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Multiconfigurational time-dependent Hartree method for describing particle loss due to absorbing
boundary conditions

Simen Kvaat2:*

IMatematisches Institut, Universitat Tulbingen, Auf der Morgenstelle 10, D-72076 Tubingen, Germany
2Centre of Mathematics for Applications, University of Oslo, N-0316 Oslo, Norway

Absorbing boundary conditions in the form of a complex absorbing potential are routinely introduced in
the Schodinger equation to limit the computational domain or to study reactive scattering events using the
multi-configurational time-dependent Hartree method (MCTDH). However, it is known that a pure wave-
function description does not allow the modeling and propagation of the remnants of a system of which some
parts are removed by the absorbing boundary. It was recently shown [S. Selstg and S. Kvaal, J. Phys. B:
At. Mol. Opt. Phys.43(2010), 065004] that a master equation of Lindblad form was necessary for such a de-
scription. We formulate a multiconfigurational time-dependent Hartree method for this master equation, usable
for any quantum system composed of any mixture of species. The formulation is a strict generalization of pure-
state propagation using standard MCTDH for identical particles and mixtures. We demonstrate the formulation
with a numerical experiment.

I. INTRODUCTION codes [4, 8, 15-17].
Other absorbing operators are also common, such as the
so-called transformative CAP (TCAP) [18], which is more or

Today, thede factostandard approach ab initio quantum- : . . ;
mechanical many-particle propagation is the multiconfigura-less equivalent with the non-local CAP obtained using smooth

tional time-dependent Hartree method (MCTDH) and its vari-exterior scaling [19] or perfegtly matched Iayers' [.20]' While
ations [1-7]. Already foN = 2 electrons in three dimensions exactand space-local absorbing boundary conditions may be

the full six-dimensional time-dependent Sgtlinger equation formulateq [21], Fhey aré in general non-local in time, and
therefore impractical. In this work, we focus solely on a local

is very hard to solve and can only be handled on supercoms L :
puters. With MCTDH for identical particles the exponentiarITbAR for simplicity, but any absorbing operator can _be used.
Given a system df particles, the wave-functiofly is nor-

scaling of the Hilbert space dimension with reSpectigs i/ o 1" the probability of findingll particles within the

“postponed” to higher number of particles, and tHe= 2 . : . .
propagation can be done on a single desktop computer. Cu omputational domain. With a CAR) evolves according to

rent implementations can handie< 8 electrons in cylindri- he non-Hermitian Schdinger equation

cal geometries reliably [8, 9]. For bosons, the Pauli exclusion d .

principle is absent, and MCTDH can treat hundreds [10] and g = (H - D)%y, 1)
even thousands of particles [11] in one-dimensional geome-

tries, and recent multi-layer MCTDH techniques alldistin-  An elementary calculation give§||‘I’N||2 = —2(P\|T¥N) for
guishabledimensions in théhousandswith relative ease [7], the probability derivative. Consequently, if the wave-function
showing great promise of extending the domain of applicatioroverlaps the CAP, the whole wave-function decays and even-
of MCTDH methods. tually vanishes; it doemot approach a wave-function with a

The MCTDH class of methods is derived using the time-different number of particles. In other words, even with an
dependent variational principle [12, 13]. As such, it is en-absorbing boundary, one is stuck with Wrparticle descrip-

ergy conserving, unitary and quasi-optimal in the sense thdton- Information like ionization probabilities and reaction
the growth of the error in the 2-norm is locally minimized. ~ atés may be obtained from evolving Eq. (1) alone, but if the

o . . . remainderof the system is desired, i.e., a description of the
Ab initio dynamical problems in quantum mechanics are

S : . N -1, N — 2 particle systems, etc, one is at loss.
formulated on an infinite domain which must be truncated for * - a recent article it was argued that the solution is a den-

oo s o D1 sty operator approsch (22 bcause the loss of parices i
y 9 9 .an irreversible procesdd — i is a non-Hermitian operator

ary conditions of some sort. The most common approach i plying a preferred direction of time. The necessity of the

to introduce a complex absorbing potential (CAP) in a region : . o ;
around the truncatgd domain [149]]. I;zl'hat is tr(1e Ha)miltorhilagn quantum dynamical semigroup describing the evolution to be

) : . X . trace-preserving, Markovian and completely positive implies
is mapped tdH —iI’, wherel’ > Ois a local one-body potential the applicability of the famous theorems due to Lindblad and

vanishing on the domain of interest, and only taking nonzerq, (o 4 coworkers [23-25], giving a master equation on

values outside the domgln. .Th's approach IS a'?" u_sed "N OFo-called Lindblad form. The resulting equation is
der to calculate properties like reaction and ionization prob-

abilities, and CAPs are routinely implemented in MCTDH ¢ ) :
P = il = ) +2 [ TOOW09Pna(0) ok @)

wherepy, is the density operator for theparticle subsystem,
*Electronic addresssimen.kvaal@cma.uio.no 0 < n < N. The integral is over all discrete and continuous



degrees of freedom. It should be noted that the non-Hermitianf measurements performed continuously in time.
Schibdinger equation (1) is equivalent to the von Neumann
equation

1. LINDBLAD EQUATION FOR SYSTEMS WITH A CAP

d .
—pn = —i[H, pn] = (T, pn}
at™" " " A. Classical probabilities from a CAP

for eachn-particle system. The original formulation of thi

particle problem is not changed, but extended to yiekd N The evolution of¥y under the non-Hermitian Sabdinger
particle systems as a by-product. Importantly, nowhere is agquation (1) is irreversible. It introduces a preferred direction
ad hochypothesis introduced. in time, which is easily seen from the fact that the evolution

Let us point out, that Eq. (2) does not address other gercannot be reversed: eventual¥'n|l > 1, and the backward
eral and important problems concerning the CAP approach tBropagation may be non-existent, even mathematically.
absorbing boundary conditions, such as missing correlation We now give an interpretation of the square ndpif||*
effects. Such arise if, say, the computational domain is tod" terms of measurements performed continuously in time,
small, so that particles can be removed “prematurely” by théhereby exposing the irreversibility. We stress that this is
CAP. This correlation information is lost forever, and cannotmeant as alustration and a helpful device for understanding
be “built into” the fewer-particle systems. the dynamics due to a CAP, and has no bearing on the math-

