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Steffen Dereich*, Michael Scheutzow! and Reik Schottstedt*
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Abstract

In this article, we study the approximation of a probability measure
4 on R? by its empirical measures [N interpreted as random quantiza-
tions. As error criterion we consider an averaged p-th moment Wasserstein
metric. In case 2p < d, we find a sharp upper bound in terms of a high-
resolution formula. In particular, we show that this approach achieves the
same order of convergence as optimal quantization.

1 Introduction

Constructive quantization is concerned with the efficient computation of discrete
approximations to probability distributions. The need for such approximations
comes from two applications: firstly from information theory, where the approx-
imation is a discretized version of an original signal which is to be stored on
a computer or transmitted via a channel (see e.g. [Zad66, [BW82] [GGI2]); sec-
ondly, from numerical integration, where integrals with respect to the original
measure are replaced by the integral with respect to the discrete approximation
(see e.g. [GPPO3, MTO07]).

The two applications exhibit a number of similarities. In particular, the
minimal error inferred for a given support constraint, the so called quantization
numbers, expresses in both cases the best achievable performance. However, in
the context of constructive quantization they are significantly different. In the
first problem, the main task is to provide fast encoding and decoding algorithms
which are maps mapping the original signal to a digital representation, resp. the
digital representation to a reconstruction of the original signal. In the second
problem, the main task is to efficiently construct the approximating measure
which is formally a collection of points, called codebook, together with probability
weights.

In this article, we investigate constructive quantization for the second prob-
lem. For moderate codebook sizes and particular probability measures it is
feasible to run optimization algorithms and find approximations that are ar-
bitrarily close to the optimum (see e.g. [Pag98, [PP03]). Conversely, for large

*Philipps-Universitat Marburg, Fachbereich Mathematik und Informatik, Hans-Meerwein-
Str., D-35032 Marburg, {dereich,schottstedt} @mathematik.uni-marburg.de

TTechnische Universitit Berlin, Institut fiir Mathematik, StraBe des 17. Juni 136, D-10623
Berlin, ms@math.tu-berlin.de



codebook sizes and probability measures that are defined implicitly this ap-
proach is typically not feasible. As an alternative approach we analyze the use
of empirical measures generated by independent random variables distributed
according to the original measure. As error criterion we consider an averaged
LP-Wasserstein metric. We stress that in our case the codebook is generated by
i.i.d. samples and that the weights all have equal mass so that once the codebook
is generated no further processing is needed.

At first sight the approach is similar to the case with optimal weights treated
in [Coh04] [YukO8|. Nonetheless the error criterion and the fixed weights make
the problem nonlocal in contrast to all other approaches studied so far.

The application that motivates this approach is approximate sampling. Note
that sampling according to the quantization is easy to implement since the
approximating measure is the uniform distribution on the codebook.

A concise treatment of asymptotic quantization comprises the derivation of
a high resolution formula. Such a formula has been established for optimal
quantization under norm-based distortions [DGLP04] and for general Orlicz-
norm distortions [DV], and, very recently, also in the dual quantization problem
[PW].

In this article, we prove a high resolution formula for the empirical mea-
sure under an averaged LP-Wasserstein metric. Further, a Pierce type result is
derived. In particular, we obtain order optimality of the new approach under
weak assumptions.

1.1 Notation

We introduce the relevant notation along an example. Consider the following
problem arising from logistics. There is a demand for a certain economic good
on R? modelled by a finite measure p. The demand shall be accomodated by

N service centers that are placed at positions z1,...,zxy € R? and that have
nonnegative capacities py,...,px summing up to ||u| := u(R?). We associate
a given choice of supporting points x1,...,xy and weights p1,...py with a

measure i = Zf\il Di0z,;, where J, denotes the Dirac measure in x. In order
to cover the demand, goods have to be transported from the centers to the
customers and we describe a transport schedule by a measure ¢ on R? x R? such
that its first, respectively second, marginal measure is equal to pu, respectively
fi. The set of admissible transport schedules (transports) is denoted by M (u, ft)
and supposing that transporting a unit mass from y to x causes cost c¢(z,y), a
transport & € M(u, i) causes overall cost

/ () dé(z, ).
R2xR2

In this article, we focus on norm based cost functions. In general, we assume
that the demand is a finite measure on R? and that the cost is of the form

C(xay) = ||‘:U - y”p’

where p > 1 and || - || is a fixed norm on RY. Given p and fi, the minimal cost
is the pth Wasserstein metric.



Definition 1 (pth Wasserstein metric) The pth Wasserstein metric of two
finite measures p and v on (Rd, lS’(IRd))7 which have equal mass, is given by

1/p
wnn) = ot ([ el etaan)
Rd xRd

EEM(p,v)

where M (p,v) is the set of all finite measures p on R? x R? having marginal
distributions g in the first component and v in the second component.

