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Efficient and accurate computation of spherical mean
values at scattered center points

Torsten GOrner * Ralf Hielscher! Stefan Kunis*

Abstract

Spherical means are a widespread model in modern imaging modalities like photoacous-
tic tomography. Besides direct inversion methods for specific geometries, iterative methods
are often used as reconstruction scheme such that each iteration asks for the efficient and
accurate computation of spherical means. We consider a spectral discretisations via trigono-
metric polynomials such that computation can be done via nonequispaced fast Fourier trans-
forms. Moreover, a recently developed sparse fast Fourier transform is used in the three
dimensional case and gives optimal arithmetic complexity. All theoretical results are illus-
trated by numerical experiments.

Key words and phrases : spherical mean operator, trigonometric approximation, fast Fourier
transform, tomography.
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1 Introduction

In analogy to the classical Radon transform, we consider the spherical mean value operator M
that assigns to each function f: RY — R its mean values

1

Wdg—1 Jsd—1

Mf(y,r) = f(y +r€)do(§)

along the spheres with center point y and radius r, where o denotes the surface measure on
the sphere and w1 = O’(Sd_l). The spherical mean value operator plays a equally prominent
role for recent imaging techniques as the classical Radon transform does already for about 50
years. Most notably, the mathematical models behind upcoming hybrid imaging techniques like
thermo— and photo—acoustic tomography [22, 115, 4] are based upon the spherical mean value op-
erator. In most cases, the inverse problem is of interest, i.e. given the spherical means M f(y, )
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for a list of center points y € Y and radii » € R, we aim to reconstruct f from this data. Ex-
istence, uniqueness, and stability of this problem has been studied for the two dimensional case
and for specific three dimensional geometries over the last decade, see e.g. [I8, 13} [1, [15, 21] and
references therein. Moreover, specific direct reconstruction algorithms for various geometries
are discussed in [12, 19} [18} [11} 2, [7, [17, 9], variants for integrating detectors are discussed in
[10; 150120, 126L 13, 25].

In this paper we consider the case of center points located at an arbitrary submanifold Y C
R?. For this general case, explicit inversion formulae are not known and do not represent a real-
istic goal. Instead we focus on discretisations and fast algorithms for the forward problem such
that the well developed machinery of iterative solvers can be applied, see [6] for a specific recon-
struction algorithm. Our idea is to restrict the spherical mean value operator to periodic functions
and to discretise these by trigonometric interpolation. In particular, this allows for error bounds
that depend only on the function at hand. Moreover, we show that in the three dimensional
case the discrete spherical mean value operator can be identified with a four-dimensional sparse
Fourier transform with nodes and frequencies restricted to some three dimensional submanifolds.
For this setting, the fast sparse Fourier transform [24, [16] applies and has the numerical com-
plexity O(N3log N), where N is the number of discretisation points in each dimension. This
numerical complexity compares favorable to the numerical complexity of a finite element type
discretisation which is O(N?).

The structure of our paper is as follows. Section [2|defines the spherical mean value operator
on the torus and proves in Theorem [2|a singular value decomposition in L?(T¢). In Section
we define the discrete spherical mean value operator by trigonometric interpolation and prove
associated error bounds in Theorem 4 The representation of the discrete operator as a four-
dimensional Fourier transform can be found in Theorem [5|and Algorithm [2]is the corresponding
fast scheme. In the last section we verify our theoretical findings numerically by considering a
family of test functions with known spherical means and known Fourier coefficients. In partic-
ular, we show that our algorithms respect the theoretic error bounds and that they outperform
the simplest finite element type discretisation with respect to computing time for large problem
sizes.

2 The spherical mean value operator for periodic functions

We start by considering the spherical mean value operator on periodic functions and give its
singular value decompositionin L2. Letd € N, x,y € R?, and denote by x-y := 2,9 +. . .+Tqyq
and |x| := /x - x the usual inner product and its induced norm, respectively. We define the d-
dimensional torus T¢ := R?/Z¢ = [-1,1)? and expand f : T? — R, f € L*(T?), into its

Fourier series .
f(X) _ Z fZ627rlz-x

zcZ4
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with Fourier coefficients f, € C. Moreover, let S ! := {x € R? : x - x = 1} be the unit sphere
and denote do () its surface measure and

its total area.

