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On the convergence analysis of Rothe’s method∗

P.A. Cioica, S. Dahlke, N. Döhring, U. Friedrich, S. Kinzel,
F. Lindner, T. Raasch, K. Ritter, R.L. Schilling

Abstract This paper is about the convergence analysis of the hori-
zontal method of lines for deterministic and stochastic parabolic evolu-
tion equations. We use uniform discretizations in time and nonuniform
(adaptive) discretizations in space. The space discretization methods
are assumed to converge up to a given tolerance ε when applied to the
resulting elliptic subproblems. Typical examples are adaptive finite
element or wavelet methods. We investigate how the tolerances ε in
each time step have to be tuned so that the overall scheme converges
with the same order as in the case of exact evaluations of the elliptic
subproblems. We show that the analysis can be applied to rather gen-
eral classes of deterministic parabolic problems and arbitrary S-stage
discretization schemes. Moreover, also stochastic evolution equations
can be treated, at least, if the linearly-implicit Euler scheme is the
method of choice. We present a detailed analysis of the case of adap-
tive wavelet discretizations in space. Using concepts from regularity
theory for partial differential equations and from nonlinear approxima-
tion theory, we determine an upper bound for the degrees of freedom
for the overall scheme that are needed to adaptively approximate the
solution up to a prescribed tolerance.

MSC 2010: Primary: 35K90, 60H15, 65J08, 65M20, 65M22, 65T60; sec-
ondary: 41A65, 46E35.
Key Words: Deterministic and stochastic parabolic evolution equations,
horizontal method of lines, S-stage methods, adaptive wavelet methods,
Besov spaces, nonlinear approximation, Brownian motion, stochastic partial
differential equations.

1 Introduction

This paper is concerned with the numerical treatment of deterministic and
stochastic evolution equations of parabolic type. Such equations describe
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diffusion processes and they are very often used for the mathematical mod-
elling of biological, chemical and physical processes. There are two princi-
pally different approaches: the vertical method of lines and the horizontal
method of lines. The former starts with an approximation first in space and
then in time. We refer to [34, 38, 46] for detailed information. The latter
starts with a discretization first in time and then in space; it is also known
as Rothe’s method. It has been studied in [8, 32, 40, 42]. These references
are indicative and by no means complete.

In this paper, we concentrate on Rothe’s method for the following rea-
sons. In the horizontal method of lines, the parabolic equation can be in-
terpreted as an abstract Cauchy problem, i.e., as an ordinary deterministic
or stochastic differential equation in some suitable function spaces. This
immediately provides a way to employ adaptive strategies. Indeed, in time
direction we might use one of the well known ODE-solvers or an SDE-solver
with step size control. This solver must be based on an implicit discretiza-
tion scheme since the equation under consideration is usually stiff. Then, in
each time step, a system of elliptic equations has to be solved. To this end,
as a second level of adaptivity, well-established adaptive numerical schemes
based, e.g., on wavelets or finite elements, can be used. We refer to [11,12,20]
for the wavelet case, and [2–4,7,28–31,35,47,48] for the finite element case.
As before, these lists are not complete.

Although the combination of Rothe’s method with adaptive strategies is
natural, a rigorous convergence analysis seems to be still in its infancy. For
deterministic parabolic equations and finite element discretization in space,
the most far reaching results have been obtained by [40]. In the stochastic
setting Rothe’s method with exact evaluation of the elliptic subproblems,
has been considered in [8, 32], and explicit convergence rates have been es-
tablished in [13,33,45]. Results for full discretizations of stochastic equations
have been given in, e.g., [26].

Not very much seems to be known for fully adaptive schemes. This
paper can be seen as a first step in this direction. We still use uniform
discretizations in time, but for the space discretization we use an arbitrary
(non-uniform and adaptive) discretization scheme that allows to compute
an approximation to the exact solution up to a prescribed accuracy. To
treat the convergence problem, we start with the observation that at an
abstract level Rothe’s method can be re-written as a consecutive application
of two operators, the inverse of a (linear) elliptic differential operator and a
(nonlinear) evaluation operator. Adaptivity enters via distributing degrees
of freedom in each time step for the inexact evaluation of both operators
up to a given tolerance. Obviously, we need to know whether the whole
scheme still converges with all these perturbations and how the tolerances
in each time step have to be tuned to obtain convergence and corresponding
convergence orders. These aspects are studied in Section 2.

In the subsequent sections we apply this analysis to the following concrete
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situations: in Section 3, we study deterministic equations of the form

u′(t) = Au(t) + f(t, u(t)), u(0) = u0

and, in Section 4, we consider stochastic evolution equations of the form

du(t) =
(
Au(t) + f(u(t))

)
dt+B(u(t)) dW (t), u(0) = u0.

In practical applications, usually A is a differential operator, f a linear or
nonlinear forcing term and, in the stochastic case, B(u(t)) dW (t) describes
additive or multiplicative noise. Formally, both equations are special cases
of the following general problem

du(t) = F (t, u(t)) dt+B(u(t)) dW (t), u(0) = u0. (1)

(Clearly, the deterministic setting can be obtained by setting B ≡ 0.)
This paper is organized as follows. In Section 2 we state the abstract

setting of Rothe’s method and derive sufficient conditions for convergence in
the case of inexact operator evaluations. In particular, we obtain conditions
on the tolerances of the elliptic subproblems which guarantee the overall con-
vergence; moreover, we derive abstract complexity estimates. In Section 3
we apply the whole machinery to deterministic parabolic equations. Then in
Section 4 we study the stochastic counterpart. Finally, in Section 5 we apply
and substantiate the abstract analysis by considering the case that imple-
mentable adaptive wavelet methods are used for the numerical treatment of
the elliptic stage equations.

2 Abstract description of Rothe’s method

We begin with an example that motivates our perspective on the analysis of
Rothe’s method. The setting and notation will be given in Subsection 2.2,
and in Subsection 2.3 we state and prove one of our main results, that is an
abstract convergence proof.

2.1 Motivation

To introduce our abstract setting of Rothe’s method, let us consider the heat
equation

u′(t) = ∆u(t) + f(t, u(t)) on O, t ∈ (0, T ],

u(0) = u0 on O,
u = 0 on ∂O, t ∈ (0, T ],

 (2)

where O ⊂ Rd, d ≥ 1, denotes a bounded Lipschitz domain. We discretize
this equation by means of a linearly-implicit Euler scheme with uniform time
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steps. Let K ∈ N be the number of subdivisions of the time interval [0, T ],
where the step size will be denoted by τ := T/K. The k-th point in time
is denoted by tk := τk, k ∈ {0, . . . ,K}. The linearly-implicit Euler scheme,
starting at u0, is given by

uk+1 − uk
τ

= ∆uk+1 + f(tk, uk),

i.e.,
(I − τ∆)uk+1 = uk + τf(tk, uk), (3)

for k = 0, . . . ,K − 1. If we assume that the elliptic problem

Lτv := (I − τ∆)v = w on O, v|∂O = 0,

can be solved exactly, then we see that one step of the linearly-implicit Euler
scheme (3) can be written as

uk+1 = L−1
τ Rτ,k(uk), (4)

where
Rτ,k(v) := v + τf(tk, v)

and Lτ is a boundedly invertible operator between suitable Hilbert spaces.
That is, we can look at this equation in a Gelfand triple setting (H1

0 (O),
L2(O), H−1(O)) with Lτ as an operator from H1

0 (O) to H−1(O). We may
also consider (4) in L2(O), since H1

0 (O) is embedded in L2(O) and L2(O) is
embedded in H−1(O), provided that Rτ,k : L2(O)→ L2(O) is well defined.

Having the above simple example in mind, we observe that the funda-
mental form of (4) essentially remains the same even if we introduce

• more sophisticated discretizations in time, e.g., as outlined below and
in Section 3;

• more complicated source terms, including, e.g., stochastic components,
see Section 4.

We are going to exploit this observation in the following subsections.

2.2 Setting and assumptions

In many applications not only one-stage approximation methods, such as
the linearly-implicit Euler scheme, are used, but also more sophisticated S-
stage schemes. Compared to one-stage schemes, S-stage schemes can lead
to higher convergence orders of the approximation in time direction, see also
Section 3 for further details. Therefore, in this subsection we state a variant
of (4) that provides an abstract interpretation of S-stage schemes, where
S ∈ N.

4



As above, we begin with a uniform discretization of the time interval
[0, T ] with K ∈ N subdivisions, step size τ := T/K, and tk := kτ for k ∈
{0, . . . ,K}. Taking an abstract point of view, we introduce separable real
Hilbert spaces H, G, and consider a function u : [0, T ] → H. Furthermore,
let Lτ,i be a family of, possibly unbounded, linear operators which have
bounded inverses L−1

τ,i : G → H, and let

Rτ,k,i : H× . . .×H︸ ︷︷ ︸
i

→ G (5)

be a family of (nonlinear) evaluation operators for k ∈ {0, . . . ,K − 1} and
i = 1, . . . , S. As the norm on the Cartesian product in (5) we set

‖(v1, . . . , vi)‖H×...×H :=
i∑
l=1

‖vl‖H.

Remark 2.1. (i) The function u : [0, T ]→ H is understood to be a solution
of a (deterministic or stochastic) parabolic partial differential equation of the
form (1).

(ii) In most cases L−1
τ,i is not given explicitly and, for this reason, we need

an efficient numerical scheme for its evaluation. The situation is completely
different with Rτ,k,i, which is usually given explicitly and does not require
the solution of an operator equation for its evaluation. Concrete examples
of these operators will be presented and studied in Sections 3 and 4.

(iii) In a Gelfand triple setting (V,U, V ∗) typical choices for the spaces
H and G are H = V , G = V ∗ or H = G = U . However, also a more general
setting such as

V ⊆ H ⊆ U ⊆ V ∗ ⊆ G.
is possible. Observe that our motivating example from Subsection 2.1 fits
in this setting with H1

0 (O) = H ⊆ L2(O) and G = H−1(O). In Section 4 an
even more general setting will be studied.

Starting from the given value u0 := u(0) ∈ H, we define the abstract
exact S-stage scheme iteratively by

uk+1 :=
S∑
i=1

wk,i,

wk,i := L−1
τ,iRτ,k,i(uk, wk,1, . . . , wk,i−1), i = 1, . . . , S,

 (6)

for k = 0, . . . ,K − 1. One step of this iteration can be described as an
application of the operator

Eτ,k,k+1 : H → H,

v 7→
S∑
i=1

wk,i(v),

wk,i(v) := L−1
τ,iRτ,k,i(v, wk,1(v), . . . , wk,i−1(v)), i = 1, . . . , S.

 (7)
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If we define the family of operators

Eτ,j,k :=

{
Eτ,k−1,k ◦ . . . ◦ Eτ,j,j+1, j < k

I, j = k,
(8)

then the output of the exact S-stage scheme (6) is given by the sequence

uk = Eτ,0,k(u0), k = 0, . . . ,K. (9)

The convergence analysis which we present relies on a crucial technical
assumption on the operators defined in (8).

Assumption 2.2. For all 0 ≤ j, k ≤ K the operators

Eτ,j,k : H → H are globally Lipschitz continuous

with Lipschitz constants CLip
τ,j,k.

Remark 2.3. Assumption 2.2 is relatively mild, as it is usually fulfilled in
the applications we have in mind. Concrete examples will be given at the
end of this section, as well as in Sections 3 and 4.

We call the sequence (9) the output of the exact S-stage scheme, since
the operators involved in the definition of Eτ,0,k are evaluated exactly. In
practical applications this is very often not possible; the operators L−1

τ,i and
Rτ,k,i can only be evaluated inexactly and, at best, this is possible up to
given tolerances. Therefore, as a start, we make the following

Assumption 2.4. For all τ > 0, k ∈ {0, . . . ,K−1}, and for any prescribed
tolerance εk and arbitrary v ∈ H, we have an approximation Ẽτ,k,k+1(v) of
Eτ,k,k+1(v) at hand, such that

‖Eτ,k,k+1(v)− Ẽτ,k,k+1(v)‖H ≤ εk

with a known upper bound Mτ,k(εk, v) < ∞ for the degrees of freedom
needed to achieve the prescribed tolerance εk.

For simplicity, we make the following

Assumption 2.5. The initial value is given exactly, i.e.,

ũ0 := u(0).

Remark 2.6. The case where Assumption 2.5 does not hold, i.e., ũ0 6= u(0),
can be handled in a similar way. However, this only increases notational
complexity.

Given an approximation scheme satisfying Assumption 2.4 and using
Assumption 2.5, the abstract inexact variant of (6) is defined by

ũ0 := u(0),

ũk+1 := Ẽτ,k,k+1(ũk) for k = 0, . . . ,K − 1.

}
(10)
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We will show in Theorem 2.17 how to tune the tolerances (εk)k=0,...,K−1

in such a way that the scheme (10) has the same qualitative properties as
the exact scheme (6). As in (8), we define

Ẽτ,j,k :=

{
Ẽτ,k−1,k ◦ . . . ◦ Ẽτ,j,j+1, j < k

I, j = k.

Consequently, the output of the inexact S-stage scheme (10) is given by

ũk = Ẽτ,0,k(u(0)), k = 0, . . . ,K.

