DFG-Schwerpunktprogramm 1324

,Extraktion quantifizierbarer Information aus komplexen Systemen”

Weak Order for the Discretization of the Stochastic
Heat Equation Driven by Impulsive Noise

F. Lindner, R. L. Schilling

Preprint 33




Edited by

AG Numerik/Optimierung

Fachbereich 12 - Mathematik und Informatik
Philipps-Universitat Marburg
Hans-Meerwein-Str.

35032 Marburg



DFG-Schwerpunktprogramm 1324

,Extraktion quantifizierbarer Information aus komplexen Systemen”

Weak Order for the Discretization of the Stochastic
Heat Equation Driven by Impulsive Noise

F. Lindner, R. L. Schilling

Preprint 33




The consecutive numbering of the publications is determined by their
chronological order.

The aim of this preprint series is to make new research rapidly available
for scientific discussion. Therefore, the responsibility for the contents is
solely due to the authors. The publications will be distributed by the
authors.



Weak order for the discretization of the stochastic heat
equation driven by impulsive noise

Felix Lindner René L. Schilling

Abstract

We study the approximation of the distribution of X7, where (X¢);ejo,7r7 is a Hilbert
space valued stochastic process that solves a linear parabolic stochastic partial differential
equation driven by an impulsive space time noise,

dX, + AX,dt = QY?dZ,, Xo=wmoeH, tel0,T).

Here (Z;)efo,r] is an impulsive cylindrical process and @ is the covariance operator of
the noise; we assume that A~ has finite trace for some o > 0 and that A”Q is bounded
for some B € (a-1,a].

A discretized solution (X}')ne(o,1,...,n} is defined via the finite element method in space
(parameter h > 0) and a §-method in time (parameter At = T/N). For ¢ € CZ(H;R) we
show an integral representation for the error [Ep(X}) — Ep(Xr)| and prove that

[Ep(X7) - Ep(Xr)| = O(h + (At)”)

where v < 1 — «+ 3. This is the same order of convergence as in the case of a Gaussian
space time noise, which has been obtained in a paper by A. Debussche and J. Printems

18]-

Our result also holds for a combination of impulsive and Gaussian space time noise.

1 Introduction

In this paper, we study the weak order of convergence of numerical approximations of the
solutions of a certain class of linear parabolic stochastic partial differential equations (SPDEs,
for short) driven by impulsive space time noise. Unlike the strong order of convergence which
measures the pathwise approximation of the true solution by a numerical one, the weak order
is concerned with the approximation of the law of the true solution at a fixed time. There
are not many works in literature about the weak approximation of the solutions of SPDEs
(see 2], |7], [8], [9], [13]) and, to our knowledge, only SPDEs driven by Gaussian noise have
been considered in this context so far. This work extends the paper [8] by A. Debussche
and J. Printems, where the following Hilbert space valued stochastic differential equation is

considered:
dXy+ AX,dt = QY*dw,, Xo=moeH, te[0,T]. (1)
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Here A: D(A) c H - H is a unbounded strictly positive definite self-adjoint operator whose
domain D(A) is compactly embedded in H; @ : H — H is a bounded nonnegative definite
symmetric operator and (Wi)[o,r] is a cylindrical Wiener process on H, T' € (0,00). A
standard reference for this setting is [5].

If we set H := L2(0) = L*(0,B(0),d¢), O c¢ R? open and bounded, and (A, D(A)) :=
(-A, H*(O) n H}(0O)), then (1) is an abstract formulation of the stochastic heat equation
with Dirichlet boundary conditions

%—AX(t,f)Zﬁ(t,f), (t,§)e[07T]x()7
X()=0 on [0,T]x 00, (2)
X(O, ) =T on O.

Here n = % is a generalized random function which can be described as the time derivative

(in a distributional sense, cf. [25], [29]) of a real-valued generalized Gaussian process, formally
written as

n(t.8) = [ (& OW(tQ)d, 3)

where (W (Z, -))qo,7] is a cylindrical Wiener process on L?(0) and qq is a positive semidef-
inite symmetric (generalized) function on O x O. The operator @ is given by Qz(§) =
Joa(€,Q)x(¢) d¢ with ¢(&,¢) = [ qo(&,7)qo(7,¢) dr describing the spatial correlation of the
noise 7, cf. [24], Ch. 4.9.2 and Example 14.26.

Throughout this article, let H := L?(0). We consider the equation

dX,+ AX,dt =QY?dz,, Xg=z9e¢H, te[0,T], (4)

where A and @ are as above and (Zy)se[0,7] = (Z (%, + ) )te[0,r] IS an impulsive cylindrical process
on H, see Section 2 for the definition. This is an abstract version of problem (2) with W (¢, ()
replaced by Z(t,¢) in the formal definition (3) of the noise 7.

In [8], a discretization (X} )neq1,..., ny of the solution (X¢)eo, 7 of equation (1) is obtained
by the finite element method in space (parameter h > 0) and a f-method in time (parameter
At =T/N). Under the assumption that A~ is a finite trace operator for some « > 0 and that
APQ is bounded for some € (a - 1,a], it is shown there that for functions ¢ € CbQ(H7 R),

[Ep(Xy") - Ep(Xr)| < C- (h* + (A1)) (5)
forany y<1l-a+03<1.

In this paper, we consider the analoguous discretization of the solution of (4) and make
the same assumptions on the operators A and @ as in [8]. We give a representation formula
for the error (Theorem 4) and, under some integrability condition on the jump size intensity
v of the cylindrical impulsive process (Z);e[0,7], we show that (5) holds also for the solution
(Xt)te[o,r] in (4) and the corresponding discretization (Theorem 7).

SPDEs driven by impulsive noise (or Poisson noise) have been considered, e.g. in [1], [14],
[18], [20], [22], [23]. The monograph [24] gives a good overview about SPDEs driven by Lévy
noise. In [15] and [16], numerical approximations in time and space of SPDEs driven by
Poisson random measures are investigated and the strong error is estimated. Of course, this
especially implies an estimate for the weak approximation error. A difference to our result is



that we look at impulsive noise which is white in time and coloured in space whereas in [15]
and [16] a class of SPDEs driven by Poisson random measures which correspond to impulsive
space time white noise is considered. Our motivation for this paper was to show that the
techniques applied in [8] with respect to the cylindrical Wiener process also work for certain
jump processes.

The main technical difference between (4) and (1) lies in the fact that the impulsive
cylindrical process (Zt)te[o,T] is a purely discontinuous Hilbert space valued martingale, while
the cylindrical Wiener process (W;)4e[o 7] is continuous. As a consequence, the main tools for
estimating the weak order of convergence for the numerical scheme — the Itd6 formula and
(connected with it) the backward Kolmogorov equations for certain processes associated with
the solutions of the SPDEs and their discretizations — are completely different for (4) and
(1). The main task therefore is to find manageable expression for the approximation error,
which allows estimates using techniques similar to those in [8].

