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1 Introduction

In this article, we analyze numerical schemes for the evaluation of

S(f) =E[f(Y)],

where Y = (Y;)icp,1) 18 a solution to a multivariate stochastic differential equation driven by
a multidimensional Lévy process, and f is a Borel measurable mapping from the Skorokhod
space of R% -valued functions over the time interval [0, 1] into the real numbers that is Lipschitz
continuous with respect to the supremum norm.

This is a classical problem which appears for instance in finance, where Y models the risk
neutral stock price and f denotes the payoff of a (possibly path dependent) option, and in the
past several concepts have been employed for dealing with it. We refer in particular to [PT97],
[Rub03], and [JKMPO05] for an analysis of the Euler scheme for Lévy-driven SDEs.

Recently, Giles [Gil08b] introduced the so called multilevel Monte Carlo method in the context
of stochastic differential equations, and this turned out to be very efficient when Y is a continuous
diffusion. Indeed, it can even be shown that it is -in some sense- optimal [CDMROS], see also
[Gil08a, Avi09] for further recent results and [MRO09] for a survey and further references. In this
article, we analyze a multilevel Monte Carlo algorithm for Lévy driven stochastic differential
equations. We use approximations that simulate large jumps of the Lévy process and neglect
small ones, while the Wiener process is treated as in the Euler scheme. We control the worst
case error over the class of all Lipschitz functionals with Lipschitz constant one. Moreover, we
relate the approximation error to the computational cost of the algorithm. For Lévy processes
with small Blumenthal-Getoor index, we find the same asymptotics as obtained in Giles [Gil08b]
in the classical setting, i.e., the order of the error in the computational time n is n_l/Q(log n)3/2.
For large Blumenthal-Getoor index the asymptotics are dominated by the Lévy process, where
the critical index is one.

1.1 Notation and results

Let us now introduce the main notation. We denote by |- | the Euclidean norm for vectors as well
as the Frobenius norm for matrices. For h > 0, we put By, = {x € R : |z| < h}. Moreover, we
let D[0, 1] denote the space of cadlag functions from [0, 1] to R%, where R% is the state space of
Y to be defined below. The space D|0, 1] is endowed with the o-field induced by the projections on
the marginals (or, equivalently, the Borel-o-field for the Skorokhod topology). Often, we consider
supremum norm on D[0, 1] and we denote | f|| = supycpqy[f(¢)| for f € D[0,1]. Furthermore,
the set of Borel measurable functions f : DI[0,1] — R, that are Lipschitz continuous with
Lipschitz constant one with respect to the supremum norm is denoted by Lip(1). In general,
we write f ~ ¢ iff lim f/g = 1, while f < g stands for limsup f/g < 1. Finally, f ~ g means
0 < liminf f/g <limsup f/g < 0o, and f 2 g means limsup f/g < co.

In the following, X = (X;);>0 denotes a dy-dimensional L2-Lévy process with Lévy mea-
sure v, drift parameter b and Gaussian covariance matrix %3* see Section 2. The parameters
v, £3* and b uniquely determine the distribution of the Lévy process on DJ0, 1].

We consider the stochastic integral equation

Y = 1o +/0ta<yg>dxs (1)



with deterministic initial value yo € R% . We impose a standard Lipschitz assumption on the
function a, which implies, in particular, existence and strong uniqueness of the solution:

Assumption. For a fixed K < oo, the function a : R — R% X4x gatisfies

la(y) — a(y)] < Kly —¥/|

for all i, € R% . Furthermore, we have
la(yo)| < K, 0< /|x|21/(dm) < K2 |8/ <K and |b] < K.

For a general account on Lévy processes we refer the reader to the books by [Ber98| and
[Sat99]. Moreover, concerning stochastic analysis, we refer the reader to the books by Protter
[Pro05] and Applebaum [App04].

We consider a class A of multilevel Monte Carlo algorithms together with a cost function
cost : A — [0,00) that are introduced explicitly in Section 4. For each algorithm S e A, we
denote by S(f) a real-valued random variable representing the random output of the algorithm
when applied to a given measurable function f : D[0, 1] — R. We work in the real number model
of computation, which means that we assume that arithmetic operations with real numbers and
comparisons can be done in one time unit. Our cost function represents the runtime of the
algorithm reasonably well when supposing that

e one can sample from the distribution v|pe/v(Bj) for sufficiently small h > 0 and the
uniform distribution on [0, 1] in constant time,

e one can evaluate a at any point y € R% in constant time, and

e f can be evaluated for piecewise constant functions in less than a constant multiple of its
breakpoints plus one time units.

Indeed, in that case, the average runtime to evaluate S (f) is less than a constant multiple of
cost(.S). We denote the worst case error of an algorithm S € A over all functions f € Lip(1) by

(8)= swp E[S(f) - S(f) (2)
J€Lip(1)

Finally, we analyze the minimum of e(§ ) over the class of all algorithms S € A with cost bounded
by n, R
ealn)=inf e(9) ,n > 1.
SeA:
cost(S)<n
Our main findings are summarized in the following theorem. Algorithms that satisfy these error
bounds are provided in Section 4.

