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A-posteriori estimates for backward SDEs

Christian Bender!, Jessica Steiner!

April 25, 2012

Suppose an approximation to the solution of a backward SDE is pre-computed by
some numerical algorithm. In this paper we provide a-posteriori estimates on the L?-
approximation error between true solution and approximate solution. These a-posteriori
estimates provide upper and lower bounds for the approximation error. They can be
expressed solely in terms of the approximate solution and the data of the backward
SDE, and can be estimated consistently by simulation in typical situations. We also
illustrate by some numerical experiments in the context of least-squares Monte Carlo
how the a-posteriori estimates can be applied in practice.

MSC (2010): Primary 65C30, secondary: 60H10, 65C05, 91G60
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1 Introduction

Backward stochastic differential equations (BSDEs) were first introduced by Bismut| (1973) as ad-
joint equations in the stochastic maximum principle. Apart from their applications in stochastic
control (for which we refer e.g. to Yong and Zhou, |1999), BSDEs turned out to be an extremely
useful tool in mathematical finance (see e.g. the survey paper by El Karoui et al., [1997). Moreover,
Feynman-Kac representation formulas for partial differential equations can be generalized via BS-
DEs, as shown e.g. by Pardoux and Peng (1992). Motivated by these applications, many numerical
algorithms for backward stochastic differential equations (BSDEs) were developed during the last
years. They typically consist of two steps. In the first step a time discretization is performed. The
most popular choice for the time discretization is an Euler-type discretization for BSDEs, which was
introduced by [Zhang (2004) and [Bouchard and Touzi (2004)). The corresponding discrete BSDE
still requires to evaluate high order nestings of conditional expectations, which in general cannot be
computed in closed form. Several techniques have been suggested to approximate these conditional
expectations. Among those are Malliavin Monte Carlo (Bouchard and Touzi, 2004)), least-squares
Monte Carlo (Lemor et all 2006]), quantization (Bally and Pages| 2003)), and cubature on Wiener
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2 A-posteriori estimates for discrete BSDEs

space (Crisan and Manolarakis, 2010). For more information on the rich literature on numerical
schemes for BSDEs we also refer to the survey part in Bender and Steiner| (2012)).

The quality of the different numerical approximations mentioned above is typically difficult to
judge and compare apart from rare situations in some test examples where the true solution is
known in closed form. As a way-out, we suggest an a-posteriori error criterion in this paper, which
can be expressed in terms of the approximate solution (generated by whatever algorithm) on a
given time grid and the data of the BSDE. The idea of the criterion is to check how close the
approximate solution is to solving the corresponding SDE run forward in time on the grid and
how well it approximates the terminal condition. In Section 2, we show that this error criterion
is equivalent to the squared L2-error between the approximate solution and the unknown implicit
backward Euler time discretization of the true solution on the grid. From this point of view the
criterion measures in the first place how successful the numerical procedure for approximating the
conditional expectation performs, once the time discretization is already done.

We then also study to which extent the time discretization error can be measured by the a-
posteriori error criterion. It is well known by the results of |Zhang| (2004) that the discretization
error between true solution and implicit time discretization heavily depends on the L2-regularity of
the Z-part of the solution of the BSDE. We show that the term which is related to this regularity
can be estimated by our error criterion under rather weak conditions. In this way we are able
to derive upper and lower bounds of the L2-error between an approximate solution (generated
by whatever algorithm) and the true continuous time solution in Section 3. We merely need to
assume Lipschitz continuity of the driver and L?-integrability of the terminal condition. No further
regularity condition needs to be imposed on the terminal condition such as the popular assumption
that the terminal condition is a Lipschitz functional on the path of a diffusion process. Several
examples explain how our generic a-posteriori estimates can be applied under typical assumptions
in the literature on numerical approximations of BSDEs including the situation of irregular terminal
conditions or the situation of smooth data.

Finally we apply the a-posteriori criterion to a test example in which we compute the conditional
expectations numerically by the least-squares Monte Carlo algorithm which was made popular in
the context of American option pricing by Longstaff and Schwartz (2001) and was studied for
BSDEs in [Lemor et al. (2006). We explain how the a-posteriori error criterion can help to tailor
the algorithm concerning the basis choice, the number of time points and the number of simulation
paths. In particular in situations when the theoretical worst-case error estimates by |Lemor et al.
(2006) lead to prohibitive simulation costs in practice, our criterion can be applied to justify the
use of a more moderate sample size or a small function basis.

This paper is organized as follows: In Section 2 we study the a-posteriori error criterion for
discrete time BSDEs. The continuous time case is treated in Section 3, while the numerical example
is discussed in Section 4.

2 A-posteriori estimates for discrete BSDEs

In this section we provide a-posteriori estimates for some kind of discrete BSDEs living on a
time grid m = {tg,...,txy} which satisfies 0 = tp < t; < --- < ty = T. We assume that
(0, F, (Gt)iejo,r); P) is a filtered probability space which carries a D-dimensional Brownian mo-
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tion W, = (W},...WP)*, (the star denoting transposition). The filtration G; can in general be
larger than the augmented filtration generated by the Brownian motion W which we denote by
Fi. The time increments and the increments of the Brownian motion on the time grid = will be
abbreviated by A; = t;11 —t; and AW; = W, — W,,. E;[-] stands for the conditional expectation
E[|G,] with respect to the larger filtration.

The type of discrete BSDE, which we consider, is of the form
YT o= YT - [T Y AT B AWM DA — (M,

7

M), i=0,... N1,
vy, = & (1)

Here the data (f7,£™) is given and a solution consists of a pair (Y;7, M) of square integrable, Gy,-
adapted processes such that M7 is a (G, )-martingale starting in 0 and is satisfied. Concerning
the data we assume:

(HY) ¢™ is a square-integrable Gp-measurable random variable. f™ : 7 x Q@ x R x RP? — R is
measurable and, for every t; € 7 and (y,z) € RPHL f™(t;,y,2) is Gi,-measurable. Moreover f™
is Lipschitz in (y,z) with constant K (independent of 7) uniformly in (¢;,w) and f7(¢;,0,0) is
square-integrable for every t; € m.

It follows immediately from , that the two solution processes (Y™, M™) are connected via the
property
MT M =Y/

i1~ tit1

- Bl ) (2)

z+1

Under (H%) it is straightforward to check by a contraction mapping argument that this discrete
BSDE admits a unique solution if the mesh |7| = max{|t;11—t;|; i = 0,..., N—1} of 7 is sufficiently
small. In fact, denoting

Z7 = ATV E AW M ] (3)

and in view of (2), the discrete BSDE can be rewritten in terms of (Y™, Z7) as

Y, = &, Z, =0,
ZF = E[AW;Y[,], i=N-1,..,0,
YT o= BYS ) - YL 20N, i=N-1,...,0. (4)

So the discrete BSDE in is just a reformulation of the implicit time discretization scheme studied
e.g. by Bouchard and Touzi (2004)). It turns out that this reformulation is more convenient for our
purposes.