Equation (2) describes the evolution ofréxed statelue to ~ €matical discussion leading up to the Lindblad master equa-
irreversibility. The mixedness has two main sources: Firstlytion (2). To this end, consider first a closed single-particle
as the probability tyfy) of havingN particles present is grad- System, described by the Hamiltonia—without a CAP—
ually reduced, the probability df’ < N particles increases. in the Hilbert space;. Quantum mechanically, the squared
In this intermediate stageis a mixed state [22]. Secondly, horm|[¥1||* of the wave-function is the probability of finding
the blockon alone may be non-pure in the lintit—> o, as  the particlesomewherén configuration space. Equivalently, it
information about the absorbed particles is thrown away, anés the probability of obtaining the value 1 upon measurement
since the exadi-body wave-function depends aifi particle ~ Of trivial observabld (the identity operator).
coordinates. This limits the information that can be extracted Adding a CAP—iI' to the Hamiltonian and keeping the
from the decayed’ < N-body systems compared tofal ~ Probability interpretation of|¥1||* has non-trivial implica-
evolution of the total wave-function—a feature inherent in thetions. The description is obviously no longer in accordance

the CAP approach to absorbing boundaries. with the basic postulates of quantum mechanics, since
In this article, we formulate a MCTDH method for Eq. (2) d
for identical particles and mixtures. It is based on a so-called a”\PlHZ = —2(V1|[¥1) <0,

type Il density operator manifold [3, 26] and is fully vari-

ational. Such methods are usually calle®CTDH meth- 14t is to say, total probability isot conserved

ods (as opposed §-MCTDH for pure states), and ours can gy nnose we perform a single measurement on the observ-
be viewed as a special case since the dissipative operatogg|ep given by

are on a very special form. On the other hand our point of
view is more general as the problem is formulated in Fock
space which is not considered for standarMCTDH; in- P= fﬂ IX)(xidx,
deed the dissipative operators change the number of parti-
cles. The method, which we cahCAP-MCTDH, turns out i.e., of the projection operatd® onto Q, the truncated com-
to be exactly trace-preserving and a strict generalization oputational domain. It has two eigenvalues, 0 and 1, cor-
Y-MCTDH for pure states evolving according to the non-responding to finding the particle outside or inside re-
Hermitian Schadinger equation with a CAP (1). The method spectively. We will obtain the answer 0 with probability
is first formulated for identical fermions and bosons, and therl — ||‘I’1||§2 = 1 - (¥4|P|¥1) and the answer 1 with proba-
extended to arbitrary mixtures of species. We use the acronymility ||‘P1||é. After measurement, the wave-function collapses
p-CAP-MCTDH for all variations for clarity, instead of the onto ( — P)¥; in the former case, an8¥; in the latter (up
distinction between MCTDHF (for fermions) and MCTDHB to normalization constants). Note that the wave-function col-
(for bosons), and so on. The derivation for identical particledapse is irreversible, as the original wave-function cannot be
is done in Sec. IIl, while the generalization is done in Sec. V reconstructed after the event.
after a numerical experiment on a system of identical fermions  Suppose we perform many experiments at short time inter-
is presented in Sec. IV. Not surprisingly, the resulting for-valst = nr,n = 0,1, 2,.... Each experiment yields certain in-
mulation is a direct generalization of the pure state MCTDHformation about the system after the measurement: we know
treatment of mixtures [27]. with certainty if the particle is i or not. Aftern exper-

To prepare for the-CAP-MCTDH method, we give a brief iments, all giving 1 as answer, the wave function is readily
derivation of Eqg. (2) in Sec. Il that underlines the inevitability computed to be
and uniqueness of the master equation on Lindblad form. We
also show how the probability interpretation|@#y||2, which

[Pe™]"¥1(0)
is not purely quantum mechanical, can be interpreted in terms

1) = fipe e, o)
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and the probability that positive answers have been given is with the plus sign for fermions, and the minus sign for bosons.
For us, it is natural to work within Fock spadé, defined

Pn = I[Pe"™]"P1 (O)%. by
This probability is classical in the sense that it is a probability oo
description of the history of our macroscopic measurement H = @Wn,
device, or of its print-out on a sheet of paper if one prefers. =0

Let us define?1(nt) = paP1(nr) = [Pe™]"¥4(0), so

that||\ill(nf)||2 = pn. If we allow the approximation containing_all possible states with any number of particles. As
operators irH, thec; are orthogonal in the Hilbert-Schmidt
P ~ exp(1I), inner product,

which dampen¥’; strongly outside&?, we get .
pen¥; gly g (cj,a) =tr(cja) =0, j#k

Pe—i‘rH ~ e—rre—iTH — —iT(H-iT) +O(T2).
. and traceless,
In the limit of smallr, we see tha¥,(t) is the solution to the

Schibdinger equation with a CARY1(t)||? is then the prob- tr(cj) = 0.
ability of finding the measurement apparatus in the state “the
particle has not yet been detected outsieat timet. Given ann-particle Hamiltonian on first-quantized form,

Our discussion is immediately suggestive of interpretingviz,
the CAP as an actual model for some external detecting de-
vice, which was already pointed out in the first paper on CAPs noBuvd
in quantum mechanics [14]. Although it is likely that Eq. (2) Hn = Z h(i) + Z Z u(i. 1),
can be derived in such a way, it is not relevant here, as the =1
Schibdinger equation with a CAP is our starting point. The
above discussion is only intended as a means for understan
ing the irreversibility of the non-Hermitian dynamics. What-
ever interpretation we use, we see that the single-particle sy
tem undergoes a transition to a zero-particle state (i.e., zero 1 R
particles inQ) in an irreversible way, and that the probability H= Z hjkCJTCk +5 Z Ujk|mCJTC{<CmC|, (4)
of havingn = 1 orn = 0 particles is not quantum mechanical. ik jkim

A complete specification of the quantum state of the o
1-particle system is a density operator in the Hilbert spac&’heréhjx andujum are the usual one- and two-particle inte-
H; @ Ho, whereH, is the Hilbert space of particles. In  9rals, respectively.

this case, the density operator is, on block form, ~Adding a capI’ = X[, I'()) amounts to modifying the
single-particle coficients since

i=1 j=i+l

here the indicesand j in the operators indicate which par-
cles’ degrees of freedom they act on) we may write it com-
g_actly onn-independent form using the expression

_ (|@1><@1| 0 )
p 0 (- = Z T'jC] k. (5)
jk

Note thatHy is one-dimensional, and the lower right block is
just a non-negative real number, the probability of zero partiy; is im
cles inQ.

For a rigorous treatment of the above limiting process, se
Chapter 7.4 in Ref. [28].

Generalizing the discussion o particles is analogous to
our discussion, approximatirg~ exp(iI') in the same way.