The Wasserstein metric originates from the Monge-Kantorovich mass trans-
portation problem, which was introduced by G. Monge in 1781 [Mon&81]. Im-
portant results about the Wasserstein metric were achieved within the scope
of transportation theory, for instance by Kantorovich [Kan42], Kantorovich and
Rubinstein [KR58|, Wasserstein [Was69], Rachev and Riischendorf [RR98al,[RRIS8D]
and others.

Note that the Wasserstein metric is homogeneous in (i, ) so that one can
restrict attention to probability measures. In this article, we analyse for a given
probability measure p on R? the quality of the empirical measure as approxi-
mation. More explicitly, we denote by fin the (random) empirical measure of
N independent p-distributed random variables X7, ..., Xy, that is

and, for fixed p > 1, we analyse the asymptotic behaviour of the so called
random quantization error

VAR (1) == Elph (. in)]V7,

as N € N tends to infinity.
This quantity should be compared with the optimal approximation in the
LP-Wasserstein metric supported by N points, that is

Vil () = nf py(u, v), (1)

where the infimum is taken over all probability measures v on R¢ that are
supported on N points. The quantity Vﬁf’; (1) is local in the sense that for a
given set C C R of supporting points used in an approximation v, the optimal
choice for v is pom; 1 where 7¢ denotes a projection from R? to C. Hence,
the minimisation of the latter quantity reduces to a minimisation over all sets
C C R? of at most N elements. Furthermore, the minimal error is the so called
Nth quantization number

1/p
Vi o) = int ([ min o~ yl?” w(ao)) "
For a measure p on R? we denote by p = 1, + ps its Lebesgue decomposi-

tion with p, denoting the absolutely continuous part with respect to Lebesgue
measure A% and p, the singular part.



1.2 Main results

We will assume throughout the paper that d > 3. The approximation by em-
pirical measures satisfies a so-called Pierce type estimate.

Theorem 1 Let p € [1, g) and q > ddfpp. There exists a constant KP’“CC such
that for any probability measure p on R?
d Pi Ha 1/d
vt < e | [ el duto)] N )
for all N € N.
Remark 1 e The constant in the statement of Theorem [I] is explicit, see

Theorem I Its value depends on the chosen norm on R<.

e Forp > 2 and discrete measures p, the random approach typically induces
erTors Vra“d( ) that are not of order O(N~'/%): take, for instance, two
different points a,b € R? and let p = 16, + ééb Then N jin({a}) is
binomially distributed with parameters N and z. Consequently,

Vaend (u) = E[ob(p, ion)]V? = la — b E[| i ({a}) — H””

is of order N~1/2P and, hence, converges to zero more slowly than N—1/4.

e For the uniform distribution & on [0, 1)¢, the results of Talagrand [Tal94]
imply that Vl’and (U) is always of order N~/ as long as d > 3.

The following theorem is a high resolution formula for the random approach.
Theorem 2 Letp € [1,4).

(i) Let U denote the uniform distribution on [0,1)%. There exists a constant
kAt € (0,00) such that

lim Nl/d Vrand (u) _ K/unif.

N—o00 p

(ii) Let u be a probability measure on R? that has a finite qgth moment for some
q> 7= dX’ is Riemann integrable or p = 1. Then

_p 1/p
; du 1=a
: 1/d ‘rrand nif a d
h]{/n—>sooupN / N (1) < 5y (/]Rd (dAd> “ ) . ®

We conjecture that the lim sup in is actually a limit and that the inequal-
ity is an equality. We conjecture further that the assumption that the density
is Riemann integrable is unnecessary.

Let us compare our results with the classical high resolution formulas. The
asymptotics of ij,f); defined in is given by

d 1/d+1/p
d Fe
1/d opt o Ha d
]\}EI}X)N V ( ) Cp,d (/]Rd (d)\d) dA ) ) (4)




whenever p has a finite moment of order p + ¢ for some § > 0, see [GLOO, p.
96]. Here, the constant ¢, 4 (which is explicitly known in a few special cases)
is the corresponding limit for the uniform distribution on the unit cube in R%.
By definition, the right hand side of is at most equal to the right hand side
of . Recall however that computing close to optimal quantizers is technically
only feasible up to moderate codebook sizes and under complete knowledge of .

In the case where the codebook is generated by i.i.d. samples and the weights
are chosen optimally, high resolution formulas have been derived in [GLO0O, p.
127ff]. One finds the same estimates as in [2 with a different constant m;“if.
Moreover, one can replace limsup by lim and the inequality by an equality

in .