Now, we are faced with the following problems. In practice, the Lip-
schitz constants CLip

τ,j,k of Eτ,j,k, given by Assumption 2.2, might be hard
to estimate directly. As we shall see in Section 5, the individual operators
L−1
τ,iRτ,k,i, i = 1, . . . , S, are much easier to handle. Moreover, a direct ap-

proximation scheme for Eτ,j,k, as required by Assumption 2.4, might be hard
to get. Nevertheless, very often, one has convergent numerical schemes for
the individual operators L−1

τ,iRτ,k,i. Therefore, with these observations in
mind, we are now going to state the corresponding assumptions for these
individual operators.

Assumption 2.7. For k = 0, . . . ,K − 1 and i = 1, . . . , S the operators

L−1
τ,iRτ,k,i : H× . . .×H︸ ︷︷ ︸

i

→ H are globally Lipschitz continuous

with Lipschitz constants CLip
τ,k,(i).

Remark 2.8. Note that, on the one hand, Assumption 2.2 is slightly more
general than Assumption 2.7, since it is easy to see that a composition of
non-Lipschitz continuous operators can be Lipschitz continuous. On the
other hand, Assumption 2.7 implies Assumption 2.2. This is a consequence
of the fact, that, if we introduce the constants

C ′τ,k,(i) :=
S∏

l=i+1

(1 + CLip
τ,k,(l)) (11)

for k = 0, . . . ,K−1 and i = 0, . . . , S, we can estimate the Lipschitz constants
CLip
τ,j,k of Eτ,j,k as follows:

CLip
τ,j,k ≤

k−1∏
r=j

(
C ′τ,r,(0) − 1

)
, 0 ≤ j ≤ k ≤ K. (12)

This will be worked out in detail in the proof of Theorem 2.20.

The analogue to Assumption 2.4 is
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Assumption 2.9. For all τ > 0, k ∈ {0, . . . ,K − 1}, i ∈ {1, . . . , S}, there
exists a numerical scheme that, for any prescribed tolerance ε and arbitrary
v0, . . . , vi−1 ∈ H, yields an approximation [v]ε of

v := L−1
τ,iRτ,k,i(v0, . . . , vi−1),

such that
‖v − [v]ε‖H ≤ ε

with a known upper bound Mτ,k,i(ε, v) < ∞ for the degrees of freedom
needed to achieve the prescribed tolerance ε.

For any numerical scheme satisfying Assumption 2.9, and given toler-
ances εk,i, k = 0, . . . ,K − 1, i = 1, . . . , S, the corresponding inexact variant
of (6) is defined by

ũ0 := u(0),

ũk+1 :=
S∑
i=1

w̃k,i,

w̃k,i := [L−1
τ,iRτ,k,i(ũk, w̃k,1, . . . , w̃k,i−1)]εk,i , i = 1, . . . , S,

 (13)

for k = 0, . . . ,K − 1. Note that (13) is consistent with (10), since it corre-
sponds to the specific choice

Ẽτ,k,k+1 : H → H,

v 7→
S∑
i=1

w̃k,i(v),

w̃k,i(v) := [L−1
τ,iRτ,k,i(v, w̃k,1(v), . . . , w̃k,i−1(v))]εk,i , i = 1, . . . , S.


(14)

In Theorem 2.22 we will show how to tune the tolerances in the scheme (13)
in such a way that the approximation of u in H has the same qualitative
properties as the exact scheme (6).

Remark 2.10. (i) For Ẽτ,k,k+1 as in (14) and arbitrary v ∈ H, the estimate

‖Eτ,k,k+1(v)− Ẽτ,k,k+1(v)‖H ≤
S∑
i=1

C ′τ,k,(i)εk,i (15)

holds with C ′τ,k,(i) given by (11). Thus, for any prescribed tolerance εk, if
Assumptions 2.9 and 2.7 are fulfilled, we can choose εk,i, i = 1, . . . , S, in
such a way that the error we make by applying Ẽτ,k,k+1 from (14) instead
of Eτ,k,k+1 is bounded by εk, uniformly in H. In this sense Assumption 2.9
implies Assumption 2.4. Detailed arguments for the validity of estimate
(15), will be given in the proof of Theorem 2.20.
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(ii) We do not specify the numerical scheme [ · ]ε at this point. It might
be based on, e.g., a spectral method, an (adaptive) finite element scheme,
or an adaptive wavelet solver. The latter case will be discussed in detail
in Section 5. There, Mτ,k,i(ε, v) will be an upper bound for the number of
elements in the wavelet basis that is needed to achieve the desired tolerance.

(iii) Later on, in Section 5, we will assume that Rτ,k,i can be evaluated
exactly. This, of course, may not always be possible. Especially not in the
stochastic setting of Section 4, see, e.g., Remark 4.11. We postpone the
analysis of these additional difficulties to a forthcoming paper.

2.3 Controlling the error of the inexact schemes

We want to use the schemes described in Subsection 2.2 to compute ap-
proximations to a solution u : [0, T ] → H of a (deterministic or stochastic)
parabolic partial differential equation.

Assumption 2.11. There exists a unique solution u : [0, T ] → H to the
problem under consideration, i.e., to (1).

Remark 2.12. Of course, the type of such solutions depends on the form
of the specific parabolic partial differential equation. We avoid, on purpose,
a detailed discussion of these issues in this subsection. Further information
can be found in Section 3, Remark 3.9 and in Section 4, Proposition 4.7.

The analysis presented in this section is based on the following central

Assumption 2.13. The exact scheme (6) converges to u(T ) with order
δ > 0, i.e., for some constant Cexact > 0,

‖u(T )− Eτ,0,K(u(0))‖H ≤ Cexact τ
δ.

Remark 2.14. Error estimates as in Assumption 2.13 are quite natural and
hold very often, see Section 3 and the references therein, in particular, [42,
Theorem 6.2]. We also refer to Section 4, Proposition 4.15 and Remark 4.16,
as well as to [45, Theorem 3.2].

The main goal of this subsection is to state conditions how to tune the
tolerances in the inexact schemes (10) and (13) so that they still converge
to u and inherit the approximation order of Assumption 2.13.

At first, we give an estimate for the error propagation of the scheme (10)
measured in the norm of H.

Theorem 2.15. Suppose that Assumptions 2.2, 2.4, 2.5, and 2.11 hold. Let
(uk)

K
k=0, K ∈ N, be the output of the exact scheme (6), and let (ũk)

K
k=0 be

the output of the scheme (10) with given tolerances εk, k = 0, . . . ,K − 1.
Then, for all 0 ≤ k ≤ K,

‖u(tk)− ũk‖H ≤ ‖u(tk)− uk‖H +
k−1∑
j=0

CLip
τ,j+1,k εj .
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Proof. The triangle inequality yields

‖u(tk)− ũk‖H ≤ ‖u(tk)− uk‖H + ‖uk − ũk‖H,

so it remains to estimate the second term. For simplicity we write Ej,k :=
Eτ,j,k. Using u0 = ũ0 and writing uk − ũk as a telescopic sum, we get

uk − ũk = (E0,k(ũ0)− E1,kẼ0,1(ũ0))

+ (E1,kẼ0,1(ũ0)− E2,kẼ0,2(ũ0))

. . .

+ (Ek−1,kẼ0,k−1(ũ0)− Ẽ0,k(ũ0))

=
k−1∑
j=0

(
Ej,kẼ0,j(u0)− Ej+1,kẼ0,j+1(u0)

)
.

Another application of the triangle inequality yields

‖uk − ũk‖H ≤
k−1∑
j=0

‖Ej,kẼ0,j(u0)− Ej+1,kẼ0,j+1(u0)‖H.

Due to the Lipschitz continuity of Eτ,j,k, cf. Assumption 2.2, each term in
the sum can be estimated from above by

‖Ej,kẼ0,j(u0)− Ej+1,kẼ0,j+1(u0)‖H
= ‖Ej+1,kEj,j+1Ẽ0,j(u0)− Ej+1,kẼ0,j+1(u0)‖H
≤ CLip

τ,j+1,k‖Ej,j+1Ẽ0,j(u0)− Ẽ0,j+1(u0)‖H. (16)

With Ẽ0,j(u0) = ũj and using Assumption 2.4, we observe

‖Ej,j+1Ẽ0,j(u0)− Ẽ0,j+1(u0)‖H = ‖Ej,j+1(ũj)− Ẽj,j+1(ũj)‖H ≤ εj .

Remark 2.16. In the description of our abstract setting we have chosen
the spaces H and G to be the same in all time steps. In Section 4 we will
encounter the situation where a proper definition of the operators L−1

τ,1 and
Rτ,k,1 may require different Hilbert spaces Hk and Gk for each 0 ≤ k ≤ K,
K ∈ N. If we guarantee the Lipschitz continuity of the mappings Eτ,j,k :

Hj → Hk with corresponding Lipschitz constants CLip
τ,j,k, Theorem 2.15 stays

true with H replaced by Hk, cf. Section 4, Observation 4.12.

Based on Theorem 2.15 we are now able to state the conditions on the
tolerances (εk)k=0,...,K−1 such that for the scheme (10) our main goal is
achieved.

Theorem 2.17. Suppose that Assumptions 2.2, 2.4, 2.5, and 2.11 hold. Let
Assumption 2.13 hold for some δ > 0. If we consider the case of inexact
operator evaluations as described in (10) and choose

εk ≤ (CLip
τ,k+1,K)−1 τ1+δ,

10



k = 0, . . . ,K − 1, then we get

‖u(T )− Ẽτ,0,K(u(0))‖H ≤ (Cexact + T ) τ δ.

Proof. Applying Theorem 2.15, Assumption 2.13 and K = T/τ , we obtain

‖u(tK)− ũK‖H ≤ ‖u(tK)− uK‖H +
K−1∑
k=0

CLip
τ,k+1,K εk

≤ Cexact τ
δ +

K−1∑
k=0

CLip
τ,k+1,K (CLip

τ,k+1,K)−1 τ1+δ

= Cexact τ
δ +Kτ1+δ = (Cexact + T ) τ δ.

One of the final goals of our analysis is to provide upper estimates for
the overall complexity of the resulting scheme. As a first step, in this sec-
tion, we provide a quite abstract version, which is a direct consequence of
Theorem 2.17.

Corollary 2.18. Suppose that the assumptions of Theorem 2.17 are satis-
fied. Choose

εk := (CLip
τ,k+1,K)−1 τ1+δ,

for k = 0, . . . ,K − 1, then Ẽτ,0,K(u0) requires at most

Mτ,T (δ, (εk)) :=
K−1∑
k=0

Mτ,k(εk, Eτ,k,k+1(ũk))

degrees of freedom.

Remark 2.19. At this point, without specifying an approximation scheme
and therefore without a concrete knowledge of Mτ,k(ε, ·), Corollary 2.18
might not look very deep. Nevertheless, it will be filled with content in
Section 5. There, we will discuss the specific case of adaptive wavelet solvers
for which concrete estimates for Mτ,k(ε, ·) are available.

The next step is to play the same game for the inexact scheme (13). We
start again by controlling the error propagation.

Theorem 2.20. Suppose that Assumptions 2.5, 2.7, 2.9, and 2.11 hold. Let
(uk)

K
k=0, K ∈ N, be the output of the exact scheme (6), and let (ũk)

K
k=0 be

the output of the inexact scheme (13) with prescribed tolerances εk,i, k =
0, . . . ,K − 1, i = 1, . . . , S. Then, for all 0 ≤ k ≤ K,

‖u(tk)− ũk‖H ≤ ‖u(tk)− uk‖H +

k−1∑
j=0

( k−1∏
l=j+1

(C ′τ,l,(0) − 1)
) S∑
i=1

C ′τ,j,(i)εj,i.

11



Proof. We just have to repeat the proof of Theorem 2.15 with the special
choice (14) for Ẽτ,k,k+1 and change two things. First, instead of the exact
Lipschitz constants Cτ,j+1,k in (16), we can use their estimates (12) presented
in Remark 2.8(i). Second, in the last step of the proof of Theorem 2.15, we
may estimate the error we make when using Ẽτ,j,j+1 instead of Eτ,j,j+1 as in
Remark 2.10(i). Thus, to finish the proof we have to show that the estimates
(12) and (15) hold.

We start with (12). Note that, it is enough to show that

CLip
τ,k,k+1 ≤ C

′
τ,k,(0) − 1, 0 ≤ k ≤ K − 1, (17)

since, obviously,

CLip
τ,j,k ≤

k−1∏
r=j

CLip
τ,r,r+1, 0 ≤ j ≤ k ≤ K.

Thus, let us prove that (17) is true, if Assumption 2.7 holds. To this end,
we fix k ∈ {0, . . . ,K − 1} as well as arbitrary u, v ∈ H. Using (7) and the
triangle inequality, we obtain

‖Eτ,k,k+1(u)− Eτ,k,k+1(v)‖H ≤
S∑
i=1

‖wk,i(u)− wk,i(v)‖H. (18)

Applying Assumption 2.7, we get for each i ∈ {1, . . . , S}:

‖wk,i(u)− wk,i(v)‖H ≤ CLip
τ,k,(i)

(
‖u− v‖H +

i−1∑
l=1

‖wk,l(u)− wk,l(v)‖H
)
.

Hence, for r = 0, . . . , S − 1, we have

r+1∑
i=1

‖wk,i(u)− wk,i(v)‖H ≤
(
1 + CLip

τ,k,(r+1)

) r∑
i=1

‖wk,i(u)− wk,i(v)‖H

+ CLip
τ,k,(r+1)‖u− v‖H.

