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ADAPTIVE WAVELET METHODS FOR ELLIPTIC STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS

P. A. CIOICA, S. DAHLKE, N. DOHRING, S. KINZEL, F. LINDNER,
T. RAASCH, K. RITTER, R. L. SCHILLING

ABSTRACT. We study the Besov regularity as well as linear and nonlinear approximation
of random functions on bounded Lipschitz domains in R%. The random functions are
given either (i) explicitly in terms of a wavelet expansion or (ii) as the solution of a
Poisson equation with a right-hand side in terms of a wavelet expansion. In the case (ii)
we derive an adaptive wavelet algorithm that achieves the nonlinear approximation rate
at a computational cost that is proportional to the degrees of freedom. These results are
matched by computational experiments.

1. INTRODUCTION

We study numerical algorithms for the Poisson equation
. —AU=X in D,
(1) U=0 on 0D

with random right-hand side X, and D C R? a bounded Lipschitz domain. More precisely,
X is a random function (random field) with realizations at least in Ly(D), and we wish to
approximate the realizations of the random function U in H'(D). We investigate a new
stochastic model for X that provides an explicit control of the Besov regularity, and we
analyse nonlinear approximation of both X and U. An average N-term approximation
of the right-hand side X can be simulated efficiently, and the nonlinear approximation
rate for the solution U is achieved by means of an adaptive wavelet algorithm. These
asymptotic results are matched by numerical experiments.

Different numerical problems have been studied for Poisson equations, or more generally,
for elliptic equations with a random right-hand side and/or a random diffusion coefficient.
The computational task is to approximate either the realizations of the solution or at
least their moments, and different techniques like stochastic finite element methods, sparse
grids, or polynomial chaos decompositions are employed. A, by no means complete, list
of papers includes [2,12,27,36,40,47,51,55].

We construct efficient algorithms for nonlinear approximation of the random functions
X and U. While nonlinear approximation methods are extensively studied in the deter-
ministic case, see [25] and the references therein for details and a survey, much less is
known for random functions. For the latter we refer to [9,11], where wavelet methods are
analysed, and to [13,34] where free knot splines are used. In these papers the random
functions are given explicitly, and the one-dimensional case d = 1 is studied. Stochastic

Mathematics Subject Classification (2010). 60H35, 65C30, 65T60, 41A25, Secondary: 41A63.
Key words and phrases. elliptic stochastic partial differential equation, wavelets, Besov regularity,
approximation rates, nonlinear approximation, adaptive methods.
This work has been supported by the Deutsche Forschungsgemeinschaft (DFG, grants DA 360/13-1,
RI 599/4-1, SCHI 419/5-1) and a doctoral scholarship of the Philipps-Universitéit Marburg.
1



2 CIOICA ET AL.

differential equations, in general, yield implicitly given random functions, which holds
true in particular for U in (1). For stochastic ordinary differential equations nonlinear
approximation of the solution process is studied in [13,43].

The random function X is defined in terms of a stochastic wavelet expansion

(2) X=3 > Yt

J=Jjo kEV‘j

Here {11 : j > jo, k € V;} is a wavelet Riesz basis for Ly(D), where j denotes the scale
parameter and V is a finite set with, in order of magnitude, 2/¢ elements, and Y;; and Z ]’k
are independent random variables. In a slightly simplified version of the stochastic model,
Y; . is Bernoulli distributed with parameter 2=%/¢ and ZJ’-’,c is normally distributed with
mean zero and variance 274, where 0 < # < 1 and a+ 3 > 1. Note that the sparsity of
the expansion (2) depends monotonically on /3. For § = 0, i.e., with no sparsity present, (2)
is the Karhunen-Loeve expansion of a Gaussian random function X if the wavelets form
an orthonormal basis of Ly(D). The stochastic model (2) was introduced and analysed in
the context of Bayesian non-parametric regression in [1, 3].

Let us point to the main results. The random function X takes values in the Besov
space B} (L,(D)) with probability one if and only if

s<d-(a_1+é),
2 p

see Theorem 2.6. In [1, 3] the result was stated for d = 1 and p,q > 1. In particular, the

smoothness of X along the scale of Sobolev spaces H*(D) = BS(Ly(D)) is determined by

a+ 3, and for 8 > 0 with decreasing p € ]0, 2] the smoothness can get arbitrarily large.
We study different approximations X of X with respect to the norm in éQ(D); we

always consider the average error (E || X — X 17, ( D))l/ 2 for any approximation X . For the
optimal linear approximation, i.e., for the approximation from an optimally chosen N-
dimensional subspace of Ls(D), the corresponding errors are asymptotically equivalent to
N~¢ with
a+p -1
2 ?
see Theorem 2.9. In contrast, for the best average N-term wavelet approximation we only
require that the average number of non-zero wavelet coefficients is at most N. In this case
the corresponding errors are at most of order N~¢ with
_a+pf-1
2(1-p)
and 8 < 1, see Theorem 2.11. The best average N-term approximation is superior to
optimal linear approximation if 8 > 0. The simulation of the respective average N-term
approximation is possible at an average computational cost of order N, which is crucial
in computational practice.
Considering the Poisson equation (1) with a right-hand side given by (2), the solution U
of the Poisson equation is approximated with respect to the norm in H'(D). We consider

the average error (E ||[U — ﬁ”?{l(D))l/z for any approximation U. Here the space H'(D) is
the natural choice, since its norm is equivalent to the energy norm and the convergence
analysis of adaptive wavelet algorithms relies on this norm. We study the N-term wavelet
approximation under different assumptions on the domain D, and we establish upper
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bounds of the form N~(~%) which hold for every ¢ > 0. For any bounded Lipschitz
domain D in dimension d = 2 or 3 we obtain

. 1 a+ﬂ—1+2
e=mm W -1 6 3d )’

see Theorem 3.1. Regardless of the smoothness of X we have o < 1/(2(d — 1)). On the
other hand, uniform approximation schemes can only achieve the order N=%/(% on general
Lipschitz domains D, and we always have ¢ > 1/(2d). For more specific domains we fully
benefit from the smoothness of the right-hand side. First,

a+f
e=

if D is a simply connected polygonal domain in R?, see Theorem 3.5, and

1 a—1 1
Q:T?E( 2 +5>+a

for bounded C*-domains D C R%, see Theorem 3.6.

These rates for the best N-term approximation of U are actually achieved by suitable
adaptive wavelet algorithms, which have been developed for deterministic elliptic PDEs,
see Section 4. Those algorithms converge for a large class of operators, including operators
of negative order, and they are asymptotically optimal in the sense that they realize the
optimal order of convergence while the computational cost is proportional to the degrees
of freedom, see [7,8,15]. Moreover, the algorithmic approach can be extended to wavelet
frames, i.e., to redundant wavelet systems, which are much easier to construct than wavelet
bases on general domains, see [18,44].

Numerical experiments are presented in Section 5. At first we illustrate some features of
the stochastic model (2) for X, subsequently we determine empirical rates of convergence
for adaptive and uniform approximation of the solution U to the Poisson equation (1)
in dimension d = 1. It turns out that the empirical rates fit very well to the asymptotic
results, and we observe superiority of the adaptive scheme already for moderate accuracies.