Lemma 1. The spherical mean value operator

1
Wd—1 Jgd-1

M: LP(T9) — LP(T? x [0, 1], dyr?~tdr), Mf(y,r) = fly +7€&)do(€)

satisfies | M|, < 1and | M|} < § for 1 < p < oo. In particular, every f € L*(T?) has mean
values M f € L?(T¢ x [0, 1], dyr¢=tdr).

Proof. The assertion follows for p = oo right from the definition. For 1 < p < oo we have

! 1 1
sl < [ == [ 15 dgayrttar = 1.

Wd—1
L]

For order v > 0 we define the Bessel functions J,: R — R by the integral representation
(cf. [23] chap. 3.3])

_ " f ixcos&(: 2v

0

In the Hilbert space L?(T?) we have the following singular value decomposition of the spherical
mean value operator.

Theorem 2. For z € 7% we define

. [ (9) Jaoz(2m|z|7)
_ 2mizx (2) 2 = , )\z = H’&ZHZ’ Uy 1= )\_1122.

U,(x) :=e , Ug(y,r) = e2mizy

z

Then v,, z € 7, is a complete orthonormal system in LQ(Td) and u,, z € 7, is an orthonormal
system in L*(T? x [0, 1], dyr®=tdr). The spherical mean value operator has the singular value
decomposition

Mu, = A\u,.

Moreover;, there are constants C, Co > 0 such that for all z € 72, z # 0, the estimate
1-d 1-d
Cilz] 2 <\, <Cylz| 2 (2)

is valid.
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Proof. For z € Z¢ we have to compute

1 ; , 1 :
M'Uz(y,r) — / e27r1z~(y—‘,—'r€) dO'(E) — e27r1z-y / e27T17"£~z dO’(E)
Sd-1 §d-1

Wd—1 Wd-1

Let ¢ := \Z_\ Then, using polar coordinates & = sinfn + cos0¢, 0 € [0,7],n L ¢, |n| = 1,
with respect to the north pole ¢ € S%°!, we can write the d — 1 dimensional surface measure
do(¢) = (sin#)?2dg(n) dd in terms of the d — 2 dimensional surface measure d. With the
definition of the Bessel function (), this yields

/ o2mirlz| €€ dU(ﬁ) _ / / e2mir|z| ¢:(cos0 ¢+sin O m) (sin 9)d72 d6(77) d6
gd—1 0 Jnedtnl=1

™
Wa—2 i . —
_ / e27r1r\z\ cosé‘(sln Q)d 2 do
0

1

Wd-1

1

Wd—1

Wd—1

T30 () T (5T (3) Tz (2rl2fr)

NCOR (rlzlr) ™5
TJa—2 (21 |z| T
rry. i)

(m|z|r) =

]IS

Since the system 1, is orthogonal in L?(T¢ x [0, 1], dyr?~* dr) the singular value decomposition
is shown.
Next we consider the singular values \,, z € Z¢,

AN E]
A, = ||11z”3 = M \7%(2#7“)27“ dr. (3)

z d—2 |z|d 0

From the asymptotic expansion of the Bessel functions [23, Sec. 7.21] we know that there is a
constant ('3 > 0 such that for all » > 0 we have

1/2 B
‘jdEQ(T) - (%) oS (r _d 1 37‘(‘)

Thus, the integral in (3]) can be bounded by

S 037"_3/2. (4)

2| 2|

Tz (2rr)*rdr < Oy + Jiz (2mr)?r dr
0 3

|z 92 |z|
< Cy+ / — cos(2mr — L271)%rdr + 05/ =3 dr

r
S 04 +C6 |Z‘ + 058

which gives the upper bound. The lower bound follows analogously. ]
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3 Discretisation

Typically, the function f : T — R is given by discrete values f(xy,) on a regular grid x,, €
X C T¢ and the spherical means M f(y,r) have to be computed for scattered center points
y and radii . Subsequently, we suggest to compute an expansion into complex exponentials
from the given data, then apply Theorem [2| which gives precise information about the spherical
means of a complex exponential function, and finally perform an summation step to compute the
spherical means of the complete expansion at the scattered center points.