N2 is then the probability of the measurement apparatus ) ) ) _
showing that all particles are insige We now discuss the master equation (2), introduced in

Ref. [22], for a system of identical particles. We underline that
the master equatiofollows uniquelyfrom the probability in-
B. N-fermion systems with a CAP terpretation of|¥,||* for ann-particle wave-function, and the
requirement of a Markovian, trace-preserving and completely
Suppose a complete set of fermionic or bosonic creatiorFPOS_itive _evolution. We also address some mathematical points
operators{cJT}, j =1,2,..., are given. An important formal omitted |_n_Ref. [22]. ) ) )
5 ] ) Describing a system with a variable number of particles, we
property ofc; is that it defines a map from, to .1, the \york with states in Fock space. Our starting point, the non-

Hilbert spaces oh andn + 1 fermions, respectively, and that Hermitian Schadinger equation with a given CAP, then reads
they fulfill the (anti-)commutator relation

portant to note, that given the s{sdlf}, the second-
guantized expressions bf andI” are unique, and vice versa.

C. The Lindblad equation

. .d .
{c]T, Cels = c]Tck + GC) = Gk ©) 'a‘{’ = (H-iD)Y. (6)
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s having n particles (we defing, = pnn), and these should
add up to trp) = X, tr(on) = 1. Since the von-Neumann
equation is local in time, we require the master equation to
R T be Markovian. Our master equation must reproduce (9) for
ovn—1 | pno1 n = N, whereN is the number of particles initially present.
Of course, forn < N the master equation will end up with
pP= PNN=2 |PN-1n2 ;ff some source terms. This must hold forMlli.e., our master

equation should not depend ®&f1 only the initial condition
depends oM.

We also require the master equation to describe a physi-
B cal system which in turn may interact with other quantum
systems. A minimal requirement for such master equations
PO is that its quantum semigroup empletely positive Com-
plete positivity roughly states that if our system is described
together with a dferent system with Hilbert spacg, so that

PN

FIG. 1: lllustration of the block structure of the density operator . . -
in Fock space with at most identical particles. In general, each the combined state is € TC(H ® V), then the semigroup

block is infinite dimensional (except fgr, which is 1x 1). The  ©Of o preserves the self-adjoint positive-semidefiniteness. of
diagonal blocks are emphasized, as for pure state initial condition§Urprisingly, requiring this property on the flow pfalone is
p = [¥n)(Pn| the density operator turns out to be block diagonal.  not enough [24, 25].

Let us for the moment assume that Fock spacefinite

dimensioni.e., it is defined by finite numbér of creation op-

With an initial condition with exacthyN particles, i.e¥(0) = erators. The theorem by Gorini and coworkers is now appli-
Py € Hn, this equation is equivalent to Eq. (1), which we cable [24]: Any trace-preserving, Markovian and completely
repeat here for convenience: positive guantum dynamical semigroup has a master equation
d on the form
ia‘PN = (H - iNY%n. 7) d
5P = ~iH.ol + Do), (10)

This description is valid for all particle numbeks
As Eq. (6) is irreversible, it is not possible to find some newyhere the dissipative terms have the generic form

HamiltonianH’ in Fock space that generates a unitary evo-

lution which describes a decreasing number of particles and D(p) = Z dap(2LgoL — (LS Lg, o)) (11)

also reproduces Eq. (7). Instead, one must turn to a density e

operator description. For a density opergiot TC(H), the

trace-class operators in Fock space [25, 28], Eq. (6) is equivaFhe operatord., form a traceless, orthogonal set with the

lent to the non-trace conserving von Neumann-equation Hilbert-Schmidt inner producjp, oy = tr(p’o) (the operators
are then linearly independent in TEJ), and [d.] is a Her-

d = —i[H, p] — (T, p}, (8)  Mmitian positive semi-definite matrix. Importantly, the quan-
dt tum dynamical semigroup generated by Eq. (10) is uniquely
which is verified by a simple computation. The density oper-given byH andD and vice versa. -
atorp has a natural block structure. LettiRy be the orthog- ~ Thel, play the ble of a basis in TCK(), which is of dimen-

onal projector ontdH,, we have the resolution of the identity Sion dim@H)?. Itis of course not unique, but given a choice of
basis, the caéicients [l,z] are unique. Notice that the trace of

> the anti-commutator term in Eq. (11) is equal to but of oppo-
= Z Pn. site magnitude compared to the term whers sandwiched
=0 betweerl; andL.

Applying this to either side qgf gives the decomposition The von-Neumann equation @mostof the form (10); it
lacks the “sandwiched terms” responsible for a compensation
_ of the trace decrease due to the anti-commutator, i.e.,
p= Z an,w onm = PnoPm.
n=0 m=0

d N

—p=—i[H,p] - » Tilcicp).
This block structure is depicted in Fig. 1. Projecting Eq. (8) at” [F.] % WP
from the left and right withP,, we obtain

As the operatorfc;} are indeed traceless and orthogonal, it is

Epn,n = —i[H, pnn] — {T, pon)s (9) immediately clear that the correct master equation is obtained
dt by simply adding the sandwiched terms, i.e.,
which is equivalent to Eq. (7). q
We wish obtain a master equation fothatdoespreserve —p = —i[H,p] - Z ij{C;Ck,,D} + 22 ijCkpC,T. (12)

total probability. At all times, there is a probability gr) of dt K K



If the dissipative terms are not chosen exactlythis form, Ill. MCTDH FORMULATION FOR IDENTICAL
Eq. (9) will not be reproduced for al. PARTICLES
Indeed, consider an initial condition on the form
A. The p-CAP-MCTDH manifold
p(0) = [IN)(PNI. (13)

o ) ) We now derive thep-CAP-MCTDH approximation to the
Projecting Eq. (12) from the left and right with, and P, [indblad equation (15). This method is in a sense a combi-
respectively, we obtain theftierential equation obeyed by the nation of W-MCTDH for identical particles [4—6, 27], using
block pn m, second quantization, apdMCTDH [3, 26] for general den-

q sity operators. Our method is necessarily formulated in Fock
el — i _ _ f space and describes a variable number of particles. To the
aenm '[H.pom] =T o} + Z;F'kckpnﬂ’mﬂcj' 14) best of our knowledge, the genegaMCTDH has not been
formulated using second quantization in the literature. More-
We see that thefbdiagonal blockgy,, with n # mare iden- ~ over, the global variational principle employed#MCTDH
tically zero with the initial condition (13). The compensat- (the action integral point of view) isot applicable for dis-
ing sandwich terms are seen to be responsible for transportirfgPative systems, sinc®(p) is not self-adjoint. The second-
probability from theN-particle system into th& — 1 parti-  quantization techniques used here are therefore somewhat dif-
cle system, and so on, downwards along the diagonal blockgrent from the one usually taken in the pure-state approach.
in Fig. 1. Moreover, the evolution giyy is equivalent to  As the particular properties of the equations of motion for the
Eq. (7). Modifying the coflicientsT'j or adding more lin- pres_ent problem are more easily exposed i_n a thorough inves-
early independent operators to the gg} will void this for ~ tigation, we choose to do a detailed derivation.