Let us suppose now that some approximation (Y™, M™) of (Y™, M™) is at hand. We merely as-
sume that (Y7r M ™) is square-integrable, adapted to Gy, and that M7 is a martingale starting in 0.
No further assumptions on the algorithm which was used to compute (Y’r7 M ™) are necessary at this
stage. Our purpose is to obtain quantifiable information about the L?-error between the approxi-
mation (fm, M ™) and the solution (Y™, M™), which only requires knowledge of the approximation
and the data (f™,£&™).
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The basic idea is to check how close (Y”, M ™) is to solving instead of checking how close it
is to the solution of . This leads to the following error criterion:

2

i—1
Ex(Y™, M7) = Eol|¢" =Y [P|+ max Bo ||V = Vi =Y f7 (4, V5, A7 B [AWS M DA, — M,
oL 2

()

The first term is just the squared L?-error of the approximation at terminal time. The second term
measures whether the approximation is close to solving the difference equation corresponding to
(1)) run forward in time.

The main result of this section shows that this error criterion is equivalent to the squared L?-error
between (Y™, M™) and (Y™, M™).

Theorem 2.1. Assume (HY). Then there are constants c,C > 0 such that for sufficiently small ||
and for every pair of square-integrable G, -adapted processes (Yt ,Mt ), where M™ is a martingale
starting in 0, it holds that

1 N N N A N ~
~Ex(V7, ™) < maxFy [|Y;T - Y;Zrﬂ +E, [|Mng - Mng|2} < CE(Y™, M)
C JET 7 1

More precisely, with the choice ¢ = (6 + D)(1+ K?T(1+1T)) and

— 6 2 INA
C= ((DvZ)—l +2416(2+4(1+T)TK (D\/2))>e
where

[ =4K*(T +1)(DV?2) 4+ 16TK*(1 4+ T)*(D Vv 2)?,

the inequalities hold for || < T 1.

Before we present the proof of this theorem we explain by some generic examples how this result
can be applied in practice.

Example 2.2. a) In this ezample we assume that there is a Markovian process (X[, Fy;) taking
values in RM and deterministic functions y™, 2™ such that the solution (Y™, Z™) of (l) is of the
form

Vi =y (i, X7), 2 = 2"t X7).

We recall here that (Fi)cjo,m is the augmented Brownian filtration, but it could also be replaced
by a larger filtration (Ht)te[o,ﬂ with respect to which W s still a Brownian motion. Numerical
algorithms for (discrete) BSDEs typically try to approzimate the pair of functions (y™, z7). We
assume that the approximation of (y™, z™) is of the form

g" (ti, x; 2), 2" (ti, x; B),

where Z is a random vector independent of Fr. This form covers Monte Carlo algorithms such
as least-squares Monte Carlo where the approzimative functions (§™,2™) depend on independently
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simulated sample paths of X™ which we can collect in Z. We now define the filtration G by enlarging
the Brownian filtration with the random vector =, i.e. Gy = F; V o(E). Gwen (y™, 2™), we consider

er = Z)W(tiszz;E)v ZZ; = (tlaXt 7:)

as approzimations of (Y™, Z™). An approzimation for the martingale M™ can be defined in terms
of Z™ by
My =0, MT

T = ME =27 (t;, XT;E)AW;,
which clearly is a martingale with respect to the larger filtration Gy,, but, in general, not with respect
to Fy;. Then,

5 1

Zy = AT E AW t+1]
and, consequently, the error criterion can be rewritten in terms of (}A”T, Z’T) (replacing M™ by z
on the left hand side with a slight abuse of notation) as

i—1 i—1 2
E(VT.27) = Boll¢™ — Vi P] o+ mas Eo || V7 =¥ = 3 f7 (0. Vi1 Z)A = > Z,AW,
§=0 §=0

If an algorithm for simulating independent sample paths of (X[, AW;)i=o...n is at hand, we can
draw independent copies of (@,ZAQ,AWi)i:om,N given Z. Now suppose that the data (f7,£™) is
sufficiently good such that, given a realization of =, we are even able to draw A independent copies

(AYZ, /\EZ:fW(ti: A?Z, )\ZZ—)aA/\Wi: AT =0, N)a=1,..A
of (}A/J,Zg,f”(ti,ﬁ?,ZAg),AWi,fw; i=0,...N). Then, E(Y™,Z™) can be estimated consistently
by
ENY ™, Zm)

A
1 o
- KZ’Afﬁ — Y, 12
A=1

A
1
+ma KZ AYto E:f ]7)\Yt7)\Zt A E)\ZtAAW : (6)
A=1 Jj=0 7=0

In such situation we can, thanks to Theorem[2.1], consistently estimate upper and lower bounds for
the L%-approximation error between the given numerical solution (Y™, M™) and the true solution
(Y™, M™) of the discrete BSDE ().

b) Suppose that we are in the situation of part a) of this example, but that, additionally, 2™ and g™
are linked via

. _ AW; | — | =
2 (ti, 1, E) = B [ A-Zyﬂ( i+17XZZ+1;:') = Xi = $]
(2
and
B [gﬂ(ti+l7Xg+1;E) =, XZZ = $:|
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can be calculated in closed form. This is e.g. the case in the martingale basis variant of least-squares
Monte Carlo proposed by|Bender and Steiner (2012). Thanks to the Markov property of (X[, Fy,)
we can then define a G, -martingale M™ via
NIF =0, NI, — NIT = §" (b1, X7, i2) — B g”(ti+1,Xg§H;E)‘ =, ng .
Then, again,
ZT = 2" (t;, X[ E) = AT EJAWSMT ],

and the error criterion becomes

2
i—1
T AT T O |2 O el E T T T S
J:

Given a sampling procedure for (X[ )i—o,. N we can now, conditional on Z, sample independent

copies of (}A/t:r, ZZZ, Mg)izo.“’N. Assuming again that the data is good enough and so A independent
copies

~ T AT T T ST .
(Aytia )\Ztﬂfﬂ-(ti? )\Ytiv )\Zti)a )\Mtﬁ Aéﬂ; 1= O7~ . 'N))\Zl,...,A

of (Yt:r,Zg,f”(t,,fft:r,ZAg),Mg@, i =0,...N) are at hand, we can estimate EW(Y”,M”) analo-
gously to part a) of this example.
We now give the proof of Theorem

Proof of Theorem [2.1. Notice first that the condition on the mesh size |7| ensures that a unique
solution (Y™, M™) to the discrete BSDE exists, see e.g. Theorem 5 and Remark 6 in Bender
and Denk| (2007)).