Let us finally note that (5) remains true for the solution (X¢)¢e[o,7 of

dX;+ AX,dt = QP aw, + QY*dz,, Xo=woe H, te[0,T],

and the corresponding discretization. Here, the covariance operators (g and ()1 are assumed
to have the same properties as () above.

2 Impulsive cylindrical process

Let O c R be open and bounded, T € (0, ), and consider the product space [0,T]x O x R
equipped with the Borel o-algebra B([0,7] x O x R). The generic element in [0,00) x O x R
is denoted by (¢,&,0) or (s,&,0). Let v be a sigma-finite measure on R and 7 a Poisson
random measure on [0,00) x O x R with reference measure dtd€v(do). By 7 we denote the
compensated Poisson random measure, i.e.

#(dt,d¢, do) = 7(dt, d€, do) - dt dé v(do).

Let 7 be defined on a complete probability space (£2,.A,1P) with a filtration (F;)o,r] satis-
fying the usual hypotheses, cf. [21]. We assume that 7([0,¢] x B) is (F;)-measurable for all
t €[0,T], B e B(OxR) and that w((s,t] x B) is independent of Fs for 0 < s <t < T, B ¢
B(O x R). Furthermore, we assume that 7 is of the form

W(A)(w) = Z 6(Tj(w),Ej(w),2j(w))(A)v Ace B([O,T] x O x R), w € Q, (6)
j=1

for a properly chosen sequence ((T], Ej, Ej))de of random elements in [0, 7] x O xR, cf. [24],
Chapter 6.

For general impulsive cylindrical processes, v is a Lévy measure, i.e. v({0}) = 0 and
Jrmin (o?,1) v(do) < oo, cf. [24], Ch. 7.2. In addition, we will assume that Jops1 o?v(do) < oo
which is equivalent to saying that

[]RJQ v(do) < oo, (7)

Under this condition the random variables Zt(k) and Z; defined below have finite second
moments. (This is, e.g. the case if v is a Lévy measure with bounded support.)



To fix notation, let us give a brief survey of L%-integration w.r.t. # for deterministic
integrands. Let f:[0,7] x O x R — R be a simple function, i.e.

n
f=2 arla,,
k=1

where n € IN, a € R and A € B([0,T] x O x R), such that

T
[0 /OfR]lAk(t,é,o)y(da)dgdt<oo,
fork=1,...,n.

For simple functions f the stochastic integral w.r.t. 7 is defined by

T R n R
/0 /OXRf(t,g,a)w(dt,dﬁ,da) ::kglam(Ak).

Since
T 2 T
A »[(’)x]Rf(t’&o-) ﬁ-(dt’d&da) B A .[(9xR|f(t’£’U)|2 dtdf]/(dO’),

the stochastic integral can be uniquely extended to an isometric linear operator mapping
L*([0,T] x O x R,dsd¢ v(do); R) to L*(92, A, P;R). Later, we will also consider #-integrals
of H-valued square integrable functions which are defined similarly. In the course of the proof
of our result, we will have to deal with L!-integrals of stochastic integrands against the (not
compensated) random measure 7; see [24], Sections 6.2, 8.7 and [29], Chapter 2, for a detailed
exposition of the various integrals.

As usual, for t € [0,7] and f e L2([0,7] x O x R, dsd¢ v(do);R), we define

E

t T
[ [ Jseonrsdsd)= [ [ 1000s)f(s.¢0)(ds,d.do).

Now we can to define the impulsive cylindrical process. Let (ex)ren be an orthonormal
basis of H and for k€ N, ¢t € [0,T], let

Zt(k) =Z(t,ex) = fot fOXRek(ﬁ)-aﬁ(ds,df,da).

Note that the processes (Zt(k))te[O,T], k € IN, are real-valued, square integrable Lévy processes
which are also martingales.

Now let U be a further Hilbert space such that H is densely embedded in U and such that
the embedding is Hilbert-Schmidt, e.g. U = H_%_E((’)) for some € > 0. In [24], Chapter 7, it is
shown that

Zy= DO AR lim 3 70k, e[0T
Moo k=1

defines an U-valued L?(P)-Lévy-martingale with reproducing kernel Hilbert space H = L?(0);
(Zt)te[0,1 1s called impulsive cylindrical process on L2(O) with jump size intensity v.
As for the following examples, compare [22], [23].



Example 1. Let 3 € (0,2), 7€ (0,00) and consider the jump size intensity

1
v(do) = 01_+ﬁ]1[077] (0)do.

Then, for every B € B(O), the one-dimensional process

(210 o = ([} [ 15(6) o (ds,de, do)

can be characterized in terms of one-sided (-stable Lévy processes as follows:
If B e(1,2), then (Z (t,1 B)) e[0T is equivalent to the process obtained by removing all jumps

te[0,T]

greater than 7 from a one-sided (-stable Lévy process (Lt)te[O,T] with Laplace transform

e} dO'
—rL: _ B\ _ _
Be™™ = exp {~t|Bleg -1} = exp{‘tlBl fo (1-e7 -W)Ul—w}’ >0
and then adding the shift ¢ — ¢|B| [~ Uaﬁlfﬂ = t|B] Tﬁljf . Here |B| denotes the Lebesgue measure

of B eB(0).

If € (0,1), (Z(t’]lB))te[O,T] is equivalent to the process obtained by removing all jumps
greater than 7 from a positive one-sided (-stable Lévy process (Lt)te[O,T] with Laplace trans-
form

o0 do
—rLy _ LB _ _-To
Ee t—eXp{—t|B|Cg r }—exp{ t|B|f0 (1 e )U“ﬁ}’ r>0,

. . t 1-8
and then subtracting the shift ¢ = E [ [, [g 15(&) - o7 (ds,d¢, do) = t|B|qTﬂ.
Example 2. Let o€ (0,2), 7€ (0,00) and set

1
v(do) = ——1[_. (o) do.

- |or| L+
Then, for B € B(O), we have
t
2(t1p)= [ [ 15(0)-0#(dsdg.do)

‘ (8)
_ 72 . _1; .
=L“(Q,AP; R) P\I.%/o /OX{|J|>€} 15(&) - on(ds,dE,do),

and (Z (t,1 B)) 1e[0.7] is equivalent to the process obtained by removing all jumps of absolute

value greater than 7 from a symmetric a-stable Lévy process (Lt)te[O,T] with Fourier transform

EeirLt _ eXp{—t|B|Ca -’I”a} = exp _t|B| / (1 —COS(TO’))d—J , r € R,
R |0.|1+a

i.e.
A T d
EerZ(t18) ~ exp {—t|B| [ (1-cos(ro)) ——— } , TeR

|0.|1+a

The second equality in (8) holds since v is symmetric and therefore

t
1 codsdév(do) =0, € >0,
A fOX{MZG} 5(6) £ v(do)

so that the integrals w.r.t. # and 7 coincide for integrands in L2([0, T]xOxR, dsd¢ v(do); R)n
LY[0,T] x O xR, dsdé v(do); R).