2 Preliminaries

For a finite signed measure z on R? we write ||| := |u|(R?) for its total variation
norm (using the same symbol as for the norm on R? should not cause any
confusion) for finite (nonnegative) measures p and v we denote by u A v the
largest measure that is dominated by p and v. Furthermore, we set (p—v)4 :=
n—puAv.

Next, we introduce concatenation of transports. A transport £, i.e. a finite
measure £ on R% x R¢, will be associated to a probability kernel K and a measure
v on R? via

§(dz, dy) = v(dz) K (z,dy), (5)

so v is the first marginal of £. We call £ the transport with source v and kernel
K. Let K denote the set of probability kernels from (R?, B%) into itself and
consider the semigroup (K, *), where the operation * is defined via

Ky x Ko(x, A) := /Kl(x7dz)K2(z7A) (x e R4 A € BY

Now we can iterate transport schedules: Let vy, ..., v, be measures on R? with
identical total mass and let { € M(vk_1,v). Then the concatenation of the
transports &1,...,&, is formally the transport described by the source vy and
the probability kernel K = Kj % --- x K,,, where Ky,..., K, are the kernels
associated to &, ...,&,. Note that the relation defines the kernel uniquely
up to v-nullsets so that the concatenation of transport schedules is a well-defined
operation on the set of transports. In analogy to the operation % on C, we write
& x - x &, for the concatenation of the transport schedules.

We summarize elementary properties of the Wasserstein metric in a lemma.

Lemma 1 Let &, pi, pi1,... and v,vy,... be finite measures on R% such that

€= Tl = 1lv1]-

(i) Convexity: Suppose that p = Y, px and v = Y, vk and that for
alk €N, ] = vl Then

P8 (11, v) <D 8 (s vi) - (6)
k=1

ot



(ii) Triangle-inequality: One has
pp (1) < pp(s §) + pp(&,v). (7)

(iii) Translation and scaling: Let T : RY — R? be a map, which consists of
a translation and a scaling by the factor a > 0. Then

pp (o T voT ") =ap,(u,v). (8)

3 Proof of the main results

3.1 Proof of the Pierce type result

In order to prove Theorem[I] we first derive an estimate for general distributions
on the unit cube [0, 1)<.

Proposition 1 Let 1 < p < %. There exists a constant Ii;,Ube € (0,00) such
that for any probability measure p on [0,1)¢ and N € N

Vi) < mye N

Remark 2 The constant 5" is explicit. Let @ = sup,, ,c(o.1)« = — || denote
the diameter of [0,1)%. Then

1 1}%

ree =025 | +
1—92r—% 1-—277

P

For the proof of Proposition [I] we use a nested sequence of partitions of
B =0, 1)d. Note that B can be partitioned into 2¢ translates By, ..., Bya of
2-1B. We iterate this procedure and partition each set By, into 2¢ translates
Bi,1,. .., By ga of 272B. We continue this scheme obeying the rule that each set
By, ...k, is partitioned into 27 translates Bry, k1> By gy 20 Of 2-(+h) B,
These translates of 27!B form a partition of B and we denote this collection of
sets by P, the lth level. We now endow the sets P := [J;2, P; with a 2%ary tree
structure. B denotes the root of the tree and the father of a set C € P, (I € N)
is the unique set F' € P;_; that contains C.

Lemma 2 Let p and v be two probability measures supported on B such that
forallC e P
v(C)>0 = p(C)>0.

Then
C
Pl v) < 0”22 YT o -uni)
FeP; Cchildof F ’LL( )
with the convention that % =0.
For the proof we use couplings defined via partitions. Let (Ay) be a (finite

or countably infinite) Borel partition of the Borel set A C R?. For two finite
measures p1, 2 on A with equal masses, we call the measure v defined by

v _ M2(Ak) y ‘
ATy (Ag) A




the (Ag)-approzimation of p1 to pe provided that it is well defined (i.e. that
p1(Ax) = 0 implies pi2(Ax) = 0).
The (Ag)-approximation v is associated to a transport from p; to v. Note

that
w1 (Ar) A pz(Ayg) |
pa(Ax) Ak

and we define a transport £ € M(uq,v) via

(,ul/\l/)|,4,C =

E=(mAv)op ™+ %(Ml —V)4+® (v — )+
where & := 3, |1 (Ax) — p2(Ax)| and ¢ : R? — R x RY, 2+ (z,2). Then
E({(ry) € R xR 24 4}) = b

Proof of Lemma |2|. For I € Ny, we set

= A4

AeP; 'u(A)

which is the Pj-approximation of y to v. By construction, one has for each set
F € P, with | € Ny

pu(F) = puga (F).
Moreover, provided that y;(F') > 0, one has for each child C of F’

_v(@)  pF)r(C)
tirile = m/ﬂc = WU”C

so that py41|p is the {C € P41 : C C A}-approximation of y;|r to v|r. Hence,
there exists a transport {p € M (| F, ti41|r) with

Gl et =3 Y e -weB9Y )

C' child of F M(F)

Since each family P; is a partition of the root B, we have

C1 = ) & € M, pusa).