(19)

By induction, it is easy to show, that inequalities of the form er+1 ≤ arer+br,
with e0 = 0, imply

er ≤
r∑
j=1

bj−1

r∏
l=j+1

al−1. (20)

In our situation, this fact leads to the estimate

S∑
i=1

‖wk,i(u)− wk,i(v)‖H ≤
S∑
i=1

CLip
τ,k,(i)‖u− v‖H

S∏
l=i+1

(
1 + CLip

τ,k,(l)

)
,

12



since (19) holds for r = 0, . . . , S − 1. Furthermore, we can use the equality

S∑
i=1

CLip
τ,k,(i)

S∏
l=i+1

(1 + CLip
τ,k,(l)) =

S∏
i=1

(1 + CLip
τ,k,(i))− 1 = C ′τ,k,(0) − 1

to obtain

S∑
i=1

‖wk,i(u)− wk,i(v)‖H ≤
(
C ′τ,k,(0) − 1

)
‖u− v‖H.

Together with (18), this proves (17).
Finally, let us move to the estimate (15). Fix k ∈ {0, . . . ,K − 1} and let

Ẽτ,k,k+1 be given by (14) with the prescribed tolerances εk,i, i = 1, . . . , S,
from our assertion. Then, for arbitrary v ∈ H, we have

‖Eτ,k,k+1(v)− Ẽτ,k,k+1(v)‖H ≤
S∑
i=1

‖wk,i(v)− w̃k,i(v)‖H. (21)

Using the triangle inequality, as well as Assumption 2.7, we obtain for every
i = 1, . . . , S,

‖wk,i(v)− w̃k,i(v)‖H

=
∥∥∥L−1

τ,iRτ,k,i(v, wk,1(v), . . . , wk,i−1(v))

−
[
L−1
τ,iRτ,k,i(v, w̃k,1(v), . . . , w̃k,i−1(v))

]
εk,i

∥∥∥
H

≤
∥∥∥L−1

τ,iRτ,k,i(v, wk,1(v), . . . , wk,i−1(v))− L−1
τ,iRτ,k,i(v, w̃k,1(v), . . . , w̃k,i−1(v))

∥∥∥
H

+
∥∥∥L−1

τ,iRτ,k,i(v, w̃k,1(v), . . . , w̃k,i−1(v))

−
[
L−1
τ,iRτ,k,i(v, w̃k,1(v), . . . , w̃k,i−1(v))

]
εk,i

∥∥∥
H

≤ CLip
τ,k,(i)

i−1∑
l=1

‖wk,l(v)− w̃k,l(v)‖H + εk,i.

Thus, for r = 0, . . . , S − 1,

r+1∑
i=1

‖wk,i(v)− w̃k,i(v)‖H ≤
(
1 + CLip

τ,k,(r+1)

) r∑
i=1

‖wk,i(v)− w̃k,i(v)‖H + εk,i.

Arguing as above, cf. (20), we get

S∑
i=1

‖wk,i(v)− w̃k,i(v)‖H ≤
S∑
i=1

εk,i

S∏
l=i+1

(1 + CLip
τ,k,(l)) =

S∑
i=1

C ′τ,k,(i)εk,i.

Together with (21), this proves (15).

13



Remark 2.21. On the one hand, by construction, Theorem 2.20 is slightly
weaker than Theorem 2.15. On the other hand, from the practical point of
view, Theorem 2.20 is more realistic for the following reasons. As already
outlined above, in many cases, estimates for the Lipschitz constants accord-
ing to Assumption 2.7 are available, while direct estimates for the whole
composition as in Assumption 2.2 might be hard to get and are only avail-
able in very specific situations. Moreover, let us once again recall the fact
that approximation schemes for Eτ,j,k are hard to get directly, whereas this
is much easier for the individual operator equations.

Based on Theorem 2.20, we are able to state the conditions on the toler-
ances εk,i, k = 0, . . . ,K−1, i = 1, . . . , S, such that the scheme (13) converges
with the desired order. We put

C ′′τ,k :=

K−1∏
l=k+1

(
C ′τ,l,(0) − 1

)
(22)

for k = 0, . . . ,K − 1.

Theorem 2.22. Suppose that Assumptions 2.5, 2.7, 2.9, and 2.11 hold. Let
Assumption 2.13 hold for some δ > 0. If we consider the case of inexact
operator evaluations as described in (13) and choose

εk,i ≤
1

S

(
C ′′τ,kC

′
τ,k,(i)

)−1
τ1+δ, (23)

then we get
‖u(T )− ũK‖H ≤ (Cexact + T ) τ δ. (24)

Proof. Applying Theorem 2.20, Assumption 2.13, and choosing εk,i as in
(23), we obtain

‖u(tK)− ũK‖H ≤ ‖u(tK)− uK‖H +

K−1∑
k=0

S∑
i=1

C ′′τ,kC
′
τ,k,(i) εk,i

= (Cexact + T ) τ δ.

Remark 2.23. (i) Let us take a closer look at condition (23). The number
of factors in C ′′τ,k is proportional to K−k, so that the tolerances are allowed
to grow with k (if all factors in C ′′τ,k are greater than or equal to 1, which is
usually the case). This means that the stage equations at earlier time steps
have to be solved with higher accuracy compared to those towards the end
of the iteration. This corresponds to the well known smoothing character
of parabolic equations. Furthermore, the number of factors in C ′τ,k,(i) is
proportional to S − i, but independent of k. Consequently, also the early
stages have to be solved with higher accuracy compared to the later ones.
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(ii) In Theorem 2.22, i.e., (23) a specific choice for the tolerances εk,i,
k = 0, . . . ,K − 1, i = 1, . . . , S, has been used. Essentially, it is an equi-
librium strategy. However, also alternative choices are possible. Indeed,
an inspection of the proof of Theorem 2.22 shows that any choice of εk,i
satisfying

S∑
i=1

C ′τ,k,(i)εk,i ≤ (C ′′τ,k)
−1 τ1+δ

would also be sufficient.
(iii) In practical applications, it would be natural to use the additional

flexibility for the choice of εk,i as outlined in (ii) to minimize the overall
computational cost of the method, given by

Mτ,T (δ) := Mτ,T (δ, (εk,i)k,i) :=
K−1∑
k=0

S∑
i=1

Mτ,k,i(εk,i, ŵk,i), (25)

where for k = 0, . . . ,K − 1, i = 1, . . . , S,

ŵk,i := L−1
τ,iRτ,k,i(ũk, w̃k,1, . . . , w̃k,i−1), (26)

and Mτ,k,i(εk,i, ŵk,i) as in Assumption 2.9. We will omit the dependency on
(εk,i)k,i, when the tolerances are clear from the context. This leads to the
abstract minimization problem

min
(εk,i)k,i

K−1∑
k=0

S∑
i=1

Mτ,k,i(εk,i, ŵk,i) subject to
K−1∑
k=0

S∑
i=1

C ′′τ,kC
′
τ,k,(i) εk,i ≤ Tτ

δ.

We conclude this section with first applications of Theorem 2.17.

Example 2.24. Let us continue the example from the very beginning of this
section and consider Eq. (2) in the Gelfand triple (H1

0 (O), L2(O), H−1(O)).
We want to interpret the linearly-implicit Euler scheme as an abstract one-
stage method with H = G = L2(O). To this end, let

∆D
O : D(∆D

O) ⊆ L2(O)→ L2(O),

denote the Dirichlet-Laplacian with domain

D(∆D
O) :=

{
u ∈ H1

0 (O) : ∆u :=
d∑
i=1

∂2

∂x2
i

u ∈ L2(O)
}
,

which is defined as in Appendix A.1, starting with the elliptic, symmetric
and bounded bilinear form

a : H1
0 (O)×H1

0 (O)→ R

(u, v) 7→ a(u, v) :=

∫
O
〈∇u,∇v〉 dx.

(27)
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Moreover, we pick a smooth initial value u0 ∈ D(∆D
O), and consider a con-

tinuously differentiable function

f : [0, T ]× L2(O)→ L2(O),

which we assume to be Lipschitz continuous in the second variable, uni-
formly in t ∈ [0, T ]. We denote the Lipschitz constant by C Lip,f . Since
∆D
O generates a strongly continuous contraction semigroup on L2(O) (cf.

Appendix A.1), Eq. (2) has a unique classical solution, see, e.g. [43, The-
orems 6.1.5 and 6.1.7]. Thus, there exists a unique continuous function
u : [0, T ] → L2(O), continuously differentiable in (0, T ], taking values in
D(∆D

O), and fulfilling

u(0) = u0, as well as u′(t) = ∆D
Ou(t) + f(t, u(t)), for t ∈ (0, T ).

In this setting, we can state the exact linearly-implicit Euler scheme (3)
in the form of an abstract one-stage scheme as follows: We set H := G :=
L2(O), and for τ = T/K > 0 we define the operators

L−1
τ,1 : L2(O)→ L2(O)

v 7→ L−1
τ,1v := (I − τ∆D

O)−1v,

as well as

Rτ,k,1 : L2(O)→ L2(O)

v 7→ Rτ,k,1(v) := v + τf(tk, v),

for k = 0, . . . ,K−1. Then the exact linearly-implicit Euler scheme perfectly
fits into (6) with S = 1.

Under our assumptions on the initial value u0 and the forcing term f ,
this scheme converges to the exact solution of Eq. (2) with order δ = 1, i.e.,
there exists a constant Cexact > 0, such that

‖u(T )− uK‖L2(O) ≤ Cexactτ
1,

see for instance [14]. Therefore, Assumption 2.13 is satisfied.
Assumption 2.2 can be verified by the following argument: It is well

known that for any τ > 0, the operator L−1
τ,1 defined above is bounded with

norm less than or equal to one (cf. Appendix A.1). Because of the Lipschitz
continuity of f , for each k ∈ {0, . . . ,K − 1}, the composition

Eτ,k,k+1 := L−1
τ,1Rτ,k,1 : L2(O)→ L2(O)

is Lipschitz continuous with Lipschitz constant

CLip
τ,k,k+1 ≤ 1 + τC Lip,f .
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Thus, if we define Eτ,j,k : L2(O)→ L2(O) for 0 ≤ j ≤ k ≤ K as in (8), these
operators are Lipschitz continuous with Lipschitz constants

CLip
τ,j,k ≤ (1 + τC Lip,f )k−j ,

i.e., Assumption 2.2 is fulfilled. Furthermore, these constants can be esti-
mated uniformly for all j, k and τ , since

1 ≤ CLip
τ,j,k ≤ (1 + τC Lip,f )K ≤ exp(TC Lip,f ).

Now, let us assume that we have an approximation Ẽτ,k,k+1(v), v ∈
L2(O), such that Assumption 2.4 is fulfilled. We want to use the abstract
results from above and present a concrete way to choose the tolerances
(εk)

K−1
k=0 , so that the output (ũk)

K
k=0 of the inexact linearly-implicit Euler

scheme (10) converges to the exact solution with the same order δ = 1.
Therefore, if we choose

εk ≤
τ2

exp(TC Lip,f )
for k = 0, . . . ,K − 1,

we can conclude from Theorem 2.17 that the inexact linearly-implicit Euler-
scheme (10) converges to the exact solution of Eq. (2) with order δ = 1, i.e.,
it holds the following estimate

‖u(T )− ũK‖L2(O) ≤ (Cexact + T ) τ1,

for all K ∈ N.

Example 2.25. In the situation from Example 2.24, let us consider a spe-
cific form of f : (0, T ]× L2(O)→ L2(O), namely

(t, v) 7→ f(t, v) := f̄(v),

where f̄ : R→ R is continuously differentiable with bounded, strictly nega-
tive derivative, i.e., there exists a constant B̄ > 0, so that

−B̄ <
d

dx
f̄(x) < 0 for all x ∈ R.

Then, for arbitrary v1, v2 ∈ L2(O) we get for any k = 0, . . . ,K − 1,

‖L−1
τ,1Rτ,k,1(v1)− L−1

τ,1Rτ,k,1(v2)‖L2(O)

≤ ‖Rτ,k,1(v1)−Rτ,k,1(v2)‖L2(O)

= ‖v1 + τ f̄(v1)− (v2 + τ f̄(v2))‖L2(O)

≤ sup
x∈R

∣∣∣∣1 + τ
d

dx
f̄(x)

∣∣∣∣‖v1 − v2‖L2(O).
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Thus, if τ < 2/B̄, we have a contraction. For K ∈ N big enough, and
εk ≤ τ2, k = 0, . . . ,K − 1, we can argue as in Example 2.24 to show that

‖u(T )− ũK‖L2(O) ≤ (Cexact + T ) τ1,

i.e., the inexact linearly-implicit Euler scheme (10) again converges to the
exact solution of Eq. (2) with order δ = 1 (asymptotically), but for much
larger values of εk, thus, with much less degrees of freedom.

3 Application to deterministic evolution equations

In this section we substantiate our abstract convergence analysis to the case
when Rothe’s method is applied to deterministic parabolic evolution equa-
tions. We focus on S-stage methods for the discretization in time.

We want to compute solutions u : (0, T ] → V to initial value problems
of the form

u′(t) = F
(
t, u(t)

)
, t ∈ (0, T ], u(0) = u0, (28)

where F : [0, T ]×V → V ∗ is a nonlinear right-hand side and u0 ∈ V is some
initial value. Consequently, we consider the Gelfand triple setting (V,U, V ∗).