Theorem 1. Let g : (0,00) — (0,00) denote a decreasing and invertible function such that

2
% ANlv(dz) < g(h) for all h > 0.



(i) If the driving process X has no Brownian component, i.e., ¥ = 0, and if there exists v > 0
such that

1
g(h) 2 h(log 1/R)TH (3)

as h | 0, then

(i1) If there exists v > 1/2 such that

(h) 3 (log1/h)Y

~Y h ?
as h | 0, then
1
ea(n) 3 —(logn) ™!
(11i) If there exists v > 1 with

Zhy > 2g(h 4

o(2h) > 29(0) (W

for all sufficiently small h > 0, then
ea(n) 3 Vg i(n).

Remark 1. Part (ii) and (iii) deal with stochastic differential equations with a Brownian com-
ponent in the driving process X, i.e. ¥ # 0, see Section 2. Essentially part (ii) and (iii) cover
all reasonable cases with ¥ # 0. When v = 1/2 in (ii), the asymptotics are the same as in
the classical diffusion setting analyzed in [Gil08b]. Similarly, as in our proof one can also treat
different terms of lower order instead of log. Certainly, it also makes sense to consider v < 1/2,
when ¥ = 0. The computations are similar and therefore omitted. Part (iii) covers, in particular,
all cases where ¢ is regularly varying at 0 with exponent strictly smaller than —1. In this case
it is possible to choose g(h) = [ |i—‘22 A1 v(dz).

In terms of the Blumenthal-Getoor index
B = inf{p >0: / |z|P v(de) < oo} € [0,2]
B1

we get the following corollary.

Corollary 1.

sup{y > 0: ea(n) <n"7} > (% - %) A ;



1.2 Examples

We now apply our results of Theorem 1 to some common examples of driving Lévy processes.

e Jump diffusion processes are Brownian motions interlaced with a compound Poisson pro-
cess. In finance, special cases of these are used, e.g., in the Kou or the Merton model, to
model the log price process. The compound Poisson process has finite Lévy measure and
thus the integral [ ‘i—lj A1 v(dz) is bounded by a constant. Hence, the tradeoff between
cost and error is the same as in the pure Gaussian case, i.e. eq(n) < n~"%(logn)3/2.

e Since a-stable processes only satisfy our assumption of second moments in the special
case of Brownian Motion (a0 = 2), we consider processes where the jumps have a-stable
behaviour around 0 and are truncated at some given size u > 0. The Lévy measure then
has Lebesgue-density

c1 cy
v(x) = Wl(o,u)(x) + Wl(w,o) (z)

and the complexity functional for small A > 0 is bounded by

|22 —a
53 A1 v(dx) < Ch™® = g(h).

with a constant C' > 0 depending on ¢1, ¢co,u and a.

For av < 1 part (i) can be used because (3) is fulfilled for v > 0 and h | 0. The asymptotic
error for cost n thus behaves like e 4(n) I n”z.

In the case with o > 1 part (iii) can be used with v = 2°¢" > 1 and the error bound for
cost n fulfills e4(n) 3 n(a=2),

The case @ = 1 can be treated via (ii). However, this is suboptimal since in this case
the error without Gaussian term is smaller than the one with Gaussain term. Similar
computations as in the proof of Theorem 1 show that for the truncated 1-stable Lévy
process one has e4(n) = n=s log n.

2 Basic Facts

The distribution of the driving Lévy process X is characterized by the parameters b € R¥x ¥ €
R4x*dx and v, which is a Borel measure on R%*\{0} and satisfies

0< / |z2v(dx) < oco.

We sketch a construction of X with a view towards simulation in the multilevel setting. This
construction is based on the L2-approximation of Lévy processes as it is presented in [Pro05]
and [App04].

Consider a stochastic process (N (t, A));50 aem(rax\(o}) On some probability space (2,2, P)
with the following properties. For every w € € the mapping [0,¢] x A — N(t, A)(w) induces a
o-finite counting measure on B(R, x (R¥\{0})). For every A € B(Rx\{0}) that is bounded
away from zero the process (N (t, A))t>0 is a Poisson process with intensity v(A). For pairwise



disjoint sets Ay, ..., A, € B(R¥\{0}) the stochastic processes (N(t, A1))¢>0, - -, (N(t, A))i>0
are independent.