For the estimate of the weak order of approximation (Theorem 7), we have to make a
further restriction on the jump size intensity v by assuming that

_[]Rmax(|a|,02) v(do) < co. 9)

This is, e.g. fulfilled if 5 € (0,1) and « € (0,1) in Examples 1 and 2.

3 Notation, assumptions and preliminary results

The inner product and norm of H = L?(O) are denoted by (-,-)g and | - |z, respectively;
Q@ : H — H is a bounded nonnegative definite symmetric operator and A: D(A) c H - H a
(unbounded) strictly positive definite self-adjoint operator whose domain D(A) (endowed with
the graph norm | - |7 +|A - |r) is compactly embedded in H. Therefore, the spectrum consists
of a sequence (A;)gew € (0,00). We assume that the eigenvalues are ordered increasingly,
A1 € A2 < ..., including multiplicities. By (€x)gen we denote the corresponding orthonormal
basis of eigenvectors. For any s> 0 we set

{ ZuekHekeH Z)\quek)H<oo}

k=1

D(A?®)

Ay = Z (u,ex)geér, weD(A?),

so that D(A®) endowed with the graph norm | - | + |A® - | is a Hilbert space. Furthermore
we define D(A™®) for s > 0 as the completion of H with respect to the norm | - [g +[A™° - |g,
defined on H by |A™ul% = 521 A2 (u, é)%;.

Let (Vi)ns0 be a family of finite dimensional subspaces of V := D(AY?) parameterized by
a small parameter h > 0, given by the finite element method. As standard references for the
finite element method we mention [4] and [27]. By Pj, we denote the orthogonal projector
from H onto V}, with respect to the inner product (-, - )y and IIj is the orthogonal projector
from H onto V} with respect to the inner product (A1/2 L AY2. ). For any h > 0, we define
a positive symmetric bounded linear operator Ay, : V}, —» V}, by

(Ahuh,vh)H = <A1/2uh,A1/2Uh>H V(uh,vh) € Vh X Vh.

As in [8], let (S(t))t=0 denote the Cy-semigroup of contractive operators on H generated by
—A and let (Sy(%))>0 denote the semigroup of operators on Vj, generated by —Aj,.

We assume that the finite dimensional spaces V}, admit the following two estimates, which
are classical properties for standard finite element spaces.

Assumption:
For all ¢ € [0,2] there exist constants k1 >0, k2 > 0 independent from h such that for all ¢ >0

ISkt Py = S|y < kah%EY?, (10)
|Sh(8) o= S| apareyy < roht™. (11)

In [28], Theorem 3.5, and [17], Theorem 4.1, the above estimates (10) and (11) are shown for
the case (A4, D(A)) = (-A, H?(O) n H(0)) under the assumption that

v -vlg < woh®|A g, (12)



AV (M -v) g < koh® YA |y (13)

for all s € [1,2], v € D(A%?) and some constant xg > 0. Finite elements satisfying (12) and
(13) are well known, like P} triangular finite elements on a convex polygonal domain or Q
rectangular finite elements on a rectangular domain, k > 1, see [4], [27].

The main assumptions concerning the operator A and the covariance operator ) of the
noise are the following: There exist real numbers

a>0, Be(a-1,a] (14)

such that
Te(A) = 3 A < oo, (15)
APQ ::Ll(H). (16)

Notice that (16) implies for any A € [0, 1]
AN e L(H) and AN QM| < 1A°Q[7 sy (17)

According to [24], Chapter 9, equation (4) has a unique (predictable) weak solution which is
given as the mild solution

X;=S(t)zo + fOtS(t -s)QY%dz,,  te[0,T], (18)

provided that
”S(t)Ql/QH(HS) € L2([O)T]’dt)u (19)

where | - | (gg) is the Hilbert-Schmidt norm. It is shown in [8] that (14), (15) and (16) are
sufficient conditions for (19).

We proceed with some further notation: By CF(H) = CF(H;R) we denote the space of
all k-times continuously Fréchet-differentiable real valued functions on H which are bounded
together with their derivatives. For ¢ € C{(H) and z € H the first-order derivative D¢(z)
of ¢ in z is identified with its gradient and thus considered as an element in H. Similarly,
for ¢ € CZ(H) and = € H, the second-order derivative D?p(x) is seen as an element in
L(H) = L(H, H), the space of all linear and bounded operators on H.

Let L(HS)(H) = L(HS)(H,H) denote the Hilbert space of all Hilbert-Schmidt operators on H.
It is a subspace of L(H). Given an orthonormal basis (eg)ren of H, the scalar product in
Lugy(H) of operators T € Liyg)(H ), S € Lyg)(H) is given by

(T, S)ms) = Y, (Sex, Texr) -
kelN

The corresponding Hilbert-Schmidt norm is denoted by | - | (xg)-

Finally, we use M2 (H) for the space of all right continuous L?(IP)-martingales M =
(M¢)¢eo,r] With values in H. ([M]¢) 0,7 denotes the tensor quadratic variation (or operator
square bracket) of M e MZ(H); (IMT)¢eo,r) denotes the continuous part. Note that for IP-
almost every w € Q, for every t € [0,T], [M]:(w) and [M]§(w) belong to the space of nuclear
operators on H, a subspace of Lys)(H) which is continuously embedded in Lyg)(H), cf.
[21].



4 Approximation scheme

In order to approximate the mild solution
t
X; = S(t)zo + fo S(t-$)QY%dz,,  te[0,T],

of equation (4), we adapt the numerical scheme described in [8], with (W;)o,r] replaced by
the jump process (Zt)te[0,1]-

Given an integer N > 1, set At = T/N and t, = nAt, n = 0,...,N. For any h > 0, the
approximations X' of Xy in Vj,n=0,..., N, are defined as those V}-valued random variables
which satisfy for all vy, € V},

(X;;H—l - X;Z, Uh)]-[ + At (Al/Z(eX}?H + (1 - Q)X;Z) ) Al/ZUh)H - (Ql/QZtnﬂ - Q1/2Zt" ’ vh)

H
(20)
and
(X7, vn) = (o, vn) (21)
with
e (1/2,1]. (22)
Here the expression (Q1/2Ztn+1 -Q'2z, | Uh)H is the usual shorthand for
2 < 1/2
L3 (9, A, P; ]R)—A}linoo];(Z(tnﬂ,ek)—Z(tn,ek))-(Q ek vn), (23)

(er)ken being an arbitrary orthonormal basis of H. In particular, one can choose (ex)ren as
an orthonormal basis consisting solely of eigenvectors of @) and of elements of the kernel of Q.
Note that (X} )neo,.., Ny is a discretization of (X¢)o,7], both in time and space. Solving the
equations above leads to

n—-1
Xi = SiacPhro+ Y Shar TharPaQ*(Zy,, - Z4), (24)
k=0
for ne€{0,...,N} and h >0, where

(I+0AtAL) (I - (1-0)AtAy),
(I+0AtA,)™.