Essentially this section consists of two parts. First of all, we show that
a general S-stage scheme for deterministic equations of the form (28) fits
nicely into the abstract setting as outlined in Section 2 with H = V and
G = V ∗. However, the error estimates for the discretization in time are
often formulated in the norm of U , since then a higher order of convergence
might be achieved, see, e.g., Theorem 3.8 below. Therefore, in the second
part, we analyse the case H = G = U .

In their most general form, S-stage methods are given by

uk+1 = uk + τ

S∑
i=1

miyk,i, k = 0, 1, . . . ,K − 1, (29)

with S linear stage equations

(I − τγi,iJ)yk,i = F
(
tk + aiτ, uk + τ

i−1∑
j=1

ai,jyk,j

)
+

i−1∑
j=1

ci,jyk,j + τγig, (30)

and

ai :=

i−1∑
j=1

ai,j

j∑
l=1

γj,l
γj,j

, γi :=
i∑
l=1

γi,l, (31)

for 1 ≤ i ≤ S. By J and g we denote (approximations of) the partial
derivatives Fu(tk, uk) and Ft(tk, uk), respectively. This particular choice for
ai ensures that J does not enter the right-hand side of (30). The parameters
ai,j , ci,j , γi,j and mi 6= 0 have to be suitably chosen according to the desired
properties of the scheme.
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Remark 3.1. If J = Fu(tk, uk) and g = Ft(tk, uk) are the exact derivatives,
the corresponding scheme is also known as a method of Rosenbrock type.
However, this specific choice of J and g is not needed to derive a convergent
time discretization scheme. In the larger class of W–methods, J and g are
allowed to be approximations to the exact Jacobians. Often one chooses
g = 0. This is done at the price of a significantly lower order of convergence
and a substantially more complicated stability analysis.

First of all, we consider the case H = V , G = V ∗. The scheme (29)
immediately fits into the abstract setting of Section 2 if we interpret the
term uk as the solution to an additional 0th stage equation given by the
identity operator I on V . If we define

Lτ,i : V → V ∗,

v 7→ (I − τγi,iJ)v
(32)

and use the right-hand side of the stage equations (30) to define the operators

Rτ,k,i : V × . . .× V → V ∗, (33)

(v0, . . . , vi−1) 7→ τmi

(
F
(
tk + aiτ, v0 +

i−1∑
j=1

ai,j
mj

vj
)

+

i−1∑
j=1

ci,j
τmj

vj + τγig
)
,

for k = 0, . . . ,K − 1 and i = 1, . . . , S, the scheme (29),(30),(31) is related
to the abstract Rothe method (6) as follows.

Observation 3.2. For k = 0, . . . ,K − 1 and i = 1, . . . , S let Lτ,i and Rτ,k,i
be defined by (32) and (33), respectively, and set L−1

τ,0Rτ,k,0 := IV→V . Then
the linearly-implicit S-stage scheme (29),(30),(31) is an abstract (S + 1)-
stage scheme in the sense of (6) with H = V , G = V ∗. We have

uk+1 :=
S∑
i=0

wk,i,

wk,i := L−1
τ,iRτ,k,i(uk, wk,1, . . . , wk,i−1), i = 0, . . . , S,

for k = 0, . . . ,K − 1.

Remark 3.3. Of course, since the operators Rτ,k,i are derived from the
right-hand side F , it might happen that they contain, e.g., nontrivial par-
tial differential operators. Nevertheless, even in this case these differential
operators are only applied to the current iteration and do not require the
numerical solution of an operator equation. Therefore, the operators Rτ,k,i
can still be interpreted as evaluation operators.

Before we move to a detailed discussion of the case H = G = U ,
let us look at an example, where a simple one-stage scheme of the form
(29),(30),(31) with H = V and G = V ∗ is translated into a scheme with
H = G = U .
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Example 3.4. Let O ⊆ Rd be a bounded Lipschitz domain. Consider
the heat equation with zero Dirichlet boundary conditions in the Gelfand
triple (H1

0 (O), L2(O), H−1(O)), i.e., Eq. (28) with F : [0, T ] × H1
0 (O) →

H−1(O), F (t, u) = ∆D
Ou + f(t, u), and assume that f fulfils the conditions

from Example 2.24. The scheme (29),(30),(31) with S = 1, γ1,1 = m1 = 1,
J = ∆D

O : H1
0 (O)→ H−1(O), and g = 0 leads to

uk+1 = uk + τ
(
I − τ∆D

O
)−1(

∆D
Ouk + f(tk, uk)

)
, k = 0, . . . ,K − 1.

This scheme perfectly fits into the setting of Section 2 and can be rewritten as
a 2-stage scheme of the form (6) withH = V and G = V ∗, cf. Observation 3.2
above. However, since the Dirichlet-Laplacian is not bounded on L2(O), it
can not be understood immediately as an S-stage scheme of the form (6)
with H = G = L2(O). But, a short computation shows that it can be
rewritten as

uk+1 =
(
I − τ∆D

O
)−1(

uk + τf(tk, uk)
)
, k = 0, . . . ,K − 1.

Thus, if we start with u0 ∈ D(∆D
O), and consider the Dirichlet Laplacian

as an unbounded operator on L2(O), the last scheme can be interpreted as
an abstract one-stage scheme of the form (6) with H = G = U . It is just
the linearly-implicit Euler scheme for the heat equation we have already
discussed in Example 2.24. As we have seen there, it converges with rate
δ = 1. It is worth noting that this result stays true for a wider class of
operators A instead of ∆D

O , see [14] for details.

The next step is to discuss the case H = G = U in detail. In order to
avoid technical difficulties, we restrict the discussion to the case of semi-
linear problems with a right-hand side of the form

F : [0, T ]× V → V ∗, F (t, u) := A(t)u+ f(t, u), (34)

where A(t) is given for all t ∈ (0, T ) in the sense of Appendix A.1. Further-
more, we will focus on W -methods with the specific choice

J(tk) := A(tk), g := 0, (35)

in (30). We restrict our analysis to these methods for the following rea-
sons. First, the linearly-implicit Euler scheme, which is the most important
example and the method of choice for stochastic evolution equations, is a
W -method and not a Rosenbrock method. Second, the choice of J in (35)
avoids the evaluation of the Jacobian in each time step, which might be
numerically costly.

In our setting, the overall convergence rate that can be expected is lim-
ited by the convergence rate of the exact scheme, cf. Theorem 2.22 and
Assumption 2.13. Therefore, to obtain a reasonable result, it is clearly nec-
essary to discuss the approximation properties of the exact S-stage scheme.
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In general the rates achievable by W -methods with S = 1 are limited. To the
best of our knowledge, the most far reaching result concerning W -methods
with S > 1 have been derived by Lubich and Ostermann [42]. For the readers
convenience, we discuss their results as far as it is needed for our purposes.
To do so, we need to introduce the following definitions and assumptions.

Definition 3.5. The method (29),(30),(31) is called A(θ)-stable if the re-
lated stability function

R(z) := 1 + zm>
(
I− (ci,j)

S
i,j=1 − z

(
diag(γi,i) + (ai,j)

S
i,j=1

))−1
1,

where 1> := (1, . . . , 1)> and m> := (m1, . . . ,mS)>, fulfills

|R(z)| ≤ 1 for all z ∈ C with | arg(z)| ≥ π − θ.

If, additionally, the limit |R(∞)| := lim|z|→∞ |R(z)| < 1, the method is
called strongly A(θ)-stable.

Definition 3.6. We say that the scheme (29),(30),(31) is of order p ∈ N,
if the error of the method, when applied to ordinary differential equations
defined on open subsets of Rd with sufficiently smooth right-hand sides,
satisfies ‖u(tk)− uk‖Rd ≤ Cordτ

p, uniformly on bounded time intervals.

Moreover, the results in [42] rely on the following assumption.

Assumption 3.7. Let Coffset ≥ 0 and denote Ĵ(t) := A(t) + CoffsetI.
(i) For both instances G(t) := Fu(t, u(t)) and G(t) := Ĵ(t) it holds

that G(t) : V → V ∗, t ∈ [0, T ], is a uniformly bounded family of linear
operators in L(V, V ∗). Each G(t) is boundedly invertible and the family
G(t)−1, t ∈ [0, T ], is uniformly bounded in L(V ∗, V ).

(ii) There exist constants φ < π/2, C sect
i , i = 1, 2 such that for all

t ∈ [0, T ] and z ∈ C with | arg(z)| ≤ π−φ the operators zI−Fu(t, u(t)) and
zI − Ĵ(t) are invertible, and their resolvents are bounded on V , i.e.,

‖
(
zI − Fu(t, u(t))

)−1‖L(V,V ) ≤
C sect

1

|z|
, ‖

(
zI − Ĵ(t)

)−1‖L(V,V ) ≤
C sect

2

|z|
.

(iii) The mapping t 7→ Fu(t, u(t)) ∈ L(V, V ∗) is sufficiently often differ-
entiable on [0, T ] and fulfills the Lipschitz condition

‖Fu(t, u(t))− Fu(t′, u(t′))‖L(V,V ∗) ≤ CFu |t− t′| for 0 ≤ t ≤ t′ ≤ T.

(iv) The following bounds hold uniformly for v varying in bounded sub-
sets of V and 0 ≤ t ≤ T :∥∥Ftu(t, v)w

∥∥
V ∗
≤ CFtu‖w‖V ,

∥∥Fuu(t, v)[w1, w2]
∥∥
V ∗
≤ CFuu‖w1‖V ‖w2‖V .

(v) There exists a splitting

fu(t, u(t)) =: S
(l)
k + S

(r)
k (36)
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and constants µ < 1, β ≥ µ (positive), C
(l)
k (sufficiently small) as well as

C
(r)
k,µ, Ck,β, C

(l)
k , and C

(r)
k,β, such that

‖S(l)
k ‖L(V,V ∗) ≤ C

(l)
k ,

‖S(r)
k Ĵ−µ(tk)‖L(V ∗,V ∗) ≤ C

(r)
k,µ,

‖Ĵβ(tk)
(
Fu(tk, u(tk))

)−β‖L(V,V ) ≤ Ck,β,

‖Ĵβ(tk)S
(l)
k Ĵ−β(tk)‖L(V,V ∗) ≤ C

(l)
k ,

‖S(r)
k Ĵ−β(tk)‖L(V ∗,V ∗) ≤ C

(r)
k,β.

Now, with these formulations at hand, the main result in [42], Theo-
rem 6.2, reads as follows.

Theorem 3.8. Suppose that the solution u of Eq. (28) is unique and that
its temporal derivatives are sufficiently regular. Let Assumption 3.7 hold.
Suppose that the scheme (29),(30),(31) is a W -method of order p ≥ 2 that
is strongly A(θ)-stable with θ > φ with φ < π/2 as in Assumption 3.7(ii).
Let β ∈ [0, 1] be as in Assumption 3.7(v) such that D(A(t)β) is independent
of t (with uniformly equivalent norms), Aβu′ ∈ L2(0, T ;V ). Then the error
provided by the numerical solution uk, k = 0, . . . ,K is bounded in τ ≤ τ0 by

(
τ

K∑
k=0

‖uk − u(tk)‖2V
)1/2

+ max
0≤k≤K

‖uk − u(tk)‖U

≤ C conv
1 τ1+β

(
C conv

2 + C conv
1 C

(l)
k

)
C

(l)
k

(∫ T

0
‖Aβu′(t)‖2V dt

)1/2

+ C conv
1 τ2

(∫ T

0
‖Aβu′(t)‖2V dt+

∫ T

0
‖u′′(t)‖2V dt+

∫ T

0
‖u′′′(t)‖2V ∗ dt

)1/2
.

(37)
The constants C conv

1 , C conv
2 , and τ0 depend on the concrete choice of the

W -method, the constants in the Assumptions, and on T . The maximal time
step size τ0 depends in addition on the size of the integral terms in (37).

Remark 3.9. As in Theorem 3.8, throughout this section, we assume that
a unique solution to Eq. (28) exists, i.e., Assumption 2.11 holds. This is
the starting point for our convergence analysis of inexact S-stage schemes.
Thus, we will not discuss the solvability and uniqueness theory for PDEs
in detail. However, since in the forthcoming Examples, we will use the
results from [42], let us briefly recall which solution concept is used there
in the following standard situation: Consider a linear operator A : V → V ∗

fulfilling the conditions from Appendix A.1, and assume that F in (28) has
the form F (t, u) := Au+ f(t). Then, a weak formulation of Eq. (28) is: find

u ∈ C([0, T ];U) ∩ L2(0, T ;V ),
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such that

d

dt
〈u(t), v〉U = 〈Au(t), v〉V ∗×V + 〈f(t), v〉U for all v ∈ V, t ∈ (0, T ].

Before we continue our analysis, let us present a well-known W -method
which fulfils the assumptions of Theorem 3.8.

Example 3.10. As a W -method with S = 2 we present the following
scheme taken from [49]. There it has been shown that this method is of
order p = 2 and strongly A(θ) stable with θ = π/2. It is sometimes called
ROS2 in the literature and is given by

uk+1 = uk +
3

2
τyk,1 +

1

2
τyk,2,

where

yk,1 =
(
I − τ 1

2 +
√

2
A(tk)

)−1(
A(tk)uk + f(tk, uk)

)
,

yk,2 =
(
I − τ 1

2 +
√

2
A(tk)

)−1
(
A(tk + τ)(uk + τyk,1)

+ f(tk + τ, uk + τyk,1)− 2yk,1

)
.