We first prove the easier lower bound
(7717 < ¢ (s ¥~ Vi) + Bo [la1F, - 3 7] ). 7)
In order to simplify the notation we set

Z7 = AT E[AW; M

ti+1]'

Then,
. 2
i—1
T AT s (2 O O T Y oo o
]:
= (A B;).
(4) +, max (B;)
By and we get
i—1
YT =Y = > f (YL Z5) A — M =0,
=0
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Hence, by Young’s inequality, the Lipschitz condition on f™ and the martingale property of M™ —
MT™, we have for every v > 0,

2
i—1
(Bi) = Eo||\V7 =Y =Yg +Y5 =Y [f"(t. Y], Z) — £7(t;. Y Z7)]A; — M, + My,
j=0
24 5 2]
< S0+ maxE [|¥7 — ¥7P] 4 6(1+7)Eo |7 - L7
j K d
N—-1 R R 2
HUET X ABa |[703,5,2) - 1710377, 20)
§=0
< 5Lty maxE [V T ] + 61+ )Eo [|MF, — N2
- tyem J J N .
N-1
+(1+~y HTA+T)K? gnaXEg [\Y - Y7r } + Eo [|Zt7§ - Zt73-|2Aj]
€ o
As, by the definition of Z™ and Z™ and the martingale property of M™ and M~
N-1 -1
T 5|2 1 * ™ Ve ?
Z Eo “th i } 7 Z A]EO ‘E [AW (M., Mt]+1 My, +Mtj)”
J=1 j=1
N—-1
<D (EO [|Mt i1 Mt +1‘ ] Eo [‘MZ; B M’Z§|2}) = DEo [|MZTN B MtﬁN|2} ’ ®)
7j=1

we immediately get
E(Y™, M™) < (6(1+7) + DT(1+ T)K*(1+~71)) (maXEo (1Y = 97 ] + o |10, — 31 |2D‘
tyem J J N N

Choosing v = T'(1 + T)K? we obtain the lower bound (7)) with ¢ = (6 + D)(1 + K2T(1 +1T)).

In order to derive the upper bound, we first introduce the process Y™ via

Yo=Yoo Y
where again ZAZ; = A;lEZ-[AWi*Mt’:H]. Then the pair (Y”,M”) solves the discrete BSDE with
terminal condition £™ = Y;7 and driver f™(t;,y,2) = f™(t;, f@f, z). We will first estimate the error
between (Y™, M™) and (Y™, M7™) by a slight modification of the weighted a-priori estimates in
Lemma 7 in |Bender and Denk (2007)). For some constants I',y > 0, which will be fixed later, we
consider the weights ¢; = Hé;t(l +T'Aj). Now recall from ({2)) that

—YZF—FfW(t“}A/;;,ZZ:)A,L%—Mg_H—MZ{, iZO,...,N—l,

Mth‘rH - Ml;r = }/t::Ll - Ei[Yt?H]? Mgz‘rﬂ - Mt:r = Yt:rﬂ — L [Yt

z+1]

Hence,

N—-1

> aibo [|(MF,, — M7) = (VT — ND)P?] = Zquo IV, =¥, - B, - VP
1=0
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Now, following the argument in step 1 of the proof of Lemma 7 in Bender and Denk] (2007)), we
obtain,

> aiko [(M7, — M7) - (M7, M7)P]

N—-1
< anBo [V — V] +0 Y wasimo [y - ¥
=0

LA+ TK? =
~T

21 (1+TK
o UY;’-Yf ]+(+)§ 40 Eo UZ” Zr
K3 1 p)/

]
The argument of step 2 of the same proof yields

i aiBo [|ViT = VT[] < awko ¥, ~ Vi [

N—1
1 .
+ KXT+1)(r|+T7Y (T E AN D) UYZF -Y7
=0

o] NI .2
} + 3" GAE [(z;g — 77 D .
=0

Thus, combining these two inequalities with a straightforward weighted version of , we get

s [ 2] X o 07, - 00 - G, ]
o2 ) 4. (1+T)K?
< (2+7T)qnEo UYtN—YtN”Jr (L) KT+ 1) (x| + T Hf

N-1
~ 12 ~ ~
x <Or<nzax ¢iFo UY;; —Vr ] + DY o (M7, — MF) = (M, — Mg;)|2]>
=1

(1+T)K>

< @+ Tava [[¥, ~ 7] + |0+ D AT + e 4170 4 B

](D\/2)

v 9 2
x (JE%V%EO [\Y” Y7 ] Z%Eo[ oo = MT) = (M, — M) ])

+{(1+7T)K(T+1)<\ﬂ\+F )+ ]<1+(Dv2)—1)

. 2
x max ¢E ’YT_F -Y/| |.
osien @ 0[ b Tl

Choosing v = 4(1+ T)K?(D v 2), T' = 4K?*(T + 1)(1 +~T)(D V 2), it, thus, holds, for |r| < '~}

Y Y 2
mas q.Bo (|7 - ¥7[] + ZqZEO[ "L - M) = (VT - VP

Y[ -V,

2
™
” .

™ \ T 3 1
<Az T)avE [V, ~ V5] + 5o (1 * DET) T |
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Now, applying Young’s inequality twice and taking the definition of the weights into account, we
have

2
T _ T T AT |2
g Bo | v = V[ o Bo [0tz - 7 P

IN

Vi - Y7

T T |2 6 1 rT
82+ T)el B ||V YfN'}JF<D\/2<1+(Dv2)—1>6 +2>02§J{VEO{
|

6 1 N _ 2
2 (14— ) +24+16(2+7T) ) T E ‘Y’T—Y’T
+<D\/2< +(D\/2)—1>+ +162 4 )>e 0SISN 0[ T

+2416(2+4(1 +T)TK*(D Vv 2))) T (Y™, M™),

]

IN

16(2 +~T)e" T Eq { A

S(wvﬁzm

because, by the construction of Y™,

DA, — M. 9)

ti+1

VI - VT = YT = Y0 =Y (5, Y AT E AW M7

3 A-posteriori estimates for continuous BSDEs

We now turn to BSDEs in continuous time
T
Y =¢-— / f(s,Ys, Zg)ds — ZdWs (10)
t

and assume

(H) ¢ is a square-integrable Fr-measurable random variable. f : [0,7] x @ x R x RP? — R is
measurable and, for every (y, z) € RP*L f(- y,2) is Fi-adapted. Moreover f is Lipschitz in (y, 2)
with constant K uniformly in (¢,w) and E[fOT |£(£,0,0)|?]dt < oco.

Under this set of assumptions a classical result by |[Pardoux and Peng| (1990) ensures that there is
a unique pair of square integrable F;-adapted processes (Y, Z) such that is satisfied.

We now suppose that a square-integrable approximative solution (th, Z{; )t;ex of (Y, Z) has been
computed on some time grid 7 by some numerical algorithm. Again we allow that (YJ, ZZZ ) is
adapted to a larger filtration G;, and wish to quantify the error between true solution and approxi-
mate solution. As, in general, it may not be possible to draw sample copies of £ and f(t;, Ytzr, ZA{E ),
we apply the error criterion | . ) with approximative data (£7, f™). It now reads with a slight abuse
of notation, writing again Z7 instead of the the martingale difference of Z™ on the left-hand side,

. 2
1—1 i—1

Ex(V, 27) = Eollg™ =Y Pl max Bo | \ViT = V7 = (4,5, 2008 = 3 Z5AW5) | (1)
7=0 Jj=0
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(where we recall that Eg denotes the conditional expectation with respect to Gy). We assume
throughout this section that the larger filtration G; is obtained from the augmented Brownian
filtration by an enlargement at time 0, i.e. G; = F; V o(E), where E denotes a family of random
variables independent of Fp (cf. the discussion in Example . Concerning the approximative
data, we suppose (HZ), i.e. assumption (HY) as introduced in the previous section, but with the
larger filtration G;, replaced by the augmented Brownian filtration (F,) on the grid.