FePp;

Next, note that p,(u,v) < 927! so that y converges in the pth Wasserstein
metric to v which implies that

pp(p,v) < Sup Pp(1s p11)- (10)

The concatenation of the transports (&;);en leads to new transports

é—lzfl*...*gl GM(/’L?/’”)

Each of the transports & is associated to a kernel K and, by lonescu-Tulcea,
there exists a sequence (Z;)ien, of [0, 1)%-valued random variables with

P(Zy € Ao,....Z1 € Aj) = / / Ki(x1-1,4) ... Ki(wo,dw1) p(dag)
Ao J A A



for every I € N. Then the joint distribution of (Zy, Z;) is &' Let
L= 1nf{l € Ny : Zl+1 7£ Zl}

and note that all entries (Z);en, lie in one (random) set A € Py, if {L < oo}
enters, and are identical on {L = co}. Hence, for any k € N

E[llZo - Zul!) < W E[2PH <00 3 2P P(Zisy # Z)
=0

=P 227;)1&“({(1,&) rx #y})

7ap 22 Yy ‘V(C)_V(F)ZE%

FeP; C child of F

where we used @D in the last step, so the assertion follows by . ([l
Proof of Proposition We apply the above lemma with v = fi5. Hence,

(i) < opzwlz > i@ - ™9y

FeP; C child of F M(F)

Note that conditional on the event {N iy (F) = k} (k € N) the random vector
(Nan(C))e child of F is multinomially distributed with parameters k and success
probabilities ((C)/1(F))c child of 7. Hence,

; - PO ] n 7
Ely o O Yy [ =
= %E > ’NAN(C)kuEggHNAN(F) q
C child of F
< % Z Var(NﬂN(C)HNﬂN(F) _ k)1/2
C child of F

vk wO) _ g vk

SN 2 N T

where we used Jensen’s inequality in the last step. We set ((t) = vVt At (t > 0)
and observe that

N N w(C) 2
E|:C ch%i:of F‘MN(C) - HN(F)N(F) H = W C(Nﬂ(F))

Consequently, it follows from and Jensen’s inequality that

d

. 1~ 22 411 o (d _
Efoh (s fin)] < 507277 3 SoC(Np(F)) < 0P28 T INTHY Dol (274N,
=0 FeP; =0



Let I* := |logy N4 |. Then,

-
Elpb(u, in)) < 0P22 1N~ 1[22( 5d—p)L\/N 4 Z 9-pl N7

1=0 I=1*+1
o0 o0

< or2s-1N-1 [Z 2P/ 4 g+ Qme}
k=0 j=0

d__ _P 1 1
< P22 d |: }
- 1—9p % 1—2-p
so the assertion follows. O

We are now in the position to prove Theorem [1| Since all norms on R? are
equivalent, it suffices to prove the result for the maximum norm ||.||max-

Theorem 3 Let p € [1, %) and q > dpfdp. One has for any probability measure
p on R that

1/q
Vi () < piere [ I du(sc)] NI 12)

a
where K:Pierce —_ chbe |:2p122 oF +

opt+a(l—p/d) (NcubC)p 1/p
D
P,q P 1_oP— %4

1—2—q9(1—p/d)+p

Proof. By the scaling invariance of inequality , we can and will assume
without loss of generality that [ |z]|4,..du(z) = 1. We partition R? into a
sequence of sets (B, )nen, defined as

By:=B:=[-1,1)¢ and B, := (2"B)\(2" 'B) for n € N.
We denote by v the random (B,,)-approximation of y to fiy, that is

V|B _ ﬂN(Bn)
" 1(Bn)

Then § = (pAv)oyy™ +67 (n—v)* @ (v —p)* with § == [(u—v)"| = |(v—p)*|
and ¢ : R — R? x R, 2 s (,2) defines a transport in M (u, v), such that

wlp, for n e Ny.

o=y e@ran) =57 [ [ e =l (=)o) 0= )" a9
<2 [ el =)+ 27 [l 6 )

<y [l =y ) 4 2 > [ 1@y

<2 NP | — v (By).
n=0

Note that Njy(B,) ~ Bin(N, u(By,)) and that by the Markov inequality

j(By) < 279D / 2], dpi(r) = 279D, (13)



