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for random elliptic partial differential equations®

Antje Mugler’ and Hans-Jorg Starkloff*
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Abstract

In this article we consider elliptic partial differential equations with random coef-
ficients and/or random forcing terms. In the current treatment of such problems by
stochastic Galerkin methods it is standard to assume that the random diffusion coeffi-
cient is bounded by positive deterministic constants. In contrast, we make the signif-
icantly weaker assumption that the non-negative random coefficients can be bounded
strictly away from zero and infinity by random variables only. We show that in this case
the standard stochastic Galerkin approach does not necessarily produce a sequence of
approximate solutions that converges in the natural norm to the exact solution. By
using weighted test function spaces we develop an alternative stochastic Galerkin ap-
proach and prove that the associated sequence of approximate solutions converges to
the exact solution in the natural norm.

Key words. equations with random data, stochastic Galerkin method, generalized poly-
nomial chaos, spectral methods

1 Introduction

The stochastic Galerkin method developed by Ghanem and Spanos in [21] and refined by
many researchers (see e.g. the books of LeMaitre and Knio [26] and Xiu [38], the Acta
Numerica article of Schwab and Gittelson [33] and the references therein) is a powerful tool
for the numerical solution of different types of random equations. In many applications like
e. g. subsurface flows in porous media input parameters cannot be modeled as deterministic
functions but depend also on a random component In this setting, it is desirable to quantify
the uncertainty of the modeled system. To this end a variant of the stochastic Galerkin
method, based on Wiener-Hermite or generalized polynomial chaos expansions, is mainly
used for computing the approximate solution of the underlying random equation. The
concept of polynomial chaos was introduced by N. Wiener [37] and the concept of generalized
polynomial chaos expansions was introduced by Xiu and Karniadakis in [40, 36]. Some
fundamental properties of such expansions have been investigated in [13, 14].

In this work we focus on elliptic partial differential equations of the form

-V - (kVu) = f
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with random coefficient x and random force term f together with appropriate boundary
conditions. If the random coefficient x can be bounded strictly away from zero and infinity
by deterministic constants, i.e., there are constants k,® > 0, such that

0<k<k(r,w) <E< oo a.e. and a.s.,

then using the Lax-Milgram theorem it can be shown, that there exists a unique solution
of a corresponding stochastic variational problem (see e.g. Babuska etal. [11, 2, 3, 4] or
Schwab etal. [15, 5, 6, 34, 10]). In addition, it can be shown that the standard stochastic
Galerkin approach described in these works yields approximate solutions which converge to
the exact solution in the natural norm.

However, in some applications where the coefficient describes a physical property which
has to be positive (e.g. the permeability of a medium) the random coefficient is modeled
as a lognormal random field (see e.g. [20, 19, 16, 44, 32]) which cannot be bounded by
deterministic constants. In contrast, such random fields are strictly bounded away from
zero and infinity by random variables. In this case we cannot use the Lax-Milgram theorem
directly to prove the existence of a unique weak solution. In recent works Galvis and Sarkis
[17] and Gittelson [22] prove the existence result using alternative techniques. However, the
question of convergence of corresponding standard stochastic Galerkin approximations to
the exact solution is not addressed.

In this work we generalize the results of Galvis and Sarkis and Gittelson, respectively,
and consider more general random coefficients k, for which there are random variables
Kmin, Kmae > 0 a.s. satisfying

0 < Kmin(w) < K(z,w) < Kz (W) < 00 a.e. and a.s.

Thus, we allow coefficients with distributions different from a lognormal one and do not use
special properties of the normal distribution in the proofs. We investigate the existence of a
unique weak solution for elliptic problems with random coefficients of this type as well as the
convergence of the standard stochastic Galerkin approximations. Furthermore we construct
an example where the standard stochastic Galerkin approximations do not converge in the
natural norm to the exact solution. In order to overcome this convergence problem we intro-
duce an alternative stochastic Galerkin approach which uses a modified finite-dimensional
test function space corresponding to a stochastic Petrov-Galerkin approach. We prove the
convergence of the associated stochastic Petrov-Galerkin approximations to the exact solu-
tion in the natural norm.

The paper is organized as follows. In Section 2, we describe our model problem and
present two different stochastic variational formulations with standard unweighted and
weighted (bi)linear forms, respectively. We discuss the existence of a unique solution for
each case. In Section 3, we apply the stochastic Galerkin method to both formulations.
We arrive at two discrete stochastic variational problems which can be interpreted as two
different stochastic Galerkin approaches for the variational formulation with unweighted
(bi)linear forms. One approach corresponds to the standard stochastic Galerkin ansatz,
and the other one corresponds to a stochastic Petrov-Galerkin ansatz where the test func-
tion space is weighted by a suitable random variable. For the stochastic Petrov-Galerkin
method we establish also convergence results w.r.t. the natural norm. Examples, demon-
strating that the standard stochastic Galerkin method is not stable and their stochastic
Galerkin solutions may not converge in the natural norm, are given in Section 4. Here, the
non-convergence is explicitly proved and illustrated numerically. In contrast, we show that
our new stochastic Petrov-Galerkin approach yields a convergent sequence of approximate
solutions.



2 Stochastic Variational Problem Formulations

Let D C RY d € N, be a bounded Lipschitz domain and (2,2, P) a probability space
consisting of a sample space €2, a g-algebra 2 of subsets of 2 and a probability measure P
defined on the o-algebra 2. We consider the following boundary value problem

-V - (k(z,w)Vu(z,w)) = f(z,w) reD, weQ, (2.1)
u(z,w) =0 x e dD, weQ,

for a given random coefficient x and a random forcing term f. In contrast to many articles
(compare e. g. with Babuska et al. [2, 3, 4] or Schwab et al. [5, 6, 34]) we do not assume that
the coefficient x can be uniformly bounded by deterministic constants. We only assume that
each realization of the coefficient x can be strictly bounded away from zero and infinity.

Assumption 2.1 The coefficient k : D x Q — R is a strongly measurable random vari-
able with values in L>(D) and there exist real-valued random variables Kmin and Kmaz 0N
(Q,2, P) such that

0 < Bmin(w) < K(z,w) < Kpaz(w) < 00 a.e. and a.s. (2.2)

W.l o.g. we assume that Kpin and Kpme, are measurable with respect to the o-algebra o(k)
which is generated by the random variable k.

Remark 2.2 A random wvariable n with values in a Banach space A is called strongly
measurable iff there exists a sequence of countably-valued random wvariables in % converg-
ing almost surely in B ton (see e.g. [24]). We assume strongly measurable coefficients
since the space L°(D) is a non-separable Banach space which causes some problems for
probabilistic investigations. In most applications coefficients have additional reqularity, for
example, coefficients are assumed to be continuous or to belong to another separable subspace

of L=(D).

Assumption 2.1 is satisfied for random coefficients with constant bounds as well as lognor-
mal random fields under weak conditions but other L*°(D)-valued random variables can be
treated as well. Assumption 2.1 is not very restrictive: For any non-negative strongly mea-
surable random variable x in L°°(D) where 1/k belongs almost surely to L>°(D), there exist
random bounds 0 < Kin < Kmae as in (2.2). Though Assumption 2.1 is fairly general the
pathwise weak problem, i.e. a variational formulation associated with the spatial variables,

is a well-posed problem. To see this, we define the corresponding pathwise bilinear form
b(-,-;w) : HY(D) x H'(D) — R by

b(u,v;w) = /n(x,w)Vu(x) -Vou(x)dx

for w € Q and we denote by (g,v)y-1 ;1 the duality pairing between g € H~Y(D) and

v € HY(D). Now, assuming that f is a random variable with values in H~*(D), we consider
a pathwise weak formulation of the boundary-value problem (2.1).

Problem 2.3 (Pathwise Weak Formulation) For a given random variable f with val-
ues in H=Y(D) find a random variable i with values in H'(D), such that

bla(w), v;w) = (f(w),v) g1 forallv € H'(D) (2.3)

holds almost surely.