We start by defining for some discretisation parameter /N € 2N the index sets

N N\*
Iy =[0,N)nz? Jy ::{ —) Nz,

272
and within the torus T¢ = [—1 1)¢ the sampling grid
X = {%n €T : % = (TN, 20N iy e Ty}

Moreover, let Ty be the space of trigonometric polynomials p : T¢ — C,

p(X) — Z pze%rizx’

zeJyn

and define the corresponding interpolation operator Zy : C(T?) — Ty, f +— Inf = p,
p(x) = f(x), xeX.

For subsequent use, we define the vector of samples f € RV d, f:= f(xn), xn € X. The Fourier
coefficients of the trigonometric interpolation are given by

N 1 —2Tix-z
b= 7q D f()e™ z e dy, %)

xeX

and can be computed from the samples by means of the fast Fourier transform (FFT). Moreover,

sufficiently smooth functions f(x) = > f,e>™** allow for a simple bound on the interpolation
kez

IF-Infla <2 > |A.

ZEZd\JN

€Iror

(6)

Remark 3. The trigonometric polynomial p interpolates on the symmetric spatial grid X C T¢
with an even discretisation number /N € 2N. For real interpolation values, the computed polyno-
mial is nevertheless complex valued in general but can be modified to a real valued trigonometric
polynomial interpolating the data by extending its Fourier coefficients to [—%, %]d NZ> Jy
appropriately.
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Instead of the trigonometric interpolant we will also use the Fourier partial sum, defined by

SNf(X> = Z fze%riz-x.

zeJn

Since one is not able to compute the required coefficients only from the given function samples,
this variant is only useful for theoretical purposes but it gives us also a higher capability to
compare the theoretical with the numerical results.

In order to give upper bounds for the resulting errors of our discretisation of the spherical
mean value operator we introduce for s > 0 the Sobolev space H,(T?) C L*(T%) as the subspace
of all functions f € L?(T¢) with finite Sobolev norm

IFIZ = 1 (14 (27)% [2))".
YA

For those functions we have the following result.

Theorem 4. Letd € N, N € 2N, N > 4v/d, f € H,(T%), y € T% and r € (0,1] be given. Then
for s > g the error can be bounded by

25—%—1—1 . ﬂ_—s—‘r%

VI8 (@-29)

Moreover, it exists a constant C(f, s, d,r) > 0 such that for s > % the estimate

IMf(y,r) = MInf(y,r)| < IfIl, N~5+s,

4
0 2
25 — 1 rs+4,.%5%

|Mf(Y7 T) - MSNf(Y7T)| S

£l N2 + C(f, s,d,r)N~>"2

is valid.

Proof. Since f is continuous, Lemma [T} Equation (6], the Cauchy—Schwarz inequality, and the
auxiliary estimate

(L+(27)°|2*) ™ < /(1 + 2n)*(x| = V) dx, Q(z) = x Tl 2] + 1],
Q(z)
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lead to

M f(y,r) = MInf(y, )" < |MIZf = ZInfl%

<4l X |E[a+entEPia s endle)

ZGZd\JN

<A YD (14 @) )
zcZ4
|z|>Z%

<R [ @+ (el - VAR dz

N
|Z|Z§

w172 [ (@ @m) s VD
"V

N
2

The assumption N > 4v/d implies N/2—+/d > N/4. Using r++/d < 2r, due to r > % —Vd >
X > \/d, and the inequality (27)2r% + 1 > (27)%r2, we obtain

725+d71dr

MF(y.r) = MIxfy. ) < dwas || fI7 2m) 224 [ r

»\2\8

and because of 2s — d + 1 > 1 direct calculation shows the first assertion. With Equation (@)) the
Bessel function can be bounded by

[ 1 3
< W+Cl(d,r)]z|_5, Cl<d,7“)>0.