The inequality remains true for n = 0. Thus

oo

Elph(u,v)] <D 2071 2"0P B [|u(By) — fin(Bn)]
n=0
< ng—lgnpap N~2pu(B,)? (14)
n=0
e o] +4_1
La_q _1 np—1q _ 272 _1
<2rtitlpPNTa Y Conhad = TN

n=0

It remains to analyse E[pb (v, fix)]. Given that {Njin(B,) = k} the random

measure % fin|B, is the empirical measure of k independent ;(lgz)—distributed
random variables. By Lemma (1| (i) and Proposition

Elph(v, in)] < Y Elph(v]5,, in|5,)]

n=0
- - ot n k cube -

< DD B(Njin(By) = k) 20D (e
n=0 k=1

Using that E [fin(B,)] = u(B,), we conclude with Jensen’s inequality that

E[p2(v, iin)] < (k50PN P/ Z o(n+Dp (B, )1 =P/,

n=0

We use again inequality ((13) to derive

]E[pg(l/, in)] < (H;ube)pN—p/d Z o(n+p—gq(n—1)(1-1%)
n=0

cube)P 2p+Q(1*P/d)

p 1 — 2—q(1—p/d)+p

=(k —p/d

Note that & < % and altogether, we finish the proof by applying the triangle
inequality (property (ii) of Lemma |l)) and equation to deduce that

1/p
2p—12%ap 2p+q(1—p/d)(ﬁcube)p
~ 1/ P —-1/d
Elpp(u, an)] /P < 1 _ op—1a 1 — 9—a(1—p/d)+p N
—.Pierce

p,q

3.2 Asymptotic analysis of the uniform measure

Next, we investigate the asymptotics of the random quantization of the uniform
distribution ¢ on the unit cube B = [0,1)¢. The aim of this subsection is to
prove the existence of the limit

rptii= lim NY4Vy o (U)

N—o00

which is the first statement of Theorem Pl

10



Notation 1 Let A and S denote two sets with A C S and suppose that v =
(vj)jzl,m’N is an S-valued vector. We call the vector v consisting of all entries
of v in A the A-subvector of v, that is

va = (Vy(5)
where (y(j)) is an enumeration of the entries of v in A.

For a Borel set A with finite nonvanishing Lebesgue measure, we denote by
U(A) the uniform distribution on A. The proof of the existence of the limit
makes use of the following lemma.

Lemma 3 Let K € N and let A, Aq,...,Ax C R? be Borel sets such that

A(A) < oo and that the sets Ay, ..., Ax C R? are pairwise disjoint and cover
d
A. Fiz N € N and suppose that &, :== N - % eNg fork=1,... K.
Assume that X = (X1,...,XnN) is a random vector consisting of indepen-

dent U(A)-distributed entries. Then one can couple X with a random vector
Y = (Y3,...,Yn) which has Ag-subvectors consisting of & independent U(Ay)-
distributed entries such that the individual subvectors are independent and such
that

N
vKvVN
B> x| <5 (15)
j=1

Proof. For k = 1,..., K, denote by X*) the Aj,-subvector of X. For each
k with & < length(X®), we keep the first & entries of X in Ay and erase
the remaining ones. For any other k’s, we fill up & — length(X(k)) of the
empty places by independent U(Ay)-distributed elements. Denoting the new
vector by Y, we see that Y has Aj-subvectors of length &. Clearly, Y has
independent subvectors that are uniformly distributed on the respective sets.
Since the length of the Ag-subvector is binomially distributed with parameters

N and q; := %, we get

E 1 h(X ) — 71 E var (1 h(Xx 2
<
‘engt (XY §k‘ Qi 1 ar(engt (X ))

N 1
E Z]I{Xﬁfyj} = i]E
j=1 k=1

IN

;\/N§\/@§ %ﬂ?\/ﬁ

O

Proof of Statement (i) of Theorem Let M € N be arbitrary but
fixed. Further, let N € N, N > 2¢M, and denote by By = [0,a)?, a¢ = X,
the cube with volume A? (By) = 4£. We divide [0, 1) into two parts, the main
one B™2in .= [0, |1/a|a)? and the remainder B™™ := [0,1)" \ B™*", Note that
A(Brm) — 0 as N — oo. We represent B™3" as the union of n = |a~!]?
pairwise disjoint translates of By:

B™ain — | By.