Then N(t,.) P-a.s. defines a finite measure on Bj with values in No. The integral foL x N(t,dz)
thus is a random finite sum, which gives rise to a compound Poisson process. More specifically
put A" = v(Bf) < oo, which satisfies A > 0 for sufficiently small ~ > 0. In this case
p" = v|pge /A" defines a probability measure on R9x\ {0} such that

J

where £ denotes equality in distribution, (N¢)¢>o is a Poisson process with intensity A and
(&)ien is an i.1.d. sequence of random variables with distribution ¢ and independent of (N;);>o.
Its expectation calculates to E[ [ N (¢, dz)] = Fy(h)t, where we set

h

Ny
e N(t,dr) £ ¢, (5)
=1

c
h

Fo(h) = /B 2u(dz).

c
h

The compensated process L™ = (L{");>0, given by

L= / © N(t,de) — tEo(h), (6)
By,
is an L%-martingale, and the same holds true for its L?-limit L = (L;);>0 = limy, 9 L™, see, e.g.,
Applebaum [App04].
With W denoting a dx-dimensional Brownian motion independent of L, we define the Lévy
process X by

X, = SW, + L, + bt. (7)

We add that the Lévy-Ito-decomposition guarantees that every L2-Lévy process has a represen-
tation (7).

3 A Coupled Euler Scheme

The multilevel Monte Carlo algorithm introduced in Section 4 is based on a hierarchy of coupled
Euler schemes for the approximation of the solution process Y of the SDE (1). In every single
Euler scheme we approximate X in the following way. At first we neglect all the jumps with
size smaller than h. The jumps of size at least h induce a random time discretization, which,
because of the Brownian component, is refined so that the step sizes are at most €. Finally W
as well as the drift component are approximated by piecewise constant functions with respect to
the refined time discretization. In this way, we get an approximation X < of X. The multilevel
approach requires simulation of the joint distribution of X" and X< for different values of
W >h>0and ¢ > e > 0. More precisely, we proceed as follows.

For any cadlag process L we denote by AL; = L; — limg » Ls the jump-discontinuity at
time ¢. The jump times of L™ are then given by Téh) =0 and

T\" = inf{t > T;", : AL{" # 0}



for £ > 1. The time differences T ,ih) - T ,i}i)l form an i.i.d. sequence of random variables that
are exponentially distributed with parameter A . Furthermore, this sequence is independent of

the sequence of jump heights AL;’()h), which is i.i.d. with distribution ™, and on every interval
k

[Téh),Té}il) the process L™ is linear with slope —Fy(h). See (5) and (6).

The processes AL™) and A(L™ — L™)) are independent with values in {0} U Bf, and
{0} U B\ By, respectively, and therefore the jumps of the process L™ can be obtained from
those of L™ by

(W) _ AT
AL = AL; 1{‘AL§h)|>h,}.

We conclude that the simulation of the joint distribution of (L™, L*)) only requires samples

from the jump times and jump heights 7, lih) and AL;Z),L), respectively, which amounts to sampling
k

from p™ and from an exponential distribution.
Because of the Brownian component we refine the time discretization by Téh’e) =0 and

T = inf{T" > T 1 k € N} A (T +¢) (8)

for j > 1. Summarizing, X is approximated at the discretization times T; = T;h’e) by Xéh‘e) =0
and
Xy = X35+ X(Wry — Wry_) + ALp) + (b — Fo()(T; — Tj-1)

for j > 1. Observe that
- (h,e) (h)
X9 = SWr, + LYY + b
To simulate the Brownian components of the coupled processes (X9, X)) we refine
the sequence of jump times T,ih) to get (T;h’a))jeNO and (T](h )Y jeny, Tespectively. Since W and
L are independent, the process W is easily simulated at all times (T;h’s)) jeN, and (T;h”al)) j€No
that are in [0, 1] by sampling from a normal distribution.

For the SDE (1) the Euler scheme with the driving process (SW; 4+ L™ + bt);>0 and the
random time discretization (7}),en, = (T;h’s))jeNO is defined by Y " = yo and

S (he) _ Yo ey R e _ e
Yp = Yo +a(Yp (XY — X7 7)) (9)

for j > 1. Furthermore Y, = Y:;;’e) for t € [T}, Tj41). In the multilevel approach the solution
process Y of the SDE (1) is approximated via coupled Euler schemes (Y9, Y *"<)) which are
obtained by applying the Euler scheme (9) to the coupled driving processes X" and X*<)
with their random discretization times T;h’a) and T;h <) respectively.

4 The Multilevel Monte Carlo Algorithm

We fix two positive and decreasing sequences (g )ren and (hg)ren, and we put Y;(k) = ?;f(h’“’ek).
For technical reasons we define Yt('c> for all ¢ > 0, although we are typically only interested in
Y® = (Y;(k))te[m}. For m € N and a given measurable function f : D[0,1] — R with f(Y*®)

being integrable for k = 1,...,m, we write E[f(Y(™)] as telescoping sum
E[f(Y")] =E[f(Y")] + Y E[F(Y®) - f(Y* D).
k=2

7



In the multilevel approach each expectation on the right-hand side is approximated seperately
by means of independent classical Monte Carlo approximations. For k = 2,..., m we denote by
ng the number of replications for the approximation of E[f(Y®) — f(Y*~1)] and by ny the

number of replications for the approximation of E[f(Y™)]. For (Z](kf, Z;kz))j 1,...n, being i.i.d.

copies of the coupled Euler scheme (Y*=Y Y®) for k =2,...,m and (ZJ(U)]_L“,JL1 being i.i.d.
copies of YV the corresponding multilevel Monte Carlo algorithm is given by

me (Z) +anz F(Z5) — 12,

The algorithm S is uniquely described by the parameters m and (ny, g, €5)k=1,..m S0 that we
formally identify the algorithm .S with these parameters. We denote by A the set of all algorithms
S that are of this form.