Thus, with v,(x) = e*™#* we obtain the estimate

Tuza(2rlalr)

My, 1) = MSfly. ) < | Y. faMu) (y,r)| =] D ~—

2€Z\ Jn zeZ\Jy (m|z|r)

< r(g) >

Sres
T2 2 ezd\Jy

le (\zy% + Cy(d, r)\zy*%d) .

and with the method of the first part of the proof we get the second assertion. For example the



3 DISCRETISATION 8

first sum yields

P 1-d s A £ 1-d_
S| < en X |4 (0 o) el
z€JN z€ZN\Jn
% 2d 1
—8 —a—2s8 wd 1° S
<o X ) Sy [
z€Z4N\JN N
4

[]

Next, we are concerned with the numerical implementation of the discrete spherical mean
values MZn f(Yimy> Tmy)s Yy € T4 my = 1,..., My, 7, € [0,1], mg = 1,..., My. Our
first algorithm we derive straight forward from Theorem [2, We start by computing the Fourier

coefficients 1
— Z f<x>ef27riz-x’ z € Jy,
xeX
of the trigonometric interpolant Zy f by a fast Fourier transform. The numerical complexity of
this first step is O(N%log N). In the second step we compute the Fourier coefficients /1, ,,,,

- F(g) Ja2 (27 |2| Tpny)
hz,mz =Py . a2 - , z€Jn,
(7 |2 7my) 2

of MZx f(-,7m,) for every fixed radius r,,,, ms = 1,..., Ms. This step has the numerical
complexity O(M,N?). In the last step we compute the spherical means

MINf ymurmg Z hzm2 27r1zym1 my=1,..., M

zeJn

for every fixed radius r,,, by a nonequispaced fast Fourier transform (NFFT, [14]), which has
the total numerical complexity O(M,(N%log N + M;)). An description of our algorithm in
pseudocode is given in Algorithm [I] For the typical case that the center points are located at
a N¢~1_dimensional submanifold of the torus T¢ we may assume M; = O(N¢1) and M, =
O(N). In this case our algorithm has the numerical complexity O(N*log N) which compares
favorable to the numerical complexity O(N??~1) of a naive implementation whenever d > 2.

Let us now consider the practical important case d = 3. Then the discrete spherical mean
value operator can be written in terms of a sparse four-dimensional Fourier transform. More
precisely we have the following result.

Theorem 5. For the three dimensional index set Jy C 72 we denote by

Jy {<z,<> € Iy x [—@ ﬂ] =z \}\{0} ™
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Algorithm 1 Discrete spherical mean value operator

Input
I: deN > spatial dimension
22 Ne2N,M; eN, My, e N > discretisation parameter
3. f e RV > samples
4 Yy, €T my=1,...,M; — 1 > center points
5 Ty €[0,1],me=1,... My — 1 > radii
Output
6: g € CMiM > spherical mean values

7: for z € Jy do
8 Da=qa 2 f(x)e?mmX > DFT, Eq. (3)

xeX
9: end for
10: for my =1, ..., M5 do
11: forz € Jy \ {0} do

d
. r(g)JH (2nlafrmy)
A 2

12: Ramy = Dz - s > multiplier
(mlzlrmy) 2

13: gnd for R

14: h07m2 = fo

15: form, =1,..., M, do

16: Imyi,me = Z hz,mgemﬁz.yml > NDFT

zeJn
17: end for

18: end for
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the corresponding double cone in R*. Let, p, be the Fourier coefficients of the trigonometric
interpolant Iy f and let

hgc = % (z,¢) € Jn, ®)

be the corresponding Fourier coefficients supported on the cone Jy. Then the spherical mean
value operator has the representation