11



Let X = (X1,..., Xy) denote a vector of N independent /[0, 1)?-distributed
entries. We shall now couple X with a random vector Y = (Y7, ..., Yy) in such
a way that most of the entries of X and Y coincide and such that the By-
subvectors are independent and consist of M independent U(By)-distributed
entries. To achieve this goal we successively apply Lemma3]to construct random
vectors X, ..., X" and finally set X* =Y. First we apply the coupling for X
with the decomposition [0,1)¢ = B™a" (J Br*™ and denote by X° the resulting
vector. In the next step a 2%ary tree 7 with leaves being the boxes By, ... B,
is used to define further couplings. We let L denote the smallest integer with
2LBy D Bmain je. L = [—log,a] and set

7; .= {7 + 2L—lBO iy e (2L_laZd) N Bmain}

for I =0,...,L. Now T is defined as the rooted tree which has at level [ the
boxes (vertices) 7; and a box Acnia € 7; is the child of a box Aparent € T1—1 if
Achild C Aparent-

We associate the vector X? with the Oth level of the tree. Now we define
consecutively X1, ..., X T via the following rule. Suppose that X' has already
been defined. For each A € 7; we apply the above coupling independently to
the A-subvector of X! with the representation

A=J B
B child of A

By induction, for each A € T;, the A-subvector of X consists of NA%(A) € N
independent U(A)-distributed random variables. In particular, this is valid for
the last level Y = X%,

We proceed with an error analysis. Fix w € Q and j € {1,...,N} and
suppose that X7 (w),. .. ,XjL (w) is altered in the step I — [+ 1 for the first time
and that X9(w) € B € T;. Then it follows that X (w) € B so that

[ X9(w) — X} (w)|| < diameter(B) < ad2"",

where 0 is the diameter of [0,1)?. Consequently,

N L-1

ZHXO XIS ELDY DY Araxrny (@257,

j=11=0

By Lemma |3| and the Cauchy-Schwarz inequality, one has, for [ =1,... L,

ZI{X#X’ nyl < \ﬁ‘ﬁ > V 2dl/2‘ﬁ

A€eTi—

Together with the former estimate we get

[t

N
0 L L-lyp+dl/2 - (ad)? 9dL/2
E[Y X9 - X! ||P]§§ aaP\FZ% » /_2? 12N
=1

Next, we use that a = (4£)/4 and 2% < 2 to conclude that

N o . 9d/2—1yp -
E[Y_IX] = XFIP) € cay M2 NI
=1

12



Hence, there exists a constant C' that does not depend on N and M such that

N
1
B[ DI - Y] < B[ S, - X0 R ZHXO XF|P)
j=1 j=1
<C [N+ MG N,
(16)

By construction, Y has for each & = 1,...,n, a Bg-subvector of M inde-
pendent U (By)-distributed random variables and we denote the corresponding

empirical measure by u( ) Morever, its B**™-subvector contains N — nM in-
dependent U (B™™)-distributed entries and we denote its empirical measure by
prem . Letting ik denote the empirical measure of Y, we conclude with
Lemma [l that

NE[ph (k- U)] < 3 ME[p (57 U(Bi))] + (N — nd) E[h (A", U(B™™))]
k=1
< nMa? (Vi Q) + (s )P (N — ndd)' =2/,
Next, we let N tend to infinity and combine the above estimates. Note that
NYdg — MY and 2 — 1 so that

limsup NY/CElh (70, W))/P < MYV ).

N—oc0

Moreover, (16]) implies that

limsup NV E[p (. aX)]'/P < € M~ 0),

N—oc0

Now fix & € (0, 1] arbitrarily and let M > 1 such that

MYy ) < lim inf NYdygandqg) 4.

Then
lim sup N4V @) < MYIVER () + 0 M)
N—o00 )
< hmmf N/ Vra“d(l/{) tetCema
and letting ¢ | O finishes the proof. 0

3.3 Proof of the high resolution formula for general p

Definition 2 We call a finite measure p on R? approachable from below, if there

exists for any € > 0 a finite number of cubes By, ..., B, (which are parallel to
the coorinate axes) and positive reals a1, ...,a, such that v := > ap U(Bg)
satisfies

v<pand ||p—v| <Le.

13



Remark 3 Since we can express a measure which is approachable from below
as the limit of a sequence of measures with Lebesgue density, it has itself a
Lebesgue density. Conversely, any finite measure which has a density which is
Riemann integrable on any cube, is approachable from below.