The error of the algorithm
For measurable functions f : D[0,1] — R with f(Y), f(Y®),..., f(Y"™) being square inte-
grable, the mean squared error of S(f) calculates to
E[|S(f) = S(HIP) = [E[(Y) — S+ var(5(F),
If f is in Lip(1), then

. 1
E[IS(f) = S(f)P] < EIlY —Y™|* + Z Ry ® -y e 4 A EIYY - ol (10)
k= 2

In particular, the upper/}\)ound does not depend on the choice of f. Hence (10) remains valid for
the worst case error €?(S) as defined in (2).

The cost of the algorithm

For a piecewise constant R? -valued function y = (Yt)tefo,1), we denote by Y(y) its number of
breakpoints. Then the cost of the algorithm S is defined by the function

cost(S anE T(Y®)) (11)

Note that under the assumptions quoted in Section 1 and if £; < 1, the average runtime of the
algorithm S is indeed less than a constant multiple of cost(S5).

The choice of the parameters

The algorithm S is completely determined by the parameters m and (ng, e, hi)p=1,...m and we
now give the parameters which achieve the error estimates provided in Theorem 1 and which
correspond to algorithms with cost of order at most n. Recall that Theorem 1 depends on an
invertible and decreasing function g : (0,00) — (0, 00) satisfying

|z

T A1lv(dz) < g(h) for all h >0,



and we set, for k € N,
er=2"" and  hy =g 1(2").

We choose the remaining parameters by

m=inf{keN: Chy <1} -1 and ng = |Chg_1| fork=1,....,m, (12)
where n
. - .. o _ -1
(i) C=mn, (i) C = {log n) 1" and (iii) C =1/¢g " (n)

in the respective cases. Here we need to assume additionally that ¢ is such that h=%/3 < g(h)
in case (i) and h='y/log1/h = g(h) in case (ii). These parameters optimize (up to constant
multiples) the error estimate induced by equation (10) together with Theorem 2 below.

5 Proofs

Proofing the main result requires asymptotic error bounds for the strong approximation of Y
by Y for given e, h > 0. Therefore we define for h > 0

F(h) = /B 2 w(da)

to approximate the error that originates from the neglect of the jumps smaller than hA. This is
a reasonable choice as we consider an L? average of the supremum error and as the following
theorem reveals.

Theorem 2. Under Assumption 1.1, there exists a constant k depending only on K such that
for any ¢ € (0,1] and h > 0 with v(B5) < 1, one has

e

IE[ sup |Y; — fft“’ﬂﬂ < k(elog(e/e) + F(h))
t€[0,1]

in the general case and

E[ sup [¥; = V12| < w[F(h) + b~ Fo(h)%?
te€[0,1]

in the case without Wiener process, i.e. ¥ = 0.

Remark 2. A similar Euler scheme is analyzed in [Rub03]. There it is shown that the appropri-
ately scaled error process (the discrepancy between approximative and real solution) converges
in distribution to a stochastic process. In the cases where this limit theorem is applicable, it is
straight-forward to verify that the estimate provided in Theorem 2 is of the right order.
Remark 3. In the case without Wiener process the term |b — Fy(h)|?c?
order than F'(h), so that we have in most cases that

is typically of lower

E| sup |Y; — }A’t(h‘e)ﬂ S k F(h).
te[0,1]



The proof of Theorem 2 is based on the analysis of an auxiliary process (Y;): We decompose
the Lévy martingale L into a sum of the Lévy martingale L' = L™ constituted by the sum of
compensated jumps of size bigger than h and the remaining part L” = (L, — L});>0. We denote
X = (Wi + L, + tb)s>0, and let Y = (Y;)¢>0 be the solution to the integral equation

t
V=0t [ alfin)dXe, (13)
0
where «(t) = sup[0,¢]NT, and T is the set of random times (7});cz, defined by T} = Tj(h’s) as in
(8) in Section 3.

Proposition 1. Under Assumption 1.1, there exists a constant k depending only on K such
that for any € € (0,1] and h > 0 with v(By)) < 1/ we have

]E[ sup |Y; — 5?7&’2] < k(e + F(h))
t€[0,1]

in the general case and

E[ sup |Y; — )‘ftﬂ < k[F(h) + b — Fo(h)|%?]
t€[0,1]

in the case without Wiener process, i.e. 3 = 0.
The proof of the proposition relies on the following lemma.

Lemma 1. Under Assumption 1.1, we have

E[ sup |Y; — y0|2] <K,
te[0,1]

where Kk is a finite constant depending on K only.