someN. We repeat the Lindblad equation (15) for convenience:
The theorem by Gorini and coworkers is only valid in

a finite dimensional Hilbert space. For infinite dimen- i L(p)

sional spaces, Lindblad discovered a generalization for norm- _ _irH D

continuous semigroups [23], for whi¢th andT” are necessar- = —i[H.p] + D(p)

ily bounded operators. This is rarely the case, but a Lindblad- — _ilH {r zfr (X X dx 17

type theorem for the general unbounded cases is simply not IH. o]~ o) + (Y Ipy(x) dx. (A7)

known [25]. On the other hand, all known examples of
completely positive semigroups in infinite dimensional space
have generators on the generic form (11), with possibly un-
boundedH or [dyg].

g‘ere,p € TC(H) is a Fock space density operator, which (in
e exact equation) is block diagongi(x) destroys a particle
at the configuration-space poirte X. Typically X = R3 x

- 1,1} for a spin-%2 fermion, i.e.,x = (F,m), although our
It now seems reasonable to remove the restriction of erivations are completely independenb@f

finite-dimensional Fock space, which does not change the for- : - :
For allt > 0, p(t) is approximated by an element in a man-
mal appearance of the Lindblad equation (12). Using the relqfold M c TCI(?]%, Witﬁpinner produgt(-,) inherited from

tion TC(M). (Strictly speaking, the inner product is inherited
b N Tt from the Hilbert space of Hilbert-Schmidt operators, in which
Y9’ = Z "”i(x)cj TC(H) is dense. Not all Hilbert-Schmidt operators are trace-
! class.) An approximate variationalfdirential equation om
is sought. The time- dependent variational principle [2, 12, 13]
chooses the time derivatiye = dp/dt to minimize the local
error in the norm induced by, -) as follows:

(0p.p— L)) =0, VopeTM, (18)

for the field creation operators (creating a particlgatvhere
{¢j(X)} is the orthonormal single-particle basis functions asso-

ciated with{c J}, we arrive at the master equation

d
& —i[H,p] —{[, p} + 2f1"(><)¢/f(><)Pl/f(X)T dx, (15) whereT,M is the tangent space gt i.e., the space of all
possible time derivatives gf. Consequently, the right-hand-
which on block form becomes sideL(p) of Eq. (17) is projected orthogonally ontg M, and
we have
d . .
P = il =Tl +2 [ T pn (9 e (16) p = argmin ~ £yl
where we have assumed BlRparticle initial conditiono(0) = We chooseM as the so-called “type 11" density operator
ON- manifold [3, 17, 26], albeit with a slight generalization as

We stress that the Lindblad equation (16) followaaly  we consider Fock space instead of a fixed number of parti-
from the probability interpretation ¢f¥y||? and from the re-  cles. There is an alternate way of defining a variational mani-
guirement that the master equation generates a Markoviafipld, the “type I” manifold, but it does not reduce to the usual
trace-preserving and completely positive semigroup. MCTDH in the case of a pure state.



The manifoldM is defined as follows. Given a finite sgt
of L single-particle functions (SPFg) € H;, 1< j < L and

their corresponding creation operatofs

cj = [ w9009’ o

we consider the subspadé, of H, spanned by all possible

linearly independem-body functions built using products of
7

c!
J L

_ ~f A
_Cilcjz

(DJ[n] te CJ{n‘l)vac-

The notationJ[n] means an ordered tupléi( j2,--- , jn) of n
single-particle indices, i.ejg < j» < --- < j,. For fermions
@y is a Slater determinant arjd < jo < --- < jn, while for
bosons it is a permanent. We then consider the subspaafe
Fock space,

N
V=PV
n=0

spanned by all thé;, whereJ means a ordered tuple with
indeterminate. As we describe at mdstparticles, we trun-

6

parametrized. Under the group elem@&nthe basis functions
transform as

Oyrp — D+ ) Guiia Giak P = /Gt P
kg Kn K[N]

where the suny.i, is overall multi-indices of lengtm, and
not only ordered ones. Defining the transformatioiB dfy

Bk — Z,QS'J Bk Grks

JK’

we see that
p—p.

Moreover,B;k are all independent parameters, showing that
U(L) is in fact thelargestgroup of transformations leaving
invariant.

The non-uniqueness gfandB implies that given a deriva-
tive (tangent vector) € T, M, the derivativeg andB are not
unique. This phenomenon arises in all MCTDH-type meth-
ods, and we give a somewhat more mathematical description
than the usual one.

Supposep(t) € M is a given smooth path. There exists
@o(t) andBy(t) such thato(t) = p(eo(t), Bo(t)). By the con-
siderations abovenyother possible parameter path is on the

cate atn < N in order to ensure a finite-dimensional space.form (¢(t), B(t)) = (¢o(t)G(t), G(t) BoG(t)), Wherepo(t)G(t)

(For bosons any number of particles may occupy egchre-

stands for the transformation

ating an infinite dimensional space if we do not truncate the

sum, even with_ finite.)

Eachp € M is now defined as an arbitrary linear operator

in VY, viz,

p =) 10)By(@xl, By eC.
JK

¢0i(®) — ¢i(®) = D pox(t)Guj(t).
k
(We considep a “matrix” whose columns arg;.) All deriva-

tives of pg are of the form

®o=pon+x, {eojlxk) =0.

We see thap is a matrix with respect to a time-dependent The functionsy; are all independent. Sin@&G' = I, we find

orthonormal basis. We denote Bythe matrix formed by the
Bk, i.e., the Galerkin matrix. To sum upjs parametrized in

terms of an arbitrary matriB with respect to the basis gener-

ated by an arbitrary set &f SPFsp.
The setp mayformally be extended to eompleteorthonor-
mal basisy™for H, a (usually infinite) set of functiongs,

thatG = ¢G, with —g' = g € u(L), the Lie algebra of the Lie
groupU(L). The transforme@ = ¢oG then has the derivative

. d
¢ = &“’OG = [¢o(n + g) + x]G,

and itis seen that if we chooge= —n, theng is in fact unique,

s > L, such that the second-quantized Hamiltonian is giversinceG = G uniquely specifie§(t). This is equivalent to the
by Eq. (4), and the CAP by Eq. (5), but where the expansiorggndition

codficients in general will depend on the particular value for

¢ andy. This will be of use later on.