Proposition 2 Let u denote a compactly supported probability measure that is
approachable from below. Further let p € [1,d/2). Then

. ~ ni d 1_5
limsup N CE[ph (4, fi)|VP < kgt </R (d@ dAd)

1/p

N—0c0

Proof. Let € > 0 and choose a finite number of pairwise disjoint cubes
By, ..., Bk and positive reals ag,...,ax such that p* := Z,If:l arld(Br) < u
and ||ju — p*|| <e. For k=1,...,K let u*) = U(By), set ag = || — p*|| and
fix a probability measure u(®) such that

K
k=0

For each k, we consider empirical measures (ﬂ%k))neN of a sequence of indepen-
dent p(®)-distributed random variables. We assume independence of the indi-
vidual empirical measures and observe that for an additional independent multi-
nomial random variable M = (M})k=o,... k with parameters N and (a)g=o, .. K

one has
c K k)
i =D My
k=0

We assume Wlthout loss of generality strict equality in the last equation. Set

v= f 0 % 1%) and observe that by the triangle inequality

Elpb (u, iin)]'? < Elph (, v)]V7 + Bl (v, i) V/P.

The first expression on the right hand side is of order O(N~1/2P), (see proof of
Proposition ). By Theorem [2] I , there is a concave function ¢ : [0,00) — R

such that E[n pb(U([0,1)4), L{([O, 1) )n)] < @(n) for all n € Ny and

1 _ unif\p
A 7 P = (5

Denote by a1, ...,ax the edge lengths of the cubes By, ..., Bk and let ag > 0 be
such that the support of u is contained in a cube with side length ag. Then, by
Lemma[l| and Jensen’s inequality,

K
NE[pE (v, o)) < 3" E[M g (1™, a55)]
k=0
K
cube 1-p/d
< (K af BIMy P + > af Blp(My)]

K
< (kg™ )P afy (aoN) P4+ " af plawdN),
k=1

14



so that

hmsupr/d [/) (l/ HN)] <( cube) ag€l p/d un1f Za Oél P/d.

N—o0

Note that for z € By, f(z) := 3’)\‘3 > ay/af and we get

ay a,lc_p/d = / aiidai_p/d dz < f(2)r/d 4,
Bk Bk

Finally, we arrive at
limsup N/ E[ph (1, fin )] < (5™ [ f(a)' /" dw + (s50)P afy ' 77/,
N—o00 R4

Letting € — 0 the assertion follows. (|

Proposition 3 Let p be a finite singular measure on the Borel sets of [0,1)%.
For p € [1,d/2), one has

lim N/¢ Vrand( )=0.

N—o0

Proof. Without loss of generality we will assume that p is a probability mea-
sure. Let ¢ > 0 and choose an open set U C R? such that u(U) = 1 and
A(U) < e. We fix finitely many pairwise disjoint cubes By, ..., Bx with

UDBiU---UBg and u(B1U---UBg)>1—e¢.

We set By = [0,1)?\(B1U---U Bg) and define the probability measure v, as in
Lemma by v = ZkK:O v|p, where

v|p, = ﬂN(Bk)MB .
CouBy) T

Then the vector Z := (Nj (Bk)) K is multinomially distributed with
parameters N and (p(Bg))k=o,... K- Hence, by Lemma
1/p L o» S Y/ 1/2p
<|(=— — = - .
Elh(u v)]'/7 < (550 kz_%mzk Nu(B)l) = O, (T

We denote by aq,...,ax the edge lengths of the cubes By, i.e. ay = )\d(Bk)l/d
and set ag = 1. Note that v|p, and fin|p, have the same mass for all k. We
apply Lemma |1} Proposition [1| and Jensen’s inequality to deduce that

K K

E[pb (v, iin)] < > ElpE(v]p,. iin|5,)] < %( cubeyp Za”JE[MN(B)N)l—P/d}
k=0 k=0

K
< (k™) NTP/UN " (u(Br)) P/
k=0
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Next, we apply Hélder’s inequality with exponents d/p and (1 —p/d)~" to get

p/d K 1-p/d
Elpp(v, in)] < (k)P (Z X (By) ) . (Z ,U(Bk)> NP/l
k=1

+ (ch)ube) M( 0)1 p/dN—p/d
< (H;ube)p(gp/d + Elfp/d) NP/

It follows from and the triangle inequality that

lim sup Nl/dE[pg(u’ﬂN”l/P < H;ube(gp/d + gl—p/d)l/p

N—00

which finishes the proof since € > 0 is arbitrary. (I

Theorem 4 Let p € [1, ) and let u denote a probability measure on RY with

finite qth moment for some q > - p If the absolutely continuous part pg of p
has density f which is approachable from below, then

1/p
lim sup N'1/4 Ve () < rpnit < fla)t—d dx) . (18)
N—oo Rd

Proof. Let § > 0 and set

1) — m @ — ”3|B(0’5> and p® = “|B(0,5)C

1a(B(0,0) " T L (B0,6)) ~ u(B(0,6)%)

where we let () be an arbitrary probability measure in case the denominator

is zero. As in the proof of Proposition [2] we represent fiy with the help of

independent sequences of empirical measures (/:LS))%NO, . (ﬂ%g))neNo and an

independent multinomially distributed random variable M = (Mjy)g=12,3 with
parameters N and (1,(B(0,6)), 1s(B(0,9)), u(B(0,0)°)) as

(k)
Nin —ZMkMka
k=1

As before one observes that for the random measure v = 22:1 M (k)
Elp}(u,v)]'" = O(N™'/2).