Since almost every realization of the coefficient x is bounded by Assumption 2.1 and f
is a random variable with values in H~!(D), the Lax-Milgram theorem (see e.g. [8] Theo-
rem 2.7.7) tells us that there exists a mapping @ : 2 — H'(D), w +— @(w) which satisfies the
variational equation (2.3) almost surely. Furthermore, the Lax-Milgram theorem provides
the estimate T

@)z () < CTI(L) a. 8. (2.4)
where C' > 0 is a suitable constant independent of w € €2. Moreover, due to Assumption 2.1
this mapping % can be chosen as a random variable which is measurable w.r. t. the og-algebra
o(k, f) generated by the random variables x and f. Thus, the mapping @ is the unique
solution of the pathwise weak formulation, i.e. of Problem 2.3. For further details we refer
o [14, 30].

In analogy to purely deterministic boundary-value problems we wish to formulate a
variational problem in both spatial and random variables associated with (2.1). This requires
a suitable Hilbert space of random variables with values in the Sobolev space H (D). Now,
moments of random variables with values in appropriate functional spaces come into play. As
it turns out it is not sufficient to deal with expectations with respect to the basic probability
measure P, but suitable weightings are required. Given a real-valued measurable random
function p : D x Q@ — R with p(-,-) > 0 a.e. and a.s. which satisfies Assumption 2.1 we
introduce the weighted space

(o]g = {n : Q0 — HY(D) measurable : Inlle, < oo}

||77||2 = Ep (D/]Vn oz dx) //|VT] r,w)|*o(x,w) dz dP(w)

which is a Hilbert space together with the inner product

(m,n2)g, = Ep (D/Vm(x) - Vna(x)p(zx) dx) .

If the weight function p is independent of the spatial argument, i. e., if it is an almost surely
positive real-valued random variable p > 0, then the weighted spaces

with

m . 12 . m
Uy =L (Q, A, odP; H™ (D))
= {77 : Q0 — H™(D) measurable : Ep (||77||%1m(D)Q> < oo}, m € 7,

and

rmo__ 12 . fgm
Um = 12(Q, 2, odP; H™ (D))
= {77 : Q) — H™(D) measurable : Ep (HWH%{m(D)g) < oo} , m € Ny

2Um = EP (HT]H%{m(D)Q) = EP <(Z|o¢|<7n||a nHLQ(D) ) and
the inner product (11, m2)um == Ep ((nl,nQ)Hm(D)g) are also Hilbert spaces. Note that for

equipped with the norm ||n|

UZ,”, i.e. for random Varlables n with values in H'(D), the seminorm

D

n



is equivalent to the norm [| - [[yy. If the space L*(€, 2, 0dP) := {n : Q — R measurable
Ep (|n|?0) < oo} is separable, then there exist isomorphisms to the corresponding tensor

product spaces, i.e.
Uy~ H™(D) ® L*(Q, 2, odP), m € Z,

and . .
U~ H™D) @ L*(Q,2, 0dP), m € Ny,
Furthermore, the dual space of U;” can be identified with the space UQ__T. For convenience

we denote the unweighted spaces, i.e. o = 1, by U™ and U™. On occasion we may replace
the probability measure P in the definition of U™ and U™ by another probability measure
Q and write Uy and Ug, respectively, in this case.

We define the bilinear form
a(u,v) .= Ep (D/ z)Vu(z) - Vo(z d:v) ///{ z,w)Vu(z,w) - Vu(z,w) de dP(w),
QD

and the linear form

() = Be ((F.0)ys) = [U@) 0@y P ().

Given Assumption 2.1 the weak problem posed in unweighted spaces, i.e., for a given
f € U~ find v € U! such that there holds

a(u,v) = £(v) for all v e U* (2.5)

is in general not well-posed. For example, it may happen that there does not even exist a
solution in U for a given f € U~} (see [30]). Note, that this stands in marked contrast to
the case when the coefficient x can be strictly bounded away from zero and infinity. Thus,
we have to use an alternative stochastic variational formulation and arrive at a first weak
problem posed on the associated energy space as in [2, 22].

Problem 2.4 (Unweighted Weak Formulation) For a given f find 4 € U, such that
a(t,v) = {(v) for allv € U,.

Thereby the term wunweighted weak formulation refers to the fact that standard un-
weighted (bi)linear forms are used although the solution and test function spaces are weight-
ed spaces. Afterwards we introduce also a weighted weak formulation, see Problem 2.6, where
the (bi)linear forms are weighted.

To prove existence of a solution to Problem 2.4 we employ weighted spaces with the
lower bound k,,;, in Assumption 2.1. We note that such a lower bound is not uniquely
defined and some freedom in its choice is sometimes useful. Due to (2.2) there exist several
real-valued random variables i > 0 a.s. satisfying

0 < cp(w) < k(z,w) a.e.and a.s. (2.6)

for a constant ¢ > 0. The random variable k,,;, is only a special case satisfying (2.6) with
constant ¢ = 1. W. 1. 0. g. we can assume that the random variable y is also o (k)-measurable.

Theorem 2.5 If Assumption 2.1 holds and u satisfies (2.6), then for any f € Uu_,ll there

exists a unique U € U, solving Problem 2.4.



Proof.
Since for f € U ;_11 we have ¢ € U ;_11 - ((0]5)*, the result follows immediately from Riesz’
representation theorem. 0

Therefore Problem 2.4 is well-posed in the given weighted spaces. However, we are
interested in a solution @ in the space U rather than the space U,.. For deterministic lower
bounds the space U, is continuously embedded in Ut Unfortunately, this is in general
not true if the coefficient x can be bounded from below only by a random variable, e. g. p.
Clearly, if we assume a forcing term f € U#_,lg, then our discussion of the pathwise variational
problem and the corresponding estimate (2.4) above tell us that the weak solution @ belongs
also to the space U'. In general, however, we cannot estimate the U'-norm in terms of the
U,.-norm.

A possible remedy is to recast Problem 2.4 above. By multiplying the pathwise vari-
ational equation (2.3) with the reciprocal of the random variable i we obtain a random
coefficient x/p which can now be strictly bounded away from zero by the constant ¢ in
inequality (2.6). The corresponding bilinear form a, and linear form ¢, are the weighted
versions of the bilinear form a and linear form ¢, respectively, i. e.

o 1 B K(z,w)
a,(u,v) = Ep (/FL(IIJ)VU(I) -Vo(z) dx) = Q//D ®) Vu(z,w) - Vo(z,w) de dP(w)

wy [

and

1 1
0,(v) = Ep <M<f,v>Hlﬂl> zgwq(w)m(w»wﬁ dP(w).

Problem 2.6 (Weighted Weak Formulation) For a given [ find u € (ofﬁ, such that
there holds .
a,(u,v) =£,(v) for allv € Us.

Theorem 2.7 If Assumption 2.1 holds and p satisfies (2.6), then for any f € UM’}2 there

exists a unique u € f]ﬁ solving Problem 2.6.

Proof.
Since for any f € U ;,12 there holds ¢, e U™ C (Ug) the result follows immediately from
Riesz’ representation theorem. 0

Now, the space U 5 is continuously embedded in Ul T hus, there exists a constant C' > 0
such that
ullor < Cllullg, for all u € Us.
m

Corollary 2.8 Under Assumption 2.1 together with (2.6) for every f € Ul;ll ﬂU/}E the weak

formulations Problem 2.4 and Problem 2.6 have unique solutions 4 and u in [0]1, respectively,

which are almost surely equal to the pathwise solution U of the pathwise weak formulation
Problem 2.3, 1. e.,

U=u=1u a.s.

as random variables in (D). Moreover, both weak solutions @ and @ are o(k, f)-measur-
able.



Proof.

Analogously to Theorem 3.3 in [30], we can show that both weak solutions @ and u solve
the pathwise weak formulation Problem 2.3 almost surely, the solution @ of which is unique
and o(k, f)-measurable. O
Therefore, we assume throughout the rest of the paper that f € Uuill nU ;;12 and do not
distinguish between the three weak solutions, but refer to the weak solution denoted by 1.

Remark 2.9 The results in this article hold also for other boundary conditions as long as
the bilinear forms a and a, form inner products on the corresponding solution spaces.