It fits into the setting of (29),(30),(31) with m1 = 3/2, m2 = 1/2, γ1,1 =
γ2,2 = (2 +

√
2)−1, a2,1 = 1 and c2,1 = −2.

To avoid technical difficulties we will restrict the setting of (34) for the
remainder of this section to the special case

F : [0, T ]× V → V ∗, F (t, u) := Au+ f(t), (38)

where A : V → V ∗ is given in the sense of Appendix A.1, and f : [0, T ]→ U
is a continuously differentiable function. In this case, as already mentioned
in Example 2.24, Eq. (28) has a unique classical solution, provided u0 ∈
D(A;U), see e.g. [43, Corollary 2.5]. It is worth noting that this unique
solution is a also a weak solution in the sense of [42], see also Remark 3.9.

Using the abstract results from Section 2, we will analyse the inexact
S-stage method corresponding to the W -method with

J := A and g := 0. (39)

In the sequel, we will restrict the discussion to the case S = 2. This is not
a major restriction for the following reason: In Theorem 3.8, the maximal
convergence order ofW -methods is bounded by δ = 1+β, where β ∈ [0, 1]. In
Example 3.13 we will show that an F of the form (38) fulfils Assumption 3.7
with β = 1. If we additionally impose the asserted regularity assumptions
with β = 1, see (45) below, then we can apply Theorem 3.8 with β = 1 to
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the ROS2-method from Example 3.10 above (which is a 2-stage method),
and get the optimal order in this context.

The structure (38) of the right hand side F in (28), allows the following
reformulation of the W -method with (J, g) as in (39) (a proof can be found
in Appendix A.2).

Lemma 3.11. Consider the S-stage W -method given by (29),(30),(31) with
S = 2 and F and (J, g) as in (38) and (39), respectively. Then, if γi,i 6= 0,
for i = 1, 2, we have

uk+1 =
(

1− m1

γ1,1
− m2

γ2,2

(
1− a2,1

γ1,1

))
uk +

(
τm1 − τm2

a2,1

γ2,2

)
vk,1 + τm2vk,2,

where

vk,1 = L−1
τ,1

( 1

τγ1,1
uk + f(tk)

)
,

vk,2 = L−1
τ,2

(( 1

τγ2,2
(1− a2,1

γ1,1
)− c2,1

τγ1,1

)
uk +

(a2,1

γ2,2
+ c2,1

)
vk,1 + f(tk + a2τ)

)
.

Observation 3.12. Note that, if γi,i 6= 0, for i = 1, 2, and m1γ2,2 6= m2a2,1,
the scheme under consideration perfectly fits into the setting of Section 2 with
H = G = U . It can be written in the form of the abstract Rothe method (6).
More precisely,

uk+1 =

2∑
i=0

wk,i,

wk,i := L−1
τ,iRτ,k,i(uk, wk,1, . . . , wk,i−1), i = 0, 1, 2,

 (40)

with
L−1
τ,i : U → U,

v 7→
(
I − τγi,iA

)−1
v, for i = 1, 2,

(41)

the evaluation operators

Rτ,k,1 : U → U,

v 7→
(m1

γ1,1
− m2a2,1

γ2,2γ1,1

)
v + τ

(
m1 −m2

a2,1

γ2,2

)
f(tk),

(42)

and

Rτ,k,2 : U × U →U,

(v0, v1) 7→
(m2

γ2,2
(1− a2,1

γ1,1
)− c2,1m2

γ1,1

)
v0

+
m2a2,1 +m2γ2,2c2,1

m1γ2,2 −m2a2,1
v1 + τm2f(tk + a2τ),

(43)
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as well as a 0th step given by

L−1
τ,0Rτ,k,0 : U → U,

v 7→
(

1− m1

γ1,1
− m2

γ2,2

(
1− a2,1

γ1,1

))
v.

(44)

This is an immediate consequence of Lemma 3.11.
An easy computation, together with the fact that L−1

τ,1 and L−1
τ,2 are con-

tractions on U (cf. Appendix A.1), yield the Lipschitz constant

CLip
τ,k,(1) =

∣∣∣∣m1

γ1,1
− m2a2,1

γ2,2γ1,1

∣∣∣∣ ,
of L−1

τ,1Rτ,k,1. Simultaneously, the Lipschitz constant of L−1
τ,2Rτ,k,2 can be

estimated as follows:

CLip
τ,k,(2) ≤ max

{∣∣∣∣m2

γ2,2

(
1− a2,1

γ1,1

)
− m2c2,1

γ1,1

∣∣∣∣ , ∣∣∣∣m2a2,1 +m2γ2,2c2,1

m1γ2,2 −m2a2,1

∣∣∣∣} .
Note that both constants are independent of k and τ .

Example 3.13. As a first step towards the case of inexact operator eval-
uations we need to check the applicability of Theorem 3.8 in the current
setting (38), (39). Therefore, we now check Assumption 3.7. We begin by
choosing Coffset = 0. As a consequence it holds that Ĵ = Fu(t, u(t)) = A,
independently of t. Assumption 3.7(i) holds by the assumptions on A, i.e.,
Appendix A.1. This, together with the ellipticity assumption (97) already
implies Assumption 3.7(ii), see [39]. Further, A = Fu(t, v) is indepen-
dent of (t, v), and as a consequence Assumption 3.7(iii) and (iv) hold with
CFu = CFtu = CFuu = 0. Finally, since J is the exact Jacobian, it is possible

to choose S
(l)
k = S

(r)
k = 0 in (36), such that Assumption 3.7(v) holds with

C
(l)
k = C

(r)
k,µ = C

(r)
k,β = 0, Ck,β = 1 and β = 1. Concerning the W -method

(29),(30),(31) we assume it to be of order p ≥ 2 and strongly A(θ)-stable
with θ > φ, where φ is as in Assumption 3.7(ii). E.g., the scheme from
Example 3.10 could be employed. If for the solution of Eq. (28) with F as
in (38) the regularity assumptions

Au′, u′′ ∈ L2(0, T ;V ), u′′′ ∈ L2(0, T ;V ∗) (45)

hold, then we can apply Theorem 3.8. Using C
(l)
k = 0 and β = 1, the

convergence result (37) reads as(
τ

K∑
k=0

‖uk − u(tk)‖2V
)1/2

+ max
0≤k≤K

‖uk − u(tk)‖U

≤ C conv
1 τ2

(∫ T

0
‖Au′(t)‖2V dt+

∫ T

0
‖u′′(t)‖2V dt+

∫ T

0
‖u′′′(t)‖2V ∗ dt

)1/2
.

That means, the error measured in the norm ‖ · ‖U is of order δ = 2.
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Example 3.14. We want to apply our general convergence results for the
case of inexact solution of the stage equations, i.e., Theorem 2.22. Here
we consider the special case when the method ROS2 from Example 3.10
is employed. We begin by presenting the method in its reformulation on
H = G = U , as given in Observation 3.12. Inserting the coefficients

m1 =
3

2
, m2 =

1

2
, γ1,1 = γ2,2 = (2 +

√
2)−1, a2,1 = 1, and c2,1 = −2

into (40),(41), (42), (43), and (44) yields

uk+1 =
2∑
i=0

wk,i,

wk,i := L−1
τ,iRτ,k,i(uk, wk,1, . . . , wk,i−1), i = 0, 1, 2,

where the 0th stage vanishes, i.e., L−1
τ,0Rτ,k,0 ≡ 0,

L−1
τ,1 = L−1

τ,2 : U → U

v 7→
(
I − τ 1

2 +
√

2
A
)−1

v,

and the evaluation operators are given by

Rτ,k,1 : U → U,

v 7→ −
√

2

2
v + τ

1−
√

2

2
f(tk),

and
Rτ,k,2 : U × U → U,

(v0, v1) 7→ −
√

2

2
v0 +

√
2

1−
√

2
v1 + τ

1

2
f(tk + τ).

This scheme perfectly fits into the abstract Rothe method (6) with S = 2. As
in Observation 3.12, by a simple calculation we get the following estimates
for the Lipschitz constants of L−1

τ,iRτ,k,i, i = 1, 2:

CLip
τ,k,(1) =

√
2

2
, and CLip

τ,k,(2) ≤ max
{√2

2
,
−
√

2

1−
√

2

}
≤
√

2

2
.

As in Example 3.13, we assume that the exact solution u satisfies (45).
Furthermore, we assume we have a method at hand, such that Assumption
2.9 is satisfied. Then, by Theorem 3.8 and Theorem 2.22, if we choose the
tolerances εk,i, for k = 0, . . . ,K − 1 and i = 1, 2, so that they satisfy

εk,i ≤
1

2
τ3
(1

2
+
√

2
)K−k−1

2∏
l=i+1

(
1 +

√
2

2

)
,
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the corresponding inexact 2-stage scheme (13) converges with order δ = 2.
The computational cost can be estimated by

K−1∑
k=0

Mτ,k,1(εk,1, ŵk,1) +Mτ,k,2(εk,2, ŵk,2)

with Mτ,k,i(·, ·) as in Assumption 2.9 and ŵk,i as in Remark 2.23(iii).

Remark 3.15. For methods of Rosenbrock type, i.e., under the assumption
that we use exact Jacobians J and g, a result similar to Theorem 3.8 holds.
In [42, Theorem 5.2] it is shown that for methods of order p ≥ 3 and under
certain additional regularity assumptions on the exact solution u of Eq. (28)
the error can be bounded similar to (37) with rate τ2+β, β ∈ [0, 1].

4 Application to stochastic evolution equations

In this section we apply Rothe’s method to a class of semi-linear parabolic
SPDEs. We use the stochastic analogue of the linearly-implicit Euler scheme
(3) in time, and the spatial discretization in every time step is a (possibly
nonlinear) blackbox-solver [ · ]ε, e.g., an adaptive wavelet solver as described
in Subsection 5.3. As before, we interpret parabolic SPDEs as ordinary
SDEs in a suitable function space U . We consider a separable real Hilbert
space U and the U -valued SDE

du(t) =
(
Au(t) + f(u(t))

)
dt+B(u(t)) dW (t), u(0) = u0, (46)

on the time interval [0, T ]. Here u = (u(t))t∈[0,T ] is a U -valued stochastic pro-
cess, A : D(A) ⊂ U → U is a densely defined, strictly negative definite, self-
adjoint, linear operator such that zero belongs to the resolvent set and the in-
verse A−1 is compact on U . The forcing term f : D((−A)%)→ D((−A)%−σ)
and B : D((−A)%)→ L(`2, D((−A)%−β)) are Lipschitz continuous maps for
suitable constants %, σ and β; and finally, W = (W (t))t∈[0,T ] is a cylindri-
cal Wiener process on the sequence space `2 = `2(N). Details are given in
Subsection 4.1. Our setting is based on the one considered in Printems [45]
where the convergence of semi-discretizations in time is investigated. This is
why, in contrast to the previous sections, the forcing term f does not depend
on the time variable t. Compared with [45] we allow the spatial regularity of
the whole setting to be ‘shifted’ in terms of the additional parameter %. In
concrete applications to parabolic SPDEs, this will lead to estimates of the
discretization error in terms of the numerically important energy norm, cf.
Example 4.10, provided that the initial condition u0 and the forcing terms
f and B are sufficiently regular.

4.1 Setting and assumptions

Let us describe the setting systematically and in detail.
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Assumption 4.1. The operator A : D(A) ⊂ U → U is linear, densely
defined, strictly negative definite and self-adjoint. Zero belongs to the re-
solvent set of A and the inverse A−1 : U → U is compact. There exists an
α > 0 such that (−A)−α is a trace class operator on U .

To simplify notation, the separable real Hilbert space U is always as-
sumed to be infinite-dimensional. It follows that A enjoys a spectral decom-
position of the form

Av =
∑
j∈N

λj〈v, ej〉Uej , v ∈ D(A),

where (ej)j∈N is an orthonormal basis of U consisting of eigenvectors of A
with strictly negative eigenvalues (λj)j∈N such that

0 > λ1 ≥ λ2 ≥ . . . ≥ λj → −∞, j →∞.

For s ≥ 0 we set

D((−A)s) :=
{
v ∈ U :

∞∑
j=1

∣∣(−λj)s〈v, ej〉U ∣∣2 <∞}, (47)

(−A)sv :=
∑
j∈N

(−λj)s〈v, ej〉Uej , v ∈ D((−A)s), (48)

so that D((−A)s), endowed with the norm ‖ · ‖D((−A)s) = ‖(−A)s · ‖U ,
is a Hilbert space; by construction this norm is equivalent to the graph
norm of (−A)s. For s < 0 we define D((−A)s) as the completion of U
with respect to the norm ‖ · ‖D((−A)s), defined on U by ‖v‖2D((−A)s) =∑

j∈N
∣∣(−λj)s〈v, ej〉U ∣∣2. Thus, D((−A)s) can be considered as a space of

formal sums

v =
∑
j∈N

v(j)ej such that
∑
j∈N

∣∣(−λj)sv(j)
∣∣2 <∞

with coefficients v(j) ∈ R. Generalizing (48) in the obvious way, we obtain op-
erators (−A)s, s ∈ R, which map D((−A)r) isometrically onto D((−A)r−s)
for all r ∈ R.