Throughout the paper we use the following notation. We write A < B for mappings
A,B: M — [0,00] on any set M, if there exists a constant ¢ € ]0, oo[ such that A(m) <
c¢B(m) holds for every m € M. Furthermore A < B means A < B and B < A. In the
sequel the constants may depend on

- the domain D, the wavelet basis {¢;, : j > jo,k € V;}, and the orthonormal
basis {e;x : j > jo, k € V;} employed in the proof of Theorem 2.9,

- the parameters s, p, and ¢ of the Besov space,

- the parameters «, 3, v, C, and Cs of the random function, and

- the parameter € in Theorems 2.10, 3.1, 3.5, and 3.6.

The paper is organized as follows. In Sections 2 and 3 we study linear and nonlinear
approximations of X and U, respectively; to this end we analyse the Besov regularity of
these random functions. In Section 4 we explain how to achieve the nonlinear approxi-
mation rate by means of adaptive wavelet algorithms. In Section 5 we present numerical
experiments to complement the asymptotic error analysis.
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2. A CrLass oF RaNnDoM FUNCTIONS IN BESOV SPACES

In this section we discuss linear and nonlinear approximations as well as the Besov
regularity of random functions X : Q — Ly(D) on a bounded Lipschitz domain D C R
The random functions are defined in terms of wavelet expansions according to a stochastic
model that provides an explicit control for the Besov regularity and, in particular, induces
sparsity of the wavelet coefficients. In the context of Bayesian non-parametric regression
this model was introduced and analysed in [1] and generalized in [3] in the case D = [0, 1]
for Besov spaces with parameters p,q > 1.

2.1. The Basic Wavelet Setting. We briefly state the wavelet setting as far as it is
needed for our purposes. In general, a wavelet basis W = {¢ : A € V} is a basis for
an Lo-space with specific properties outlined below. The indices A € V typically encode
several types of information, namely the scale, often denoted by ||, the spatial location,
and also the type of the wavelet. For instance, on the real line, |\| = j € Z denotes the
dyadic refinement level and 277k with k € Z stands for the location of the wavelet.

We will ignore any explicit dependence on the type of the wavelet from now on, since
this only produces additional constants. Hence, we frequently use A = (j, k) and

where V; is some countable index set and |(j,k)| = j. Moreover, ¥ = {¢, : A\ € V}
denotes the dual wavelet basis, which is biorthogonal to W, i.e.,

(Uns U ) Lo(D) = G-
We assume that the domain D under consideration enables us to construct a wavelet
basis ¥ with the following properties:
(A1) the wavelets form a Riesz basis for Lo(D);
(A2) the cardinalities of the index sets V; satisfy
#V; < 2Jd.
(A3) the wavelets are local in the sense that
diam (supp 1) =< 27
(A4) the wavelets satisfy the cancellation property

_ dym
!(U,%)LQ(D)’ =2 A+ )\U\Wﬁl(Loo(supp ¥a))

for |A| > jo with some parameter m € N;
(A5) the wavelet basis induces characterizations of Besov spaces B;(L,(D)) of the
form

a/p\ /1

Z 2j S+d Z | ¢]k La2(D | )

J=Jo keV;

lv

for 0 < p,q < oo and all s with d(% — 1), < s < s; for some parameter s; > 0.

In (A5) the upper bound s; depends, in particular, on the smoothness and the approxi-
mation properties of the wavelet basis.

For Section 3-5, we furthermore assume that the dual basis W satisfies (A1)-(A5) with
possibly different parameters in (A4) and (A5). Using the fact that B3(Lo(D)) = H*(D)
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and by exploiting the norm equivalence (A5), a simple rescaling of ¥ immediately yields
a Riesz basis for H*(D) with 0 < s < s;. In Sections 4 and 5 we actually assume that
the primal wavelet basis WU characterizes the Sobolev spaces H{(D) with homogeneous
Dirichlet boundary conditions, instead of H*(D). Suitable constructions of wavelets on
domains can be found in [4, 10, 22-24, 35, 38|, and we also refer to [6] for a detailed
discussion.

2.2. The Stochastic Model. The construction of the random function X : Q — Ly(D)
primarily depends on the parameters

a >0, 0<p<1, veR
with
a+ 8> 1

Additionally, let C7,Cy > 0. The stochastic model is based on independent random vari-
ables Yj, and Z;; for j > jo and k € V, on some probability space (€2, A, P). The
variables Yj;, are Bernoulli distributed with parameter

p; =min (1,C12779) | with P(Yj, =1) =p; and P(Y;;, =0) =1 —p;.

The variables Z;, are N (0, 1)-distributed and, in order to rescale their variances, we put
07 = Cpjr 727,

Since

J=Jjo kEV J=Jo J=jo

by (A2), we use (A1) to conclude that

(3) X=Y" oYuZistbju
J=Jo kEvJ'

converges P-a.s. in Ly(D).

Remark 2.1. Let £, € Ly(D). We have E((¢, X)r,p)) = 0, i.e., X is a mean zero

random function. Moreover,

E((&X) 1o0)(C X) o) = D 0305 Y (& 0jk) La() (5 k) 1)

j:jO kGVj
Using the dual basis we obtain
QS =070 Y & k) ooy ik
j:jO k)EV]'

for the covariance operator @ associated with X. If ¥ is an orthonormal basis, then (3) is
the Karhunen-Loéve decomposition of X. Note that X is Gaussian if and only if p; =1
for all 7 > jg, i.e., 8 =0and C; > 1.
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2.3. Besov Regularity. In the following we establish a necessary and sufficient condition
for X € B (L,(D)) to hold with probability one. Consider the random variables

Sip = Z YiklZikl?, 3 = Jo,
ker

which form an independent sequence for every fixed 0 < p < oco. Furthermore, we use v,
to denote the p-th absolute moment of the standard normal distribution.

Lemma 2.2. Let X,, , be binomially distributed with parameters n € N and p € [0,1]. For
every r > 0 there exists a constant ¢ > 0 such that

E(X;,) <c(l+(np)")
for all n and p.

Proof. 1t suffices to consider » € N. The upper bound clearly holds for » = 1. For r > 2
we have E(X] ) = p < 1. Moreover, for n > 2,

B(X;,) = kz K (Z) (1= p)n

n—1
-1
— Z(k + 1>T*1n <n k >pk+1<1 _ p>nflfk
k=0
=npE(l+ X,1,)"" "
Inductively we obtain
B(X;,) 2 np(1 +E(Xa-1,)""") Znp+ (np)" 2 1+ (np)’,
as claimed. 0

Lemma 2.3. Assume that 0 < g < 1. Then
Sj,p

lim —— =v
holds with probability one, and
E(S7,)
Sup ————— < o0
izio (#Vp;)"

holds for every r > 0.

Proof. Clearly E(S;,) = #V;p;v, and Var(S;,) = #V;p;(vep — p;v2). Hence
P(IS;5/(#Vipj) — vp| > €) < e (#Vp;) " (vap — pyip) < &2 271771

follows from Chebyshev’s inequality. It remains to apply the Borel-Cantelli Lemma to

obtain the a.s. convergence of S;,/(#V,p;).