3 Stochastic Galerkin Method

The stochastic Galerkin method or stochastic finite element method (SFEM) is a very
popular approach for the numerical solution of random equations. It is based on a stochastic
variational formulation and uses sequences of finite-dimensional solution and test function
spaces in order to obtain approximate solutions. However, to get reliable results a rigorous
convergence analysis must be carried out. In the next section we will construct examples
showing that the standard stochastic Galerkin approach applied to our model problem (2.1)
is not stable and may not lead to a sequence of approximate solutions which converge in
the natural norm to the exact solution. Therefore, we present in this section an alternative
stochastic Galerkin approach and prove its stability.

The definition of the finite-dimensional solution and test function spaces requires a dis-
cretization in the spatial as well as in the stochastic dimension. Therefore, we parameterize
the random input data by finitely many or countably many real-valued random variables
which are referred to as basic random variables. For example, the popular Karhunen-
Loeve expansion of random fields (see e.g. [27]) yields such a representation. As ob-
served, for example, by Karniadakis, Xiu and their co-authors in [28, 39, 40, 41, 42, 43]
the choice/distribution of the basic random variables affects the approximation quality of
the stochastic Galerkin solution. We mention that not only the distribution of the basic
random variables is crucial here.

In the following we assume that for our model problem (2.1) a finite or infinite-dimen-
sional random vector £ := (&;);c 1. with values in RVl is given such that x and f are both
measurable with respect to o(§). Hence, due to the Doob-Dynkin lemma (e.g. in [25])
there exist measurable functions r¢ : Rl — L®(D) and fe : RI¢l — H~1(D) satisfying
k= ke(§) in L®(D) and f = f¢(£) in H (D) almost surely. Because of the assumptions on
f we obtain a weak solution 4 in U'. By Corollary 2.8 the weak solution 4 is o(k, f)-mea-
surable and thus it is also o(§)-measurable. Consequently there exists a measurable function
fie : RVl — HY(D), such that @& = ¢(€) a.s. in (D). In our setting all random variables
of interest are o(&)-measurable, thus, we suppose w.l.0.g. that 2 = o(£) holds. We then
identify the space U' = L*(Q, 0(¢), P; H (D)) as appropriate solution space.

Moreover, we assume that the random vector £ has the distribution ng and each of
the basic random variables &, ¢ € I¢, possesses finite moments of arbitrary order, i.e.
Ep|&|" < oo for all n € N, and has a continuous distribution function FE. Here, the
distributions FEP and Fg are understood as the distributions of the random variables &
and & w.r.t. the probability measure P, i.e., these are the distributions of ¢ and &; as
random variables (with values in the spaces RY¢! and R, respectively) on the probability
space (€2,2,P). On occasion we will consider these random variables also on probability
spaces with other probability measures and thus their distributions change accordingly. For
this reason we attach the corresponding probability measure to the distribution symbol of
a random variable.



We choose the finite-dimensional solution space
UN,K,hp = Uhp ® UN;K C ﬁl(‘D> ® L2(Q7 0(5)7 P) = L2(Qv 0-(5)7 P7 ﬁl(‘D)>7

where Uy, is a finite-dimensional subspace of q 1(D) obtained by a suitable version (h-, p-
or hp-) of the deterministic finite element method and Uy f is a finite-dimensional subspace
of L*(Q,0(&1,...,&k),P) C L*(Q,0(£),P) where {1,...,K} C I. Since we want to use
generalized polynomial chaos (see e.g. [39, 40]), i.e. polynomials in the underlying basic
random variables £, we construct the finite dimensional space Uy g as follows

Uy i = spany % := H &, a€Ayk
iG]g
where Ay x denotes a finite index set

Ang CA:= {a € }N‘OI&‘ : « has only finitely many non-zero entries} :
Specifically, we choose either Ay x = J;, where

Jii={a€A:a=0Yi>K |o| <N}  |of=3 a,

i€le
selects (complete) multivariate polynomials with bounded total degree, or Ay x = J2, where
Jy={a€eAN:aq;=0Vi>K, o< NV1<i<K}

selects (tensor product) multivariate polynomials with uniformly bounded degree of the
individual basic random variables. Then, the discrete versions of the unweighted and the
weighted weak formulation introduced in Section 2 read as follows.

Problem 3.1 (Discrete Unweighted Weak Formulation) For a given f
find iy g np € Un, i pp, Such that there holds

a(tn g pp,v) = L(v) for all v € Uy i pp-

Problem 3.2 (Discrete Weighted Weak Formulation) For a given f
find un i np € Un i pp, Such that there holds

au(UN K hp, V) = £,(V) for all v € Uy i pp-

So Problem 3.1 is exactly that discrete weak problem which arises if we apply the stochastic
Galerkin method to the weak problem posed on the unweighted spaces (2.5) no matter if this
is well-posed or not. Alternatively, this means, Problem 3.1 corresponds to the discrete weak
problem which results from applying the stochastic Galerkin method to the standard weak
problem arising in the case of a coefficient x which can be bounded by constants. Therefore,
we call the approach yielding the discrete unweighted weak problem, i.e. Problem 3.1, the
standard stochastic Galerkin approach. Thus, the solution Uy g, is called the standard
stochastic Galerkin solution or standard stochastic Galerkin approximation, respectively.

We then make the following observations.

Theorem 3.3 Let Assumption 2.1 be fulfilled and f € U;jg N Uuill.



(1) If Kmax € L™ (2, P) for some r > 1, then there exists a unique stochastic Galerkin
solution Un gy 1 Unkpp solving Problem 3.1. Moreover, iy kpnp @5 the best ap-
prozimation in Uy g np of the weak solution 4 with respect to the norm of U, 1. e.

U —1u - = inf a—zlp .
1% = anremllp, = ot =z,

(70) If Kpmax/pe € L'(2, 2, P) for some r > 1, then there exists a unique stochastic Galerkin
solution un knp M Unkpp solving Problem 3.2. Moreover, Uy kpp @5 the best ap-
prozimation in Uy g pp of the weak solution @ with respect to the norm of Us, i e.

6~ sl = nf 1=l

Proof.

In order to prove this result we show that the finite-dimensional subspace Uy k p, is a subset
of U,, and Uﬁ? respectively. For any v = {%p, a € A and ¢ € Uy, this can be deduced for
() from the integrability condition of K,q, by

||v||U a(v,v) // K(z,w)|Vo(z,w)|? do dP(w)

< / |, Fnas @)E(@)* | Vip()|? dar dP(w)

= |90|H1(D)EP (Fﬂmazg a) < ‘90|H1 (Epﬂmam)l/r (EP£28a>1/S <0

and for (i7) from the integrability condition on K4 /1 by

||v||?]ﬁ = a,(v,v) //D ®) |VU (z,w)]* dr dP(w)
" Q

< [ [ " @)tw)* V() de dP(w)

2 Kmazx Kmax "\ 25 1/s
= [l p) Ep p g < |90|H1 () | Ep py (EPf ) < 00,

respectively, where 1 < s < oo with % + % = 1 in both cases. Thus, there exist unique

best approximations, i.e. orthogonal projections @y xnp = yy ., @ onto Un g pp in Uy

and Uy g pp = Hyy 1, 00t0 UN ki pp In Uﬁ satisfying
a(t — N g pp,v) =0 and a, (i — Un g pp,v) =0, respectively,

for all v € Uy i np. In other words, since a(@,v) = ¢(v) and a,(u,v) = £,(v), we have arrived
at
a(n g pp,v) = £(v) and a,(UN i hp, V) = £,(v), respectively,

for all v € Uy k np- 0

Notably, the discrete version of the weighted weak problem can also be interpreted as
a discrete version of the unweighted variational formulation by using a so-called stochastic
Petrov-Galerkin ansatz where the finite-dimensional test function space differs from the
finite-dimensional solution space. If we define the weighted finite-dimensional test function
space

U
VN K hp = {M TuE UN,KJLp} )
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we see that the problem of finding un i np € Un i np Which satisfies
au(UN K hp, V) = £(V) for all v € Un g pp
is equivalent to finding @y x np € Un i np Which satisfies
a(Un i pp, v) = L(V) for all v € Vi i np-

This means, the weighting 1/ of the (bi)linear forms is transferred to the finite-dimensional
test function space. Thus, we arrive at the discrete weighted weak problem using the
unweighted bilinear form a and linear form /¢ (instead of a,, and £,,) on the finite-dimensional
solution space Uy x np and the finite-dimensional test function space Vi k n, which equals
the space Un i pp weighted by 1/p.

