want to mention at least one result

of Jawerth and Milman [27]. They proved

Ar (BY,(RY), @) = Bl (RY)

(Pr,ar),qr

where r > 0, 0 < p,q < o0, p% =r+ %, and qir =r+ é. The spaces B(Spq)r(Rd) are
Besov-Lorentz spaces (Besov spaces defined on Lorentz spaces instead of Lebesgue

spaces).

4.8 Proof of Theorem 8

Step 1. Proof of (i). Combining Propositions 1, 2 with the results obtained in

Substep 2 of the proof of Theorem 12 we get the equivalence of
A(5-—3)

Upo.db Y oo > Yy e {fa b}
and
Cd(L—L 11
Yoo "= A0 TH(ED L ®), Y € {F, B}.
Since

d(l 1) 1 1

Fpoiy " AP T (Fp 0, @)
holds if, and only if max(pg, ¢o) < ¢, see Theorem 12, we have proved (23).
Step 2. To prove (ii) and (iii) we use Theorem 13 in combination with Proposition

2 and argue as in Step 1. |
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