The trace class condition in Assumption 4.1 can now be reformulated as
the requirement that there exists an α > 0 such that

Tr(−A)−α =
∑
j∈N

(−λj)−α <∞. (49)

Before we state our conditions on the forcing terms f and B, let us consider
an example for an operator fulfilling Assumption 4.1.
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Example 4.2. Let O be a bounded open subset of Rd, set U := L2(O) and
let A := ∆D

O be the Dirichlet-Laplacian on O from Example 2.24, i.e.,

∆D
O : D(∆D

O) ⊆ L2(O)→ L2(O)

with domain

D(∆D
O) =

{
u ∈ H1

0 (O) : ∆u :=

d∑
i=1

∂2

∂x2
i

u ∈ L2(O)
}
.

Note that this definition of the domain of the Dirichlet-Laplacian is consis-
tent with the definition of D((−∆D

O)s) for s = 1 in (47), see e.g. [41, Remark
1.13] for details. This linear operator fulfils Assumption 4.1 for all α > d/2:
It is densely defined, self-adjoint, and strictly negative definite, since it has
been introduced in complete analogy to the variational operator Ã from Ap-
pendix A.1, starting with the symmetric, elliptic and bounded bilinear form
(27). Furthermore, due to the Rellich-Kondrachev theorem (see, e.g. [1,
Chapter VI]), it possesses a compact inverse (∆D

O)−1 : L2(O) → L2(O).
Moreover, Weyl’s law states that

−λj � j2/d, j ∈ N,

see [6], implying that (49) holds for all α > d/2.

Concerning the forcing terms f and B we assume the following.

Assumption 4.3. For certain smoothness parameters

% ≥ 0, σ < 1 and β <
1− α

2
(50)

(α as in Assumption 4.1) f and B map D((−A)%) to D((−A)%−σ) and
D((−A)%) to L(`2;D((−A)%−β)), respectively. Furthermore, they are glob-
ally Lipschitz continuous, that is, there exist positive constants CLip

f and

CLip
B such that for all v, w ∈ D((−A)%),

‖f(v)− f(w)‖D((−A)%−σ) ≤ C
Lip
f ‖v − w‖D((−A)%),

and

‖B(v)−B(w)‖L(`2;D((−A)%−β)) ≤ C
Lip
B ‖v − w‖D((−A)%).

Remark 4.4. (i) The parameters σ and β in Assumption 4.3 are allowed
to be negative.

(ii) Assumption 4.3 follows the lines of [45] (‘shifted’ by % ≥ 0). The
linear growth conditions (3.5) and (3.7) in [45] follow from the (global) Lip-
schitz continuity of the mappings f and B.

Finally, we describe the noise and the initial condition in (46). For the
notion of a normal filtration we refer to [44].
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Assumption 4.5. The noise W = (W (t))t∈[0,T ] is a cylindrical Wiener
process on `2 with respect to a normal filtration (Ft)t∈[0,T ]. The underlying
probability space (Ω,F ,P) is complete. For % as in Assumption 4.3, the
initial condition u0 in Eq. (46) belongs to the space L2(Ω,F0,P;D((−A)%))).

Let (etA)t≥0 be the strongly continuous semigroup of contractions on U
which is generated by A. We call a mild solution to Eq. (46) a predictable
process u : Ω× [0, T ]→ D((−A)%) with

sup
t∈[0,T ]

E‖u(t)‖2D((−A)%) <∞ (51)

such that for every t ∈ [0, T ] the equality

u(t) = etAu0 +

∫ t

0
e(t−s)Af(u(s)) ds+

∫ t

0
e(t−s)AB(u(s)) dW (s) (52)

holds P-almost surely in D((−A)%). The first integral in (52) is meant to be
a D((−A)%)-valued Bochner integral for P-almost every ω ∈ Ω; the second
integral is a D((−A)%)-valued stochastic integral as defined, e.g., in [15,44].

Remark 4.6. (i) Both integrals in (52) exist due to (51) and Assumptions
4.1, 4.3. For example, considering the stochastic integral in (52), we know
that it exists as an element of L2(Ω,Ft,P;D((−A)%)) if the integral∫ t

0
E
∥∥e(t−s)AB(u(s))

∥∥2

LHS(`2;D((−A)%))
ds

is finite, where LHS(`2;D((−A)%)) denotes the space of Hilbert-Schmidt op-
erators from `2 to D((−A)%). The integrand of the last integral can be
estimated from above by

Tr(−A)−α
∥∥(−A)β+α/2e(t−s)A∥∥2

L(D((−A)%))
E
∥∥(−A)−βB(u(s))

∥∥2

L(`2;D((−A)%))
,

and we have ∥∥(−A)β+α/2e(t−s)A∥∥2

L(D((−A)%))
≤ C(t− s)−(2β+α)

with 2β + α < 1. Moreover,

E
∥∥(−A)−βB(u(s))

∥∥2

L(`2;D((−A)%))
≤ C

(
1 + sup

r∈[0,T ]
E‖u(r)‖2D((−A)%)

)
.

The last estimate follows from the global Lipschitz property of the mapping
B : D((−A)%)→ L(`2;D((−A)%−β)).

(ii) For the case % = 0 existence and uniqueness of a mild solution to
Eq. (46) has been stated in [45, Proposition 3.1]. The proof consists of a
modification of the proof of Theorem 7.4 in [15] — a contraction argument
in L∞([0, T ];L2(Ω;U)). For the general case % ≥ 0 existence and uniqueness
can be proved analogously, see [36, Theorem 5.1]. Alternatively, the case
% > 0 can be traced back to the case % = 0 as described in the proof of
Proposition 4.7 below.
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Proposition 4.7. Let Assumptions 4.1, 4.3 and 4.5 be fulfilled. Then, Eq.
(46) has a unique mild solution, i.e., there exists a unique (up to modi-
fications) predictable stochastic process u : Ω × [0, T ] → D((−A)%) with
supt∈[0,T ] E‖u(t)‖2D((−A)%) <∞ such that, for every t ∈ [0, T ], Eq. (52) holds
P-almost surely.

Proof. If Assumptions 4.1, 4.3 and 4.5 are fulfilled for % = 0, Eq. (46) fits
into the setting of [45] (the Hilbert space U is denoted by H there). By
Proposition 3.1 in [45] there exists a unique mild solution u to Eq. (46).
Now suppose that Assumptions 4.1, 4.3 and 4.5 hold for some % > 0. Set

Û := D((−A)%), D(Â) := D((−A)%+1)

and consider the unbounded operator Â on Û given by

Â : D(Â) ⊂ Û → Û, v 7→ Âv := Av.

Note that Â fulfills Assumption 4.1 with A, D(A) and U replaced by Â,
D(Â) and Û , respectively. Defining the spaces D((−Â)s) analogously to the
spacesD((−A)s), we haveD((−A)%+s) = D((−Â)s), s ∈ R, so that Assump-
tions 4.3 and 4.5 can be reformulated with %, D((−A)%), D((−A)%−σ) and
D((−A)%−β) replaced by %̂ := 0, D((−Â)%̂), D((−Â)%̂−σ) and D((−Â)%̂−β),
respectively. Thus, the equation

du(t) =
(
Âu(t) + f(u(t))

)
dt+B(u(t)) dW (t), u(0) = u0, (53)

fits into the setting of [45] (now Û corresponds to the space H there), so
that, by Proposition 3.1 in [45], there exists a unique mild solution u to Eq.

(53). Since the operators etA ∈ L(U) and etÂ ∈ L(Û) coincide on Û ⊂ U , it
is clear that any mild solution to Eq. (53) is a mild solution to Eq. (46) and
vice versa.

Remark 4.8. If the initial condition u0 belongs to Lp(Ω,F0,P;D((−A)%))
⊂ L2(Ω,F0,P;D((−A)%)) for some p > 2, the solution u even satisfies
supt∈[0,T ] E‖u(t)‖pD((−A)%) < ∞. This is a consequence of the Burkholder-

Davis-Gundy inequalities, cf. [15, Theorem 7.4] or [45, Proposition 3.1].
Analogous improvements are valid for the estimates in Propositions 4.15
and 4.19 below.

We finish this subsection with concrete examples for stochastic PDEs
that fit into our setting.

Example 4.9. Let O be an open and bounded subset of Rd, U := L2(O),
and let A = ∆D

O be the Dirichlet-Laplacian onO as described in Example 4.2.
We consider examples for stochastic PDEs in dimension d = 1 and d ≥ 2.
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First, let O ⊂ R1 be one-dimensional and consider the problem

du(t, x) = ∆xu(t, x) dt+ g(u(t, x)) dt+ h(u(t, x)) dW1(t, x),

(t, x) ∈ [0, T ]×O,
u(t, x) = 0, (t, x) ∈ [0, T ]× ∂O,
u(0, x) = u0(x), x ∈ O.

 (54)

where u0 ∈ L2(O), g : R → R is globally Lipschitz continuous, h : R → R
is bounded and globally Lipschitz continuous, and W1 = (W1(t))t∈[0,T ] is a
Wiener process (with respect to a normal filtration on a complete probability
space) whose Cameron–Martin space is some space of functions on O that
is continuously embedded in L2(O), e.g., W1 is a cylindrical Wiener process
on L2(O). Let (ψk)k∈N be an arbitrary orthonormal basis of the Cameron–
Martin space of W1 and set

f(v)(x) := g(v(x)), v ∈ L2(O), x ∈ O,(
B(v)a

)
(x) := h(v(x))

∑
k∈N

akψk(x), v ∈ L2(O), a = (ak)k∈N ∈ `2, x ∈ O.

(55)
Then, Eq. (46) is an abstract version of problem (54), and the mappings f
and B are globally Lipschitz continuous (and thus linearly growing) from
D((−A)0) = L2(O) to L2(O) and from D((−A)0) to L(`2;L2(O)), re-
spectively. It follows that Assumptions 4.1, 4.3 and 4.5 are fulfilled for
1/2 < α < 1 (compare Example 4.2) and % = σ = β = 0.

Now let O ⊂ Rd be d-dimensional, d ≥ 2, and consider the problem (54)
where u0 ∈ L2(O), g : R→ R is globally Lipschitz continuous, h : R→ R is
constant (additive noise), and W1 = (W1(t))t∈[0,T ] is a Wiener process whose
Cameron–Martin space is some space of functions on O that is continuously
embedded in D((−A)−β) for some β < 1/2 − d/4. One easily sees that
the mappings f and B, defined as in (55), are globally Lipschitz continuous
(and thus linearly growing) from D((−A)0) = L2(O) to L2(O) and from
D((−A)0) to L(`2;D((−A)−β)), respectively. It follows that Assumptions
4.1, 4.3 and 4.5 are fulfilled for β < 1/2 − d/4, d/2 < α < 1 − 2β, and
% = σ = 0. Alternatively, we could assume h to be sufficiently smooth
and replace h(u(t, x)) in problem (54) by, e.g., h

( ∫
O k(x, y)u(y) dy

)
with a

sufficiently smooth kernel k : O ×O → R.

Example 4.10. As in Examples 4.2 and 4.9, let A = ∆D
O be the Dirichlet-

Laplacian on an open and bounded domain O ⊂ Rd. From the numerical
point of view, we are especially interested in stochastic PDEs of type (46)
with % = 1/2. In this case the solution process takes values in the space
D((−A)1/2) = H1

0 (O), and, as we will see later in Proposition 4.15 and
Theorem 4.17, we obtain estimates for the approximation error in terms of
the energy norm

‖v‖D((−∆D
O)1/2) = 〈∇v,∇v〉1/2L2(O), v ∈ H1

0 (O).
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The energy norm is crucial because error estimates for numerical solvers of
elliptic problems (which we want to apply in each time step) are usually ex-
pressed in terms of this norm, compare Section 5 where we consider adaptive
wavelet solvers with optimal convergence rates.

First, let O ⊂ R1 be one-dimensional, and consider the problem (54)
where u0 ∈ H1

0 (O), g : R → R is globally Lipschitz continuous, h : R → R
is linear or constant, and W1 = (W1(t))t∈[0,T ] is a Wiener process whose
Cameron–Martin space is some space of functions on O that is continu-
ously embedded in D((−A)1/2−β) for some nonnegative β < 1/4, so that
W1 takes values in a bigger Hilbert space, say, in D((−A)−1/4). (The
embedding D((−A)1/2−β) ↪→ D((−A)−1/4) is Hilbert–Schmidt since (49)
is fulfilled for α > 1/2, compare Example 4.2.) Take an arbitrary or-
thonormal basis (ψk)k∈N of the Cameron–Martin space of W1, and define
f(v) and B(v) for v ∈ H1

0 (O) analogously to (55). Then, Eq. (46) is an
abstract version of problem (54), and the mappings f and B are glob-
ally Lipschitz continuous (and thus linearly growing) from D((−A)1/2) =
H1

0 (O) to D((−A)0) = L2(O) and from D((−A)1/2) to L(`2;D((−A)1/2−β)),
respectively. The mapping properties of B follow from the inequalities
‖vw‖L2(O) ≤ ‖v‖H1

0 (O)‖w‖L2(O) and ‖vw‖H1
0 (O) ≤ C‖v‖H1

0 (O)‖w‖H1
0 (O) (a

consequence of the Sobolev embedding H1(O) ↪→ L∞(O) in dimension 1)
and interpolation since D((−A)1/2−β) = [L2(O), D((−A)1/2)]1−2β. Thus,
Assumptions 4.1, 4.3 and 4.5 are fulfilled for % = σ = 1/2, 0 ≤ β < 1/4 and
1/2 < α < 1− 2β.