Altogether, this implies, that we have identified two different stochastic Galerkin ap-
proaches for the very same variational equation: We are looking for a solution in Uy k np
which satisfies the equation

a(u,v) = £(v)

for all v € Uy g pp or for all v € Vi k pp, respectively. In general this defines two different
Galerkin projections and hence two different solutions in the same finite-dimensional space.

If we know in addition that the finite-dimensional solution spaces (Un, k. np)N K pnp Li€
dense in the space U, or (afﬁ, respectively, we can conclude that the approximation errors
tend to zero, i.e.

= nscsslly, =0 and lE— vl =0
m

In many cases of practical interest, however, we are not interested in the convergence in
these weighted norms but in the approximation error in the unweighted, the U'-norm which
therefore we call also the natural norm. Here the weighted weak formulation is advantageous
due to the continuous embedding of U 5 in U' which allows us to deduce

[t = tn g ppllr < Cllt =N gppllp, =C _infla— 2], (3.1)
m ZGUN,KJLP m

together with an upper estimate of the form

Hﬁ'_faN,K,thUl S C inf ”ﬁ—ZHUM (32)
2€UN, K hp m
Hence, we can estimate the approximation error of the stochastic Galerkin projection
un x.np in U' by a best approximation error in a stronger norm related to a weighting by
the real-valued random variable K4, /p. Due to the assumption .. /p € L"(2,2(, P) for
some r > 1 the expectation Crmaz 1= Ep (Kmaz/1t) is finite and the measure Q defined by

1 /{ma:c

dQ = dP

CEmazx ILL
m

is a probability measure. In the following we consider the function spaces Ug and U{Q”
instead of Uy, and U Mhaz » M € 7, which coincide as sets with UZL... and U.. but are

much easier tg handle dué to the corresponding probability space (QM, 2A,Q) at h#and where
w.l.0.g. we have assumed 2 = o (€).
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Corollary 3.4 If f € U#__lg N Uu__ll, Fmaz /1 € L' (Q, 2, P) for somer >1 and 4 € Ub, then
there holds

o= an sl <C__int a=zlly, (33

for a constant C' > 0 independent of N, K, h,p and 1.

Proof.
This follows immediately from the assumptions and the estimates (3.1) and (3.2). 0

Remark 3.5 If the coefficient k can be bounded from below by a positive constant, then the
finite-dimensional test function space Vi i np coincides with the solution space Un g pp and
thus weighting is not necessary. If, additionally, the coefficient k can also be bounded from
above by a constant, then the result of Corollary 3.4 is equivalent to Céa’s lemma.

3.1 Convergence Analysis

Next, we proceed with a closer look at the estimate of the approximation error (3.3) and
identify and analyze different sources of discretization errors. To this end, we introduce
three different orthogonal projections and denote by

Iy

°1
1 Usy — U
QN Q N.Khp

the orthogonal projection onto U, x hp,
Hf]é,N,K : Ué — HY(D) ® Uy x
the orthogonal projection onto H'(D) ® Uy k.,
My o U4 = H' (D)@ L2(Q,0(&1, .., £x), Q)
the orthogonal projection onto
HY (D)@ L} Q0. &), Q) 2 LA(Q,0(&1, .., £x), Q; H(D)),

respectively. All projections are carried out w.r. t. the inner product associated with the Ué—

norm. Assuming 4 € U&Q we can estimate the approximation error of the stochastic Petrov-
Galerkin approximation @y x p, to the exact solution by using (3.3) for z = Hfl‘g N i as

K,hp
follows
i~ G semllon < C [l —Tlgy alluy + Mgy =Tyl
(3.4)
+||Hﬁé7N,KU - HUG'&),NA,K,}L;)UHU‘S

Hence this error has three components, namely an approximation error induced by discretiz-
ing in the spatial dimension

€1 = ”Hﬁé,N,Kﬁ — Hfﬂ

Q,N,K,hpuHUé

and two approximation errors arising from the discretization in the stochastic dimension:
We consider only polynomials in the first K basic random variables

ea = |1 =Ty, o
and bound their polynomial degrees by N

€3 = ||HU&2K7:L - HUl

Q,N,KUHU(S'



12

Again, the first error term e; is the error arising from the spatial discretization of the
Sobolev space H (D) by the finite-dimensional FE space Uy,,. Therefore, the spatial approx-
imation error can be bounded using standard arguments from the theory of the deterministic
Finite Element Methods. Here, we employ an hp-version of the FEM (see e.g. [9]). For
example, under the assumptions in Section 5.8.3 in [9] and given that the domain D is
obtained from the reference domain D := (—1,1)¢, d = 1,2,3, by a smooth, invertible and
regular mapping F : D — D (in the sense of Section 5.8.3 in [9]) there holds the following.

Corollary 3.6 For o € UyN U, k > 2, there holds

er = HH%W,Kﬁ — aHUé < éhm_lp_(k_l)H@HUg

Q,N,K,hp

where m = min{k, p + 1} and the constant C > 0 is independent of N, K, h, p and 1.

Proof.
Based on the results in [9] (see e.g. equation (5.8.25)) for the deterministic case we find
My w) =Ty - (w) o) < Ch™ p= B a(w) || grpy  a.s.

with m = min{k,p + 1} and a suitable constant C' > 0 independent of N, K, h, p, & and
w € 2. Squaring the formula above and taking the expectation Eq w.r.t. the probability
measure Q yields

2

Eq HH%N’KQ S al| < ey VB ([l )

Q,N,K,p Hl(D)

— 02h2(m_1)p_2(k_1) ||a||(2](l3

with m = min{k,p+ 1} and a suitable constant C' > 0 independent of N, K, h, p and 4.

Remark 3.7 If, in addition, the mapping F is affine we can prove, analogously to [9], the
result

T s 1T 1/2

er = Moy @ =My e

oy < Ccpmtpm (EQmﬁ{m;k(D))

with m = min{k, p 4+ 1}, a constant C' > 0 and where | - |gm(py denotes the seminorm

) 1/2
2oy)

Clearly, additional smoothness of the weak solution in the spatial argument implies faster
convergence. Note that the approximation error e; does not depend on the basic random
variables.

The second error term usually occurs only if countably many basic random variables
are used to represent the random input data. For finitely many basic random variables
§ = (&)ier,, ioe. Ie = {1,...,M} C N, the finite-dimensional solution space U,k np is
usually defined for K = M. Thus, the orthogonal projection of the weak solution @ onto the
space HY(D)QL*(Q,0(&1, ..., k), Q) is the weak solution itself and the error e equals zero.
For a countable set of basic random variables it can be shown that the error ey converges
to zero.

k d aj
|u| (D) = (Z Z @“

j=m i=1

Corollary 3.8 Let I; = N, then there holds for i € Ub

€y = ||ﬂ — Hf]},},xa“Ué —0, K — .
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Proof.
The orthogonal projection Hﬁé U onto L3(Q,0(&, ..., k), Q; HY(D)) is equal to the condi-

tional expectation of v € Ué w. 1. t. the o-algebra spanned by the random variables &, ..., &k
(see e.g. [35]). This means

My v="Fq (u ... ,gK)) .

Since

K>1

o ( U U(gla < 7€K)) = 0-(5)7
it follows (see e.g. [7])

1
Uq

— 0, K — o0

v—1Il10 v
U&QK

(€6 )

v — Eq <v .
Q

for any v € L*(Q,0(€),Q; H'(D)). Due to @& € L*(Q,0(¢),Q; H(D)) this implies immedi-
ately

o —1I a||U‘5—>0, K — o

U4k
which completes the proof. 0O

Investigations of the third error term ez are based on properties of generalized polyno-
mial chaos. In order to represent an arbitrary H Y(D)-valued random variable in Ué =
L*(Q,0(¢), Q; H Y(D)) in terms of a generalized polynomial chaos expansion the multivari-
ate polynomials in the basic random variables ¢ must be complete in L*(£2, o(£), Q). Since
Kmaz/ 1t € L"(Q,2,P) for some r > 1 there holds Eq|¢;|™ < oo for all n € N and i € [¢.
Thus, there exists a set of multivariate orthonormal polynomials {p,(§), a € A} w.r.t. the
probability measure Q, i.e.