In this situation we obtain the following estimates on the squared L?-error between true and
approximative solution. The estimates can be computed in terms of the approximate solution on
the grid, the approximate data and the error between true and approximate data.

Theorem 3.1. Suppose (H) and (H. ) and that G, = F; V o(Z), where = is independent of Fr.
Then, there are constants c,C' > 0 such that for every pair of Gy, -adapted square integrable processes
(Y;S 7Z )t em

N-1 - ) A
max Eo [m }+ Y Ep U ( —}’tf!2+]Zt—ZZ:]2) dt]
=0 ti

N-1

|
c(s (V7. 27) + x| + B [l - €°F] + 3

(2

IN

Y:
/tz+1 Uft Yi, Zt) — fw(tuY;:,Zt)ﬂ dt).
i—0 Yt

and
£V, 27 < c(ltnaXEo“Yt ] ZEO [/ (|n—g?|2+|zt—25|2)dt]

+E [j¢ - P +Z/ B[ 2) - f”(ti,n,zolﬂdt)

If, additionally, f and f™ do not depend on y, then

e ]+ S| [
< 0(5 v, Z”)+E[\g £ +Z/t”

120 = (1, Z0)P | dt)

and

A . ) N-1 tiv1 .
E(Y™,ZT) < c(rtrilggrch [|Ytz - YtﬂQ] + Z Eo |:/t, Zy — 2T |? dt]
N-1

+E [le - €] + / B[1f(t2) - f”(ti,zaﬂdt)

=0

Remark 3.2. If one inspects the proof below carefully, then the constants C' and ¢ can be made
explicit. They only depend on the time horizon 7', the dimension D, the Lipschitz constant K of

f and on E [fOT \f(t,0,0)Pdt} and E [|¢]?].

10
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In view of Theorem the above results can be easily deduced from error estimates between
(Y, Z) and the implicit time discretization (Y™, Z™) corresponding to the approximate data (£7, f™).
It is well-known from the results by Zhang| (2004)) that such time discretization crucially depends
on some L?-regularity of Z. For this reason some extra conditions on the data are usually imposed.
For example, £ is often assumed to be a Lipschitz functional of the path of a forward SDE X and
f(t,y, z) is supposed to depend on w only through X;. In our setting, the crucial observation is
that the term which corresponds to this L2-regularity can be estimated by the error criterion
without any such assumptions on the data.

Lemma 3.3. Suppose (H) and (H.) and that G, = F; V o(Z), where = is independent of Fr.
Then, there is a constant C' > 0 such that for every pair of G,-adapted square integrable processes

(th 7Z,L)t e
max B|[v -, Z/ e[|z - ] @

tz+1
< c(s (77, 27) + Ky nl + B l6 - €7 / B [If(.Y:. 20) - f“(tz,Yt,Zt)]dt>
t

Here, K, < K denotes a Lipschitz constant of f™ with respect to the y-variable.

Proof. First notice that by assumption (H:) and the assumption on the filtration Gy, it holds

YZ;; = fwv Zﬂ :0,
ZZ; = [AW*Y;W+1|]:ti]’ i=N-1,...,0,
YZ; = [ t1+1’ft] fﬂ(tuYZ-raZZZ)Ai, 1=N-—1,...,0, (12)

i.e. the filtration G; in can be replaced by the augmented Brownian filtration F;. The proof
consists of two steps. In the first step we observe that

g B[+ X [ e -z
N-1 tiv1 2
< C(E [’g — gﬂﬂ + K, |7 + Z E </ ZT AW, — ZZZAWZ) ]
i=0 ti

N=L ot
+ 3 [Tl 20 - 57 2P dt), (13)
— t;

where Z™ is defined on [t;, t;11), i = 0,...,N — 1, via the martingale representation theorem as
tiv1
Us s
/t. Zraw, = Y[, — [ Y7 | } (14)

Inequality can be derived by slightly modifying the argument in Theorem 3.1 of [Bouchard and
Touzi (2004). For the reader’s convenience we provide the details in the Appendix.

11



3 A-posteriori estimates for continuous BSDEs

As a second step we will now show that

N-1 tipr |
> E ( / ZTdW, — Z;;AWZ)
i=0 ti

which, in view of , completes the proof of this lemma.
By and the independence of Gy and Fr, Young’s inequality and [td’s isometry, we obtain

N-1 tiv1 2 N—-1 tiva 2
> E [(/ Z7dW, — Z;;Awi> ] =Y Eo (/ Z7dW, — Z;;AW,-) ]
i=0 ti i=0 ti

N—-1 tit1 3 . 2 N-1 )
< 23 E, [(/ 7AW, — Z;;Am) +23 E [|(Z;; - Z;;)Awﬂ
i=0 ti i=0

2
< CEL(YT,Z™), (15)

N-1 4, A 2] N-1 A
— 2K, (Z / Z7dW, — ZggAm) +2)  Eo [\Zg; - Zgﬂ A
i=0 Yt i=0
As in the proof of Theorem [2.1] we introduce the process )_ﬂj by
Yo =Yoo VI =Y+ (YT 20 A+ ZEAW;, i=0,... N —1,

with the specific choice M{L L Mt’: = ZAZZ AW; for the martingale increment. Notice that with this

choice of the martingale M™, £;(Y™, Z™) equals (Y™, M™) in the notation of Theorem Then,
by and , and applying Young’s inequality and the Lipschitz property of f™, we get

2
N-1 tiv1 .
Eo | (> / ZTdW, — ZT AW;
i=0 Yt

2

N-—1
PIRIES (IE E HEN VU VA EF LR ) I
=0

3 N—-1
< c (EO 1V = Y] + maxEo 1Yy = 7P + 3 Bo 127 - Z71] Ai> .
! i=0

Gathering the above inequalities and applying we have

N—-1 tiv1 2
Y E [( / ZTdW, — Z{:AWZ) ]
1=0 @

t
< 0 (B 19~ V] a7 i) o gy, 3 ] ).

Inequality now follows from Theorem and @ with the above choice of the martingale
M. O

12



3 A-posteriori estimates for continuous BSDEs

Proof of Theorem [3.1. We first prove the first and third inequality. These two inequalities basically
follow by combining Theorem and Lemma Denote the martingale difference of Z™ with
respect to the Brownian increments by M7, i.e.