B. Parametric redundancy and tangent space

For a givernp € M, the parameterg andB are not unique.
SinceV is determined only by the subspace spanned, imot
the individualy;, any unitary change

¢ — Z‘Pkap G=U(L)
k

where U(L) is the unitary group ol x L matrices, yields
the same spac®, and therefore the same operatprsan be

{pjloy =0, V|, k.

This condition is the standard one in all MCTDH-type meth-
ods, and is described already in the earliest publication [1].

In this way, there is a there is a one-to-one map between
triples (, B, g) andp, with g € u(L). The elemeny is then
called agauge choiceand the gauge choice induces a unique
parametrization{(t), B(t)) of p(t). This kind of diferential
geometrical structure is called a principal bundle [29], and is
familiar in quantum field theory—but it arises in a completely
different way!

Itis easily verified that

d_ d.
a(DJ——C-

55}, Puac = DO,



whereD is the operator

L
=\ &
D= E C;Cj
j=1

An arbitrary change& = Q# in ¢; consistent with the gauge
choice gives
6p = c'(@)cjp + pc}c(ﬁ). (21)

Inserting these two expressions into the variational principle

and Wherecj is as the operator that creates the single-particlg,;, yield a complete set of dierential equations fd8 in the

functiony;. We observe that faany twosingle-particle func-
tionsu andv, not necessarily normalized, the relation

{e(u), €' ()} = c(u)c’(v) + ¢ ()e(u) = (ulv)

first case, ang in the latter.

C. Equations of motion

is obtained by expanding each operator in the field creation

operators.

We use the notatioﬁj to indicate a sum over th@omplete

We are now ready to consider an arbitrary time derivativeset of SPFs. We letl be the Galerkin matrix ofl, i.e.,

of an elemenp(t) € M:
p =) 10)Bar( @kl + 03By (D] + [3)Ba (P
JK

=Dp+pD" + ) [05)B1x(®l. (19)
JK

In order to perform the projections in Eq. (18), we must
identify all linearly independent tangent vectors, i.e., all inde-

pendent admissible infinitesimal variationgofThis amounts
to varying theB;k independently, and thg; independently,

but according to a specific choice of gauge. For simplicity, we

consider the choicépjlgx) = 0, which generates the simplest

equations and are also the most common in MCTDH theory.
From this it follows that the admissible time derivatives of

pj are arbitrary functions = Q¢, where
Q=1- " lpXe:
k

Moreover,
(D)D) = (Dy|DIdK) =0, VI, K.

Now, the independent variations pfcan be divided into
two groups: For each pall, K, the matrix elemenB;x can
be changed, giving a tangent vector

0p = Dy} {(Dk|. (20)

(03)kl, Y By @] + Dp +pD'y = tr [|c1>K><cDJ| [Z |)Byk (Px| + Dp + pD"‘]

JK’

(DD, —i[H, p]) = —itr

JK’

(03}, ) TCoc) = tr | [k XDs|
jk

In Eq. (25) the terms containin® vanish since&(epjlek) =

Hik = (D;[H|Dk),

and analogously defin® to be the Galerkin matrix df. We
letcj be the Galerkin matrix af;, which in fact is independent
of ¢:

(C)ak = (Dylcj|Pk) = (D]c)|Dic). (22)
The primed quantities corresponds @ay other choice of
SPFs. The independence follows from the (anti-)commutator
(3) which only depends on orthonormality.
The Galerkin matrices dfl andI’ can be expressed as

1 + -
H= ) h(@icjoc+ 5 D, U@)jmC|Gent (23)
ik

jKim

G= Zk I'(g) €| (24)
J

The expansion cdgcients are dependent gnat timet, but

the creation- and annihilation matrices are not. The Galerkin
matrices are naturally expressed using some fixed, abstract
basis due to Eq. (22). Existing methodology for computing
matrix-vector and matrix-matrix products can be re-used by
referring to this basis.

To derive the equations of motion, we begin by inserting
from Eq. (20) into the variational principle (18). For the term
{6p, p) and the term containingH, p], and for the sandwich
term, we obtain, respectively,

= Byk (25)
JK’
Dk KDy [H D 1@3)Byk (Dl = |cI>J/>BJ/K/<cDK/|H] = (-i[H. B]) (26)
JK’
ZijCk Z |(DJ’>BJ’K’<(DK’|C]'LH = Z ij(CkBC})JK- (27)
K IR 7K
|
{c,—,c’:l}t = 0. A similar calculation as Eq. (26) yields
(231Dl AT, p}) = ({G, B})ak- (28)
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Assembling Egs. (25) through (28), we get the equation op is preserved during evolution, which we may use when we
motion forB: turn to the projection onto the tangent vector in Eq. (21). Let

. F be an arbitrary operator, and calculate
B = —i[H,B] - {G, B} + 2erkcchJT.
K

We now make the observation tHgit = B, showing thap’ =

(6p. Fp + pF 'y = tr{[c(®) cjp + pe]c()](Fp + pF )} = tr[c@)'cipFp + c(®) cijp?F " + pcjc(#)Fp + pc]c(@)pF |
= 2Retr]c(#)Fp?],

sincec(d)p = 0, asc(d) annihilates a function orthogonalto ~ We now compute the right-hand-side of Eq. (29) for arbi-

all the ;. trary single-particle and two-particle operatérsSuppose at
SettingF = D = ¥, ¢ ¢« we obtain first
(3p.Dp+pD'y = > 2Retric} (e 0] F=>ficion = (eilflpo.
k ik
_ : Fa 2
B Zk: 2 Re&ipi tr(C; "), Upon insertion in Eq. (29), we find

and we note in passing théfp,|®;)Byk(®kl) = 0, again tr[c]c(@)Fp?] = > fia tr[c]c(#)c;cip?]
sincec(d)|®;) = 0. ki
The “sandwich” term in the master equation also gives zero — i o
contribution, since = > > e flen tr(c cp?)
k
tr [c(@) cipcipc| = trloche(@) ¢l = O, = Z(ﬁ|f|¢|>tr(c}c|p2)
|

sincec(d#)cy|@;) = 0.