Further, by Lemma

3

Elop(v, )] < > BIMy. g (™), S5

k=1
and, by Propositions [2| and [3] there exist concave functions ¢1 and @ with
nV;iDnd(u(k))p < pr(n), formneN, k=12
and

1-p/d
~ (eunifyp ,1-p/d f(l‘) d d — 1-p/d
@l(n) (Hp ) " / (0,6) Ma(B<0a 6)>1_p/d v (pQ(n) O(n )
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as n — co. By Jensen’s inequality, E[Mj, pb(u*), Y ))] < pr(E[My]) so that

1 - (1) if 1—-p/d
hmsup E[M; p? ,u(l),u( < (k2™ p/ flx) 7P 4 dax.

Analogously,

lim sup
N —oc0

1
Ni-p/d E[M; PZ(M@), Mgw)z)] 0

and, by Proposition
1 i r/q
. (3) ~(3) Pierce p|: i|
timsup o BV o)) < (efiyeer | [ o Tl @]
Altogether, we get

lim supN?/4 E[p? (1, i )]

N—o0

_ p/q
<Gy [ g e e[ el dua)
B(0,5) B(0,8)°

and letting § — oo finishes the proof. O

3.4 Proof of the high resolution formula for p =1

In this section, we consider the special case p = 1. We will write p instead of
p1. The case p =1 is special because of the following lemma.

Lemma 4 Let i, v, k be finite measures on on R? such that ||u|| = ||v||. Then
one has

plp+ kv + k) = p(p, v).
Proof. One has

plu+ K, v+ k)= Sup{/ fdlp+r /fd : f 1-Lipschitz}
= sup{/fdu - /fdy : f 1-Lipschitz} = p(p, v).

O

The following lemma shows that the map p — limsupy_, (Nl/dVJ{,f‘fd(u))
is continuous with respect to the total variation norm.

Lemma 5 Let d > 3 and q > ﬁ. For probability measures pn and v on R?
one has

1
: 1 ran ran ierce l a
timsup [V () ViR 0] < 2657 53 ([ il lvi(a) "

N—o0

Proof. Without loss of generality, we assume that p # v. Let a = HZfQZH’
ur = % and v* = % (let « be an arbitrary probability measure in

case u A v = 0). For fixed N € N let (M7, M) be multinomially distributed

17



with parameters N and (|ju A v||,1 — || A v|]). We represent jin and Uy as
combinations of independent empirical measures (&), (i) and (9F) as

N iy = Myéo, + MQﬂ*M2 and N oy = My, + Mgﬁ;[?.
Then

p(Npu, Nin) < p(Np, Myoo+ Maop™) + p(Myoe+ Map™, My, + Majiyy,)
< p(Np, Myao 4 Map™) + p(Myo, Myéng, ) + p(Map™, Majiyy, ).
(19)
Observe that
E[p(Np, Mia + Mop™)] = O(N'/?). (20)
Further, by Theorem [3| and Jensen’s inequality, one has

* ~x ierce -1-1 -1 7 1
Blp(Man" Mo, )) < w8 =] =N ([ el (=01 (d0)) " +O0V)

(21)
where we used that (u —v); = ||p — v||p*. Conversely, by Lemma [4] and
Lemma [T}

p(Mla,Mléle) = M1CJL—|—M2§X42,M10ALM1M21}X42)
Mla + MQQX/[g?NﬁN)
Nv,Nin) + p(Myo + Mavy,,, Nv)

Nv,Nin) + p(Myo + Moy, + Mav™, Nv + Mav™)

0
p
<p
1)
p

The expected values of the last two summands can be estimated like and
. Inserting the estimates into , the assertion of the lemma follows. [J

We now prove the general upper bound in the case p = 1.

Proof of Theorem (2| (ii) for p = 1. Let u = p, + ps be the Lebesgue
decomposition of u and let f denote the density of p,. It is now straightforward
to verify that (™ with density

f(n)(x) — 2—nd/ f(y) dy for = S Sn7m1,.‘.7mda

Sy oy

where Sy my,...omy = 27 "([m1,m1 + 1) X --+ X [mg,mgq + 1)), satisfies ||pq —
p| = 0 and [ |24 [a — #™|(dx) — 0. Since u™ + pg is approachable
from below, Lemma [§] allows to extend the upper bound of Theorem [] to the

case with general density if p = 1. O
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