Fix r > 0. By the equivalence of moments of Gaussian measures, see [49, p. 338|, there
exists a constant ¢; > 0 such that

E((Z yj,k|Zj,k|p) ) =E<(Z |yj,ij,k|p> )
keV; keV;

<a (E Z |yj,ij,k!p) =y, (Z yj,k)

kev; keV;
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for every j > jo and all y;, € {0,1}. The sequences (Y ), and (Z; ), are independent.
This gives E(S] ) < e1v) E(S57). Finally, there exists a constant ¢ > 0 such that E(S} ) <
c2(#V;p;)", see Lemma 2.2. O

Let 1 denote any probability measure on the real line, and let ¢ > 0. By u** we denote
the ¢-fold convolution of u. The compound Poisson distribution with intensity measure

cp is given by exp(—c) Y2, j—fu*f

Lemma 2.4. Assume that f =1 and
(4) lim #V,27% =

J]—00

for some Cy > 0. Let p,, denote the distribution of |Z; ;|P, and let S, be a compound Poisson
random variable with intensity measure Co Cy - p,. Then (S;,); converges in distribution
to Sy, and

(5) sup E(S} ) < oo
32jo ’
holds for every r > 0.
Proof. Let Z be N(0,1)-distributed. The characteristic function ¢g, of S, is given by

s, (t) = E(exp(itSp)) = exp(Co C1 ()20 (t) — 1)).
Furthermore, for the characteristic function g, = of S;,,

#V 1 #V
05,,(t) = (o) +1-1;) = (1+ 5= pittVs (e = 1) ).
#V;
We use (4) to conclude that
lim s, (t) = ¢s, (1),
which yields the convergence in distribution as claimed.
Suppose that p > 1. Then we take ¢; > 0 such that 2™ < ¢q exp(z) for every z > 0 and
we put ¢o = E(exp(]|Z;x|)) to obtain

E(S;’p) S E(S;pl) S C1 E(GXP(SJ’J)) = Cl(l —|—pj(02 — 1))#vj.

Note that the upper bound converges to ¢; exp(CoCi(c2 — 1)). In the case 0 < p < 1 we
have S;, < Sj0+S5;,1. Hence it remains to observe that sup;; E(S},) < oo, which follows
from Lemma 2.2. g

Remark 2.5. In general, we only have (A2) instead of (4). For 8 = 1 the upper bound
(5) remains valid in the general case, too. In all known constructions of wavelet bases
on bounded domains, see, e.g., [4,10,22-24,38], and also for wavelet frames [18,44], the
number #V; of wavelets per level j > jo is a constant multiple of 27¢. For those kinds of
bases, (4) trivially holds.

Theorem 2.6. Suppose that s > d-(1/p—1);. We have X € B;(L,(D)) with probability
one if and only if

(6) s<d-(o‘;1+§)

or

-1
(7) s=d- <a 5 —|—§) and  qyd < —2.
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Furthermore,

Ly(D)) < X

if (6) or (7) is satisfied.

Proof. Let
2]@(3+d(§ 5))0'
Since
Z a;(#VY,p)) q/p — Zj‘”d 9dqjd
J=Jjo J=jo
with
5 s a— 1 B 15}

d 2 p’
it follows that the condition (6) or (7) is equivalent to
(8) D a;(#V,p;)" < 0.

Jj=jo

On the other hand, because of the characterization (A5), we have X € B (L,(D)) with
probability one if and only if

(9) ZajS%f < oo P-as.
J=Jo
Therefore, it is enough to show the equivalence of (8) and (9).
In the case 0 < 3 < 1 this follows immediately from Lemma 2.3. Suppose that 5 = 1.
Then #V,p; < 1, so that (8) is equivalent to

o0

(10) Z a; < oo.
J=Jo

On the other hand, since the random variables a;S;, are non-negative and independent,

(9) is equivalent to
o0 qu/p
Z E (—q/p) < o0,
j=o \1+aS

see [42, p. 363]. We use Lemma 2.4 and Remark 2.5 to conclude that (10) implies

Sq/p /
qp
ZE(l—l—a Sq/p> Za] (55
J

J=Jo J=Jjo
In the case )77 a; = 0o we put

= inf P(S5;, > 1).

J=jo

We get ¢; > 0 from Lemma 2.4, and so

Sq/p .
E > I =
Z <1+aJSQ/p>_Clzl+aJ o

J=Jo

as claimed.
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Finally, we consider the g-th moment of || X||ps(z,(p)), provided that (8) is satisfied. We
use (Ab) and Lemma 2.3 for 0 < 5 < 1 as well as Lemma 2.4 and Remark 2.5 for § =1
to derive

E X (% 1,0 = S4B < 0y (#9,,)0 < oc,
J=jo J=jo
as claimed. O

For the conclusions in Theorem 2.6 to hold true we only assume (A1), (A2) and (A5).
As a special case of Theorem 2.6, we consider the specific scale of Besov spaces BZ(L, (D))
with

1 s—t 1
(11) a4 T3
for s >t > 0, which determines the approximation order of best N-term wavelet approxi-
mation with respect to H'(D), see also Sections 2.4 and 3. In these sections average errors
will be defined by second moments, and therefore we also study second moments of the

norm in BZ(L,(D)).

Corollary 2.7. Suppose that

0<t<d- Lﬁ_l
2
and s > 1 as well as
-1
(1—&)-s<d-%—ﬁ-t.
Let T be given by (11). Then X € B:(L.(D)) holds with probability one, and
E | X]| QBg(LT(D)) < 0.

Proof. Take p = ¢ = 7 and apply Theorem 2.6 to conclude that X € B:(L,(D)) holds
with probability one. Actually, X € B3 (L.(D)) holds with probability one if § > 0 is
sufficiently small, and B3 (L, (D)) is continuously embedded in B2(L,(D)). The moment
bound from Theorem 2.6 therefore implies

E X 13s .0y = EIIX] 2B;H(LT(D))

< 00,
which completes the proof. [l

Remark 2.8. It follows from Corollary 2.7 that by choosing the sparsity parameter [
close to one we get an arbitrarily high regularity in the nonlinear approximation scale of
Besov spaces, provided that the wavelet basis is sufficiently smooth. This is obviously not
possible in the classical Lo-Sobolev scale, see Theorem 2.6 with p = ¢ = 2.

2.4. Linear and Nonlinear Approximation. In this section we study the approxi-
mation of X with respect to the Ls-norm. For linear approximation one considers the
best approximation (i.e., orthogonal projection in our setting) from linear subspaces of
dimension at most N. The corresponding linear approximation error of X is given by

in : S 1/2
e (X) = inf (B[|X — X[7,)) "
with the infimum taken over all measurable mappings X : Q — Lo(D) such that
dim(span(X (Q))) < N.
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Theorem 2.9. The linear approzimation error satisﬁes

éin(X) = (InN)% N~

oz+['1 1

Proof. Truncating the expansion (3) of X we get a linear approximation

J1
(12) Xi =2 oYiuZin i,

J=Jo k’EVj
which satisfies
(13) E|X - ”L2 D) = Z #V 07 pj Z j’de*(aJrﬁfl)jd - j¥d2*(a+ﬁfl)j1d.
=n+1 J=ji1+1
Since dim(span()A(jl(Q))) <YL #V; = 2714 we get the upper bound as claimed.