Now let O ⊂ Rd be d-dimensional and consider problem (54) where
u0 ∈ H1

0 (O), g : R → R is globally Lipschitz continuous, h : R → R is con-
stant, and W1 = (W1(t))t∈[0,T ] is a Wiener process whose Cameron–Martin

space is continuously embedded in D((−A)1/2−β) for some β < 1/2 − d/4.
Then, the mappings f and B, defined analogously to the one dimensional
case, are globally Lipschitz continuous (and thus linearly growing) from
D((−A)1/2) = H1

0 (O) to D((−A)0) = L2(O) and from D((−A)1/2) to
L(`2;D((−A)1/2−β)) respectively. It follows that Assumptions 4.1, 4.3 and
4.5 are fulfilled for % = σ = 1/2, β < 1/2 − d/4 and 1 < α < 1 − 2β. As
in Example 4.9 we could alternatively assume h : R → R to be sufficiently
smooth and replace h(u(t, x)) in problem (54) by, e.g., h

( ∫
O k(x, y)u(y) dy

)
with a sufficiently smooth kernel k : O ×O → R. We do not go into details
here.

4.2 Semi-discretization in time

From now on, let Assumptions 4.1, 4.3 and 4.5 be fulfilled.
For the time discretization of the (mild) solution u = (u(t))t∈[0,T ] to Eq.

(46) we use the stochastic analogue of the linearly-implicit Euler scheme (3),
i.e., for K ∈ N and τ = T/K we consider discretizations (uk)

K
k=0 given by
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the initial condition u0 in (46) and

uk+1 = (I − τA)−1
(
uk + τf(uk) +

√
τB(uk)χk

)
,

k = 0, . . . ,K − 1.

}
(56)

We use the abbreviation

χk := χKk :=
1√
τ

(
W
(
tKk+1

)
−W

(
tKk
))
.

Note that each χk, k = 0, . . . ,K−1, is an Ftk+1
-measurable Gaussian white

noise on `2, i.e., a linear isometry from `2 to L2(Ω,Ftk+1
,P) such that for

each a ∈ `2 the real valued random variable χk(a) is centred Gaussian with
variance ‖a‖2`2 . We write χk(a) ∼ N (0, ‖a‖`2) for short. Moreover, for each
k = 0, 1, . . . ,K − 1, the sub-σ-field of F generated by {χk(a) : a ∈ `2} is
independent of Ftk .

We explain in which way the scheme (56) has to be understood. Let G
be a separable real Hilbert space such that D((−A)%−β) is embedded into
G via a Hilbert–Schmidt embedding. Then, for all k = 0, . . . ,K − 1 and for
all Ftk -measurable, D((−A)%)-valued, square integrable random variables
v ∈ L2(Ω,Ftk ,P;D((−A)%)), the term B(v)χk can be interpreted as an
Ftk+1

-measurable, square integrable, G-valued random variable in the sense

B(v)χk := L2(Ω,Ftk+1
,P;G)- lim

J→∞

J∑
j=1

χk(bj)B(v)bj (57)

where {bj}j∈N is an orthonormal basis of `2. This definition is indepen-
dent of the specific choice of the orthonormal basis {bj}j∈N. Note that the
stochastic independence of {χk(a) : a ∈ `2} and Ftk is important at this
point. We have

E‖B(v)χk‖2G = E‖B(v)‖2LHS(`2;G), (58)

the last term being finite due to the Lipschitz continuity of B by Assumption
4.3 (see also Remark 4.4) and the fact that the embedding D((−A)%−β) ↪→ G
is Hilbert–Schmidt. Let us explicitly set

G := D((−A)%−max(σ,β+α/2)).

The condition Tr(−A)−α <∞ in Assumption 4.1 yields that the embedding
D((−A)%−β) ↪→ D((−A)%−β−α/2) is Hilbert–Schmidt, and the embedding
D((−A)%−β−α/2) ↪→ D((−A)%−max(σ,β+α/2)) is clearly continuous. Thus,
we have indeed a Hilbert–Schmidt embedding D((−A)%−β) ↪→ G. For all
k = 0, . . . ,K − 1 and v ∈ L2(Ω,Ftk ,P;D((−A)%)) we consider the term
B(v)χk as an element in the space

L2(Ω,Ftk+1
,P;G) = L2

(
Ω,Ftk+1

,P;D((−A)%−max(σ,β+α/2))
)
.
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Next, due to the Lipschitz continuity of f by Assumption 4.3 (see also Re-
mark 4.4), we also know that for all v ∈ L2(Ω,Ftk ,P;D((−A)%)) the term
f(v) is an element in L2(Ω,Ftk ,P;G). Finally, as a consequence of Lemma
4.13 below and the fact that max(σ, β+α/2) < max(σ, 1/2) < 1 due to (50),
the operator (I − τA)−1 is continuous from G to D((−A)%). It follows that
the discretizations (uk)

K
k=0 are uniquely determined by (56) and that every

uk belongs to the space L2(Ω,Ftk ,P;D((−A)%)).

Remark 4.11. In practice, one has to truncate the noise expansion (57)
and one will approximate B(v)χk ∈ L2(Ω,Ftk+1

,P;G) by a finite sum∑J
j=1 χk(bj)B(v)bj ∈ L2(Ω,Ftk+1

,P;D((−A)%−β)), J ∈ N. However, in
this paper we assume the right hand sides of the elliptic equations in each
time step to be given exactly, cf. Section 5, Assumption 5.9. We postpone
the analysis of these additional truncation errors for stochastic right hand
sides to a forthcoming paper.

Now we can embed the scheme (56) into the abstract setting of Section 2.
For measurability reasons the spaces H and G have to depend on the time
step k, i.e., we consider spaces H = Hk and G = Gk.
Observation 4.12. Let

Hk := L2(Ω,Ftk ,P;D((−A)%)), k = 0, . . . ,K,

Gk := L2(Ω,Ftk ,P;G), k = 1, . . . ,K,

Rτ,k : Hk → Gk+1

v 7→ Rτ,k(v) := v + τf(v) +
√
τB(v)χk, k = 0, . . . ,K − 1,

L−1
τ : Gk → Hk

v 7→ L−1
τ v := (I − τA)−1v, k = 1, . . . ,K.


(59)

With these definitions at hand, the linearly-implicit Euler scheme (56) can
be written in the form of the abstract S-stage scheme (6) with S = 1, L−1

τ,1 :=

L−1
τ and Rτ,k,1 := Rτ,k, for k = 0, . . . ,K − 1. We have

uk+1 = L−1
τ Rτ,k(uk), k = 0, . . . ,K − 1. (60)

The fact that the spaces H = Hk and G = Gk depend on the time step k
does not cause any problems when using results from Section 2, as far as the
corresponding assumptions are fulfilled, see also Remark 2.16.

The following Lemma is helpful not only for the preceding argument but
also for estimates further down.

Lemma 4.13. Let τ > 0 and r ∈ R. The operator I − τA is a homeo-
morphism from D((−A)r) to D((−A)r−1). For n ∈ N we have the following
operator norm estimates for (I − τA)−n, considered as an operator from
D((−A)r−s) to D((−A)r), s ≤ 1:

‖(I − τA)−n‖L(D((−A)r−s),D((−A)r)) ≤

ss
(

1− s
n

)(n−s)
(nτ)−s , 0 < s ≤ 1

(−λ1)s(1− τλ1)−n , s ≤ 0.
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Proof. The bijectivity of I − τA : D((−A)r) → D((−A)r−1) is almost ob-
vious. Its proof is left to the reader. The bicontinuity follows from the
continuity of the inverse as shown below (case s = 1) and the bounded in-
verse theorem. Concerning the operator norm estimates, we use Parseval’s
identity and the spectral properties of A to obtain

sup
‖v‖D((−A)r−s)=1

‖(I − τA)−nv‖2D((−A)r)

= sup
‖w‖U=1

‖(I − τA)−n(−A)s−rw‖2D((−A)r)

= sup
‖w‖U=1

‖(−A)r(I − τA)−n(−A)s−rw‖2U

= sup
‖w‖U=1

∑
k∈N

∣∣(−λk)s(1− τλk)−n〈w, ek〉U ∣∣2 .
If s ≤ 0, the last expression is equal to (−λ1)2s(1 − τλ1)−2n. If 0 < s ≤ 1,
an upper bound is given by the square of

sup
x>0

xs

(1 + τx)n
= ss

(
1− s

n

)(n−s)
(nτ)−s.

Remark 4.14. Without additional assumptions on B or a truncation of
the noise expansion (57), the operator Rτ,k cannot easily be traced back to
a family of operators

Rτ,k,ω : D((−A)%)→ G, ω ∈ Ω,

in the sense that for v ∈ Hk = L2(Ω,Ftk ,P;D((−A)%)) the image Rτ,k(v)
is determined by

(Rτ,k(v))(ω) = Rτ,k,ω(v(ω)) for P-almost all ω ∈ Ω. (61)

However, this is possible, for instance, if for all v ∈ D((−A)%) the oper-
ator B(v) : `2 → D((−A)%−β) has a continuous extension B(v) : U0 →
D((−A)%−β) to a bigger Hilbert space U0 such that `2 is embedded into U0

via a Hilbert–Schmidt embedding. Another instance where a representation
of the form (61) is possible is the case where the mapping B : D((−A)%)→
L(`2;D((−A)%−β)) is constant, i.e., the case of additive noise. We take a
closer look at the latter case, writing B ∈ L(`2;D((−A)%−β)) for short. We
fix a version of each of the P-almost surely determined, G-valued random
variables Bχk = BχKk , k = 0, 1, . . . ,K − 1, K ∈ N, and set

Rτ,k,ω(v) := v + f(v) + (Bχk)(ω), ω ∈ Ω, v ∈ D((−A)%).

It is clear that (61) holds for all v ∈ L2(Ω,Ftk ,P;D((−A)%)), and we have
the following alternative interpretation of the scheme (56) in the case of
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additive noise within the abstract setting of Section 2.

H := D((−A)%)),

G := G = D((−A)%−max(σ,β+α/2)),

Rτ,k,ω : H → G
v 7→ Rτ,k,ω(v) := v + τf(v) +

√
τ(Bχk)(ω),

L−1
τ : G → H

v 7→ L−1
τ v := (I − τA)−1v,


(59ω)

k = 0, . . . ,K − 1. With these definitions, the abstract scheme (6) in Section
2 with S = 1 describes the stochastic scheme (56) in an ω-wise sense.

We close this subsection with an extension of the error estimate for the
linearly-implicit Euler scheme in [45]. In this way, we verify Assumption
2.13 for the scheme (56) in its abstract form (60), see Remark 4.16(i) below.

Proposition 4.15. Let Assumptions 4.1, 4.3, and 4.5 be fulfilled. Let
(uk)

K
k=0 be the time discretization of the mild solution (u(t))t∈[0,T ] to Eq.

(46), given by the scheme (56). Then, for every

δ < min(1− σ, (1− α)/2− β),

we have for all 1 ≤ k ≤ K(
E‖u(tk)− uk‖2D((−A)%)

)1/2
≤ C

(
τ δ +

1

k

(
E‖u0‖2D((−A)%)

)1/2
)
,

where the constant C > 0 depends only on δ, A, B, f , α, β, σ and T .

Proof. We argue as in the proof of Proposition 4.7 and consider the equation

du(t) =
(
Âu(t) + f(u(t))

)
dt+B(u(t)) dW (t), u(0) = u0, (62)

where the operator Â : D(Â) ⊂ Û → Û is defined by Û := D((−A)%),
D(Â) := D((−A)%+1), and Âv := Av, v ∈ D(Â). Eq. (62) fits into the
setting of [45], and its mild solution u = (u(t))t∈[0,T ] coincides with the mild
solution to Eq. (46), compare the proof of Proposition 4.7. For K ∈ N let
(ûk)

K
k=0 be given by the linearly-implicit Euler scheme

û0 = u0,

ûk+1 = (I − τÂ)−1
(
ûk + τf(ûk) +

√
τB(ûk)χk

)
, k = 0, . . . ,K − 1.

By Theorem 3.2 in [45] we have, for all δ < min(1− σ, (1− α)/2− β),(
E‖u(tk)− ûk‖2Û

)1/2
≤ C

(
τ δ +

1

k

(
E‖u0‖2Û

)1/2
)
,

37



1 ≤ k ≤ K. The proof in [45] reveals that the constant C > 0 depends
only on δ, Â, B, f , α, β, σ and T . The assertion of Proposition 4.15 follows
from the fact that the natural extensions and restrictions of the operators
(I − τÂ)−1 and (I − τA)−1 to the spaces D((−Â)s) = D((−A)s+%), s ∈ R,
coincide, so that ûk = uk for all 0 ≤ k ≤ K, K ∈ N.