The proof of the lemma can be achieved along the standard argument for proving bounds for
second moments. Indeed, the standard combination of Gronwall’s lemma together with Doob’s
inequality yields the result.

Proof of Proposition 1. Fort > 0, we consider Z; = Y;—Y; and Z] =Y, —Yb(t). We fix a stopping
time 7 and let 2-(t) = E[sup,c(o¢an |Zs|?]. To indicate that a process is stopped at time 7 we
put 7 in its superscript. The main task of the proof is to establish an estimate of the form

t
2 (t) < al/ zr(s)ds + a2
0

with values a, g > 0 that do not depend on the choice of 7. Then by using a localizing sequence
of stopping times (7;,) with finite z;, (1), we deduce from Gronwall’s inequality that

E[ sup |Vs — Yi[?] = lim 2, (1) < ay exp(ay).
s€[0,1] n—0oo

10



We analyze

t
) d(SW, + L) + / a(Yo_)dL!
0
—M, (14)

" / (a(Ya) — a(¥,(o_y)) bds

z= [ atv) —af

with M = (M;);>0 being a local L?-martingale. By Doob and Lemma 3, we get

tAT tAT
B sup ML <AE[ [ laVi) — af)PAEW + L.+ [ ja(voP ()
0 0

s€[0,tAT]

where in general for a local L%-martingale A we set (A); = > (AW, where (AY) denotes the
predictable compensator of the classical bracket process of the j-th coordinate of A. Note that
AEW+L), = (]Z\2+fBz |z|?v(dz)) dt < 2K?dt and similarly d(L"); = F(h) dt. Consequently,
by Assumption 1.1 and Fubini’s theorem, we get

t t
E sup |M]*< 8K4/ Ells< |2 [P ds + 4K2F(h)/ E[(|Ys— — yo| + 1)?] ds.
SE[0,tAT] 0 - 0

Conversely, by the Cauchy-Schwarz inequality and Fubini’s theorem, one has for ¢ € [0, 1] that

tAT - 2 t
B| [ @) — atToppas| | < K [ Elgan iz Plas

Using that for a,b € R, (a + b)? < 2a? + 2b?, we deduce with (14) that
t

t
E sup |Z]?< 18K4/ Els<y |27 7] ds+8K2F(h)/ E[(|Yse — yo| + 1)?] ds.
SE[0,tAT] 0 N 0

Since Z, = Z; + Y} — Y1) we conclude that

t t
E sup |Z <36K* / (B[ 27 2] + Elljyery Voo — Vi(oy|2)] ds + 8K2F(R) / E[([Ys — yol + 1)?] ds.
0 0

s€[0,tAT]

By Lemma 1, E[sup,¢jo,1)(|Ys — vo| + 1)?] is bounded by a constant, and we get, for ¢ € [0, 1],

2 (t) < K1 [/0 [20(s) + E[gsery Voo = Yy(s-)%]] ds + F(h)], (15)

where k1 is a constant that depends only on K.
Next, we provide an appropriate estimate for E[1f,<3|Y; =Y, |2]. Since L’ has no jumps on
(e(t),t) we have

Y = Y4y = a(Y,u) [S(We — W) + (b — Fo(h)) (£ — u(t))]

so that B - -
E[lj<ry| Vi — Yy |*] < 2K°E[([Y[) — ol + 1)?] [|E%e + [b — Fo(h)[*<?].

11



Here we used the independence of the Wiener process and the random times in T. Next, we use
that [Y, ) — yol < [Y,0) — vol + |Z,)| to deduce that

E[ljen|Ye — Yy ! < 4K [E[(|Y,{y) — vol + 1%+ E[ 2] PI] [IZ%e + [b — Fo(h)[*€?].

Recall that E[sup,cpo11(|Ys — vo| + 1)?] is uniformly bounded. Moreover, by the Cauchy-Schwarz
inequality, |Fo(h)|? < K?v(Bf§) < K?/e so that the right bracket in the latter equation is
uniformly bounded. Consequently, for ¢ € [0, 1],

Elly<ry|Ve = Yy IP] < m2[|S1%e + b — Fo(h)|*€” + 2 (t)]

where k9 is an appropriate constant that depends only on K.
Inserting this estimate into (15) gives

2 (t) < ks [/Ot 2 (s)ds + D)% + |b— Fo(h) %2 + F(h)]

for a constant k3 that depends only on K. If ¥ = 0, then the statement of the proposition follows
from the Gronwall inequality. The general case is an immediate consequence of the estimates

1¥)% < K% and |b— Fy(h)|?e® < 2K%(e® 4+ ¢) < 4K,
where we used again that |Fo(h)|? < K?/e. O
For the proof of Theorem 2, we need a further lemma.

Lemma 2. Let r € N and (Gj)j=0,1,.» denote a filtration. Moreover, let, for j =0,...,r —1,
U; and V; denote non-negative random variables such that U; is Gj-measurable, and V; is Gjy1-
measurable and independent of G;. Then one has
E[ max U;V;] <E[ max Uj]-E|[ max Vjl.