Eq (pa(§)ps(§)) = 0ap, for a, 5 € A.

Here, the distribution FgQ of the basic random variable £ = (&;);c I as random variable on
the probability space (£2,2, Q) is defined by

C Kmax
i

1 K;max
F3(y) = Q¢ < y) = Eqlye<y = Ep <ﬂ{s<y}ﬂ )

Since fmas s o(&)-measurable, there exists a measurable function temes RVl — R with
t*”vm#(g) = “m% Therefore, the distribution FEQ of £ is determined by

F, gQ (dy) =

t ez (y) Fy (dy).

CEmaz
o

The completeness of the polynomials {p.(¢), @ € A} in the space L*(Q,(€), Q) is then
equivalent to the density of the polynomials {p,(y), a € A} in L*(RIel B (RIel), FgQ(dy)).
Some necessary conditions to establish this property are discussed in [13]. For example, the
polynomials form an orthonormal basis of L*(Q, o(¢), Q) if for any marginal distribution

77777

CrEmaz

1
= [t FE (1, sy, (di)ior)
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K € N with {1,..., K} C I, there exists a constant a > 0 such that

In summary, this condition means that there exists a constant a > 0 satisfying

/exp (a\/ﬂ) FgQ(dy) = EQ exp (a Z @2)

- B (exp ( zgz) tnmy@) < oo.

M i€I§

Assuming that the polynomials are dense in L*(Q,0(¢), Q) the weak solution @ € Ué
possesses a generalized polynomial chaos expansion, i. e.

i(w,w) =D da(2)pa(§(W)),

aceA

since it is o(£)-measurable. The generalized polynomial chaos coefficients are given by

1a(2) = Eq (@(z, )pa(€)) = Eq (8(€)pa(©)), a € A.

Notably, the orthogonal projections Hﬁé Kﬂ and Hf’% NK@ admit a generalized polynomial

chaos representation, namely,

H[y‘s’Kﬁ(w,w) = Y ta(2)pa((w)), d(a):=max{i e N : o; # 0}
d(a)<K

and

H["]aN’Kﬁ(iﬂ,w): Z aa($)pa(§(w>>'

a€AN K

Summarizing these results we arrive at the following corollary.

Corollary 3.9 If thepolynomials {p,(£), o € A} formanorthonormalbasisof L*(2, o(€), Q),
and 1 € Ué, then the approximation error ez converges to zero, i. e.

€3 = HH%,Kﬂ —1II KﬁH% —0 when N, K — oo.

Ugon,
In particular, if the polynomials {p.(§), o € A : d(«) < K} form an orthonormal basis of
LX(Q,0(&1, .., €k), Q) for any K € N with {1,..., K} C I, we have for any K

€3 = ||H05’Kﬁ - Hf]é’N’Kﬁ’HUb — 0 for N — oo.

Remark 3.10 Anecessary condition for the completeness of the polynomials {p,(§), o € A}
in L*(Q,0(€), Q) is their completeness in the space L*(Q, 0 (€), P).

Combining the results of the Corollaries 3.6, 3.8 and 3.9 we can now formulate the precise
conditions for which the sequence of stochastic Petrov-Galerkin solutions @y i n, converges
to the weak solution @ in U*.
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Corollary 3.11 Fora € Uzﬂlo]b, k > 2, if the stochastic Petrov-Galerkin solutions uy i np
exist and the orthonormal polynomials {p.(£), o € A} are complete in L*(Q,0(£), Q), then
the sequence of stochastic Petrov-Galerkin solutions Uy g, converge in U to the weak
solution .

Proof.
The result follows immediately from the estimate (3.4) and the Corollaries 3.4, 3.6, 3.8 and
3.9. 0

This means that for the stochastic Petrov-Galerkin solutions uy x np, associated with the
weighted test function space we can establish relatively weak conditions which guarantee
convergence in U'. We would like to emphasize that for standard stochastic Galerkin so-
lutions @y i np associated with unweighted test functions, we need stronger assumptions to
prove convergence in U'. To illustrate this point we refer to Example 1 in Section 4 ahead
where a convergent sequence of stochastic Petrov-Galerkin solutions @y k pp is constructed
whereas the sequence of standard stochastic Galerkin solutions @y k n, fails to converge. In
ongoing research we are also studying the basic random variables’ impact on the approxima-
tion quality and the rate of convergence of the stochastic Petrov-Galerkin solutions @y g pp-

3.2 Assembly of the stochastic (Galerkin equations and computa-
tional aspects

The use of weighted test functions affects the assembly of the associated stochastic Galerkin
system. In what follows we outline the differences to the unweighted case (see e.g. [18,
12, 26]). Specifically, we address the calculation of the stochastic Petrov-Galerkin solution
un K,np and associated characteristics, for example, the expectation function Epty k p, and
second order moment function Epuy k 5,

Let Kmae/p € L7(, A4, P) for some r > 1. Assume {¢o(§)@i(z), o € Ay g, i € Ipy}
is a basis of the space Uy k np Where the sets {p;(x), i € In,} and {¢a(§), o € Ay} are
bases of the spaces Uy, and Uy g, respectively. Then a basis of the finite-dimensional test
function Vi g », space is given by

{qal(f)

QOZ(ZE), o€ AN,K; 1€ Ihp} .

Hence, the stochastic Petrov-Galerkin solution tun g np = > Uaiiga(§) satisfies the linear
aEAN’K
iEIhp

system of equations

N
(S

I
I~

where

A= (a(qasoi,qﬁ%/u)) , f= (f(sojqam)ﬁj and - u:= <U“>a

Bjou

Using the parameterized input data k¢(¢) with ke : Rl — 1L°(D) and fe(¢) with
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fe : RMel — H=1(D) we obtain

a(Pias Piqs/ 1) = ((Zﬁs z)Vi(z) - Vipj(z )dl‘) 9a(&)qs(§ )/u)

-/ e (M, 09 ) Tinta) - Vi) o
and

Hpsas/) = B (€0 )10 5©) = (B (E0a06)) )

H-1 A1

for any ¢,5 € Inp, o, € An k.

It is important to choose suitable polynomials {g,(§), @ € Ay k} so that the compu-
tation of the expectations in the linear system is actually feasible. To this end, we discuss
two options.

First, it is possible to employ the polynomials {p,(§), « € A} which form an orthonormal
basis of L*(Q, o(£), P). Thus, evaluation of the expected values

Ep (re(@pu(©pa(©)/n)  and  En(f©pal€)/n)

requires the calculation of the generalized polynomial chaos expansions of k¢(€)/p and
fe(&)/p or their generalized polynomial chaos coefficients, respectively. The corresponding
characteristics of the stochastic Petrov-Galerkin solution @y g np, i.€. expected value and
second order moment function

~ —2
EPUN,K,hp and EPuN,K,hp

are determined as usual by

Epun g np = EP( > Uai%ﬁa(f)) = > Uapi Ep (Pa(§)) = D uoips

a€AN K a€AN K 3 i€lp,
i€lpy i€Tp, 00

and

EP[L?V,K,hp = EP( Z Uai“ﬁj%‘%‘ﬁa (g)pﬁ(€)>

a,BEAN K
i,jGIhp

= Z Uai PiUE; P Ep (ﬁa(f)ﬁﬂ <£>)
o,BEAN K -5
1,j€In), —oes

= > D Uslajpip; = Y (Zuami)Q-

a€AN K 1,j€Ipy acAn kg “i€lpy

A second option can be obtained if the expectation of the random variable p=! is fi-
nite and Ep|&|"u~" < oo holds for all n € N and ¢ € I;. For example, this is satis-
fied if H~'(D) C U%. Then, w.l.o.g. we can assume that the expectation of !
equal to one. In this case the polynomials {p,(¢), @ € A} which are orthonormal in
L*(Q, A, u~'dP) can serve as basis polynomials ¢ (¢). Then, the computation of the ex-

pected values Ep (Hg(f)ﬁa(f)ﬁ@(f) / u) and Ep < fe(€)pp(€)/ ,u) requires only the generalized
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polynomial chaos expansions of k¢ and fe in the polynomials {p,(§), o € A}. However,
evaluating the first and second order moment function of the stochastic Petrov-Galerkin
solution is more complicated than in the first option since the polynomials {p,(§), o € A}
do not satisfy Ep(pa(§)ps(§)) = Cada . Thus, we have to compute

EPﬁN,K,hpZEP( > Uaisﬁiﬁa(f)): > unipiEppal(§)

a€AN, K a€AN K
iEIhp ie[hp
and
Ep Uy i pp = EP( > Uaiuﬁj%%ﬁa(ﬁ)ﬁﬁ(ﬁ)> = Y UaipitgpiEp (Pa(€)Ds(E)) -
a,BEAN, K o,BEAN K
i:jelhp ivjelhp

Suppose now, that the generalized polynomial chaos expansions of the polynomials p, (&),
a € Ay g, are given in terms of sums of the polynomials {p, (&), o € A}, i.e., we know the

(a)

generalized polynomial chaos coefficients ¢; " satisfying

Ba(€) = Y &Vpslo).