In these calculation§ = Qg was arbitrary. Choosingit
instead turns “Re” into “Im”, so we may drop taking the real
part. Assembling this, we get the equation

In the last calculation, we us@jlgoj)(go” =1.
Second, suppodge is a two-particle operator, viz,

1/\/
F= EzfjmmCJTCﬂCmCh fiim = (@il floriem),
| D Wlpotr(cjoe?) = tricjc@)Fo’l.  (29) i
k
where we assuméum = fjmi. The inner product is oty ®

with F = H —iT’, and the equation must hold for @lland all ~ 1, i.e., the brackets are not antisymmetrized. Now the right-
j- hand-side of Eq. (29) becomes

f _ f s _ Py
trlcje@)Fp?] = 5 ) fumntr[c]c(@)cc cemo’] = 5 §k > Bl (el flgmepn) tr(C] ] Cnmo?)

kimn Imn

= > (0 Flgmepn) tr(c] 6/ cocmo?)

Imn

In the first step, we used the symmetryfgf,, and the (anti- similar fashion. For a three-body operator
Jcommutator relation for the creation operators operators, the
result being the same regardless of particle statistics.

1oT .
, : : F= gzzfjklpqrc} GG CrCaCp
Three-particle operators, or even higher, are computed in W par



we obtain the right-hand side whereSj, S andUyn(x) were defined in Egs. (30), (31)
1 and (32), respectively.
tricic(U)Fp?] = = Dol fleppaer ) tr(ciclc ¢ cgCop?) Eq. (34) is virtually identical to the standat¥tMCTDH
! 2! k%r KATTIepPasn T 6 o equation of motion for the SPFs. The onlyffdrence lies in
the definitions ofS andS®. As for Eq. (33), we see that the

Generally, the combinatorial factar~t in front of then-body main diference lies in the evolution ofraatrix B instead of a

operator becomes (- 1)!-! due to symmetry properties. codficient vector.
The matrix Eq. (34) is typically discretized using discrete-variable
. representation (DVR) techniques, FFT methods, finite dif-
Sik str(c}ckpz) =tr(c}ckBZ) (30) ferences or similar [17], and the single-particle operator

h — il is then represented correspondingly. Equivalently,
defines thep-CAP-MCTDH analogue of theeduced one- the single-particle spacgf; is approximated by the finite-
body density matrientering at the same location in standarddimensional space dictated by the discretization, inducing a
Y-MCTDH theory. Similarly, the analogue of the reduced finite-dimensional Fock space to begin with. Note that even

two-body density matrix is defined by thoughh — iT" is non-Hermitian, orthonormality ap is con-
. served during evolution.
Sgﬁl)m = tr(c] cycmGp?) = tr(c]cicmaiB?), (31) Like standardP-MCTDH, the matrixS needs to be inverted
to evaluate the SPFfiigrential equation; a well-known issue
and so on. with MCTDH-type methods. It may happen thHatbecomes
We may now assemble the various one- and two-body corsingular for some reason, in which case a regularization ap-
tributions to the SPF equation of motion: proach is needed [17]. In most applications, this happens very

rarely; typically at = O due to the choice of initial conditions,
i Z(ﬁ|¢k)8jk = Z(19|(h—ir)|tpk>Sjk+Z(ﬁ(pk|u|tp|gom)(,mSgil)m, but experience suggests it does nféeet the final results. This
K K kim is, however, not trivial from a mathematical point of view, and
. _ . . . for the sake of definiteness in the present work, we shall check
which holds forall # = Q. Sincegj = Q‘fj’ we arrive atthe  1hats s non-singular for our numerical experimentin Sec. V.
final single-particle equations of motion: Eq. (33) should be compared with the original Lindblad
equation (12). Also, ifp’= 0, we obtain the variational equa-
. . . 2
' Z PkSik = QZ(h —iD@S + Z Q- pululpiem@i S, tion of motion in a fixed linear basis, i.e., what is obtained us-
K k

kim ing a full configuration-interaction type approach. However,
= QZ(h —iD)@Sik + Z QUi S the Galerkin matrices defined in Egs. (23) and (24) have time-
K Kim dependent cdaBcientshj, Ujum, andIx which must be com-
puted along the flow. This is a non-trivial task in general, and
where techniques common foP-MCTDH can be employed to deal
- with this in approximate ways [8, 17].
(- eululgrom) = f ekWUX )1 (XNem(y) dy, Note thatB retains the natural block structure with respect
to the number of particles, cf. Eq. (14). Eqg. (33) can be written
and where the mean-field potentiélg,, are defined by as

L Bn = —i[H, Bn] = (G, Ba} + 2 > TkCBniaC]
Uial9 = [ Gt sdents) . (32) %

and this is the most memory-economical representation, since

Assumingu(x, y) to be a local potentialJym(X) is also a local the df-diagonal blocks vanish i(0) is a pure state witiN

one-body potential. particles. In that cas®y can furthermore be represented by a
vector¥y € Vy at all times, and there is no need to propagate
the full block. Due to the presence efl the blocks in the

D. Discussion definition of S and S@, however, this pure state cannot be
evolved with?-MCTDH independently of the other blocks.
Let us sum up the equations of motion for the density oper- If the dissipative terms vanish (i.e., Iif = 0), and ifp(0)
atorp. The Galerkin matrix e|emenBJ’K evolves according isa pure state, the evolution is eaSin seen to be equivalent to

to a WY-MCTDH calculation. Inp-MCTDH, tr(p) is not in gen-
_ eral conserved [17], but it is so for closed systems, i.e., when
B = -i[H,B] - {G,B} + ZZijcchJT, (33) D(p) = 0. However, it is easily checked in the present case
ik that, indeed,
while the SPFs evolve according to %tl‘(p) = %tr(B) =0.

iZéDijk - Qz(h — D)o Sk + Z QUkm"mSEi?m’ (34) Also, energy trfp) is exactly conserved if tfp) = 0, that is
k k

i to say, whenever the system does not touch the CAP.
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For the actual implementation of the evolution equations, 40 !
it is useful to employ a generic enumeration scheme for the ! —V(x)
many-body basis states. In many-body codes, the Galerkin 30 | --—-I'(x)
matrices (other tham) are rarely constructed in memory; |
instead the single- and double-particle integrals are kept in
memory and the explicit action ofl is computed using
Eq. (23), for which the action of; and CJT are implemented
for example via mapping techniques as suggested in Ref. [30];
or simply using binary integers to represent a fermion state, \ ,
and bitwise manipulations to define the actioncpfetc.; a L /
common technique in many-body nuclear physics calculations 0 : !
1. AV
As for choosing initial conditions, we observe that as a gen-
eralization of#¥-MCTDH capable of treating particle loss, a _1920 _‘10 6 lb 20
pure statep(0) = |¥n){(¥n| will be the usual choice. In that N
case, experience fro-MCTDH can be applied [17]. Typ-
ical choices are single determingpsrmanents or stationary G, 2: single-particle trap potential(x) and complex absorbing
states computed by imaginary time propagation, or combinapotential T'(x) used in the numerical experiment. The trap poten-
tions thereof as in the numerical experiment below. tial is Gaussian, see Eq. (35), and the absorber is quadratic outside

[-16,16], see Eq. (36).