Proof. Without loss of generality we can and will assume that (U;) is monotonically increasing.
Otherwise, we can prove the result for (U;) given by U; = maxj<; Uy instead, and then deduce
the result for the original sequence (Uj).

We proceed by induction. For » = 1 the statement is trivial, since Uy and V{y are independent
random variables. Next, we let » > 1 arbitrary and note that

E[ max U,Vj] = B[ max UjV;] + E[(UoVh — max U;V;)*].
T =1,...,r J= T

Jj=0,..., j=1...r = 70 7 =1,

Using the monotonicity of (U;), we get that
E[(UyVy — jiriaxr Ujvj)+|g0] < UpE[(Vp — jiriaxrvj)ﬂgo] = Uy E[(Vy) — max VJ)+]

]_17"'7T
Next, we use the induction hypothesis for E[maxj-:17..,7,~ UjVj] to deduce that

E[ max U;V;] < E[U)E max Vi) + B[] E[(Vo — max V;)*]
7=0,...,r J=1,...,r J=1,..,r

< E[U,]E[ max Vj].

J:07-"7T
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Proof of Theorem 2. By Proposition 1, it remains to find an appropriate upper bound for
Elsupyepo) 1Y — Y;|?] where we denote Y; = Y,™. First note that for all j € N, one has
AL, = AL’Tj and

so that by definition, the processes (Y;) and (V;) coincide almost surely for all times in T (see
(13) and (9)). Hence,

Y, =Y =Y = Yy = a(Y,))S(Wy — W) +a(Yye) (b — Fo(h) (= u(t)) .

/

:‘;;}t :ZBt
Since two neighboring points in T are at most € units apart we get

B[ sup B[] < K*EIY — ol + 170~ Fo(h) = (16)
te|0,

It remains to analyze

E[ sup |A*] < K*ISPE[ sup (|Y,) — ol + 1)*[Wi — W,p|?]-
te[0,1] t€[0,1]

First suppose that (L}) is a deterministic piecewise linear cadlag path. Then the times (7})
are deterministic and we denote by r the minimal index j with 7; > 1. We estimate

E[ sup |4/*] < K? \E!ZE[ sup  ((|Yzr, —yol + 1)2- sup  |W; — WTJ.|2)]
te[0,1] j=0,...,r—1 te[T;,Tj11A1)

Next, we apply Lemma 2 with U; = (|Y7, — yo| + 1), V; = SUPse (T, 1501 01) IWe — Wr,|* and
Gj = o(W; : t <Tj) to conclude that

E[ sup |A]?] < K*|SPE[ sup (1Y, —yo| + 1)?]-E[ sup sup Wi — WTJ.|2].
te[0,1] j=0,...,r—1 J=0,...,r=1¢€[T}, Tj41A1)

By Lévy’s modulus of continuity, the term

W =W,
Wiy = sup 1= Wl
0<s<t<1 @(t —5)

is almost surely finite for ¢ : [0,1] — [0,00),6 — 4/Jlog(e/d). Hence we get (for instance with
the isoperimetric inequality) that EHWH?D is finite. Recalling that neighboring points in T are at
most € units apart, we conclude with the monotonicity of ¢ on [0, 1] that

E[ sup sup |Wy — WTj|2] < E[”W”?p] o(e)?
jZO,...,T—ltE[Tj Tj41A1)
so that
Bl 147 < KUSPE] s (¥, -wl + D] BIWIE] o(e) (a7
te , J=0,...,r—

In the general case (L}) is a Lévy process that is independent of the Wiener process (W%).
Disintegrating the Lévy process allows us to apply the above result and to retrieve (17) also for
random processes (L}).
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Combining (16) and (17), we get
E[|Y - Y]] < 2K*E[(IY = yoll + 1*I(IEPE[IW 2] ¢(e)? + b — Fo(h)[*e?).

Next, note that by, Proposition 1 and Lemma 1, E[(||]Y — yo|| + 1)?] is bounded from above by
some constant depending on K only. Consequently, there exists a constant x with

E[lY = Y% < w(IZ 0(e)® + b — Fo(h)|*e?).

Together with Proposition 1, one immediately obtains the statement for the case without Wiener
process. In order to obtain the statement of the general case, we again use that | [, « v(dz)|? <
h

K?/e due to the Cauchy-Schwarz inequality. O

Proof of part (i) of Theorem 1
We can assume without loss of generality that

1

=< < -

since otherwise, we can modify ¢ in such a way that the new g is larger than the old one and
enjoys the wanted properties. We consider a multilevel Monte Carlo algorithm S (as introduced
in Section 4) with hy = g71(2¥) and e, = 27% for k € Z,.. For technical reasons, we also define ¢
and hg although they do not appear in the algorithm. The parameters m € N and ny,...,n,, € N
are specified below. Note that