Sh,At

Th,At

Remark 3. In this paper, we are interested in the weak order of the scheme (20)-(21).
Theorem 7 below gives an estimate for the difference |[E@(X}Y) - E@(Xr)| for suitable real
valued functions . Obviously, for the numerical implementation one has to truncate the
infinite sum in (23). That is, one has to replace the right hand side of (20) by

(M)\1/2 (M)\1/2 g 1/2
((Q ) Ztn+1 _(Q ) Ztn; Uh>H:kZ:(Z(tn-i-laek)_z(tn’ek’))'(Q €k, Uh)H’
=1
for some M € IN. Here, the operator Q™) is defined by

M %)
QM =S (u,er)uQer, u= Y (u,ex)mer € H.
P} k=1



Let ( ’(M)) nef0,...N} be the solution of the truncated scheme, i.e.

_ 1/2
n’(M) = Sp atPrhzo + Z Sh AT AtPh(Q(M)) / (Ztyor = Z1)s
=0

and let
Xt(M):S(t)a:0+fOtS(t—s)(Q(M))l/QdZs, te[0,T].
Then, in the setting of Theorem 7 below, it is not hard to see that
[Ee(X, ) B (X I < 0 (h+ (A1),
where C' > 0 and v > 0 are the same numbers that appear in the upper bound for the error

Eo(X)) - Ego(XT)| in Theorem 7. In particular, the constant C' does not depend on M € IN.

Therefore, the error ‘Ego( N(M)) Ego(XT) ,
be estimated by

[Bo(X,"OD) = Bp(X1)| < C- (b2 + (A)7) + [Bp(X{™) - Bp(X1))|.

It will be useful to introduce some further notation. For each h > 0, we will also consider
the following spatial discretization of (Xi)e[0,7]

t
Xy = Sp(t)Puao+ fo Sn(t-s)PhQY2dZ,,  te[0,T], (25)
and the two auxiliary processes
t
Yie = Su(D)Puao+ [ Sy(T-s)PQ"2dz,

¢
- Sh(T)Phx0+f o(s) dZ, te[0,T], (26)
0
> N Y Nk 1/2
Yh,t = Sh,AtPhx0+£ Z Sh,;t_ Th,Atﬂ(tk,t;ﬁl](s)PhQ / dZs
k=0

t
- S,]XAtPhx0+/; I'(s)dZ, te[0,T]. (27)

To ease notation, we have used

B(s) = Sp(T-s)PQY%
N-1

IL(s) := ZSf]xilz_lTh,Atﬂ(tk,tM](S)Pth/Q-
k=0

Moreover, it will be convenient to set
B(s):=d(T - s).

Before we come to the results, we let us rewrite the stochastic integrals in a way that fits
to our purposes. The integrals with respect to dZs can be written as 7-integrals. To this end,
let us define mappings F, F, G, F from [0,7] x O xR into H, by

(o)

E(s,§,0) = Zek(ﬁ)aS(T—s)leek, (28)

k=1



o0

> en(§)od(s)ex, (29)
k=1

o0

> er(€§)oT(s)ex, (30)

k=1

F(s,§,0)

G(s,€,0)

o0

> en(&)od(s)ey, (31)

k=1

F(s,¢,0)

where (ex)ren is an orthonormal basis of H and the infinite sums are limits in the space
L*([0,T] x O x R, dsdév(do); H). These limits exist since the operator valued functions
s~ S(s)QY?, s ®(s) and s — I'(s) belong to L2([0,T1, ds; L(HS)(H)) and because of
the integrability assumption (7). As usual, we do not distinguish between measurable map-
pings [0,7] x O x R - H and their dsd§ v(do)-equivalence classes. Notice that the following
equalities hold:

t t
fo S(T-$)QY?dz, = fo fOXRE(s,g,a)ﬁ(ds,df,do),

fotq)(s)dzs - fotfOXRF(s,g,o)ﬁ(ds,df,dJ),
t t

fo T(s)dZs = fo fOXRG(s,g,a)ﬁ(ds,df,da),
t . t ~

fo b(s)dz, = fo f(mF(s,g,a)ﬁ(ds,dg,da).

Indeed, if we consider for example fot ®(s)dZs, it is easy to verify that

t n t
fo ®(s)dZ, = L*Q,AP;H)- lim Z[O o (s)ey, dzP

- QAP H)-lim Y ftf ex(€)o®(s)ey 7 (ds, dE, do)
) b ) - 00 k:1 0 OX]R b b

/Ot [OXR (g:l ek(f)aq)(s)ek) 7(ds,d¢, do),

where the infinite sum in the last integral is a limit in L?([0,7] x O x R, dsd¢ v(do); H).

5 FError expansion

In this section, for suitable functions ¢ defined on H, we state and prove representation
formulas for the time discretization error Ep(X?) — (X}, 1) and the space discretization
error Ep( Xy, 7)-E@(X71). The errors are represented in terms of the functions vy, : [0, T|xH —
R and vy, : [0,T] x H - R defined by

vp(t,x) = ]Egp(a;Jr/TTtSh(T—r)Pth/QdZT), (32)

o(t,z) = ]Ego(x+[TiS(T—r)Q1/2dZT). (33)

For the reader’s convenience, we summarize all equations, definitions and assumptions which
will be needed in the formulation of our error representation theorem below:
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Summary/Assumptions:

e The equation we are interested in is
dX; + AX;dt =QY?dZ,, Xo=wzoeH, te[0,T]. (4)

e Assumption: The jump size intensity v of (Zi)[o,r] satisfies

2
d . 7
/RJ v(do) < oo (7)
o Assumption: The mild solution of equation (4) exists, i.e.
ISR ws) € L*([0, ], dt) (19)

(This ensures that the weak solution exists and is equal to the mild solution.)

e We consider the following space-time- and space-discretizations of the weak solution of

(4)
n—1
Xp =Sy acPrhwo+ Y SEAT Ty ac PhQY* (24, - Z4,), ned{0,...,N}, (24)
k=0
t
Xn,t = Su(t)Przo + /O- Su(t - s) Q' dz,, te[0,T]. (25)

Theorem 4. Assume that (7) and (19) hold. Let p € CZ(H) such that for each x € H the
derivative D*p(x) is an element of Lgs)(H) and that the mapping x + D%p(x) € L ys)(H)
1s uniformly continuous on any bounded subset of H. Let T > 1 and (Xt)te[O,T] be the H -valued
stochastic process solution of equation (4). For any N > 1 and h > 0, let (X} )nefo,.. Ny be
given by (24) and let (Xpt)eefo,r] be as in (25).