In the proof of the lower bound we use the fact that v, = ®e;; for an orthonormal
basis (e;x)jr in Lo(D) and a bounded linear bijection ® : Lo(D) — Lo(D). This implies
R X) = e (@71 X).

Furthermore, ei*(®~1X) depends on ®~'X only via its covariance operator @, which is
given by

(14) Q¢ = ZU Dj Z &, €5 k) La(D) €jks

Jj=Jjo keV;
cf. Remark 2.1. Consequently, the functions e;; form an orthonormal basis of eigenfunc-

tions of @ with associated eigenvalues U?-pj. Due to a theorem by Micchelli and Wahba,
see, e.g., [39, Prop. I11.24], we get

lm ( Z 40 >1/2

j=j1+1

lf N = Z] ]0 O

The best N-term (Wavelet) approximation imposes a restriction only on the number
ng) = #{AEVian£0,9=3 crin}
AEV

of non-zero wavelet coefficients of g. Hence the corresponding error of best N-term ap-
proxzimation for X is given by

. S 1/2
en(X) =inf(E||X — X||§2(D))

with the infimum taken over all measurable mappings X: Q- Ls(D) such that
n()A((w)) <N P-as.

The analysis of ey (X) is based on the Besov regularity of X and the underlying wavelet
basis W. For deterministic functions z on D the error of best N-term approximation with
respect to the Lo-norm is defined by

(15) on(x) = inf{||z — Tl Lyp) : & € La(D), n(F) < N}.

Clearly

en(X) = (B(o}(X))""”.
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Theorem 2.10. For every € > 0, the error of best N-term approximation satisfies

N-Ve ifB=1

,Lﬁ_l+5 .
N 20-5"" " otherwise.

GN(X) j {

Proof. It suffices to consider the case § < 1. Let s and 7 satisfy (11) with ¢ = 0. Since
x € B(L,(D)) implies

on(z) 2 [l Bez. oy N~

see [25] or [26] for this fundamental connection between Besov regularity and best N-term
approximation, it remains to apply Corollary 2.7. O

For random functions it is also reasonable to impose a constraint on the average num-
ber of non-zero wavelet coefficients only, and to study the error of best average N-term
(wavelet) approzimation

av, . o 1/2
eN*(X) = inf (B X = X7, 1))
with the infimum taken over all measurable mappings X: Q- Lo(D) such that
E(n(X)) < N.

Theorem 2.11. The error of best average N -term approrimation satisfies

avg<X)_<{N22 - if B=1

€N /8 1 .
(InN)= 2 N2 otherwise.

Proof. Let N;, = E(n()?jl)) for )A(jl as in (12). Clearly

J1 .
. 4 (1-B)jd _ ) J1» if =1
Ny =) #Vp; =< Z 2 { (1-B)jrd .

— otherwise.
J=Jo J=jo

In particular, 291¢ < Nl/ it < f < 1. It remains to observe the error bound (13). O

The asymptotic behaviour of the linear approximation error ei#(X) is determined by
the decay of the ergenvalues O'szj of the covariance operator CNQ, see (14), i.e., it is essentially
determined by the parameter o + 3. According to Theorem 2.6, the latter quantity also
determines the regularity of X in the scale of Sobolev spaces H*(D).

For 0 < 8 < 1 nonlinear approximation is superior to linear approximation. More
precisely, the following holds true. By definition, e3/®(X) < ey(X), and for 8 > 0 the
convergence of ey (X) to zero is faster than that of ehn(X ). For 0 < 8 < 1 the upper bounds
for €378(X) and ey (X) slightly differ, and any dependence of ex(X) on the parameter ~y
is swallowed by the term N€ in the upper bound. For linear and best average N-term
approximation we have

eV (X)) eV (X)if0< B <1
and
Comn(X) 2R (X) if B =1

with a suitably chosen constant ¢ > 0.
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Remark 2.12. We stress that for 0 < § < 1 the simulation of the approximation )A(jl,
which achieves the upper bound in Theorem 2.11, is possible at an average computational
cost of order Nj,. Let us briefly sketch the method of simulation. Put n; = #V;. For
each level j we first simulate a binomial distribution with parameters n; and p;, which
is possible at an average cost of order at most n; - p;. Conditional on a realization L(w)
of this step, the locations of the non-zero coefficients on level j are uniformly distributed
on the set of all subsets of {0,...,n;} of cardinality L(w). Thus, in the second step, we
employ acceptance-rejection to collect the elements of such a random subset sequentially.
If L(w) < n;/2, then all acceptance probabilities are at least 1/2, and otherwise we switch
to complements to obtain the same bound for the acceptance probability. In this way, the
average cost of the second step is of order n; - p;, too. In the last step we simulate the
values of the non-zero coefficients. In total, the average computational cost for each level
J is of order n; - p;.

Remark 2.13. For Theorems 2.9 and 2.11 we only need the properties (A1) and (A2) of
the basis ¥, and (A2) enters only via the asymptotic behaviour of the parameters p; and
o;. After a lexicographic reordering of the indices (j, k) the two assumptions essentially
amount to

n=1

with any Riesz basis (¢, )nen for La(D), and
on = (Inn)14/2p /2
as well as independent random variables Y,, and Z,,, where Z,, is N(0, 1)-distributed and

Y,, is Bernoulli distributed with parameter

Prn X n=".

Hence, Theorems 2.9 and 2.11 remain valid beyond the wavelet setting. For instance, let
pn = 1, which corresponds to 8 = 0 and C; > 1. Classical examples for Gaussian random
functions on D = [0, 1]¢ are the Brownian sheet, which corresponds to

a=2 and v=2(d-1)/d,
and Lévy’s Brownian motion, which corresponds to
a=(d+1)/d and ~v=0.

Theorem 2.9 is due to [37,54] for the Brownian sheet and due to [52] for Lévy’s Brownian
motion. See [39, Chap. VI] for further results and references on approximation of Gaussian
random functions. For 5 > 0 our stochastic model provides sparse variants of general
Gaussian random function.

3. NONLINEAR APPROXIMATION FOR ELLIPTIC BOUNDARY VALUE PROBLEMS

We are interested in adaptive numerical wavelet algorithms for elliptic boundary value
problems with random right-hand sides. As a particular, but nevertheless very important,
model problem we are concerned with the Poisson equation on a bounded Lipschitz domain
D c R,

—AU(w) =X(w) in D,

(16) Ulw)=0 on 09D,
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where the right-hand side X : Q — Ly(D) C H~ (D) is a random function as described
in Section 2.2. However, X is given as expansion in the dual basis .