BeEAN K

These coefficients are sometimes called connection coefficients in the literature [23, 29,
31]. We then obtain the stochastic Petrov-Galerkin solution in terms of the polynomials

{Pa(§), o € A} by rearranging
iy = 5 vaipifald) = X vags X O = X O] ¥ uar]

OZEANYK OtEAN,K ﬂEAN,K BEAN,K OéEAN’K
i€l i€y €l

The expected value and second order moment function can be computed as follows

2
Epin iy = Y. C tip; and Epikj,, = > [ > ag@um]-

a€AN K BEAN, Kk ~a€EAN K
i€lpy i€lpy
If both sets of polynomials are basis polynomials of the finite-dimensional subspace Uy ,
then the resulting stochastic Galerkin solutions coincide, of course. Depending on the
problem, however, it can happen that the two options differ with respect to computational
aspects and performance.

Example 3.12 Assume that for a given boundary-value problem the basic random vari-
able is a single standard Gaussian random variable & and that the random variable 1/pu =
ty-1(§) = exp (352) Jo with o = 1/\/1 —¢ for 0 < e < 1 serves as an admissible weighting
random variable. Then the basic random variable & has also a Gaussian distribution on the

probability space (2, A, p~ dP) and the corresponding density function fg’fldp is given by
-1 1 € y?
u—-dP P 2
=t _ - e _7
fe T y) =t (W) fe () Tog P <2y ) exp ( 5 )
1 21— 1 2
= exp(—y( €>>: exp( Y >, y € R.

2o 2 210 202

The associated orthonormal polynomials {p,(€), n € No} in L*(Q,0(&), u~'dP) are the
normalized probabilistic Hermite polynomials { He,(§), n € Ny} scaled in the argument, i. e.

ﬁn(g) = \/1n—!Hen (f_) s n e No.
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If we assemble the stochastic Galerkin system by the first option described above, the original
Hermite polynomials
Hey (§)

ﬁn(&) = \/m )

are used to span the finite-dimensional subspace Uy i with K = 1. Therefore, we have to
calculate for instance the polynomial chaos coefficients of ke(€)/p, i. .

Ep (”i@ Hj%?) . necN,.

Using the second proposed option we have to calculate the generalized polynomial chaos
coefficients of k and f w.r.t. the polynomials {p,(§), n € No}. For the coefficient r this
requires evaluation of the polynomial chaos coefficients of rke(o€) by the change of variables

z=ylo

K He,(&/o He,(y/o P He,(y/o) ..i—1ap
B ("IN ) [ ) T g2 ) = f et T g

— /R/%(az) H\cz%z) fgp(z) dz = Ep (K,g(O'f) Hjﬂﬁ?) ., n € Np.

In order to obtain the first and second order moments of the approrimate solution, we need
the generalized polynomial chaos coefficients an) satisfying

n=20,...,N

He, §/0 "y Hei(€

Z = TLENO

0 .

Fortunately, in this case analytic expressions for these coefficients are available:

Vil n (1—02>(”_i)/27 n+1i even,

" = { Vi) 2
0, otherwise,

1=0,...,mn, n € Ng. m

If the multivariate orthonormal polynomials {p,(§), o € A} or {p.(£), o € A} can be
represented as tensor products of univariate orthonormal polynomials, then the assembly
of the stochastic Galerkin system simplifies significantly. To answer this question, we need
to investigate if the basic random variables (§;)icr, are independent as random variables on

the probability spaces (2,2, P) or (Q,2, = 'dP), respectively. Let t,-1 : R/l - R be a
measurable function such that there holds

t,u_l(g) = Nil'
Then the distribution Fg’fldP of & on (Q,2, = 1dP) is
Ft P — ty—1 (y) FE (dy).

udP

Analogously, the distribution Fg, of each random variable §;, i € I¢, is given by

-1
FE P (dy;) = ty—1i(yi) Fe, (dys),

where £,-1; : R — R is the measurable function satisfying

-1,(&) = Ep (,u_1|fi) , 1€ g
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Then, the independence of the basic random variables (&;);c 1. on the respective probability

u1dP .

spaces holds if and only if the associated distribution Fg P or Fe is the product of the

distributions of the individual random variables &;, i € Ig, ie.,

—1
FE(dy) = [] FE (dy:) or F®(dy) = T FE ™ (dys),

7,615 ZEIS

respectively. If, for instance, the random variables (§;)sc, are independent on the probability
space (£2,2(, P) and the function ¢,-1 can be represented as product

- (y) = H byt (%)

’iEIg

then the random variables (&;);c, are also independent on the probability space (€2, 2, p~tdP).

4 Examples

In this section we present two examples of boundary-value problems which illustrate the dif-
ferent convergence behavior of the standard stochastic Galerkin approach and the stochastic
Petrov-Galerkin approach, respectively. Because the difference is related to the stochastic
aspects of the problems, we construct very simple one-dimensional boundary-value problems
where the random coefficients depend on a single basic random variable. In both examples
we will observe that

e the standard stochastic Galerkin approach which is usually used (see e.g. [26, 38])
fails to provide a sequence of approximate solutions converging to the exact solution
in the natural norm,

e the stochastic Petrov-Galerkin approach with a suitable weighted test function space
yields a sequence of approximate solutions converging to the exact solution in the
natural norm.

Both results, non-convergence for the standard stochastic Galerkin approach and conver-
gence for the stochastic Petrov-Galerkin approach, respectively, are illustrated numerically.
In addition, we prove non-convergence of the standard stochastic Galerkin approach for
Example 1 analytically.

In both examples we study a one-dimensional boundary-value problem of the type

—(k(z,w)u (z,w)) = f(z,w), x€(0,1), weQ,
with homogeneous Dirichlet boundary conditions
u(0,w) =u(l,w) =0, w e,
or mixed boundary conditions
w(0,w)=0 and k(lL,wu'(l,w)=F(w), weq.

Though we do not consider mixed boundary conditions in our model problem (2.1) in
Section 1, the theory developed in the preceding sections still applies. To eliminate the
spatial discretization error as far as possible we use a single Gauss-Lobatto-Legendre spectral
element of suitable degree p for the spatial discretization. Thus, we are able to observe the
effect of the different discretizations of the stochastic space. In the experiments we always
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compare the corresponding relative approximation error in the U'-norm — the natural norm,
i.e.,
|8 — AN, pp | g Mo —avwmlle
[aine [[2t]]
respectively. Furthermore, since we consider a single basic random variable, we drop the
index K in the notation of the finite-dimensional subspaces and stochastic Galerkin solutions
for the sake of convenience.

)

Example 1. We consider the boundary-value problem on the domain D = (0, 1) with ran-
dom coefficient k(z,w) = exp(§(w)) and random forcing term f(z,w) = exp(§{(w))|(w) — 1]
where £ ~ 47(0, 1) is a standard Gaussian random variable. This means, we are looking for
the solution of

— (exp(§(w))v(z,w))" = exp(§(w)) € (w) — 1], ze(0,1), wel,
u(0,w) = u(l,w) =0, w e

Since the coefficient x is strongly measurable in L°°(D) and there holds
0 < Kmin = exp(§) < k < exp(§) =: Kpaz < 00

we can choose (= K. Since f € U ;(;(_25) NU. ;{;(_5) we can also conclude that there exists

a unique weak solution o € Ut given by

. . 1

iz, w) = [Ae({(W))(@) = FEw) = 1|z —27), 2 €(0,1), we Q.
This is of course also a pathwise strong solution.