Then, the following error expansions hold:

Eo(X3) = Bp(Xn1) = {on(T, Sy asPrwo) = vn(T, Sn(T) Pazo) }

T X —
+E fo fOX]R {on(T = 1. Vi 4o + G(t,6.0)) = on(T ~ 1. Vo + F(1,6.0))
+(Dyvn(T =1, Yy ), F(t,€,0) - G(t,€,0)), }dtdEv(do)
T TT, (34

Eo(Xnr) - Ep(X7) = {0(T, Sp(T) Pazo) = o(T, S(T)wo) }

+IE[OT fOXR {U(T—t,Yh,t_ +F(t,6,0)) ~v(T ~t,Yi + E(t,6,0))

+(Doo(T ~,Y3), E(t,€,0) — F(t,€,0)),, } dt d¢ v(do)
=[] +1V. (35)

Remark 5. In the following proof of Theorem 4, the uniform continuity of the mapping
H >z D%*o(x) € Lyg)(H) on bounded subsets of H is needed to be able to apply It6’s
formula in infinite dimensions, see [21], Section 27. This assumption is always fulfilled in finite

dimensions and in literature it is sometimes forgotten to mention in the infinite-dimensional
case.
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Proof of Theorem 4. We begin with the time discretization error ]E(p(X,]lV) -Eo(Xp1). Due
to the definition of v;, we have
Eo(Xn,r)
Ep(X3')
Applying Itd’s formula to the function (¢,z) ~ vp(T - t,x) and the (cadlag) martingale
(Yh,t)te[O,T] yields

vn (T, Sp(T) Pho), (36)
Ee(Yhr) = Euvp(0,Ys 7). (37)

Oovy,

R (0, Y1) = vn(T, Vi) - f (T t, Yy )dt

l\')l'—‘

T _ _
v [ (Devn(T = t.Yi00). dVae),, [ (D2on(T = 1, V00, IV I5) s

+ Z{%(T t,Yhe) = on(T =1, Vi so) = (Dpvn(T = t, Vs ), AVpy) }
t<T
(38)
A process is called cadlag (continu a droite et limites a gauche) if almost every path is right-
continuous ar}d has; finite left limits. We have used the standard notation Y}, ;- = lim, »¢ Y}, ¢
and AY} ; =Y}, — Y}, .- which make sense for every cadlag process. We will now consider the

mean values of the terms on the right hand side of (38) separately:

(1) E?}h(T, ?h,O) = E’l}h(T, S}]LYAtPth) = Uh(T, Sizz\,/AtPth)'

(it) B fy (Daon(T = t,Yhs-), d¥ns),, = 0 because ( [y (Dovn(T = 3, Vi), dVh.s) H)te[m is

a martingale starting in 0.
(iti) ([Vn,I¢) e[0T 0 because (Yh,¢)¢e[o,7] is a purely discontinuous martingale. This follows

because (Vi ¢)ie[o,r] is the MZ.(H)-limit of finite sums of its coordinate processes which
can be easily identified as purely discontinuous martingales. Since the space of all purely
discontinuous L?(IP)-martingales M%’d(H) is closed in M2.(H), the process (Yn,t)te[0,7]

is also purely discontinuous (cf. [21], Chapter 4). Hence ([V},.]¢) 0] =0, and therefore

1T, _ o
S [ (DR (T - .Y, IV T ) = O
(iv) Concerning the jump term
E>) {Uh(T —t,Yhe) = n(T = t,Vso) = (Davn(T =, Yiy), AVhy) } (39)

t<T

we give only a brief sketch how to deal with it; the full argument is postponed to the
appendix. B
Let p be the jump counting measure of (Yh,t)te[O,T]a ie
w((0,t] x B)(w) = Z]IB(AYh7S(w)), te(0,T], BeB(H), weq.
s<t
The basic idea is to write the sum in (39) as a (pathwise) integral with respect to p and

then to consider the random measure p as an image measure of ™ with respect to the
function G defined by (30):

E 2 {’l}h(T - t, Yh,t) - ’Uh(T - t, Yh,t—) - (vah(T - t, Yvhyt_), AYh’f)H }
t<T
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T _ _ _
E [ [ {on(T =tV +9) = on(T = t.Y5i) = (Dovn(T =, Yi10), ),  u(at,dy)

T X/ —
E A /(;XIR {Uh(T -1 Yh:t* + G(t? g? U)) - 'Uh(T -t, Yh,tf)

~(Daon (T~ t,Yi40), G(t,€,0)) } m(dt,d¢, do). (40)

Here the last term is the expectation of an stochastic L'-integral with respect to the
random measure 7, cf. [24], Section 8.7. Since dt d€ v(do) is the compensator of ,

E ‘/OT »[OX]R {Uh(T N t’ Yh’ff + G(t7 57 U)) - Uh(T - t, Yh,tf)
~(Davon(T =1, Yp-), G(t,6,0)) } m(dt, d¢, do)
=B AT _/(QX]R {'Uh(T h t’ Yhut_ + G(t7 57 U)) - Uh(T - t, Yh,t—)
~(Doon(T =1,V ), G(t,€,0)),, bdtdgv(do).

(v) Going back to the usual construction of the stochastic integral, one can see that the laws
of the random variables

T t 1/2
fT Su(T - 8) PaQ"2 dZ, and fo Sy (s) PhQ? dZ,
—t

are equal. Consequently

on(tz) = Ew(w A tSh(s)Pth/QdZs)

t
Ep (m " fo & (s) dZS),
where we have used the notation of Section 4 ®(s) = ®(T - s), ®(s) = Sp,(T - 5) P, Q>

for s € [0,7']. Now we apply the It6 formula to the function H >y = p(z +y) € R and
the (cadlag) martingale (fy ®(r) er)te

(0.7

90(x+/0t<i>(s)dzs) = go(:c)+f0t<Dcp(1:+fOT_(i>(s)dZs),(i)(r)er>H
Ll o) s,

+Z{<P($+fOT@(S)dZs)—w(mfor_é(s)dzs)

"~ —(Dw (QH[OT* CE(S)dZs)a Afori)(s)dZs>H}-

Here,forf ®(s) dZs denotes the (pathwise) left limit limg - [, ®(s)dZs and the expres-
sion ®(r)®? in the second line of the formula stands for the operator Lugy(H) —

Lugy(H), T = ®(r)T®(r)*. Taking the expectation on both sides of the equation,
reasoning as in (iv) and differentiating with respect to ¢ yields

%vh(t,x) = [(’)x]R {vh(t,x + F(t,f,a)) —vp(t, )
- (Dvh(t,a:), F(t,f,a))H} dév(do). (41)
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Finally we get (34) if we combine (36) - (38) and (i) - (v).