i ) s
MIxf(y,r)=po— 3 g PTEO G, ©)
(z7<)€jN

Proof. First of all we observe that for all z € Jy\{0} and » > 0

3 . .
I'(2) \7%(27r |z| ) _ sin2rw |z| r i ( omilalr e_%i'Z'T) ' (10)
V2| r 21 |z|r 47 |z|r
Hence, we have by Theorem 2]
MIyf(y,r) = pa- (M™0) (y,r)
zeJn
_ I'(3) J.(27 |z|7)
=0t Y paeemy. 2
zeJn\{0} & |Z| r
— & ;1 . ﬁz 2rizy | (. 2wilzlr _ —2mi|z|r
Po + py— 2l ‘e (e e ).
zeJy\{0}
Defining the coefficients ﬁm as in (§)) we arrive at
_ L b 20 (vor)
MINf(Y? ) pO Ay Z~ hz,( € .
( 7<)€JN
[]
With the assumption that the center points y,,,,, m1 = 1,..., M, are located on a smooth
two dimensional submanifold of T? the sum in (9) is in fact a sparse four-dimensional Fourier
transform with frequencies (z, () € Jy and sampling points (Y., , 7m,), M1 = 1,..., My, my =
1,..., M,. Each set is supported on a smooth three dimensional submanifolds of R*. If moreover

M, = O(N?) and M, = O(N), such a sparse Fourier transform can be efficiently computed by
means of the butterfly algorithm [24, [16] resulting in an algorithm with numerical complexity
O(N3log N). A pseudocode description for computing the discrete spherical mean values by
this approach is given in Algorithm[2] A comparison between the complexities of the algorithms
can be found in Table [Tl
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Algorithm 2 Discrete spherical mean value operator, using sparse FFT, d = 3

1

. Input and Output as in Algorithm

2:
3:

10:

11:
12:

R A A

for z € Jy do

Pa = e X flx)ete
xeX
end for

for (z,() €
ilz,( =

end for

form; =1,...,M; do
formo=1,...,M>5do

AjN do

Pz
¢

Ima,mg )
(Z7<)6JN
end for

end for

> DFT, Eq. (3)

> coefficients for sparse FFT, Eq. (8)

= ﬁo —_ ﬁ Z i:LZ,C . e27ri(z,§)-(ym1,rm2)

> sparse FFT, Eq. (9)

d=2 d=3
Input and output data O (N?) O (N?3)
Algorithm arithmetic operations
Naive implementation, Alg. |§| O (N3) O (N?)
Fourier method, using NFFT, Alg. O (N?log N) | O (N*log N)
Fourier method, using sparse FFT, Alg. - O (N3log N)

Table 1: Complexities of the algorithms for spatial dimensions d = 2 and d = 3.
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Remark 6. In order to apply the above algorithms to compactly supported functions f € C'(R?).
We assume supp f C {X eR?: |x| < R} ,R € (0,0.5), and define the periodised function f
by
f) =) flx+2).
YA

Then r < 1— R—|y| is a sufficient condition on the support of f, the location of the center points
y and the radii r such that the spherical means M f(y, r) of the compactly supported function f
and the spherical means M f (y,r) of the periodic function f agree.

4 Numerical Experiments

In this section, we analyse numerical results of the presented discretisations of the spherical mean
value operator. In particular, we consider the approximation errors and the running times. The
algorithms are implemented in Matlab and the numerical results were obtained on an Intel Core
i7 CPU 920 with 2.66 GHz and 12 GByte RAM running OpenSUSE Linux 11.1 X86-64 and
Matlab R2010a.

Let us start by defining some test functions. Let a size parameter ¢ € [0, 0.5], a smoothness
parameter s € Ny, and the radial test function f; s : R? — R,

2 s
fasalx) = {%’t("{” M=h o= (1-2) an

0 otherwise, t2

be given. We compute spherical means of these test functions analytically by using the following
statement for radial functions.