For the standard stochastic Galerkin approach we choose identical finite-dimensional
solution and test function spaces Uy, = Upp ® Un where

He,
UN:span{ ¢ <€), n:O,...,N}

Vn!

is spanned by the first N + 1 probabilistic Hermite polynomials {He,(§), n € No}. The
relative approximation error
S e o 2

laing

of the corresponding standard stochastic Galerkin solutions @y, is shown in Figure 1.
Here, we use a single Gauss-Lobatto-Legendre spectral element of degree p = 3 for the
spatial discretization. We clearly see that the approximation error does not converge to
zero for increasing orders of the chaos polynomials. In fact, we can prove that the sequence
of standard stochastic Galerkin solutions @y p, does not converge in U! to the exact solution
for N — oo. To see this, we note that due to the special structure of the boundary-value
problem the standard stochastic Galerkin solution

Un pp (2, &) = Upp(2)Un(§)

is the product of the deterministic function ,(x) which satisfies the equation

/Q;Lp(x)vjlp(:c) dr = /vhp(a:) dr  for all vy, € Uy, (4.1)
D D
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0.8

0.7

err

0.1
0

Figure 1: Relative approximation error err of the standard stochastic Galerkin solution
Up pp for different orders N of polynomial chaos.

and the random variable 4y () satisfying the equation

o Hen®) o (o He@)
Ep(exp<f>uN<f> m)‘EP< p(E)le — 1 m)f Im=0....N (42

We denote ip(x) := 3(x — z?) and 1g(¢) := |¢ — 1| and obtain the following lower bound

%
|4 — N ppllor = Upta() — tnplin ()l = [ta(€)(dp — Gnp) + Unp(Ta(§) — tn(E)) |l
> |[inp(ta(§) — an(E) oy — [[aa(€)(dp — dnp) |

= l[anpll (o) l120(€) = an (€2 @up) = 0(E)li2p) 10D = dnpll a1 (0)-

In view of
lap = tnpllripy = 0 and  [|ta(§)|lL2@up) < o0

the second error term <||QQ(§) l1202p) [liD — @hp”Hl(D)) converges to zero and the norm of
| Gpp|| 1 () converges to ||ip|| g1(py. However, the stochastic part @y (&) does not converge to
in(€) in L?(Q, A, P) as shown in detail in the Appendix A. In fact, there exists a subsequence
(i, (€))ken, of (in(€))nen, Whose second order moments tend to infinity which implies that
the error [|iq(§) — tn, (€)l2(.0p) goes to infinity, i.e.,

8 (&) = i, (E)lli2ap) = 00, k= 0.

Of course, this also implies that the corresponding approximation error err goes to infinity,
ie.,

% — tn, ppllor — 00,  k,p — o0.
Thus, the sequence of standard stochastic Galerkin solutions iy, does not converge to the
exact solution @ in U.

Alternatively, we employ the proposed stochastic Petrov-Galerkin approach. W.l.o0.g.
we can normalize the random variable i such that the expectation of its reciprocal p=* is
one, i.e., we take

ju = exp(1/2) exp().

We define the weighted finite-dimensional test function space

He,,
Vnonp = {uexp(—¢€), u € Unpp}t = span {Uhp \/nilg) exp(—§), unp € Upp, n=0,..., N} :
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Since Kmqae = exp(—1/2)u the probability measure Q coincides with the probability measure
P and thus U' = U{. Hence, based on Corollary 3.4, we obtain for the corresponding
stochastic Galerkin solution uy 5, the estimate

Hﬁ — aN,hp”Ul S C inf Hﬁ — ZHU1
ZEUN’hp

where exactly the same norms appear on the left and right hand side of the inequality. Due
to @ € UANU! for any k > 1 and the completeness of the Hermite polynomials in the space
L*(Q, (&), P) the sequence of the stochastic Petrov-Galerkin solutions iy, converges to
the exact solution. This is illustrated by the approximation error err on the left side of
Figure 2. Here we have again used a single Gauss-Lobatto-Legendre spectral element of

0

10

Figure 2: Left: Relative approximation error err of the stochastic Petrov-Galerkin solution
up pp for different orders N of polynomial chaos.

Right: Second order moment function of the exact solution @ and the standard stochastic
Galerkin solution @y p, and stochastic Petrov-Galerkin solution uy p, for polynomial chaos
of order N = 40.

degree p = 3 for the spatial discretization. Again, any solution @y, is the product of
a deterministic function 1y, and a random variable ux (&) satisfying analogous equations
as (4.1) and (4.2) for 4y, and uyn(€). Note that in this case, the stochastic part uy(§) is
the ezact polynomial chaos approximation of order N of 4o (), hence we compute the best
approximation with respect to the norm of the space L*(Q2, o(¢), P). For example, for N = 0
the expectation of the stochastic Petrov-Galerkin solution g, is the exact expectation of
@ as function of the spatial argument x € D. On the right side of Figure 2 (using a a single
Gauss-Lobatto-Legendre spectral element of degree p = 50 for the spatial discretization)
the second order moment function of the exact solution (blue-[J line)

Ept?(z,-) = ~(z —2%?, 2€D,

is compared with the second order moment function of the stochastic Galerkin solutions
Un,pp (green-+ line) and up p, (red-x line) for generalized polynomial chaos order N = 40.
As expected, the second order moment function of the stochastic Petrov-Galerkin solution
Un pp approximates well the second order moment function of the exact solution whereas
the second order moment function of the standard stochastic Galerkin solution 4y, differs
substantially. g

Our second example is again a one-dimensional boundary-value problem but with a
more sophisticated random coefficient, a deterministic forcing term and mixed boundary
conditions.



23

Example 2. We study the following boundary-value problem

— (exp (—fQ(w)x/lo) u’(:c,w))/ = f(x), z € (0,1), weq,
u(0,w) =0, w € ),
exp(—&3(w)/10)u/ (1, w) = exp(—6£2(w)), w €,

with random coefficient k(x,w) =exp (—&*(w)z/10), deterministic forcing term f € C[0,1] C
H~'(D) and random boundary value F(w) = exp (—6&%*(w)) where the random variable &
is again standard Gaussian. The coefficient x depends on w € 2 as well as on the spatial
argument z € D, is strongly measurable and bounded by the random variables

Komin := exp(—£2/10) and Fmaz = 1,
respectively, satisfying
0 < Emin < K < Kmaz < 00 a.e. and a.s.

The exact solution @ of the boundary-value problem is explicitly given by
~ 2 1
(z,w) :/ exp( (w )y/lO) (exp (—6§ (w)) +/ f(z) dz) dy.
0 Yy

Alternatively, any random variable of the form exp (—%{2) with ¢ > 1 is also a lower bound
for the coefficient k. Since we want to work with random variables for which the reciprocal
has expectation one and is integrable of an order greater than one we consider

5 € o
=/ _£ | <c<b.
He 5—geXp( 105)’ SE<3

Then, for £ < 3 the expectation

N _ 5— 3
Ep (Joff ') =7 Ee (laff oxp (5567

is also finite. Note that for ¢ > 3 the latter property is in general not satisfied. For
1 < e < 3 there exists a unique weak solution 4 in U, especially in U oL Therefore, any p.
with 1 < e < 3 can serve as a suitable weighting random variable. ThlS allows us to define
the weighted test function spaces

VN = WU/ e, w € Unpp}

where
Unpp =Upp @ Uy with Uy =span{{", n=0,...,N}

is the finite-dimensional solution space. Now, any sequence of the stochastic Petrov-Galerkin

solutions (ﬂg\s,?hp) Nap With 1 < & < 3 converges to the exact solution @ in U?, since there

holds @ € Usmaz N Ukpa. for any & > 1 and the corresponding polynomials are dense in
He I

L*(Q, 0(€), Kmaz/ 1edP). For the constant forcing term f = 1 we compute the relative ap-
proximation errors err of the stochastic Petrov-Galerkin solutions ﬂf,’)hp for different values ¢,
namely € = 1, 2, 3, using a single Gauss-Lobatto-Legendre spectral element of degree p = 50
for the spatial discretization. The results are presented in Figure 3.
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—A—pp =1

—8— 1 = V/5/2exp(—€°/10)
—%— i = \/5/3exp(~€2/5)
—+— 3 = /5/2exp(—3¢°/10)
0 5 10 15 20 25 30 35 40
N

10°

Figure 3: Relative approximation error err as function of the generalized polynomial chaos
order N for different weights u., ¢ =0,1,2, 3.