20| !

potential energy

IV. NUMERICAL EXPERIMENT

for a time stepr/2 again. This constitutes the propagation of a
We present a numerical experiment for a model problentomplete time step. While being simple, the scheme has the
consisting of spin-polarized fermions in one spatial dimen-advantage of having local errék(z®), that theT-propagation
sion. We will study a situation where the initial state is a pureiS numerically exact, and that the time step is not restricted to
state withN = 3 particles whose norm gradually decreasesber = O(AX?). The potential step is integrated using a stan-
due to a CAP. The situation is similar to the study in Ref. [9]. dard explicit fourth-order Runge-Kutta method for simplicity,
We truncate the domaiR to [-R, +R], whereR = 20. The ~ Which is suficient for our purposes.

single-particle Hamiltonian of our model is The initial condition is chosen as follows. L&%(x1, X2)
, be the two-body ground state of the CAP-less Hamiltonian.
B 190 This is computed numerically by propagating gtendard¥-
h=T+V(¥) = 252 T V) MCTDH equations in imaginary time = —isusingL = 4
. . single-particle states. It follows, that this state is also a sta-
where the one-body potential is of Gaussian shape tionary for the present-CAP-MCTDH method with a CAP
V() = -8 exp[-1.25x. (35) as long as the overlap with the CAP is negligible. We have

checked that this is indeed the case: Propagating the master
Numerically we find thatV(x) supports 4 bound one-body €quation with the two-body state as initial condition leads to
states. We choose a very simple CAP of standard power-forni2n absorption probability of.2x 107 att = tiinas = 30 which
can safely be ignored.
I'(x) = 6(Ix — R)(Ix - R/)Z, (36) We act uponiP, with a creation operata(g)’, whereg(x)

) . ) . is a Gaussian of the form
wherefd(x) is the Heaviside function. The particles are unaf-

fected by the CAP in the regionr-R’, R], where we we set

R = 16. We have verified that in the energy ranges of the

calculations, very little reflection or transmission is generatedvhereQ projects away the 4 SPFs in the initial conditigiix)

by T. Fig. 2 shows the Gaussian well and the absorber. describes an incoming particle of momentins= 3 starting
The particles interact via a smoothed Coulomb potential, out atxg = —2. The final three-body initial state is then

g(X) = QCexp[-(x + 2)%/0.75+i3x],

U(xq, X) = 2[(X1 — X)? + 0.1%] 2, p(0) = c'(g)[¥2{¥2lc(g).

which is. Iong-_rgnged. The initial ¢ then consists of the = 5 functions consisting of
For discretizing the one-body space, we choose the stanhe 4 SPFs from the ground-state computation, and the single

dard fast Fourier transform based method Wilfiq = 128  statey(x).
equidistant points with spacintx = 2R/Ngriq [32]. Using this initial condition, we propagaét) for t < tina =
For propagating the master equation, we choose a vari®0. Fig. 3 shows a space-time graph of the particle density
tional splitting scheme [29, 33], propagating the equations ofy(x, t) given by
motion withH’ = T, i.e., kinetic energy only for a time step

7/2,and therH’ = H-T for atime step, and finallyH’ = T n(x, t) = triy" (X)y(X)p(t)].
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FIG. 5: Smallest eigenvalue of the matSxwhich needs to be in-
gerted at each. As one particle is almost entirely absorbed, the
allest eigenvalue fallsforapidly. It peters out ag 1.57 x 1074,

FIG. 3: Space-time graph of square rogh(x,t) of particle den-
sity in numerical experiment. Darker areas have higher density. Th
square root enhances contrast, but exaggerates low densities. From
the plot, we can see that a single-particle function of Gaussian forrﬁafely away from zero.

is scattered i a bound two-particle state in a Gaussian well. The

reflected and transmitted parts are absorbed by the CAP, revealing an

oscillating trapped function of fewer particles. ability density is absorbed, the probability of having= 3
particles decreases and the probabilityef 2 increases cor-
respondingly. However, especially the absorption of the back-
scattered wave reveals something interesting: the probability
of havingn = 1 particle in the system clearly becomes sig-
nificant in this process: the bound two-particle system has a
significant probability of being ionized by the collision, leav-
ing a single particle. By inspecting the probability density
m(x t) = trfy’ (y(X)p1(t)] we verify that it corresponds to

a bound one-body state superimposed on the two-body state.
The probabilitypy ~ 3.43x 107 att = tgn,, Showing a very
small probability of all particles vanishing. It is therefore not
plotted.

Although the initial bound two-particle state had negligible
overlap with the CAP, there may still be errors introduced by
0 5 10 15 20 25 30 a placing the CAP too close to the interacting system. For
example, if a particle is absorbed prematurely, the remaining
system may miss some correlations. Moreover, there seems
FIG. 4: Plot of the probabilitiep, = tr(o,) of havingn particles in to be a finite remajning prqbability of having t_hree particles in
the system as function of The absorption events seen in Fig. 3 is (€ System. This is most likely due to reflectionBar trans-

seen to correspond to marked changes in the probabilpigis too ~ Missions th_rough t_he non-ideal absortbe(which only was
small to merit an interesting plot. chosen for illustrative purposes), and not a bound three-body

state. We have not investigated this in detail for the present
experiment.
As expected, the plot shows the initial advance of the Gaus- Finally, we address the non-singularity of the matsixn
sian wavepacket and its scatteringj the well and the two- Eq. (34). In Fig. 5 the smallest eigenvalue $fis plotted
particle ground state. It is seen that scattering occurs both ias function oft. At the very last leg of the evolution, this
the forward and backward direction. The scattered probabileigenvaluermin drops df quickly.
ity is absorbed upon entering the regigh> R, and a system A sharp fall-df of oy is to be expected when a particle
composed of less than three particles is seen to remain. Supés-almost entirely absorbed. This may be understood in terms
ficially, it is an oscillating two-particle system. The system’s of a non-interacting system. If interactions are not present,
energy isE ~ —7.355. the whole system may be described by the SPFs alone, each
However, the process is more complex, and by computing@volving according to the non-Hermitian Sodinger equa-
the probabilitiespn(t) = tr[on(t)] of havingn particles in the  tion under the single-particle Hamiltonidn— iT". Thus, the
system we may see what happens in more detail. In Fig. €igenvaluesr; only change because of the CAP. As a particle
pn is plotted for each 1< n < 3. As the scattered prob- is absorbed, one eigenvalue goes to zero.
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Usually, small eigenvalues; give very rapidly changing whereN; are the maximum number of particles in the system,
SPFs. However, we have observed that the natural orbitaletermined by the initial condition.