As we will explain in the next section, the adaptive wavelet algorithms we want to
employ are optimal in the sense that they asymptotically realize the approximation order
of best N-term (wavelet) approximation. Such convergence analysis of adaptive algorithms
relies on the energy norm, hence we study best N-term approximations of the random
function U : Q — H'(D) in H'(D). Analogously to (15) we introduce

onm (py(w) = inf{||u — @l g1 (p) : we H'(D),n(w) < N}.

The quantity ox, g1 (py(U(w)), where U(w) is the exact solution of (16), serves as bench-
mark for the performance. To analyse the power of adaptive algorithms in the stochastic
setting, we investigate the error

en,m(p)(U) = inf(E||U — U|]§{1(D))1/2,
with the infimum taken over all measurable mappings U:Q—H 1(D) such that
n(Xw) <N P-as.
Clearly
) 1/2
€N,H1(D)(U) = (E(UN,Hl(D)(U>>> :

Theorem 3.1. Suppose that d € {2,3} and that the right-hand side X in (16) is of the
form (3). Put

(L atB-1 2
e=m\2u—1 " 6 3d)

Then, for every e > 0, the error of the best N-term approximation satisfies
eN,Hl(D)(U) j N79+€.

Proof. 1t is well known that for all d > 1

(17) on,m (o) (1) = |[ull e oy N~
where

I r—1 N 1

T d 2’

see, e.g., [15] for details. The next step is to control the norm of a solution u in the
Besov space BZ(L,(D)) in terms of the regularity of the right-hand side x of the Poisson

equation. Let
1. 4-d
25" Su—y
and assume that z € H" (D). We may apply the results from [15,16] to conclude that
u € B'%(L.(D)) for sufficiently small § > 0, where

r* +5 1 r—6—1 1
r= =

3 T d 2
Moreover,
HUHB:—J(LT(D)) = ”xHBg*(LQ(D))
and we can use (17), with r replaced by r — ¢, to derive

ON,HY(D) (u) = ||$||B§*(LQ(D))N_(T*+2_36)/(3d).
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If, in addition, r*/d < (o +  — 1)/2, then

ex.s1(py(U) < N0 +2-36)/(3d)

follows from Theorem 2.6. O

Remark 3.2. In Theorem 3.1, we have concentrated on nonlinear approximations in
H'(D), since this norm is the most important one from the numerical point of view, as we
have briefly outlined above. In the deterministic setting, similar results for approximations
in other norms, e.g., in Ly or even weaker norms, also exist, see, e.g., [21] for details.

Remark 3.3. It is well known that the convergence order of classical nonadaptive uniform
methods does not depend on the Besov regularity of the exact solution but on its Sobolev
smoothness, see, e.g., [20,21, 32] for details. However, on a Lipschitz domain, due to
singularities at the boundary, the best one can expect is U € H3?(D), even for very
smooth right-hand sides, see [31,33]. Therefore a uniform approximation scheme can only
give the order N~/ In our setting, see Theorem 3.1, we have

1
2
so that for the problem (16) adaptive wavelet schemes are always superior when compared
with uniform schemes.

0>

Remark 3.4. With increasing values of @ and § the smoothness of X increases, see
Theorem 2.6. On a general Lipschitz domain, however, this does not necessarily increase
the Besov regularity of the corresponding solution. This is reflected by the fact that the
upper bound in Theorem 3.1 is at most of order N —/((d=1)

For more specific domains, i.e., for polygonal domains, better results are available. Let
D denote a simply connected polygonal domain in R?. Then, it is well known that if the
right-hand side X in (16) is contained in H"~!(D) for some r > 0, the solution U can be
uniquely decomposed into a regular part Ugr and a singular part Ug, i.e., U = Ugr + Usg,
where Ur € H™(D) and Ug belongs to a finite-dimensional space that only depends on
the shape of the domain. This result was established by Grisvard, see [29], [30, Chapt. 4, 5],
or [31, Sect. 2.7] for details.

Theorem 3.5. Suppose that D is a simply connected polygonal domain in R? and that
the right-hand side X in (16) is of the form (3). Put
a+f

Q:2-

Then, for every € > 0, error of the best N-term approximation satisfies

eN,Hl(D)(U) j N79+E.

Proof. We apply the results from [29-31]. Let us denote the segments of 9D by I'y,..., Ty,
with open sets I'y numbered in positive orientation. Furthermore, let T, denote the end-
point of I'; and let x, denote the measure of the interior angle at T,. We introduce polar
coordinates (ky,0y) in the vicinity of each vertex Yy, and forn € Nand ¢ =1,..., M we
introduce the functions

ng(/{g, 95) = Cg(/ig) . Hz\l’n Sin(nﬂeg/)(g),
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when A, = nmw/x, is not an integer, and

Son(ke,00) = Co(ky) - /fz,\e’” [log kg sin(nmly/xe) + 0y cos(nmly/x0)]

otherwise. Here (; denotes a suitable C'"* truncation function.
Consider the solution u = ugr + ug of the Poisson equation with the right-hand side
r € H1(D), and assume that

ré&{,:neN (=1... M}
Then one has ug € H™(D) and ug € N for
N = span {S&n 0< A\ < T}.

We have to estimate the Besov regularity of both, ug and ug, in the scale given by (11)
with t =1, i.e,
1 s

T 2
Classical embeddings of Besov spaces imply that ugr € BS(L.(D)) for every s < r + 1.
Moreover, it has been shown in [14] that N C B:(L,(D)) for every s > 0. We conclude
that u € B3(L,(D)) for every s <r + 1.
To estimate u, we argue as follows. Let v, be the trace operator with respect to the
segment ['y. Grisvard has shown that the Laplacian A maps the direct sum

H={ue H"(D):qu=00=1,..., M} + N
onto H™~1(D), cf. [30, Thm. 5.1.3.5]. Note that (H, || - ||z) is a Banach space where

M
luller = llurllmmy + Y > leeal

=1 0<Xp n<r

for
M

ug = g Con St

=1 0<Xp n<r

It has been shown in [19] that the solution operator A™! is continuous as a mapping from
H™ (D) onto H. Therefore

M
Brz, o) = Jurlura) +) 5 D leea

=1 0<XA;,, <t

lul = [lullz =Nzl o)

for every s < r + 1.

Finally, by Theorem 2.6, X € H"'(D) with probability one and E || X|[3,. 1 ) < oo if
r < a+ . Now the upper bound for ey g1 (py(U) follows by proceeding as in the proof of
Theorem 3.1. U

Let us briefly discuss the case of a C"*°-domain D. In this case, the problem is completely
regular and no singularities induced by the shape of the domain can occur. However,
similar to Corollary 2.7, it is a remarkable fact that for 3 close to one an arbitrarily high
order of convergence can be realized.
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Theorem 3.6. Suppose that D is a bounded C*-domain in R? and that the right-hand
side X in (16) is of the form (3). Moreover, assume that 5 < 1 and put

1 a—1 1
=5 (50 4

Then, for every e > 0, the error of best N-term approzimation satisfies

eN,Hl(D)(U) j N79+E.