Lemma 7. Let a spatial dimension d € N, d > 2, a center pointy € RY, a radius r > 0, and a
radial function f : R? - R, f(x) = ¢ (|X|2) for some function ¢: [0,00) — R, be given. Then
the spherical mean values of the function f can be computed by

1
Wy s
Mf(y,r) = wd 2 / e (ly]>+r*+2rlylr) (1 —7%) = dr.
—1

Proof. First we assume without loss of generality that y = |y| ey, where e; = (0,...,0,1)" €
R?. Then
M) = —— [y + re) dofe
Wd—1 Jgd-1
1

- /S @ (Iyl*+ 7+ 2r[y[€ - eq) do(€)

Wd-1

1 ! = da—3
/ / o (Iy? + 7 + 2rly|r) do(€)(1 — 723" dr.
Wd—1 J -1 Jgd—2
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Next we use the above lemma to compute the spherical mean value operator of some of the
test functions (1 1)) explicitly.

Example 8. Let us start with spatial dimension d = 2. Then we have

1 [v
M fsuly,r) = ;/ ost (|y|* 4+ r* = 2r|y| cos ) d,
0

where
™ for 2> (ly|+r)?
o = o (lyl,r,) == 40 for 2 < (ly[ - r)?,
ly[?+r2—t2
arccos g else.

Fixing the smoothness parameter s € Ny gives an explicit solution of the integral. With adequate
coefficients by j, := b, (y,r.t) € R, k € {0,1,...,s}, we have

ot ([yP + 1% = 2ry[cos¥) =D byy(cos )"

and it follows

Mfsi(y,r stk/ cos19)kd19l

For example s = 0 yields the coefficient bpy = 1 and s = 1 yields the coefficients b,y =
m and by 4 2’"|y‘ . Hence, we obtain

v
MfQ,O,t(Ya )= ?O and

o - (2 — |y|* — r?) + 2r|y| sin Jg

mt? '
Example 9. Since the weight disappears for dimension d = 3 we define a primitive ®,; : R — R
of ¢, and an auxiliary quantity 7o € R,

1 .
Mf?vl,t(Ya r) = p (bl,o Yo + b1 - sin Yo) =

2 2
Psu(7) == o= (yl—=7r) for £ <(ly]-7),
25 (1+s)
2 else,

and obtain for y # 0 and r # 0 the closed-form expression

. (Ds:(10) — @5 ((ly| = 7)%)) -

Mf?),s,t(}fa 7’) = W

For example with parameters s = 0 and s = 1 we get the formulas

— (vl =) (= n)"

2 2
o —(ly| —r t
Mo = 0 = ] ) , Mz = ( 8r|y|t?

4rly]
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Moreover, Sonine’s integral [23, Chapter 12.11] yields the Fourier transform of these test

functions .
T(s+1)t2 Jopa(2mlz|t)

fusi(2) = : 12
fd7 ,t(z) Jp |Z‘S+% (12)

which, in conjunction with [23 Sec. 7.21], allows for the estimate
fd,s,t(z)‘ < s (14222 (+5Y) (13)

and thus f;,, € H, +%76(Td) for every ¢ > 0. Theoremimplies

My ) = MINfasa(y 1) < Casoge - N&773%  and
‘Mfd’s’t(y’ T) o MSNfdﬁi (Y7 T)‘ < Cd,s,t,f,a - NTStE,

Additionally to the two Algorithms|I{and 2| for the discrete spherical mean value operator we
consider also a variant that makes use of the exact Fourier coefficients (I2)) of our test functions
and implements M Sy f. This algorithm is labeled as Algorithm 1a in the following tables and
figures. We compare our algorithm for the computation of the spherical mean value operator
also to a naive implementation which is based on a simple interpolation of the function f by
piecewise constant functions and a simple quadrature rule, see Algorithm