corresponding tomin, which we observe resides in the CAP 401 species has its internal Hamiltonian, but for the equa-

region and thus represents the absorbed particle, does ngis ot to separate into the previously studied case, we need
change significantly in the last leg of the evolution. This 'nd",an interaction. A generic two-body inter-species interaction
cates that the SPF no longer becomes relevant for the descrlmay be written as

tion in in the sense that the right-hand side of (34) de-couples
from this SPF. In this way, the near-singularity®temming

from particle absorption may in fact have no impact at all on n. m L& L®
the evolution. This may be related to the simple fact that for a W= Z w(X, yj) = Z Z wjklma}alblbm
pure two-fermion system, the single-particle reduced density i=1 j=1 jl=1km=1

matrix is singular whenevdr is an odd number. (It is easy to

show thqt the eigenvalues are zero or Of mult|pI|C|ty. 21in thein first and second quantization form, respectively. Here,

two-fermion case.) We cannot draw any firm conclusions con-

cerning this from our simple experiment, except for pointing
H H 3 A) (B A

out thatS becoming singular may haveffiirent causes and wiim = (VP w(x y)leP ).

consequences compared to pure state-MCTDH.

The usual factor /2 is not present, since the particles are not
V. MIXTURES OF SPECIES identical.

Each species also has its own absoitéywhich need not
The p-CAP-MCTDH formulation for identical particles is have anya priori relation.

readily generalized to mixtures of arbitrary number of species Working through the equations of motion, noting that each

. , a ;
of particles, .SUCh as mixtures .af-le_ and’He (fe_rmpns and species’ SPFs are independent from each other, we obtain the
bosons). Using second quantization, the derivation become llowing equation for the Galerkin matrix blocs, m:

analogous to the treatment in Sec. Il and Ref. [27], so we only o

state the main results here. ]

As Ref. [27] we consider two ffierent species of particlés Bom = —i[H, Byl — {G® + G® B, )
andB for simplicity, as the generalization tospecies follows * + (B) t
immediately. Each species have a Fock spa¢g i = A, B. * sz: T’ aBniama + sz: T bicBnmeab;
The total Hilbert space is the product space ! !

A B . . . .
H=HPoH®. with H = H® + H® 4+ W and an otherwise obvious notation.

Each species is assigned a gét of single-particle states _ We obtain an SPF equation of motion for each species.
¢®(x) andg® (), but they have na priori connection, asthe They Wwill contain species-specific analogug¥d of S, and

single-particle spaces may be venffeient. Consequently, ©f the mean field&)®) of U, and alsdnter speciesanalogues
the operatorsa{”) (for speciesA) and b{" (for speciesB) of the reduced two-body density matrix elemesté®? and
]

all commute since the species are distinguishable from eajlgsan_raelds duedt(\;'_\/, %XSCHV as in the?-MCTDH method
other. As previously, the creation operators are used to con* 1. These are defined by

struct finite-dimensional Fock spacg4” with determinant

i iods! (AB2) _ q(BA2) _ 0 2%
or permanent basis functlomﬁJ . For the product space, the Sjklm = Skjml =tr(p ajaabkbm),
basis functions are

o® W = f B )uw(x y)¢®(y) dy.

| _ i Tt g
1 ® Py = @), @) B+ By Pac
Note that as the particles are distinguishable, we speak ofnd
(n, m)-particle states. Fock space is divided into subspace@
with n particles of specie8, andm particles of specieB. The

density operatop will then be block diagonal with respect to N
the particle numbers: W = f oA (¥w(x, y)e®™(¥) dx,
NA NB
o= Z Z Pnm respectively. We get the SPF equations of motion

n=0 m=0
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(A) (A) A A A, A g A, WgA2) | (A) (A) q(AB2)
|Z¢ s = QW Z(h() T ASE + 3T USRI 1+ " WP

kim kim
B B B B B) (B B,2 B) (B)c(AB2
'Z‘f’( S® = Q® Z(h(B) ir®)e®s( )+ZU() B5E2) ZW() (B15(A82)
kim kim
\
These equations have an obvious symmetry with respect to VI. CONCLUSION

particle species interchange. These equations are identical to
those given in Ref. [27], except for the reduced density matri-
ces being defined in terms of a density operator and not a pure
state.

The generalization t& species is straightforward, and we

A system ofN particles described by a Hamiltonian with
CAP evolves irreversibly in time. In order to describe
the remaining particles as some are lost to the absorber, a
refrain from going into further detail. Note however, that master equation on Lindblad form in Fock space is needed,

one interesting special case is obtained when the number 6f fwsé d(teT]on?rt]rateddm 'R:’ef k[22] ;g;s_[)quuatl?rr]] \(/jvas dis-
species equals the number of initial particles, so that the inicUssed at 'ength, and a +ock spas method, p-

CAP-MCTDH, was presented that is a strict generalization of
tial state is a density operator in the space
yop P standard pure-state MCTDH evolution for identical particles
H = 7_{il) ®7’[£2) @ ® 7_{§K)' or mixtures. A n_umerlcal experiment on a simple system of
N = 3 spin-polarized fermions was reported.

In this case it seen that, as all particles in the system are in
fact distinguishable, we have obtained the usuddCTDH
method for distinguishable degrees of freedom, but with a
CAP. Of course, the same can be said of pure-state MCTDH
for mixtures of particles — as we approakh= N species,
where N is the number of particles, we are back at plain
MCTDH for distinguishable patrticles, and the circle is closed: The author wishes to thank Dr. Sglve Selstg for fruitful dis-
MCTDH for identical particles can be viewed as MCTDH cussions. This work is supported by the DFG priority pro-
with (anti-)symmetry constraints on the ¢heients, and plain gramme SPP-1324. Further financial support of the CMA,
MCTDH can be viewed abll-species MCTDH for mixtures.  University of Oslo, is gratefully acknowledged.
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