V(chlk) < g(hk) = 1/5k: and ¢, <1, (19)
so that by Theorem 2, we have

E[|lY®™ - Y® 2] < 2E[I]Y — Y®|?] + 2E[|]Y — Y* V%)
< w1 [F(hr-1) + |b = Fo(he) e 1]
for some constant £1 > 0. By Lemma 1 and Theorem 2, E[||Y (1) — y)|?] is bounded from above

by some constant depending on K only. Hence, equation (10) together with Theorem 2 imply
the existence of a constant ko such that

m+1

E8) <m Y nik [F(hie) + b~ Fo(he) 221, (20)
k=1

where we set ny,+1 = 1. Next, we analyze the terms in (20). Using assumption (3), we have, for
a sufficiently small v € (0,1) and an appropriate constant 3,

v

Fu(l < [ lalvn) < 3 [lalto v lahvide) < 3 [ faoida) + [ uBg) du
1

< — — = .
< v/|x| v(dzx) +/£3/0 a(log 1/u)i™ du

14



Both integrals are finite. Moreover, we have
F(hy) < g(hy) b = 257 1(2)%, (21)
and using (18) we get that

1

1
-1
Wﬁg (y) 2

y(logy)1+7

Hence, we have 2Fg=1(2F)2 = 272k = &2 as k tends to infinity, and there exists a constant x4
such that

as y — 00. (22)

m—+1

2,39 k—1_—10k—1\2
S) < —2 2
HE) < wa Y PGk
k=1
We shall now fix m and ni, ..., n,. For a given parameter Z > 1/g71(1), we choose m =

m(Z) = inf{k € N: Zg~'(2¥) < 1} — 1. Moreover, we set ny = nx(Z) = [Zg~1(2¥"1)]| for
k=1,...,m, and set again n,,,1 = 1. Then 1/ny < 2/(Zg='(2¥ 1)) for k=1,...,m+ 1, so
that

. m+1 1 1 m—+1
62(5) S H4 Z n_k2kflgfl(2kfl)2 S 2/142 Z 2]{:71971(2]971).
k=1 k=1

By (22), 28¢=1(2F) < k~(1+7) and the latter sum is uniformly bounded for all m. Hence, there

exists a constant x5 depending only on g and K such that

~ 1

e*(S) < 5
It remains to analyze the cost of the algorithm. The expected number of breakpoints of Y*)

is less than 1/ey, + v(By, ) < 2F+1 (see (19)) so that

m
cost Z 2kt Lp,. (23)
k=1

Hence,

m
cost(S) < 4ZZ ok=1g=1(2F=1) < k47,
k=1
where kg > 0 is an appropriate constant.

Proof of part (ii) of Theorem 1

We proceed similarly as in the proof of part (i). We assume without loss of generality that g
satisfies

SEIR 4 oy 5 QBN (24

since, otherwise, we can enlarge g appropriately. In analogy to the proof of part (i), we choose
hi = g~(2%) and ¢, = 27F for k € Z, and we note that estimates (19) and (21) remain valid.
Next, we deduce with equation (10) and Theorem 2 that, for some constant 1,

m+1 m~+1
1
) < K1 Z [ (hi—1)+€r—1 log } < K1 Z P [2’“*19*1(21“71)24-27(1“1) log(e2F1) 1,

k—1
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where again n,,+; = 1. Note that (24) implies that

a

gy _ logy)?
39 1(y)j( )
Y y

as y — 00, (25)

so that, in particular, 2¥g=1(2%)2 >~ 2= ¥ log(e2") as k tends to infinity. Hence, we find a constant

k9 such that
m+1

=~ 1
23 < L gk—1,-1(9k=1)2.
e (5)_@27%2 g L2k
k=1
For a parameter Z > eV (1/g71(1)), we choose m = m(Z) = inf{k € N: Zg~1(2¥) < 1} — 1,
and we set ny, = ng(Z) = | Zg~1(2¥ )| for k = 1,...,m. Then we get with (25) that

m+1

~ 1 1
2 k=1 _—1ok—1 +1
e“(9) SQHQE ,}_12 g (2" <n32m7

for an appropriate constant x3. By definition, Zg~1(2™) > 1 so that, by equation (24),
1
mglogg(z)/longlogZ as Z — oo.

Consequently, there exists a constant x4 such that

~ v+1
e*(S) < /4;4%.

Similarly, we get for the cost function

cost(g) < Z ok+ln, < 422 2k=1g=1(2F 1) < k5 Z(log Z)7 L.
k=1 k=1

Next, we choose
1 n

~ 265 (log )17

for n > e sufficiently large such that Z > eV (1/g71(1)). Then

Z =Z(n)

~ 1
cost(S) < ks Z(log Z)7 ! ~ 3™

and we have, for all sufficiently large n, Cost(§ ) < n. Conversely, we find

~ log Z)"*t1  (logn)20+h
2 < ( ~ .
e“(S) < kg 7 p
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Proof of part (iii) of Theorem 1

First note that property (4) is equivalent to

- _

197w <97 ) (26)
for all sufficiently large u > 0. This implies that there exists a finite constant k1 depending only
on g such that for all k£, € Z, with k <[ one has