M7 =0, M  — M =ZIAW;,

i+1

Then, E(Y™, Z™) equals E;(Y™, M™) in the notation of the previous section. By the independence
of Gy and Fp and in view of , we get

. N-1 tis1 -
_ T _ T
s [ =37+ Yo | [ - 2

) N-1 tiv1 )
< 2 pap iy | [z -zt
i= 7
+2 <meo [1v7 = V72| + DBy [0, - M:NPD

Applying Theorem and Lemma [3.3] yields, for some constant C' > 0,

R N-1 tis1 R
maXEO |:|Y;gl - er|2:| + Z E(] |:/ |Zt - Zt72|2dt:|
T i=0 ti

ti €

IN

. . N-1 tir1
c(6ﬂ<Y“,Z”>+Ky\wr+E[|s5”\2] +> / B If(t,Y5 Z0) = (6 Vi, 20 dt).
=0 v "

(16)

If f and f™ are independent of y, then we can choose K, = 0 and the third inequality follows. In
order to complete the proof of the first inequality we estimate

N-1 tit1 . . N-1 tit1
> Eo [/ Y; — Y;?\?dt] < 2T max Eg “Y;i — Y;’ﬂ +2) E [/ Y; — Ytiy?dt}
i—0 ti 4 tiEﬂ' K i ti
As
N-1 tit1
Y E [/ |Y; —Yti|2dt] < C|n|
=0 ti

e.g. by Lemma 2.4 in Zhang (2004), we immediately obtain the first inequality thanks to ((16)).
For the second and fourth inequality we we make use of the identity

ti t;
Vi—Yo= [ gwvizodi+ [ ziaw. (17)
0 0

13



3 A-posteriori estimates for continuous BSDEs
After inserting we obtain by the Ito isometry, Young’s inequality and Jensen’s inequality

(Vi =vi.) + (vo - Vi)

E(V™, 27) = By | [V, - €"12] + max Eq

1<i<N
. 2
i—1 tit1 ti+1
+Z/t (£t 72 20) = 1715, ¥, 25) ) dt+2/t (2 - 25 ) aw,
j=0 7%
. 2 N=Lo i .12
< Y, _gr
= mEUY [l ey [l al]
B[j¢ - €] Z / B [|7(t. Y0 Z0) — 17 (t5. Ye, Z0) ] dt
N=b o otjn a2
#3072 - s 2| ) (18)
7=0 71

The Lipschitz property of f™ and Young’s inequality yield

NZLo et L2
> [ |z - s 2
j=0 "t
N-1 tig N-1 tiv1 A
< 2K2 ) Eo U Y — Y/ y%} +2K% ) By U | Z; — Z;;\th}
=0 ti =0 ti

Combining this estimate with we obtain the second inequality. If f™ is independent of y, we
can again choose K, = 0, and get the fourth inequality. O

We close this section with some examples which cover typical situations in the literature on
numerical algorithms for BSDEs.

Example 3.4. Suppose that the data (&, f) satisfies
5 = QO(XT% f(ta Y, Z) = F(t7Xt7y7 Z)
where Xy is the solution of an SDE
dXt = b(t, Xt)dt + O'(t, Xt)th, Xt = X0

with constant initial condition xo and Lipschitz continuous coefficients b : [0,T] x RP — R? and
o :[0,T] x RP — RP*P. We also assume that ¢ is Lipschitz continuous with constant K, and F
1s a-Holder continuous in time and Lipschitz continuous in space, i.e.

|F'(t1, 1,1, 22) — F(t2, v2, Y2, 22)| < Kilt1 — to|™ + Ky|wr — w2| + Kly1 — yo| + K21 — 22|,
for some a > 1/2. Given a strong order a approximation X™ of X on a grid w, i.e.

max E [| X, — XT|?] < O|r[*,
tiem v

14



3 A-posteriori estimates for continuous BSDEs

we define the approximate data (7, ™) by

" =o(X7), [T,y 2) = F(ti, X{,y, 2).

Then,
2] = [ 2 2 2
Blle-ef]+ 3 [ B[V 2) - (0 Y 20 dt < OUS, ™ + Ko ™ + K )
=0 ‘

Recall also from |Zhang (2004) that under the above conditions

max_ sup E[|Y, —Y’] <Cln|.
’LIO,...N te[t“t7,+1]

Hence, the first two inequalities in Theorem [3.1] can be rewritten as
) N-1 tisn R o
~max  sup [m—YtﬂQ] +> Eo [/ \Zt—zz:Pdt} <O &Y™, 27 + x| | (19)
i=0,...,N—1 te[ti,tiﬂ} “—o ti
and

N—-1 .
T T _vT2 it _ om|2
EYT,ZT) < ¢| max sup Eo (|Y; = Y7|7| + ZEO |Zy — Z;|“dt
ZZO""’N_ltG[ti,ti+1] “—o t;

+(K, + Ky) |7 + K, |7r|). (20)

Thus, the square root of the error criterion is, up to a term of order 1/2 in the time step (which
corresponds to the time discretization error under the above assumptions), equivalent to the L-
error between true solution and approzimate solution over the whole time interval (not only on the
grid). If F does not depend on x, the additional error in the time step can be reduced to order o in
the lower bound (@, if F' is sufficiently reqular in time and a higher order approximation X™ of
X is applied. It vanishes completely, when additionally F' does not depend on t and one can sample
perfectly from X on the grid, i.e. one can choose X{ = Xy,.

Example 3.5. Let us now turn to the case of an irreqular terminal condition. We impose the
same assumptions as in the previous example, but remove the Lipschitz condition on the terminal
condition . For simplicity we assume that we can sample perfectly from X on the grid and, hence,
choose the true data as approximate data

éﬂ— = SO(XT) = 57 fﬂ'(thyv'z) - F(tiaXtiayaz) = f(tiayaz)'

In this situation, the first inequality in Theorem[3.1] becomes

. N-—1 tiv1 . A A A
o o Y, - ¥+ 3 Fo [ (v Ter 12 237 i < c(mw, zmww\). (21)
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3 A-posteriori estimates for continuous BSDEs

It is known that for irreqular terminal conditions and equidistant time grids, the time discretization
error for BSDEs can be of a smaller order than 1/2 in the mesh of the time grid (see e.g. the survey
paper by|Geiss et all,|2011), but order 1/2 convergence in the number of time steps may be retained
by a suitable choice of a non-equidistant time grid under appropriate assumptions as shown in|Gobet
and Makhlouf (2010). Hence, under irreqular terminal conditions, the error criterion Ex(Y™, Z™)
does contain significant information about the time discretization error.

Example 3.6. We now consider some very specific assumptions on the data under which all extra
terms involving the mesh size |r| of m vanish, namely

fZSO(XT)a f(t,x,y,z):F(z)

for some Lipschitz continuous function F and a function ¢ (which is not necessarily Lipschitz).
This type of driver f may occur e.g. in the context of g-expectations as introduced in|Peng (1997).
We impose the same assumptions on X as in the previous example and additionally suppose that
we can sample perfectly from X on the grid. We can then choose (7, f™) = (&, f). As f and f™
do not depend on y we can rewrite the third and fourth inequality in Theorem|[3.1] as

tiy
i

N-1
1. o - i : . o
~Ex(V7, 27) < maxEq [|Y;i - Yt’ﬂ + 3 Eo [/ \Z, — Z;Fth] <CE(V™, 2T (22)
C ASS ¢ - t ¢

=0

Here the squared L?-error between true solution and approximate solution is equivalent to the error
criterion even in continuous time. This is somehow surprising, because the error criterion can be
computed solely in terms of the approximate solution on the grid. The L*-error of the Y -part is,
however, only considered on the grid w in (@, whereas it was estimated on the whole interval in
the previous examples.