Now consider the spatial error Eo(X}, 1) — E@(X7). The definition of the function v
implies

Ep(Xr1)

Eo(Xh,r)

U(T’ S(T)l‘o),
EU(O, Yh,T)'

As above, we can apply It6’s formula to (t,2) = v(T' ~t,2z) and (Yh4)se[o,7] to get

T v
v(0,Yhr) = U(T’Yh’O)_/O E(T—t,Yh,tf)dt
T

1 T
+ [0 (D20(T =, Y1), d[Y3.J5) s,

+ Y {0(T = 4Yn0) =0(T =, Yn1 ) = (Dov(T =1, Yns ), AVis) y, |-
t<T

This can be used, similar to the argumentation leading to (34), to verify (35). O

Remark 6. The proof of Theorem 4 reveals that we can extend Theorem 4 to equations of

the form
dX, + AXydt = QY dWy + Q)* dZ,, Xo=wzoe H, te[0,T], (42)

where (W;)se[o,7) 15 a cylindrical Wiener process on H which is independent of (Z¢)e[o,1]
and the covariance operators Qo and (1 are, just as () above, bounded, nonnegative definite,
symmetric and satisfy (14), (16). The solution (X¢)fo,7] of (42) is given by

t t
Xt:S(t)x0+fO S(t-s)Q}/QdWS+fO S(t-)Q?dz,,  te[o,T],

and the discretizations are

n-1
ke 1/2
Xy = SparbPuro+ Z SITzL,Akt lTh,AtPth/ Wiy = Wi,)
k=0

n-1
+ 3 SR M PiQYH (Zuyy - Za), h>0,med{0,... N},
k=0

Xnt

t
S () Pazo + fo S (t - 5)P,QL% dw,
t 1/2
+f0 Su(t-)PaQY?dz,,  te[0,T).

Assuming for simplicity that Q1 = Q2, the time discretization error E¢(X}Y) - E¢(X), 1) and
the spatial error Ep( X}, ) — E@(X7) are obtained by adding the terms

%E/(;TTr{P(t)*ngh(T—t,Yhi_)P(t) - @(t)*ngh(T—t,ifh,t_)@(t)}dt (43)
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and

1 T *

51@/0 Te{@(t)" D2o(T~1,Yis ) (1) = (S(T-1)Qy*) D2u(T =1, Y5, )(S(T-1)Q*) }
(44)

to the right hand side of (34) and (35), respectively. (Here one has to replace @ by @ in the

definition of ®(¢) and I'(¢).)

6 Weak order of convergence

In this section, we show an estimate for the weak order of the convergence of X ,iv to X7 as h
tends to zero and N tends to infinity, given the integrability condition (9). The proof is based
on the error expansions in the last section.

For the convenience of the readers we summarize the assumptions made in the theorem below.

Assumptions:
e The jump size intensity v of (Z;)[o,r] satisfies

[Rmax(|a|,02) v(do) < co. 9)

e The finite element spaces Vj,, h >0, are such that for all g € [0,2] there exist constants
k1 >0, ko > 0 independent from A such that for all ¢ > 0

|Sh(£)Ph = S(#) | L(ary < a2, (10)

1S1(t) Ph = S a1, parsey) < m2ht ™. (11)

e There exist real numbers o and 3 with

a>0, fe(a-1,a], (14)

Tr(A™) = i A, < oo, (15)
n=1

APQ e L(H). (16)

(Note that this particularly implies assumption (19) needed for Theorem 4.)

Theorem 7. Assume (9), (10), (11), (14), (15) and (16) listed above. Let ¢ € CF(H) such
that for each x € H the derivative D*p(x) is an element of Lgs)(H) and that the mapping
x> D%p(x) € L gs)(H) is uniformly continuous on any bounded subset of H. Let T > 1 and
(Xt)se[o,7] be the H-valued stochastic process solution of

dX,+ AX,dt =QY?dz,, Xo=z0€¢H, te[0,T)]. (4)

For any N > 1 and h >0, let (X}})peqo,...,ny be given by (24) and let (Xp 1 )ie[o,7] e as in (25).
Then there exists a constant C = C(T, @) > 0 which does not depend on h and N such that for
any v<1—-a+ <1, the following inequality holds

[Bo(X3)) = Bep(Xr)| < O (W™ + (At)),
where At =T/N < 1.
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Proof. As in Theorem 4, we split the error into the time discretization error and the spatial
error,

Eo(X))) - Bp(Xr) = {Be(X)) - Bo(Xp,1) | + {E(Xnr) - Be(Xr)}.

We will estimate each term separately. Throughout this proof, C' denotes a positive (and
finite) constant that may change from line to line.

Consider the time discretization error given by (34), Eo(X{Y)-Ep(X} 1) = I+11. Clearly,
due to the definition of vy, (32),

1< el ary |SmaiEh - Sh(T)PhHL(H) ol m-

Using spectral calculus and (22),

S;ZXAtPh - Sp(T) Py
respect to h. To be more precise, for T' > 1 we have

Loy AR be bounded uniformly with

N
. 1-(1-0)AAE
N NAA
|SwaiPh = SW(T) Pl iy < suple '(W)
N

_ -Nr _ 1_(1_0)T

- Srliope ( 1+0r

< ¥ < car

N

cf. [19], p. 921, Theorem 1.1 for the penultimate estimate. One obtains
|I| < C- At. (45)

Concerning 11, we apply the mean value theorem and the Cauchy-Schwarz inequality and
obtain

11

IN

T
[ L 2ADeonlcyom F(4,6,0) = G(t.6,0)]| dtdé v(do)
zDzvhcb(H)f]Rlalu(do)fono ];ek(g)(cb(t)_r(t))ek

where the expression Y72, e, (&) (®(t) - F(t))ek has to be understood as the value at (¢,£) of
a dt dé-version of

dtde,  (46)
H

N
LQ([O,T] x O, dt d¢; H)-]\lfl_r)rio ((t,f) > Z ek(é)(@(t) —F(t))ek).

k=1

Next, let v >0 and v; > 0 such that 0 <y <~y <1-a+ (3 <1. Using

o0

> en(©) (@) -T(t))ex =
k=1
o E Non-1 (1-1)/2 & (n-D/2 p 1/2
Sp(T=1) = > Vi) (O Sh A Thoat | A, Yoen(§)A, PQ " ey,
n=0 k=1

(46) can be estimated by

dt

r IR N-n-1 (1-71)/2
Ir<cC 0 Sp(T - t) Z Lty it 1) Shnt Thoae | 4y,
L(Vi)

n=0
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o0

Z ek(f)Al(jl—l)/Qthl/Qek
k=1

dg

H

“Jo

’ hos N-n-1 (1-11)/2
<C Sp(T -t) Z]l(tn,thrl](t)Sh,At Th,At Ah dt
0 n=0 L(Vi)
2 S Y L
([ 1o@dc) | [|Se©al VPR e
o O [k=1 H