Obviously the error decays according to the theory developed in the preceding sec-
tions. For comparison purposes the relative approximation error of the standard stochastic
Galerkin solution 4y p, for the unweighted test function space, i.e. € = 0, is also shown in
Figure 3. After a period of decrease the approximation error increases suggesting that this
sequence of standard stochastic Galerkin solutions does not converge to the exact solution
1 in Ul. ]

5 Summary

In this work we have presented two possible stochastic variational formulations — an un-
weighted and a weighted one — for elliptic partial differential equations with random coef-
ficients where the coefficients are bounded strictly away from zero and infinity by random
variables. For each formulation we have established a solution theory and applied the
stochastic Galerkin method for the numerical solution. It turns out that the stochastic
Galerkin method employed on the unweighted weak formulation corresponds to the stan-
dard stochastic Galerkin approach whereas the stochastic Galerkin method employed on
the weighted weak formulation can be interpreted as a stochastic Petrov-Galerkin approach
since the test function space does no longer coincide with the solution space but corresponds
to the solution space weighted by a suitable random variable. We have analyzed the con-
vergence of these two different approximations to the exact solution. We have presented an
example where the standard stochastic Galerkin approach produces approximations which
do not converge to the exact solution in the natural norm. This does not mean, however,
that this approach never yields convergent approximate solutions to the weak problem. The
convergence of the standard stochastic Galerkin approximation depends on the underlying
boundary-value problem and must be proved separately. As possible remedy we have pre-
sented the stochastic Petrov-Galerkin approach with a modified test function space. We
have established conditions for the convergence of the stochastic Petrov-Galerkin solutions
in the natural norm and presented examples where this approach produces convergent ap-
proximations despite the failure of the standard stochastic Galerkin approach.
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A On the convergence of iy(£) in Example 1

We consider the algebraic equation
ku = f

for a given random coefficient xk with
k(w) = exp(§(w))

and random right side f with

f(w) = exp(§(w))[€(w) — 1]

where the random variable ¢ is standard Gaussian. Clearly, the exact solution is

u(w) = ug(§(w)) = €(w) — 1] € L(Q, 0(¢), P).

As discussed in Example 1 of Section 4 the finite-dimensional solution and test function
space of the standard stochastic Galerkin approach is the subspace

B He,(§)
UN—span{\/m,n—O,...,N}

spanned by the probabilistic Hermite polynomials. Thus, the corresponding solution uy € Uy
solving

He,, (5)

m)

He,, (5)
vm!

is equal to the stochastic part iix of the stochastic Galerkin solution 4y, of Example 1.
Since uy € Uy satisfies (A.1) there holds

Ep (exp(f)u]\/ ) =Ep (exp(ﬁ)\f — 1] ) foralm=20,...,N (A.1)

Ep (kuyv) —Ep (fv) =Ep (k (uxy —u)v) =0 for all v € Uy.

Thus, the stochastic Galerkin solution uy is the best approximation to the exact solution
u € L*(Q, 0(€), kdP) in the subspace Uy. In other words, uy is the orthogonal projection of
u onto Uy in L*(Q, 0 (€), kdP), i. e. with respect to the weighted inner product (vy,vs), :=
Ep(kvivy). To prove that the solution uy does not converge in quadratic mean to the
exact solution u we consider the orthonormal basis {p,(£), n € Ng} of the weighted space
L2(Q, 0(€), exp(€)dP) which is given by

e V4 He, (£ — 1)
\/m 5

Hence, the stochastic Galerkin solution uy can be written as

ﬁn(f) = n € Nj.

N

Un = Z<uvﬁn(£)>nﬁn(£)

n=0

Assume that the polynomial chaos coefficients c§”)

Pul€) = 3 Hmif)

1=0

,1=20,...,n,n € Ny, in the expansions
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are known, then the stochastic Galerkin solution of order N with respect to the Hermite
polynomials takes on the form

= S ) Pul€) = (e 3 = 55 T S ()l

If the stochastic Galerkin solutions uy converge to the exact solution, their second order
moments must converge to the exact solution’s second order moment since

lulli2@ap) = llunllizoae| < v = uvlliz@ap =0, N = oo,

i.e., there must hold

N /N 2

2 ~ n

HUNHIQJ?(Q,QLP) = Ep (UN) = Z (Z(u,pn(f)%cg )> — ||u||%,2((2,2[7p) = EPU2 < o0, N = oc.
=0

n=t

However, we show that there exists a subsequence of stochastic Galerkin solutions (uy)nen
where the second order moments diverge to infinity.

To see this, we evaluate the generalized polynomial chaos coefficients (u,p,(&)), for
n € Ny by the change of variables y = x — 1 yielding

7 e V/4He, (x — exp(—Lz2
(U, pn(&))r = /ug x H\/%(' D eXP(:C)p\(/T;')dx

[e.e]

= el/4 / ue(y + l)H\e/ng) eXI\)/(;_FyQ) dy = ¢'*Ep <u§(§ + 1)Hen(§)>

(_l)n/2+1m
— el/4 Hen(6)) _ 61/4\/%271/2—1(@)1(11_1)7 n even.
=e/"Ep | [¢] = >
vn! 0, otherwise.

—00

Expanding the polynomials 5, (£) in polynomial chaos leads us to the sums

e VHe (6 -1) W mHei(€)
pn(g) = \/ﬁ - ;Ci \/ﬁ

where the coefficients are given by

(o _ o (ED)TV
’ (n —i)Wi!

due to Formula 22.12.8 in [1]. Combining these two results we obtain

el/4 (—1)2"/1“;\/5 6_1/4(—1)"'—1‘\/'57
<u7ﬁn(£)>n C(n) = V2man/2- (F)(n—1) (n—i)!Vi!

n even,

0, otherwise,

V2r2n/2=1(2)(n—1)(n—i) Vil

-1 3n/24+1—1 |
(-1) = n even,
0, otherwise.
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Now, we investigate the second order moments of the subsequence (usy)nen, Of the stochas-

tic Galerkin solutions, that is,

2N [2N -
~ n

Be(uan)? = 3 | Sl O

=0 Ln=1t

In order to show that this sequence goes to infinity for N — oo we consider a single term
in this sum, namely the summand for : = 2N — 3:

n=2N-3

Z (U, P2n(§)) Cz('n)]

= {(%]521\/—2(5»1-: Cg\]fv—_:sz) + (u, Pan (§)) s cgév_)3r

| (—1)N+1(2N — 2)! . (—1)V (2N)! r
V2m2N=2(N — 1)I(2N - 3)y/(2N = 3)!  V2m2N-INI(2N — 1)3!,/(2N — 3)!
B (2N — 2)! <(—1)N+12 N (—1)N)] ’
V22NN — 1)I,/(2N —3)! \ 2N =3 3
(2N —2)1? 4 4 1
T 2722N-2(N — 1)I2(2N — 3)] ((QN 32 3eN—3) " 9)

(2N —2)127BN) f4(N—1)  4N-1) N-1
(N =1) (2N —3)2  3(2N —3) 9 )
Then, applying the Stirling’s formula (see e. g. [1]) yields

(2N —2)12-(2N=2) ( 4N —1) 4N -1 N N — 1) VN

(N —1)2 (2N —3)2  3(2N —3) 9

~N

when N — oo and thus we obtain
2N [2N - 2
Ep (o)’ = 3 [Zw,msm ]

1=0 Ln=1
IN —2)12-EN=2) /4N — 1 4(N —1 N -1
L (2N -2 ( (N-1) _ 4N-1) )MO

= a(N-—1)P (2N —3)2  3(2N - 3) 9

for N — oo. This implies that the sequence of stochastic Galerkin solutions (uy)yen, fails
to converge in quadratic mean to the exact solution wu.
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