Example 3.7. Our last example treats the case of smooth data. Precisely, in the setting of Exam-
ple [34] we suppose that all coefficient functions p, F,b,o are sufficently smooth and bounded with
bounded derivatives. We also assume for the moment that we can sample perfectly from X on the
grid m, which is here taken as equidistant. We can hence choose

£7r = QO(XT) = fa fﬂ—(tivyvz) = F(tiaXtiayaZ) = f(tiayaz)-

By the results of Gobet and Labart (2007) it follows that

N-1
max (12, = Y1) + ; E[|Z; — Z[ 1] A < Clnf.

A straightforward combination with Theorem taking @ into account, leads to the upper bound
A~ Nil A A ~
max B [mi - Yt’;\?] + 3 E, [yz,,i - Z;ﬂ A <C (ar(yﬂ, 7y + yw|2) . (23)
=T i=0

Here, we assume, of course, that the assumptions of Theorem are in force and that (Y”, Z”)
15 Gy, -adapted. Compared to (@, the extra term is mow of order 1 in the mesh size instead of
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4 Numerical examples

order 1/2. The price to pay for this, is that the L*-error between true solution and approzimate
solution is estimated on the grid only. It is straightforward to check that still holds true when
the approximate data is of the form

fﬂ- = QO(X’}T”)? fﬂ-(tivyvz) = F(t%Xt:ay?Z)?

where X™ is a strong order 1 approzimation of X such as a Milstein scheme. Indeed, one must
just compare the error criteria based on the true data and the approrimate data.

4 Numerical examples

In this section we apply the a-posteriori estimates to a numerical example. The test BSDE in this
example is a slight modification of the one suggested by Bender and Zhang (2008)) in the context
of coupled FBSDEs. We here consider the following Markovian BSDE

t D
Xd,t = x40+ / U( Z Sin(Xd’,u))de,u; d=1,...,D,
0 =1

D T 1 D T
Y= YosinXar) + [ 5ot osdu =3 [ ZaudWa, (24
d=1 t d=1"1

[z]Jr=—-RAxzVR

is the truncation function at level £R, W = (Wi,...,Wp) is a D-dimensional Brownian motion
and o >0 and x40, d = 1,..., D, are constants. The truncation function was merely implemented
in order to ensure the Lipschitz continuity of the driver.

In this example, the true solution for (Y, Z) is related to X by

D

D
Yy =y(t, X(t) =) _sin(Xap), Zas = 2a(t, X(t)) = 0 cos(Xas)( Y sin(Xg ), (25)
d=1 d'=1

which can be verified by Ité’s formula. This relation will be used later to compare the error
criterion proposed in this paper and the squared L?-error between true solution and approximation
quantitatively.

For the evaluation of the error criterion we apply as approximate data

D
P2 = f(t,7) = 5o lon, € = 3 sin(XFy)
d=1

where X™ = X™F or X™ = X™MS5S g ecither the Euler scheme or the Milstein scheme of X with
respect to the partition 7. We denote the equidistant partition of [0, 7] into N subintervals by my.

17



4 Numerical examples

For the numerical approximation of (y, z) we will use least-squares Monte Carlo as suggested by
Lemor et al.| (2006) based on the Euler scheme. To this end we first sample a family

=E=((x Xffl,A,\Wi)\)\:l,...,A,z':(),...,N—l) (26)
of A independent copies of (X, fl ,AW;)i=o,...N—1. Furthermore, we choose function bases

U(iax):{771(1'795)7---’77K(i7x)}> 1=0,...,N—1,

where K is the number of basis functions at each time step. In principle, different basis functions
can be used for the Y-part and the Z-part of the solution. But below we apply, for simplicity,
the same basis functions for both parts of the solution. Initializing the algorithm at terminal time
ty =T by

:&WN (tN,l") = qb(XZr]\];V)

one defines iteratively, for i = N — 1 to 0,

A)\Wdz ~ . 2
adl—argargﬂg}(Z\ — 90 — (i X[N)al®, d=1,...,D,
2N (tg, ) = n(i,x)dq;, d=1,...,D,
A
G, = arg rgﬁgkz 07 OXEN ) = Aif ™ (4, 970 OXEY), 27N WXEN)) = m(ion XEV)al?,
@ A=1

g™ (ti, x) = n(i, z)0,-
We finally obtain
VN = 7N (4, XPVE) 2TV = TN (g XTVE
ti - y ( (3 ti )’ ti =z ( (3 ti )

as approximations for (Y, Z) on the grid m. They are extended by piecewise constant interpolation
on the whole time interval [0, 7.

In the multidimensional case we also apply a slight modification of this procedure, which has a
flavour of the classical control variate technique in the present non-linear BSDE setting and can
easily be applied to various other BSDEs in a similar way. Instead of approximating Y; directly, we
approximate Y; — u(t, X;) for a function u, for which we hope that u(t, X;) explains a significant
part of Y. In the present example we construct u as follows: We freeze the diffusion coefficient of
X and consider the simple BSDE with the same terminal function as in the original BSDE; i.e.

D
Xdﬂf =xq0 + 0( Z sin(xd/,o))Wd,t, d=1,...,D,
d'=1

D D T
Yy = ZSiH(Xd,T) - Z/ ZaudWay.
d=1 d=1""t

18



4 Numerical examples

A direct calculation shows that Y; = u(t, X;) for
1 D 2 D
u(t,x1,...,2p) = exp —502 (dlz_l sin(xdgo)) (T —1t) ;sin(xd)

Then, applying 1t6’s formula to u(t, X;), we observe that
Y, = Y)Y +ut X

D D 2
1
Z(}ft +o ( E Sin(Xdl7t)> exp —502 ( g sin(zd/70)> (T —1t) p cos(Xay),

d'=1 d'=1

Zat

where (Y}, Z)) solves the following BSDE with zero terminal condition:

. 1, V\3 S 2 3 ?
vy - / 5 {[(u(s,XsHYs Plps + uls, Xo) (D sin(@ao))® = (3 sin(Xa,)) )}ds
¢ d=1 d=1

D T
-3 [ 2w (27)
d=171

When we say below, that the non-linear control variate technique is applied, this means that the pair
(Y)Y, Z)Y) is approximated by least-squares Monte-Carlo instead of (Y, Z). Then the corresponding
approximations to (Y, Z) are defined via

VO™ ot X[VF)
D 1 D 2
ZyN to (Z sin(Xg;,f;;E)> exp { —50° (Z sin(azd/,o)> (T —t;) p cos(X727).
d'=1 d'=1
4.1 Case 1: One-dimensional Brownian motion and local basis functions
In the first case we fix the parameters as follows:
D=1 T=1 z91=7n/2, oc=04.