=C HAEZ’Yl—l)/QPth/Q H (5S)

T (T - _N71]1 gN-n-1p A1=m)/2
* W(T—-t)- ), (tntnin ] ) Shar Thoat |4y,

n=0

dt. (47)
L(Vp)

Following [8], HAEL%*D/ *PQM? [ (11s) €A1 be bounded from above by some constant C' > 0 which
does not depend on the choice of h > 0:

HAEL"/l—l)/ZPth/QH(HS) <C. (48)

This is essentially due to (15) and (16). Furthermore, again following (8],

N-1
H(Sh(T—t) - 11(%,%](t)S,iV,;flTh,At)AS‘W
n=0

L(Vy)
{ CAY Y 1, 4,0 (O (N == 1A e (0,85-1]

49
R ) tena. 1],

which follows directly from spectral calculus. A combination of (47), (48) and (49) yields

ty_g V=2 T
I1<C- (Aﬂ fo Y L 0,01 (O (N == )AL~ (E1/240) g / (T - t)(n=D/2 dt)
n=0

tN-1
<C-Al,
(50)
as (1-=71)/2+~¢€(0,1) and (T —t)"=D72 < (T = 1)~/ NDAY for t e (tx_1,T].
Finally (34), (45) and (50) add up to
[Ep(X5) - Ep(Xpr)| < CAY (51)

forall T >1 and At <1.

Now we turn to the spatial error given by (35), Eo(X}, 1) — E@(X7) = I11 + IV. Firstly,
according to the definition of v, (33), and resulting from (10) with ¢ = 2y < 2,

lelcz ey 190 (T) Pr = S(T) | gy ol
Il ey (kih*'T7) |zolu = C - . (52)

11|

IN

IN

Considering IV, we apply the mean value theorem and the Cauchy-Schwarz inequality and
obtain

T
v < [ [ 20Duvleyon [E(tE0) - F(t.6,0)] didé v(do)
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- 2\\Dzv||c,,<H) [ 1olv(do)

dt de, (53)
H

€k(f) S(T - t) = Su(T - 1) P,)Q" ey,

where the expression Y5, e, (&)(S(T —t) - Sp(T - t)Ph)Q1/2ek has to be understood as the
value at (¢,€) of a dt d¢-version of

k=1

N
L*([0, 7] x O, dt d; H)-Al[ifgo((t,g) - Zek(g)(S(T—t)—sh(T-t)Ph)Ql/%k).

Pick 1 > 0 such that 0 <y <41 < 1-a+/ < 1. Because of (17) we know that A%/2Q'? ¢ L(H).
Furthermore, the fact that 1 —~; + 3 > o implies A-(-711+0)/2 ¢ Lugy(H). Tt is also not hard

to see that the operator (S(T —t) - Sy, (T —t)P,) AU=1)/2 has a continuous extension defined
on the whole space H. Therefore we may write

S () (S(T— 1) - Sy (T — 1) P)Q 2ey

k=1

= (S(T -t) - Sp(T - t)P,) AU—/2 3 en (&) AR ABR Q2
k=1

A further application of the Cauchy-Schwarz inequality in (53) gives

[IV]

IA

C f [(sx 1)~ su(T- t)Ph)A@—”ﬂ)/?HL(H)

1/2 00 2 172
X(fo 1o(€) df) (f Zek({)A—(l—’Y1+ﬁ)/2Aﬁ/2Q1/2ek i d{)
_ (- 4B)[2 gBI2 )1/ (1=91)/2
= Cfa AR f (s 1) =@ - nyp)at 2| ar
- c/ (S(T =1) = Sy(T - t) P, ) AC~ 71)/2HL(H) (54)

We are now going to show that for all ¢ € [0,T']

H (S(T —t) = S (T - t)Ph)A(lJn)ﬂH <COh2 (t—(71(“/1—1)/(27)+1) n t‘((l_’YI)/2+'Y)) . (55)

L(H) =
This will be done in several steps.

(i) Due to the self adjointness of S(T'—t), Sp(T —t)P}, and AW-7)/2

H (S(T - 1t) - Sp(T - t)Ph)A(l‘"“)/2H H ((S(T — 1) = S,(T - t)ph)A(l—m)/z)* H

L(H) L(H)

(1-71)/2 _4) - -
|4 (S(T -t) - Su(T t)Ph)HL(H).
Here the operator A(l_“)/Q(S(T —-t) = Sp(T - t)Ph) is properly defined since S(¢)H c
D(AM), t>0, AeR and Vj, c D(AY?) c D(AG-/2),

18



(ii) Due to the Holder inequality we have for all z € D(AY/?)

\A(Hl)/%\H < |A1/235|?1 2.

Consequently,
|ACI2(S(T ~ ) - S,(T - P Ly
< ST -t) = Su(T - t)Pth_(}%D(AI/Q)) ST =) = Su(T =) Pall 7). (56)

(iii) If 2y +~1 > 1, then (27 +~1 —1)/7 €[0,2]. In this case, we combine (56) with (11) and
(10), g = (2y + 71 — 1)/v. Provided that h < 1, one gets

|AQT D2 (S(T ~t) - S (T ~ ) Py) .
C (hl—% t’Yl—l)(h(2’7+’Yl—1)’71/'Yt_(2'y+’)/1—1)71/(2'7))

A

on2rp-(nen-nyen+)

IA

(iv) If 2y + 1 < 1, we first combine (56) with (11) and (10) choosing ¢ = 0 and get

| A2 (S(T ~t) - S, (T - t)Pu)| gy < ORI - £)~(-m), (57)
Secondly, again using (10) with ¢ = 0, one derives
|ACTIR (S(T - ) - S (T - t) Pp) HL(H)
< ST -t) - Su(T - t)Ph||1L_(E7D(A1/2)) [S(T = 1) = Su(T = ) Pl 1 )
< CIS(T =) = Su(T = OFully i poarey,

1-
< C(|AM2S(T - t) |y + | A2SW(T =) Poll iry)
1-
= C(JAVS(T =)l + 14 (T =) Pulpary)
< Co(T-t) 2, (58)

In the last step, the inequality
€
Supxee_ms(i) £, t>0,€e>0
>0 €
has been used.
Now let A :=2y/(1-~1) € (0,1). Interpolating (57) and (58) yields

| AG-1)/2 (S(T-t) - Sp(T -t)Py) HL(H)

IN

C (hlf'n (T - t)f(lfﬂn))A ((T _ t)*(lfm)/Q)})‘
C h2(T - )~ (=727

Combining (i), (ii) and (iii) yields (55).
Asyi(11-1)/(2y)+1 <1 and (1-71)/2+~ <1, we can integrate (55) with respect to the
time variable ¢. Then (35), (52), (54) and (55) add up to

Eo(Xp1) - Ep(X7)| < Ch™.
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Remark 8. (i) The proof of Theorem 7 can easily be combined with the proof in [8] in
order to obtain the same result for the equation

dX, + AX,dt = QP awy + Q1* dZ,, Xo=mzoeH, te[0,T], (59)

where (W¢)¢e[o,7] is a cylindrical Wiener process on H which is independent of (Z;)e[0,7]
and where the covariance operators (g and () are bounded, nonnegative definite, sym-
metric and satisfy (14), (16). The corresponding discretization and error expansion has
been described in Remark 1.