Proof. In order to ensure that the condition s > d(1/7 — 1), is satisfied, let us consider
the scale
1 s

=—4+1-9
T dJr

for some arbitrarily small parameter 6 > 0. Given a and f, a similar calculation as in
the proof of Corollary 2.7 shows that X € B?(L.(D)) holds with probability one and
E X7

B (Lo (D)) < if

Since the problem is regular, the solution u of the Poisson equation with right-hand side
r € B(L,(D)) satisfies u € Bs**(L,(D)) with

Ju| B2 (L.(D)) = Hl"HBﬁ(LT(D))’

see [41, Chap. 3] or [48, Thm. 4.3]. By a classical embedding of Besov spaces we obtain

= [lul

Ju| B*1*(L,« (D)) B:2(1,(D))

for the nonlinear approximation scale

An application of (17) yields

o, (p)(u) = HUHBS"'Q(L (D))Nf (s+0/d,
We conclude that
en.a (o) (U) < N-(s+D)/
Let 0 tend to zero to obtain the result as claimed. U

For g =1 the estimate from Theorem 3.6 is valid for arbitrarily large o, provided that
the primal and dual wavelet bases are sufficiently smooth, cf. assumption (A5).

4. ADAPTIVE WAVELET METHODS FOR ELLIPTIC OPERATOR EQUATIONS

In this section, let us briefly review the class of deterministic adaptive wavelet algorithms
that will be applied in the numerical discretisation of (16).
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4.1. Elliptic PDEs in Wavelet Coordinates. The stochastic boundary value problem
under consideration can be written as an elliptic random operator equation

(18) AU (w) = X (w),

where w € Q and A : H — H' is a linear, boundedly invertible mapping between a
separable Hilbert space H and its normed dual. The associated bilinear form a(u,v) =
(Au, v) g« g is bounded, |a(u,v)| < ||ullg||v]| &, and elliptic, a(u,u) = ||ul/%. In case that
H = H}(D), as in (16), and whenever we have a wavelet basis U = {¢y : A € V} of Ly(D)
fulfilling the assumptions (A1)—(Ab), the equation (18) has an equivalent reformulation

(19) AU(w) = X(w)
in wavelet coordinates, where we define A = (A, ,) and X = (X)) by
Ay, = 2—(\u\+lkl)a(¢“7 Uy)

and

—|A
Xy (w) =27 |<X<w)’w/\>H—1(D)><Hé(D)

for all u, A € V. Here equivalence means the following. For each solution U(w) € #5(V)
to (19), the associated wavelet expansion

U(w) = ZQ“AlU,\(w)gb)\ €eH

AeV

solves (18). Conversely, the unique expansion coefficients

Uw)y = QWWM U(w)>H—1(D)xH5(D)
of a solution U(w) € H to (18) satisfy (19).

Such an equivalence still holds if the underlying wavelet basis is replaced by a wavelet
frame, i.e., a redundant wavelet system which allows for stable analysis and synthesis
operations. On general domains, e.g., polygonal domains in R?, wavelet frames are much
easier to construct than bases, see [18,44]. We tacitly assume that the chosen wavelet
frame fulfils assumptions (A2)—(Ab), see [17] for details on the characterization of Besov
spaces. In the case of frames, each solution U(w) € ¢5(V) to (19) still expands into a
solution U(w) € H to (18). However, uniqueness of the expansion coefficients U(w) of
U(w) can only be expected to hold within the range of A, being a proper subset of /5(V).

4.2. Adaptive Wavelet Frame Methods. In the numerical experiments, we will em-
ploy a class of adaptive wavelet methods that also works with frames. Let ¥ = Uf\il v,
be a finite union of wavelet bases W; for Ls(D;), subordinate to an overlapping partition
of D into patches D;. The properties (A1)—(Ab5) are assumed to hold for each basis ¥; in
a patchwise sense. In that case, the main diagonal blocks A;; of A are invertible, so that
the following abstract Gauss-Seidel iteration

(20) Ut — UM L R(X(w) — AUM™),  n=0,1,...
with
R= (AJJ);Slz

makes sense. The convergence properties of the iteration (20) and, in particular, of fully
adaptive variants involving inexact operator evaluations and inexact applications of the
preconditioner R have been recently analysed, see [46,53]. In order to turn the abstract
iteration (20) into an implementable scheme, all infinite-dimensional quantities have to
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be replaced by computable ones. Such realizations involve the inexact evaluation of the
right-hand side X(w) and of the various biinfinite matrix-vector products A, ;v, both
enabled by the compression properties of the wavelet system W. We refer to [6,7,44] for
details and properties of the corresponding numerical subroutines.

A full convergence and cost analysis of the resulting wavelet frame domain decomposi-
tion algorithm is available in case that a particular set of quadrature rules is used in the
overlapping regions of the domain decomposition, see [45], and under the assumption that
the local subproblems A; ;v = g are solved with a suitable adaptive wavelet scheme, e.g.,
the wavelet-Galerkin methods from [7,28]. From the findings of [45,46] and by the prop-
erties of the aforementioned numerical subroutines, an implementable numerical routine
SOLVE|w, ¢] — U, (w) with the following key properties exists:

e For each ¢ > 0 and w € 2, SOLVE outputs a finitely supported sequence U, (w)
with guaranteed accuracy

IU(w) = U)oy < & (convergence);

e Whenever the best N-term approximation of U(w) with respect to ¥ converges
at a rate s > 0 in H'(D), i.e.,

|1Uw)]

sy = S0P Now i (U(@) < o0,

then the outputs U, (w) realize the same work/accuracy ratio, as ¢ — 0, i.e.,

1/s

#supp U (w) < e (|U )| o)

(convergence rates);
e The associated computational work asymptotically scales in the same way,

# flops, (w) < e /*||U(w)] }L(SS(Hl)

(linear cost).

Generalizations of these properties towards the average case setting are straightforward.
In fact, the results from Sections 2 and 3 provide upper bounds for ||U (w)| for

AS Hl
certain values of s in terms of suitable Besov norms of the right-hand side X (w), ;nd) the
latter norms may be chosen to have arbitrarily high moments.

It is unclear whether these properties of SOLVE simultaneously hold for approxima-
tions of U(w) in weaker norms than H'(D). To our best knowledge, a counterpart of
Nitsche duality arguments is so far unknown in the setting of adaptive wavelet approxi-
mation. However, many numerical experiments on adaptive wavelet methods indicate that
higher convergence rates in weaker norms can indeed be expected.

5. NUMERICAL EXPERIMENTS

In this section we present numerical experiments to complement our analysis and to
demonstrate its applicability. First, we consider the random functions as introduced in
Section 2, and thereafter, we study the adaptive numerical treatment of elliptic stochastic
equations as outlined in the Sections 3 and 4. Throughout this section we focus on the
impact of the parameters a and [ of the stochastic model. So, we set v = 0 and, in order
to simplify the presentation, we only consider the case § < 1.

On the domain D = [0,1] the numerical experiments were performed by using a
biorthogonal spline wavelet basis as constructed in [38]. The primal wavelets consist of
cardinal splines of order m = 3, i.e., they are piecewise quadratic polynomials, and the
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condition (A4) is satisfied with m = 5. The wavelet basis satisfies (A5) along the nonlin-
ear approximation scale with s; = 3, while s; = 2.5 along the linear approximation scale,
see [25]. Moreover, jo = 2 and #V;, = 10, while #V; = 27 for j > jo.