Let K > 3 be the number of basis functions. We consider a local basis of indicator functions which
partition the interval [0, 3] into equidistant subintervals. Precisely, we set

m(i,z) = ]l{x<0} (z), Nd,K = 1{m23}(9€),

Me(6, ) = Liaer-1)/(k—-2), 3k/ (k-2 (), k=1,...,K =2,

for i =0,...,N — 1. The numerical procedure now depends of the number of time steps N, the
dimension of the function basis K and the sample size A. For j =1,...,11 and [ = 3,...,5 they
are fixed as

N = [2\/5"_1} . K = max { W?ﬂ ,3} , A= [2\/§l(j_1)} :
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4 Numerical examples

where [a] is the closest integer to a and [a] is the smallest integer larger or equal to a. To be precise,
we will discuss three different choices of [, in which we simultaneously increase the parameters IV,
K and A through their dependence on j. The results in Lemor et al.| (2006) suggest that in this one-
dimensional setting the L2-approximation error converges to zero at a rate of N~#/2 for 0 < 8 < 1
(up to a logarithmic factor), if the number of sample paths A is proportional to N>T8K2. With
our choice of the parameters, we hence expect convergence of order 1/2 for I = 5. The choice
I = 4 is just on the threshold of the theoretical convergence results, and we hence cannot expect
convergence for [ = 3. In order to illustrate the computational effort, the table below displays the

number of simulated paths for the different choices of [ in dependence of the number of time steps
N.

Table 1: Sample size A in dependence of N and [

N 2 3 4 6 8 11 16 23 32 45 64
1
3 2 6 17 46 129 363 1025 2897 8193 23171 65537
4 2 9 33 129 513 2049 8193 32769 131073 524289 2097153
5 2 12 65 363 2049 11586 65537 370728 2097153 11863284 67108865

Note that the choice [ = 5, which corresponds to convergence of order 1/2, yields tremendous
simulation costs.

Given these parameters, we compute the coefficients &% and &% for the linear combination
of the basis function by least-squares Monte Carlo and and receive the approximate solution by
setting

YN =i, XpvP)ag s, 20N =n(i, X[0P)aq.
We here recall that XZ;N P denotes the Euler scheme. Thanks to 1) we observe that the squared
approximation error on the grid is given by

max EolYi, - B ALILEE Z E0|Zt — 7|2

= max Eg|sin( XZZN’MS — YN+ Z EO\U cos( X MSy sin(XZZN’MS) — Z[VP+ O(N~?),

(28)

where X™MS indicates the approximation of X by the Milstein scheme. Here again Ejy denotes
the conditional expectation given Gy, where G, = F; V o(E), and = is the collection of random
variables generated to determine the coefficients for the least-squares Monte Carlo estimator.
Figure [1| displays a log-log-plot of the right-hand side of with the expectations replaced by
the empirical mean using 1000V independent paths. We observe that the convergence behaviour
in this example is much better than the theoretical bounds in Lemor et al. (2006]) suggest. For
the cases | = 4 and | = 5, Figure [1] indicates that the L?-approximation error converges at a rate
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4 Numerical examples

—I=3
---l=4

N =l | =5

Number of timesteps, N = 2, ..., 64

Figure 1: Squared approximation error for different choices of I.

of 1/2. For | = 3, the figure is less conclusive. The scheme seems to converge in this case as well
(contrarily to what we expected in view of the theoretical results), but possibly at a lower rate.

We now show how to recover these results by applying the error criterion, which we introduced
in this paper, without making use of the explicit form of the solution in . To this end we
approximate the terminal condition based on the Milstein scheme and hence the error criterion
becomes

Enp (YN Z7N)

2
i—1 i—1
: - . . 1 50 ;
= Eo[|sin(X7VME) — ¥ 4 jmax Ho | |Y;7Y — Y,V — > j502[(an)3]D3Aj = ZIN AW,
- 7=0 7=0

By Example there are constants ¢ and C such that squared approximation error on the whole
interval satisfies

. N-1 tig1 . . . 1
max  sup Eg [\Yt - YJNP]} +> Eo [/ |2 — Z;;N|2dt] <O Ery (Y™, 27V) + —

=0, s N=Lycit; t111] — t N
and
A ) N-1 tig1 A ) A A 1
~ max sup Eg [\Y} — Y™ ]} + Eo [/ |Zy — Z[N| dt] >cEpy (Y™ TN — —
Z:O,...,N*l te[tl,tl-{_l] tl Zz; t’L tl ™ ]\[2

for sufficiently large N. Consequently, the squared approximation error on the whole interval is
equivalent to the error criterion for sufficiently large N, if

N N 1
Enny YN ZTNY) > const. N
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4 Numerical examples

Figure [2| displays the a-posteriori error criterion for the three cases [ = 3,4,5. As before, the

Number of timesteps, N = 2, ..., 64

Figure 2: A-posteriori error criterion for different choices of [.

expectation is replaced by a sample mean over 1000N independent paths. Comparing Figures
and [2| we observe that the squared approximation error on the grid (Figure and the error
criterion (Figure [2]) look almost identically, not only qualitatively, but also quantitatively. We can
derive from Figure [2] that the a-posteriori error criterion converges to zero at a rate of N—! for the
cases | = 4,5 and, consequently, the approximation error between approximate solution and true
solution on the whole interval converges to zero at rate of N~1/2 for these two cases. In particular,
we can conclude that it is unnecessary to run the extensive scheme with [ = 5 in this example, as
an approximation of almost the same quality can be achieved with moderate simulation costs in
the case [ = 4. The cheap scheme with [ = 3 leads, however, to a significantly larger error.

4.2 Case 2: Three-dimensional Brownian motion and global basis functions

We now consider the case of a three dimensional driving Brownian motion and apply a small global
basis consisting of just a few monomials. The number of simulated paths will be adjusted in a
way that the theoretical results in Lemor et al.| (2006)) support convergence of the simulation error
of order 1/2 in the number of time steps. Apparently with the basis functions fixed, the scheme
cannot converge to the true solution, but eventually, the projection error due to the choice of the
basis will dominate the time discretization error and the simulation error. We now demonstrate
how the error criterion can be applied to check whether a small global basis is sufficiently ‘good’
compared to the choice of the time grid.