Of course, the result also holds for the equation

dX;+ AX;dt = QU2 aw, + Q)? dZy 1+ QY? dZsy, Xo=m0€H, te[0,T],  (60)

where (Z1t)ie[o,r] and (Zat)eo,r] are impulsive cylindrical processes satisfying the
condition required of (Z;)s0.1] (see (9) above), the processes (Wi)wejo.17, (Z1,)te[0,1]>
(Z2,t)te[0,T] are independent, and the covariance operators Qqy, 1 and Qg are bounded
nonnegative definite, symmetric and satisfy (14), (16). For example, one could consider
impulsive cylindrical processes described by the jump size intensities

vi(do) = s r(o)do, i=1,2,

|| e [
with indices of stability 0 < aq < ap < 1.

(ii) One might try to avoid the integrability assumption (9) in the proof of Theorem 7 by
rewriting the terms 17 and IV in (34) and (35) using Taylor’s theorem. Obviously,

I - f fOR (G(t,&,0), D2op(T —t, Yy +0G(t,€,0))G(,€,0)),,
~(F(t,£,0), D2op(T =1, Yy +0F(1,€,0))F(t,€,0)) , } dt dg v(do),
v = ]E[ fOR (F(t,€,0), D2o(T 1, Yy + 0F(t,€,0))F(t,6,0))

~(B(1,€,0), D2o(T - t,Yny + VE(t,€,0))E(€, o)), } dtdg v(do),

where 0 =0(t,£,w) € (0,1) and ¥ = 9(¢,&,w) € (0,1). However, the integrands appearing
here cannot be estimated analogously to the estimates of the integrands in the terms
(43) and (44) in [8], which appear in the case of Gaussian noise. The reason is, that in
the case of impulsive noise one has to estimate the difference of the second derivatives.
As one needs integrability of suitable upper bounds for the integrands, this leads to
profound technical complications.

7 Appendix

Here we give a detailed proof for equality (40). We have to show

EY {vh(T —t,Yhe) = n(T =, V1) = (Davn(T =, Yip), AVy) }
t<T

= I AT ~/(:)><IR {Uh(T - tvyh,t— + G(t,f, U)) - Uh(T -1, Yh,t—) (40)

~(Davn(T =1, Yy ), G(t,€,0)) , f (dt, dg, do).
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We have already seen that

_ t t
Yh,t—sﬁmphxo:fo P(s)dZszfo /@RG(S,g,a)fr(ds,dg,da),

with G(s,§,0) = Yioqer(§)ol'(s)er, where the the infinite sum is a limit in the space
L*([0,T] x O x R, dsdév(do); H). By a standard monotone class argument, there exist
simple functions

m(n)

Gn(S,g,U) = Z an,k‘]]-Anyk(Saé-ao-)) (57570) € [O7T] X O X ]Ra
k=1
where n € N, m(n) €N, a, € H and A, € B([0,T] x O xR) for k =1,...,m(n) with

T
_/(; LXRﬂAn,k(taéag) dtd&l/(da) < 00,

such that G,, converges to G in L*([0,T]x O xR, dsd¢ v(do); H) if n tends to infinity. Note
that the processes

(/Ot /(‘DXRG(S,g,a)fr(ds,d&,da))te[oj] and ('[Ot—/OX]RGn(S,g?g)ﬁ(ds,d&da))te[oj],

n € IN, are martingales and hence have cadlag modifications. Applying Doob’s inequality for
submartingales, we have

t t 2
Bsup | fon Gty atas dedo)— [ [ Guls.€.0)w(ds. de.do)|
T 2
CAB|[7 [ (G(5.6.0) - Gu(.6.0)) #(ds . do)
0 OxR H
=4 |G_Gn|i2([0,T]xOx]R,dsdéu(dcr);H) (61)

and the last term goes to zero as n tends to infinity.
Remember that the Poisson random measure m on [0,7'] x O x R with given compensator
dt d¢ v(do) is given by

™= Z 5(Tj75j72j)’
j=1
where (7}, Z;, Ej))jE]N is a properly chosen sequence of random elements in [0,7]x O x R, cf.

[24], Chapter 6. Since the functions Gy, n € IN, are simple functions, the stochastic integral
of G,, with respect to 7 is just an w-wise integral with respect to

O(Ty(w),2; (w),=; (w)) (dt, d§, do) — dt d§ v(do).

Nagk:

J

Therefore, for every n € IN, the cadlag process

(fot f(Qx]R Gn(s,€, 0) 7 (ds, de, da))te[o,T]
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has the jumps G, (7;(w),Z;(w),Ej(w)), j € N, Tj(w) < T, occurring at the jump times
Tj(w), jeNN, Tj(w) < T, for almost every w € €.

The convergence G, - G, n — oo, in L2([0, T]xOxR, dt d¢ v(do); H) implies the convergence
Gn(t,&,0) = G(t,£,0), n — oo, in H for dsd{v(do)-almost every (¢,£,0) € [0,T] x O x R.
This, the uniform convergence following from (61) and the fact that the laws of the random
vectors (T},Z;,%;), j € IN, are absolutely continuous with respect to dt d€ v(do) imply that,

for almost every w € 2, the jumps of the process (}7;17,5)&[0 7 Occur at the jump times Tj(w), j €

N, T;(w) < T and are exactly G(T};(w),Z;(w),2j(w)), j e N, Tj(w) < T.
Consequently, we have

E Z {Uh(T - tv Yh,t) - ’Uh(T - t? Yh,tf) - (Dasvh(T - t7 1_/vh,tf)') AYffL,lf)[_I }
t<T

=E ) {’Uh(T =T, Yz + G(T5,E5,%5)) = on(T = Tj, Yo 1)
jeN, Tj<T

- (Da:vh(T_ 17]-7}7]%7}7)7 G(E7E]72j)>H }

With similar arguments, one can show that

T \/ —
E»[O LXR {Uh(T_t’tht_ +G(t,£,0‘)) _Uh(T_taYh,t—)
~(Deon(T = t,Yn), G(1,€,0)) } w(dt,d¢, do)

=E > {Uh(T ~ T3, Y 1,- + G(15,E5, %)) = va(T = T}, Yo 1,-)
jeN, Tj<T

- (vah(T -1, ?h,Tj—)a G(TJ? =5, Ej))H }
This finishes the proof of (40).
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