In the stochastic model (3) for X we set

C, = 2ﬁj07 C, = 200'0’

which means that sparsity is only induced at levels 7 > j, and the coefficients at level j,
are standard normally distributed. This ensures that we keep the entire polynomial part
of X.

5.1. Realizations and Moments of Besov Norms of X. First, let us illustrate the
impact of the parameters o and  on individual realizations of X as well as on the sparsity
and decay of its wavelet coefficients in the case D = [0, 1]. The parameter « influences
decay, while  induces sparsity patterns in the wavelet coefficients.

In any simulation, only a finite number of coefficients can be handled. Therefore, we
truncate the wavelet expansion in a suitable way, i.e., X j; 1s the truncation of X at level
J1, see (12). Theorem 2.11 provides an error bound for the approximation of X by X jp in
terms of the expected number of non-zero coefficients. An efficient way of simulating X i
is presented in Remark 2.12. Specifically, we choose

a € {2.0,1.8,1.5,1.2}

and
/6:2—04,

which is motivated as follows. At first, @« = 2 and § = 0 corresponds to the smoothness of a
Brownian motion, see Remark 2.13, and secondly, according to Theorems 2.9 and 2.11 for
our choice of v and [ the order of linear approximation is kept constant while the order of
best average N-term approximation increases with 8. The two underlying scales of Besov
spaces B:(L,(D)) are the linear approximation scale, where 7 = 2, and the nonlinear
approximation scale, where 1/7 = s 4+ 1/2, see (11) with ¢ = 0 for Ly-approximation.

We set

Vi, = maxmax a;Y;k| Zj k|
J<h keV,

in order to normalize the absolute values of the coefficients. Figure 1 shows realizations
of the normalized absolute values oY x| Z;x|/V;, of all coefficients up to level

j = 11.

It exhibits that the parameter § induces sparsity patterns, for larger values of § more
coefficients are zero and the wavelet expansion of X is sparser. Figure 2 illustrates the
corresponding sample functions. We observe that for § = 0 the sample function is irregular
everywhere, and by increasing ( the irregularities become more and more isolated. This
does not affect the Lo-Sobolev smoothness, while on the other hand it is well known that
piecewise smooth functions with isolated singularities have a higher Besov smoothness
on the nonlinear approximation scale. According to Theorem 2.6 and Corollary 2.7, X
belongs to a space on the linear approximation scale with probability one if and only if

1
21 <=
1) s<y
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FIGURE 1. Absolute values of normalized coefficients of X i (W)

while X belongs to a space on the nonlinear approximation scale with probability one if
and only if

(22) s <

2(1-8)

Hence, these upper bounds reflect the orders of convergence for linear and best average
N-term approximation, respectively.

Moments of Besov norms or of equivalent norms on sequence spaces appear in unspec-
ified constants in the error bounds that are derived in Sections 2 and 3. Here we consider
D = [0,1], and the moments of X along the linear and nonlinear approximation scale.
Put b;(s,7) = 2/6+@=2)7 By (A5) we get

||XHTBg(LT(D)) = Z b(s, 7)o} Z Ykl Zjxl™

j=jo keV;
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FIGURE 2. Sample function of )/(\'jl (w)

Denoting with v, the absolute moment of order 7 of the standard normal distribution,
ie., v, =272T0((1 +1)/2)/7'/2, we obtain E || X| Bs(n(py) = M(s,7) with

M(s, 1) =v, Z bi(s,7) #V 07 p;.
j=jo

Figure 3 contains the graphs of M along the linear and nonlinear approximation scales,
ie, s M(s,2)and s — M(s,1/(s+1/2)), for the selected values of a and /3. Note that
the upper bounds (21) and (22) also provide the location of the singularities of M along
the two scales.

The effect of truncation and finite sample size is illustrated in Figure 3, too, by pre-
senting sample means of the right-hand side in

J1
B (L.(D)) = Z bj(s, 7)o} Z Ykl Zjk|™

j=jo keV;

1X;

il

Specifically, for each scale and each choice of o and [ we consider 4 different values of
s and use 1000 independent samples. Moreover, for each choice of the parameters o and
[, the truncation level j; is chosen according to Table 1 so that the expected number
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TABLE 1. Truncation levels in Figures 3 and 4

§1=jo #V; - p; of non-zero coefficients is approximately 10° in all cases. We observe the
strongest impact of truncation for the nonlinear approximation scales and small values
of 8. We add that confidence intervals for the level 0.95 are of length less than 10 in all
cases.

Likewise we proceed for (E||X| 23;( L.(py) '~ along the linear and nonlinear approxi-
mation scales. These quantities appear as unspecified constants in the error bounds of
Sections 2 and 3, see, e.g., (17). Figure 4 shows the results after truncation, sampling,
and applying the norm equivalence. It is worth noting that the sampled Besov norms are
smaller than the sampled Ls-Sobolev norms. We add that confidence intervals for the level
0.95 are of length less than one percent of the estimate in all cases.

1/2

5.2. Adaptive Numerical Schemes. Here we illustrate the impact of a and 5 on ap-
proximation rates of elliptic stochastic equations as outlined in Sections 3 and 4. In the
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QBg( Lo D)))l/ 2 along the linear and nonlinear approxima-

one-dimensional case the equation is given by

_U”('vw) = X(-,w),
U(0,w) = U(1,w) = 0

on D = [0, 1].

The aim is to investigate if for this model problem adaptive wavelet algorithms are
superior when compared with uniform schemes. As we know the order of convergence of
uniform methods is determined by the Lo-Sobolev regularity of the exact solution whereas
the order of convergence of adaptive schemes is determined by the Besov smoothness, see
(17) and Remark 3.3.

We therefore study an example where the Sobolev smoothness of the right-hand side
X stays fixed while the Besov regularity changes. This is achieved by choosing parameter
values o and 3 such that the sum a + [, which determines the Lo-Sobolev regularity, is
kept constant, cf. Section 5.1. Then, letting 5 tend to one increases the Besov smoothness
significantly, see Corollary 2.7. Since the problem is completely regular, these interrelations
immediately carry over to the exact solution, see [48, Theorem 4.3].
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The numerical experiment is carried out and evaluated as follows. On input ¢ > 0 the
adaptive wavelet scheme computes an N-term approximation U (-,w) to U(-,w), whose
error with respect to the H'-norm is at most §. The number N of terms depends on
0 as well as on w via the right-hand side X (-,w), and only a finite number of wavelet
coefficients of X (-,w) are used to compute U(-,w). We determine U(-,w) in a master
computation with a very high accuracy and then use the norm equivalence (A5) for the
space H'(D). The master computation employs a uniform approximation with truncation
level ji = 11 for the right-hand side. To get a reliable estimate for the average number
E(n(U)) of non-zero wavelet coefficients of U and for the error (E||U — U||H1(D))1/2 we use
1000 independent samples of truncated right-hand sides. This procedure is carried out for
18 different values of 9; the results are presented together with a regression line, whose
slope yields an estimate for the order of convergence. For the uniform approximation we
proceed in the same way. The only difference is that, instead of 9, a fixed truncation level
for the approximation of the left-hand side is used, and therefore no estimate is needed for
the number of non-zero coefficients. As for the adaptive scheme we use 1000 independent
samples for six different truncation levels, 7 = 4,...,9. We add that confidence intervals
for the level 0.95 are of length less than three percent of the estimate in all cases.