I(2F) < m(%)l_kg_l(?l)- (27)

We proceed similar as in the proof of part (i) and consider S € A with hy, = g~1(2¥) and
er = 27F for k € Z,. The maximal index m and the number of iterations n;, are fixed later in
the discussion. Again estimates (19) and (21) remain valid and we get with Theorem 2

m+1 m+1

~ 1
e*(S) < ko Z - [F(hk_1)+6k_1 log8 ¢ } < Ko Z [ ~l(gk=1y29k=1 L 9=(k=1) g (e2F 1Y ||
k k—1

for a constant ko and n,,11 = 1 as before. By (26), we have g~1(2%) >~ (v/2)* and recalling that
v > 1 we conclude that 27%log(e2¥) < g7(2¥)?2"% as k tends to infinity. Hence, there exists a

constant kg with
m+1

A 1
S < ma ) T2 @

Conversely, we again estimate the cost by

m
cost g k“
k=1

Now we specify m and ny, ..., n,. For a given parameter Z > 2/g=1(1), we let m = m(Z) =
inf{k € N: Zg=1(2%) < 2} — 1, and set ny = nx(Z) = | Zg~*(2¥71)] for k =1,...,m. Then we
get with (27) that there exists a constant x4 with

¢2(8) < 2m5~ mil 2F1g=1(2F1) < 2y g mil gk—1g-1(gm+1) (z)m+1‘(k‘1’
- Z - Z ¥
k=1 k=1
1 m~+1 1
< 2H1H3§2m+1g—1(2m+1) ; ,y—(m-i-l—(k—l)) < H422m+1g—1(2m+1)_
Moreover, by (26) one has for sufficiently large m (or, equivalently, for sufficiently large Z) that
Zg~'(2mt) > 3Zg71(2™) > v > 1 so that
e (S) < Ky 2m+1 (2m+1)
Similarly, one obtains
cost(S) < k522 g7 (2 < 24527
Next, we choose, for given n > 2ks, Z > 0 such that m = [log, ﬁj — 1. Then, clearly,
cost(S) < n and for sufficiently large n we have
e2(9) < /<a42nT5 9_1(42 ) <ngt(n)? asn — oo.
In the last step, we again used property (26).
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Proof of Corollary 1

We assume without loss of generality that § < 2 since otherwise the statement of the corollary
is trivial. We fix #’ € (3, 2] and recall that

C = lz|? v(dz)
B
is finite. We consider g : (0,00) — (0,00),h f"ffl—f A 1v(dx), whose integral we split for
h € (0,1] into three parts:
|z

g(h) :/ —21/(dx)—|—/ 11/(d:17)—|—/ lv(de) = I1 + Lo + Is.
By, h B1\Bp, B

c
1

The last term does not depend on h and we estimate the first two terms by

I < h—ﬁ’/ lz|% v(da) < Ch™ and I < h—ﬁ’/ z|? v(da) < Ch™7.
By, B1\By,

Hence, we can choose 8" € ((#' V 1),2] arbitrarily, and a decreasing and invertible function
g : (0,00) — (0,00) that dominates § and satisfies g(h) = =" for all sufficiently small h > 0.
Then for v = 2'=1/7"_ one has g(Zh) = 2g(h) for all sufficiently small h > 0 and we are in the
position to apply Part (iii) of Theorem 1 to get

In the case where 3 < 1, one can choose 3’ = 1 and 3” > 1 arbitrarily close to one and gets the
result. Whereas for 8 > 1, one can choose for any 3” > (3 an appropriate 3 and thus retrieve
the statement.

Appendix

We shall use the following consequence of the It6 isometry for Lévy processes.

Lemma 3. Let (A;) be a previsible process with state space RYY XX et (L;) be a square integrable
RYX -valued Lévy martingale and denote by (L) the process given via

dx

(L)e =Y (LY):,

j=1
where (LY) denotes the predictable compensator of the classical bracket process for the j-th

coordinate of L. One has, for any stopping time T with finite expectation B [ |Ag|* d(L)s, that
( gAT AsdLg)i>0 is a uniformly square integrable martingale which satisfies

E(/OTASdLS

In general the estimate can be strengthened by replacing the Frobenius norm by the matrix
norm induced by the Euclidean norm. For the convenience of the reader we provide a proof of
the lemma.

2 T
<E [ APz
0
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Proof. Let v denote the Lévy measure of L and XX* the covariance of its Wiener component.
Let Q : R% — R9x denote the self-adjoint operator given by

Qr =YY"z + /(m,y) yv(dy).

We recall the It6 isometry for Lévy processes. One has for a previsible process (Ag) with
T
E/ |A,QY%2 ds < oo,
0
that (/. AT A, dLg)¢>0 is a uniformly square integrable martingale with

0
T 2 T
E‘/ A, dL, :E/ |A,Q12)2 ds.
0 0

The statement now follows immediately by noticing that

AQVE < [APu@ ad [ [APu@ds= [ 1APL).,
0 0

O
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