As parameters of the BSDE we choose

D=3, T=1 si9g=s30=7/2, s30=-7/2, 0=04.
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4 Numerical examples

The basis consists of K = 7 functions, the constant function with value 1, the three monomials of
order 1 and the three mixed monomial of order 2. The simulation parameters are given by

N = [Nij_l} . A= [2@30_1)} ,

which corresponds to a time discretization error and a simulation error that decrease with rate
N~1Y2 We apply the a-posteriori error criterion to the original least-squares Monte Carlo scheme
and to the modified one, which makes use of the non-linear control variate technique as described
and designed at the beginning of this chapter. In contrast to the results in the previous section,
the approximate terminal condition in the error criterion is based on the Euler scheme, i.e. £™ =

3 . E

10" ¢

3 —s— original least squares Monte Carlo

107 £ . . ) g
F - & - |east squares Monte Carlo with non-linear control variates 3

107 | | | | | | | | | | | | |
2 3 4 6 8 11 16 23 32 45 64 91 128 181 256

Number of time steps, N = 2, ..., 256

Figure 3: A-posteriori error criterion - original least squares Monte Carlo vs. least squares Monte
Carlo with non-linear control variates

Figure |3| shows a log-log-plot for the error criterion of both implementations (with and without
non-linear control variates) where, as before, the expectation is replaced by a sample mean with
1000N independent copies. In the case without control variates, the error criterion decreases
roughly with a rate of N~=! for small values of N (roughly up to N = 45 time steps). This
corresponds to an approximation error of order 1/2 which stems from the time discretization and
the simulation. Starting from N = 64 the error criterion does not decrease significantly anymore,
which suggests that the projection error dominates the two other error sources. A significant
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A Proof of inequality

improvement of the approximative solution can, hence, not be achieved by increasing the number
of time steps or the number of simulated paths, but a better choice of the basis would be called for.
The situation turns out to be quite different for the implementation with non-linear control variates.
Here, the error criterion decreases with a rate of N~—! for the whole range of time steps which we
consider in this example (up to N = 256). This suggests that the small global basis consisting of
seven monomials is sufficiently good in this situation and the dominating error sources are the time
discretization and the simulation error even for a rather fine time grid consisting of 256 points.
This example demonstrates on the one hand how the error criterion can be applied in order to
judge the success of a small global basis. On the other hand it shows that the non-linear control
variate technique can impressively improve the quality of the least-squares Monte Carlo scheme.

A Proof of inequality ({13

The proof follows the lines of Theorem 3.1 in Bouchard and Touzi (2004). We first define the
process Y™ on [t;,ti11),i=0,...,N —1, by

Y/:r —E |:}/;7r

i+1

U'—t} — [T, Y, Z0) (tiv1 — )

with YT” = £™. Then, }Vftzr =Y/ for t; € m by . Moreover, thanks to , the pairs (Y, Z) and
(Y[, ZF) solve on t € [t;, t;11) the following differential equations

tit1 Lit1
Y=Y, - / F(5, Vs, Z4)ds — / Z,dWV,,
t t

tit1 tit1 .
V=Y, _/ [T, YLD, Z1)dt —/ ZTdWs,
t t
By 1t6’s formula we then obtain
- |9 tit1 - 19
E[\yt_ytw‘]Jr/ B[|2, - 27| ds
t

2 tit1 .
<E Um -Y7, } + 2/t B[(Ys =Y (£, Y5, Zs) = f7(4, YT, 27)) ] ds

= (I)+ (II).
Young’s inequality and the Lipschitz condition on f7 yield for some v > 0 (to be fixed later),

tit1

tiv1 . 12 2
II) < EllYy, -V~ d+/
<+ [ 8] Jass |

9 tir1 2
2[R eV 20 - oY 20 s
t;

B (|57 (ke Z0) = 170, Y, 2 ds

t; "
S’y/ _HE |:}}/S_Y/s7r‘2i| dS‘l—:L// o KEE |:|YS—}/ZF‘2] +K2E [‘ZS_ZZZ‘Q] ds
t t

tit1
+C/ E |:‘f(87YSaZS)_fﬁ(ti7Y97ZS)|2i| ds.
t;
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A Proof of inequality
Due to |[Zhang (2004), Lemma 2.4 (i) we have
B|[Y, - Y| <28 ||V, - Vi, | + 2B | |v;, - v ]
<cywy+c/ th }dt+2E[mi—1@ﬂ2].

Applying Itd’s isometry and Young’s inequality once more, we get

(I) < 7/;”1 B{|v, - ¥ ] ds + 8[52 <AiE [Ivi, = vir*] + /t;m Bz - 2] ds)

tig1 2
< / ZrdW, — ZgAWi)
t;

+ K, (cmA +(JA/ |Zt\] >+CE

i+1
e / B [If(s. Va0 Z2) - £ (1. Ys. 20)7] ds
t;
tit1 . 8K2
::7/ B|[v, = V7[*] ds + =4 + B.
t Y
Summarizing, we have

12 12 ti+1 12
EUY,:—Yt’ngEUYt—Yﬂ}—%/ B(|Z, - 2z|"] ds
t

(29)

2 tit1 .9 SK2
<E UYt -V, ] +v/ B |V =] ds + ="+ B
t
By Gronwall’s lemma it follows that E [[Y; — Y[*|?] < e?2i(E [|Yti+1 Y| } + 8K?2A; /v + B;).

Inserting this result into the second inequality of yields

- bt =12
E[\Yti—Y;iH+/ B||Z - 27| at
t;

. 2] 8K?
< (14702 (E UYti“ ~ Y[ ] + TA +B;)
2 8K?
<+ 0v80E |[viny -2 [ + 244 B

for || small enough. Choosing v = 32K? and |r| < 1/(C#) leads to

]

tit1 .
E [\Yii - Ygﬂ + / E UZt — Z;ff] dt < (14 CyAy) <E “Yt+ -y,
t;

t;
+ %AZ-E [Ivi, = Y] + ;/ "B |2~ 27 ") at.
t;
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A Proof of inequality

Hence, for || small enough
9 1 [hit+r . 12
— Y7 }+/ B[|2 - 27 ) at
(3 2 t,L-
]+K <C7T|A +CA/ |Zt|} )
liv1 2
( / ZTdW, — ZQAWZ)
t

+ O/t_ml B (1t Ye 20) = 1762, 20 at}.

B[y,

< (1 + CA@'){E UY;Z‘H Yt it+1

(30)
+CE

Thanks to the discrete Gronwall lemma we get for some larger constant C

N-1 tist 2
E[\Ytﬁyt:rﬂ < C{E [|£—§”‘2]+Ky|ﬂ'|+ ZE[</t Z’;deSZQAWi)]

j=i

N=b o rtjn
+Z/t E [1£(t, Y0 Z0) — £7(t5, Ye Z0) ] dt}, (31)

because fOT E []Zt\Q] dt < co. Next we sum up from ¢ = 0 to N — 1 and obtain

N-1

> [ ela- gt
= N-1

tig1 2
C{E [\g €| }+K EED [(/: ngWs—ZgAWz)

] =1

IN

N-1
j+1
" / B (17t Y Z0) — £7(t5, Ve Z0] dt + max B [|v;, - v ] } (32)
t iCm
]ZZ J

Noting that

N—

Z/M 7 -z "] at <2y (/ B[|z- 27| @t +E

1=0

Lig1 2
(/ ZTdW, — Zt’;AWi> :
t;

inequality is a direct consequence of and .
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