Algorithm 3 Discrete spherical mean value operator, ad-hoc scheme, d = 2
Input and Output as in Algorithm

formy =1, ..., M5 do

n = [27r,, N| > number of sampling points
form; =1,..., M; do
s:=0
for(=0,...n—1do
Y= 27”1
COS @y : :
X; = Ym, + Tms sin o, > sampling point
T
X)) NAN 114 X))o NAN 1147
X = (2[( 2 N+2fv 2|+ all 2], N+2]2V 2|+ N) > nearest grid point
s=s+ f(x)
end for
Gmim2 = = - 8
end for

end for

We compare the approximation error with respect to the discretisation parameter N of the
quadrature based Algorithm [3|and the Fourier based Algorithm [I] and its variant [Ta. Therefore,
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101 | 10-1 |
10~2g 1028
1073 | 1073 |
u:% 10—4 % U:% 10—4 ;,
1070 107
1070 1070
=7 i -7 i
10776 10716

o Algorithm[l, o Algorithm[Th, - Algorithm 3]

Figure 1: Accuracy with respect to the discretisation parameter N for spatial dimension d = 2
(left) and d = 3 (right), and test functions with smoothness parameter s = 3.

we fix the test function f,; 4 with smoothness parameter s = 3, size parameter { = % and
dimension d = 2, 3 and plot the maximum error

Eabs = Max |(Mfase) (y.7) — 9(y,7)|,
yeTe
rel0,1]

where ¢(y,r) is the result of one of the algorithms. The results are plotted in Figure (1| which
clearly confirms the superior error rate of the Fourier based discretisation compared to the dis-
cretisation by piecewise constant functions. Table [2] summarises the numerical and theoretical
convergence rates with respect to the smoothness parameter s. This indicates that the conver-
gence rate of the Fourier based algorithms for the considered test functions is even better than
the theoretical bound proven in Theorem {4, We suspect that this is related to the fact, that the
Fourier coefficients of f; 4 oscillate.
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d=2 d=3
s Alg. 3| Alg[l] Alg[th Alg.fj| Alg.[]] Alg.
0 0.74 073 071 110 112 1.37
1 114 171 183 110 203 245
2 117 277 285 1.06 323 329
3 113 379 368 110 421 449
4 115 492 490 114 540 541
5 116 593 572 118 642  6.57
6 117 701 696 124 740 749

conjecture 1 s+1 s+1 1 s+15 s+1.5

theory — 5s—0.5 s - s—1 s

Table 2: Estimated orders — log e,/ log N of convergence with respect to the smoothness pa-
rameter s. These are derived by a least square fit of the computed errors as shown in Figure

Next we are going to compare the runtime of our algorithms. Therefore, we consider the
practical important case that the center points yi, ..., yr,, M7 = O(N d_l), are located on the
surface of a cylinder and that the radii rq, ..., 75, My = O(N), are equispaced in the interval
0, 2]. For this setup the numerical complexity of the quadrature based Algorithmis O(N?1-1),
the numerical complexity of Algorithm [I] based on the nonequispaced fast Fourier transform is
O(N%*llog N) and the numerical complexity of Algorithm [2 based on the sparse fast Fourier
transform is O(N®log N). The numerical results are shown in Figure 2l We observe that in
the two dimensional case we have nearly the same behavior for both algorithms. In the three
dimensional case, however, the algorithm based on the NFFT is much faster than the quadrature
based algorithm. In particlar for large NV, the speedup is essential for practical applications.
Unfortunately, the algorithm based on the sparse Fourier transform steps behind the NFFT based
algorithm. This mostly because it was implemented in MATLAB whereas the other two methods
where implemented in C. Nevertheless, the sparse Fourier transform based algorithm shows the
flattest increase of the runtime as N grows up.

S Summary

We discretised the spherical mean value operator by trigonometric polynomials, which gives
rise to spectral error estimates in case of globally smooth functions. Moreover, the resulting
algorithm has optimal arithmetical complexity in the important three-dimensional case and thus
allows for the simulation of interesting problem sizes.
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Figure 2: Running times with respect to the discretisation parameter N for spatial dimension
d = 2 (left) and d = 3 (right).
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