In the first experiment we choose

a=0.9, B =0.2,

i.e., the right-hand side is contained in H*(D) only for s < 0.05. Consequently, the solution
is contained in H*(D) with s < 2.05. An optimal uniform approximation scheme with
respect to the H'-norm yields the approximation order 1.05 — ¢ for every ¢ > 0. This
is observed in Figure 5(a), where the empirical order of convergence for the uniform
approximation is 1.113. For the relatively small value of g = 0.2, the Besov smoothness,
and therefore the order of best N-term approximation, is not much higher. In fact, by
inserting the parameters into Theorem 3.6 with d = 1, we get the approximation order
0 — ¢ with p = 19/16 = 1.1875. This is also reflected in Figure 5(a), where the empirical
order of convergence for the adaptive wavelet scheme is 1.164. In both cases the numerical
results match very well the asymptotic error analysis, and both methods exhibit almost
the same order of convergence. Nevertheless, even in this case adaptivity slightly pays
off for the same regularity parameter, since the Besov norm is smaller than the Sobolev
norm, which yields smaller constants.
The picture changes for higher values of 5. As a second test case, we choose

a =04, £ =0.7.

Then, the Besov regularity is considerably higher. In fact, from Theorem 3.6 with d = 1
we would expect the convergence rate ¢ — ¢ with ¢ = 7/3, provided that the wavelet
basis indeed characterizes the corresponding Besov spaces. It is well known that a tensor
product spline wavelet basis of order m in dimension d has this very property for B(L,)
with 1/7 = s —1/2 and s < s; = m/d, see [6, Theorem 3.7.7]. In our case, s; = 3, so
0 = 2 is the best we can expect. From Figure 5(b), we observe that the empirical order of
convergence is slightly lower, namely 1.425. The reason is that the Besov smoothness of the
solution is only induced by the right-hand side which, in a Galerkin approach, is expanded
in the dual wavelet basis. Estimating the Holder regularity of the dual wavelet basis ¥,
see [50], it turns out that this wavelet basis is only contained in W#(Ls,) for s < 0.55.
Therefore, by using classical embeddings of Besov spaces, it is only ensured that this
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FIGURE 5. Error and (expected) number of non-zero coefficients

wavelet basis characterizes Besov spaces B?(L,), with the same smoothness parameter.
Consequently, the solution U is only contained in the spaces B¥(L,) with 1/7 = s —1/2
and s < 2.55 which gives an approximation order o — ¢ with o = 1.55. This is matched
very well in Figure 5(b). For uniform approximation the empirical order of convergence is
1.115 and thus does not differ from the result in the first experiment.

Our sample problem in the two-dimensional case is the Poisson equation (16) with
zero-Dirichlet boundary conditions on the L-shaped domain

D= (-1,1)2\[0,1)%

Here, as outlined in Section 4, we are going to apply domain decomposition methods
based on wavelet frames. We consider the right-hand side X = z+ X, where z is a known
deterministic function and X is generated by the stochastic model from Section 2.2, but
based on frame decompositions. This means that we add a noise term to a deterministic
right-hand side. Specifically, we consider perturbed versions of the well-known equation
that is defined by the exact solution

u(r,0) = ¢(r)r?/? sin(%@),

where (r, 0) are polar coordinates with respect to the re-entrant corner, see Figure 6. Then,
u is one of the singularity functions as introduced in the proof of Theorem 3.5. It has a
relatively low Sobolev regularity while its Besov smoothness is arbitrary high, see again the
proof of Theorem 3.5 for details. For functions of this type we expect that adaptivity pays
off. In Figure 7 we show two solutions to realisations of X for the parameter combination
a = 1 together with § = 0.1 and its sparse counterpart g = 0.9.

6. CONCLUSION AND OUTLOOK

In this paper, we have studied a new type of random function, which is based on
wavelet expansions. With probability one, the realizations have a prescribed regularity in
Sobolev as well as in Besov spaces. Essentially, the smoothness of the random function
X is controlled by two parameters a and 3, where [ is a sparsity parameter that can be
used to increase the Besov smoothness in scales that determine the order of approximation
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FIGURE 7. Solution of equation with perturbed right-hand side

for nonlinear wavelet schemes. Beyond the scope of the present paper, our results for X,
namely, an explicit control of the Besov regularity and the approximation rates together
with an efficient way of simulation, turn this model into an interesting tool to generate
test functions in numerical experiments.

Note that X is conditionally Gaussian, given the values of Y} ;. Moreover, X can be
extended to a time dependent process with values at least in Ly(D), if the normally
distributed random variables Z; are replaced by independent scalar Brownian motions.
In this way we obtain a new kind of a driving process for stochastic partial differential
equations of evolutionary type, see [5]. We expect that the results from the present paper
will play a significant role in the numerical analysis of these equations.

In our analysis we intend to use the Rothe method, i.e., the evolution equation is first
discretized in time and then in space. For stability reasons, one has to use an implicit
scheme, so that in each time step an elliptic equation with random right-hand side as
discussed in the Sections 3 and 4 has to be solved. To this end, the adaptive wavelet
algorithms from Section 4 will be employed.
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The numerical experiments in Section 5 as well as our theoretical analysis presented
in this paper indicate that adaptivity really pays off for these problems. Nevertheless, in
particular from the univariate examples in Section 5, we still observe a bottleneck. So far,
we only discussed random functions with realizations being in smoothness spaces with
positive smoothness parameters. Then, in the univariate case, the solution immediately
possesses Sobolev smoothness larger than two, so that uniform schemes already perform
quite well. We expect the picture to change for right-hand sides with negative smoothness.
Indeed, choosing X € H~1*¢(D) yields U € H'**(D) for € > 0, and the convergence order
of uniform schemes in H'(D) is only e. Then, by choosing X in the Besov spaces as in
Theorem 3.6, adaptive schemes would still show the same approximation order as before,
so that the comparison of uniform and adaptive algorithms would be even more noticeable.
Therefore, the generalization of our noise model to spaces of negative smoothness will be
studied in a forthcoming paper. We expect that our analysis can be generalized to this
setting, since these spaces also possess wavelet characterizations. The following numerical
experiments already support our conjecture.

For the moment, let us assume we were allowed to use negative values of «a, i.e.,
Theorem 2.6 carries over to the negative scale. Then, we can choose @ = —48/55 and
g = 107/110, and we expect the corresponding right-hand side X to be contained in
H=%%(D). In this case, a uniform scheme has approximation order 0.55 — ¢, which is
reflected in Figure 8 an empirical order 0.619. Moreover, let us also assume that Theo-
rem 3.6 carries over, so for adaptive schemes we would still obtain approximation order
1.55 — ¢. Indeed, Figure 8 shows almost exactly this order, namely 1.476.
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