Remark 4.16. (i) If k ≥ Kδ (δ > 0), then 1/k ≤ T−δτ δ, and we obtain(
E‖u(tk)− uk‖pD((−A)%)

)1/p
≤ Cexact τ

δ (63)

with a constant Cexact > 0 that depends only on δ, u0, A, B, f , α, β, σ
and T . Since δ is always smaller than 1, it follows in particular that (63)
holds for k = K. Using the definitions in (59) and the notation introduced
in Section 2 this means that Assumption 2.13 is fulfilled, i.e., we have

‖u(T )− Eτ,0,K(u0)‖HK ≤ Cexact τ
δ,

where the Euler scheme operator Eτ,0,K : H0 → HK is given by the compo-
sition (L−1

τ Rτ,K−1) ◦ (L−1
τ Rτ,K−2) ◦ · · · ◦ (L−1

τ Rτ,0).
(ii) The proof of Proposition 4.15 is based on an application of Theorem

3.2 in [45] to Eq. (53). The careful reader might have observed that the
parameter σ, which corresponds to the parameter s in [45], is assumed to
be positive in [45]. However, a closer look at the estimates in the proof
of Theorem 3.2 in [45] reveals that the result can be extended to negative
values of σ and s, respectively. Alternatively, one can argue that if σ ≤ 0
then D((−Â)−σ) is continuously embedded into, say, D((−Â)−1/2), so that
Eq. (53) fits into the setting of [45] if f is considered as a mapping from
Û = D((−Â)0) to D((−Â)−1/2). We refer to [13] where the Euler scheme
for stochastic evolution equations is considered in a more general setting
than in [45].

4.3 Discretization in time and space

So far we have verified the existence and uniqueness of a mild solution to
Eq. (46) as well as the convergence of the exactly evaluated Euler scheme
(56) with rate δ < min(1 − σ, (1 − α)/2 − β). We now turn to the cor-
responding inexact scheme where the iterated stationary problems in (56),
respectively (60), are solved only approximately. As in Sections 2 and 3 we
are interested in how the tolerances for the spatial approximation errors in
each time step have to be chosen to achieve the same order of convergence
as for the exact scheme. Throughout this subsection we use the definitions
given in Observation 4.12 to interprete the setting described in the previous
Subsections 4.1 and 4.2 in terms of the abstract framework of Section 2.

As in Section 2, Assumption 2.9, we assume that we have a numerical
scheme that, for all w ∈ Hk, k = 0, . . . ,K − 1, and for every prescribed
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tolerance ε > 0, provides us with an approximation [v]ε of

v = L−1
τ Rτ,k(w)

such that

‖v − [v]ε‖Hk+1
=
(
E‖v − [v]ε‖2D((−A)%)

)1/2
≤ ε.

We think of [v]ε as the result of an ω-wise application of some determin-
istic solver with error ≤ ε in D((−A)%), e.g., an adaptive wavelet solver
as described in Subsection 5.3. In contrast to Sections 2 and 3 we pass on
any assumptions and discussions concerning the degrees of freedom involved,
since in the stochastic case this is a fairly different matter that deserves an
independent treatment in a future paper. However, we note that all re-
sults from Section 2 that do not involve assertions concerning the degrees of
freedom remain valid in the present setting with obvious modifications.

Given prescribed tolerances εk, k = 0, . . . ,K − 1, for the spatial ap-
proximation errors in each time step, we consider the inexact version of the
linearly-implicit Euler scheme (60)

ũ0 = u0,

ũk+1 = [L−1
τ Rτ,k(ũk)]εk , k = 0, . . . ,K − 1,

}
(64)

which is the analogue to scheme (13) from Section 2 with S = 1 and εk,1 :=
εk. We already know from the considerations in Section 2 that sufficient
conditions how to tune the tolerances εk in the inexact scheme (64) to obtain
the same order of convergence as for the exact scheme (60) can be described
in terms of the Lipschitz constants CLip

τ,j,k of the operators

Eτ,j,k = (L−1
τ Rτ,k−1) ◦ (L−1

τ Rτ,k−2) ◦ · · · ◦ (L−1
τ Rτ,j) : Hj → Hk,

1 ≤ j ≤ k ≤ K, K ∈ N. In the present setting we are able to show that
the constants CLip

τ,j,k are bounded uniformly in j, k and τ , see Proposition
4.18. Together with the arguments in Section 2 and Proposition 4.15 this
will lead to the following main result of this Section.

Theorem 4.17. Let Assumptions 4.1, 4.3 and 4.5 be fulfilled. Let (u(t))t∈[0,T ]

be the unique mild solution to Eq. (46) and let

δ < min(1− σ, (1− α)/2− β).

If one chooses
εk ≤ τ1+δ

for all k = 0, . . . ,K − 1, K ∈ N, then the output ũK of the inexact linearly-
implicit Euler scheme (64) converges to u(T ) with rate δ, i.e., we have(

E‖u(T )− ũK‖2D((−A)%)

)1/2
≤ Cτ δ

with a constant C depending only on u0, δ, A, B, f , α, β, σ and T .
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The verification of Theorem 4.17 is based on the estimate of the Lipschitz
constants CLip

τ,j,k in Proposition 4.18 below. Since its proof is rather lengthy
we postpone it to the end of this subsection.

Proposition 4.18. Let Assumptions 4.1, 4.3 and 4.5 be fulfilled. There
exists a finite constant C > 0, depending only on A, B, f , α, β, σ and T ,
such that

CLip
τ,j,k ≤ C for all 1 ≤ j ≤ k ≤ K, K ∈ N.

With this result at hand we obtain, as a next step towards the verification
of Theorem 4.17, the following error estimate for the inexact scheme.

Proposition 4.19. Let Assumptions 4.1, 4.3 and 4.5 be fulfilled. Let
(u(t))t∈[0,T ] be the unique mild solution to Eq. (46). Let (ũk)

K
k=0 be the

discretization of (u(t))t∈[0,T ] in time and space given by the inexact linearly-
implicit Euler scheme (64), where εk, k = 0, . . . ,K − 1, are prescribed tol-
erances for the spatial approximation errors in each time step. Then, for
every 1 ≤ k ≤ K, K ∈ N, and for every

δ < min(1− σ, (1− α)/2− β)

we have

(
E‖u(tk)− ũk‖2D((−A)%)

)1/2
≤ C

τ δ +
1

k

(
E‖u0‖2D((−A)%)

)1/2
+
k−1∑
j=0

εj


with a constant C that depends only on δ, A, B, f , α, β, σ and T .

Proof. Arguing as in the proof of Theorem 2.15, compare Remark 2.16, we
obtain the general error estimate(

E‖u(tk)− ũk‖2D((−A)%)

)1/2
= ‖u(tk)− ũk‖Hk

≤ ‖u(tk)− uk‖Hk +
k−1∑
j=0

CLip
τ,j+1,kεj ,

(65)

where (uk)
K
k=0 is the discretization of (u(t))t∈[0,T ] in time given by the exact

linearly-implicit Euler scheme (56), respectively (60). Note that the ana-
logues to Assumptions 2.4 and 2.5 in Theorem 2.15 are fulfilled due to the
construction of the inexact scheme (64); the analogues to Assumptions 2.2
and 2.11 follow from Assumptions 4.1, 4.3 and 4.5 via Propositions 4.7 and
4.18. Alternatively, we could have used a modified version of Theorem 2.20
with S = 1 and εj,1 := εj . The assertion of the proposition follows directly
from (65), Proposition 4.15 and Proposition 4.18.

The proof of Theorem 4.17 is now straightforward, similar to the argu-
mentation in the proofs of Theorems 2.17 and 2.22.
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Proof of Theorem 4.17. The assertion follows from Proposition 4.19 and the
elementary estimates

1

K
≤ 1

Kδ
= T−δτ δ and

K−1∑
j=0

εk ≤ Tτ δ.

It remains to verify the estimate of the Lipschitz constants CLip
τ,j,k of the

operators Eτ,j,k stated in Proposition 4.18. The proof is based on a Gronwall
argument.

Proof of Proposition 4.18. Fix 1 ≤ j ≤ k ≤ K and observe that, by induc-
tion over k,

Eτ,j,k(v) = L−(k−j)
τ v

+

k−j−1∑
i=0

L−(k−j)+i
τ

(
τf
(
Eτ,j,j+i(v)

)
+
√
τB
(
Eτ,j,j+i(v)

)
χj+i

)
for all v ∈ Hj . Therefore, for all v, w ∈ Hj , we have

‖Eτ,j,k(v)− Eτ,j,k(w)‖Hk
≤ ‖L−(k−j)

τ v − L−(k−j)
τ w‖Hk

+

k−j−1∑
i=0

τ
∥∥∥L−(k−j)+i

τ

(
f
(
Eτ,j,j+i(v)

)
− f

(
Eτ,j,j+i(w)

))∥∥∥
Hk

+

∥∥∥∥∥
k−j−1∑
i=0

√
τL−(k−j)+i

τ

(
B
(
Eτ,j,j+i(v)

)
−B

(
Eτ,j,j+i(w)

))
χj+i

∥∥∥∥∥
Hk

=: (I) + (II) + (III). (66)

We estimate each of the terms (I), (II) and (III) separately.
By Lemma 4.13 and the trivial fact that ‖v −w‖Hk = ‖v −w‖Hj for all

v, w ∈ Hj , we have

(I) ≤
∥∥L−1

τ

∥∥k−j
L(D((−A)%))

‖v − w‖Hk
≤ (1− τλ1)−(k−j)‖v − w‖Hk
≤ ‖v − w‖Hj .

(67)

Concerning the term (II) in (66), let us first concentrate on the case
σ ∈ (0, 1). We use the Lipschitz condition on f in Assumption 4.3 and

41



Lemma 4.13 to obtain

(II) ≤
k−j−1∑
i=0

τ
∥∥L−(k−j)+i

τ (−A)σ
∥∥
L(D((−A)%))

× CLip
f

∥∥Eτ,j,j+i(v)− Eτ,j,j+i(w)
∥∥
Hj+i

≤
k−j−1∑
i=0

τ
σσ

(τ(k − j − i))σ
CLip
f CLip

τ,j,j+i ‖v − w‖Hj

≤ CLip
f

k−j−1∑
i=0

τ

(τ(k − j − i))σ
CLip
τ,j,j+i ‖v − w‖Hj .

(68)

For the case that σ ≤ 0 we get with similar arguments

(II) ≤ CLip
f

k−j−1∑
i=0

τ(−λ1)σ

(1− τλ1)n
CLip
τ,j,j+i ‖v − w‖Hj

≤ CLip
f (−λ1)σ

k−j−1∑
i=0

τCLip
τ,j,j+i ‖v − w‖Hj .

(69)

Let us now look at the term (III) in (66). Using the independence of the
stochastic increments χj+i and Eq. (58), we get

(III)2 =

k−j−1∑
i=0

τE
∥∥∥L−(k−j)+i

τ

(
B
(
Eτ,j,j+i(v)

)
−B

(
Eτ,j,j+i(w)

))
χj+i

∥∥∥2

D((−A)%)

≤
k−j−1∑
i=0

τ
∥∥L−(k−j)+i

τ

∥∥2

L(D((−A)%−β−α/2),D((−A)%))

× E
∥∥∥(B(Eτ,j,j+i(v)

)
−B

(
Eτ,j,j+i(w)

))
χj+i

∥∥∥2

D((−A)%−β−α/2)

≤
k−j−1∑
i=0

τ
∥∥L−(k−j)+i

τ

∥∥2

L(D((−A)%−β−α/2),D((−A)%))

× E
∥∥B(Eτ,j,j+i(v)

)
−B

(
Eτ,j,j+i(w)

)∥∥2

LHS(`2;D((−A)%−β−α/2))
.

Concentrating first on the case β + α/2 > 0, we continue by using the
Lipschitz condition on B in Assumption 4.3 and Lemma 4.13 to obtain

(III)2 ≤
k−j−1∑
i=0

τ
(β + α/2)2β+α

(τ(k − j − i))2β+α
Tr(−A)−α

× (CLip
B )2 E ‖Eτ,j,j+i(v)− Eτ,j,j+i(w)‖2D((−A)%)

≤ (CLip
B )2 Tr(−A)−α

×
k−j−1∑
i=0

τ

(τ(k − j − i))2β+α
(CLip

τ,j,j+i)
2‖v − w‖2Hj .

(70)
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In the case β + α/2 ≤ 0 the same arguments lead to

(III)2 ≤
k−j−1∑
i=0

τ
(−λ1)2β+α

(1− τλ1)2n
Tr(−A)−α

× (CLip
B )2E ‖Eτ,j,j+i(v)− Eτ,j,j+i(w)‖2D((−A)%)

≤ (CLip
B )2 Tr(−A)−α(−λ1)2β+α

k−j−1∑
i=0

τ(CLip
τ,j,j+i)

2‖v − w‖2Hj .

(71)

Now we have to consider four different cases.
Case 1. σ ∈ (0, 1) and β + α/2 ∈ (0, 1/2). The combination of (66),

(67), (68) and (70) yields

CLip
τ,j,k ≤ 1 + CLip

f

k−j−1∑
i=0

τ

(τ(k − j − i))σ
CLip
τ,j,j+i

+ CLip
B (Tr(−A)−α)1/2

(
k−j−1∑
i=0

τ

(τ(k − j − i))2β+α
(CLip

τ,j,j+i)
2

)1/2

.

(72)
Note that inductively we obtain in particular the finiteness of all CLip

τ,j,j+i.
Next, we estimate the two sums over i on the right hand side of (72) via
Hölder’s inequality. Set

q :=
1

min(1− σ, (1− α)/2− β)
+ 2 > 2.

Hölder’s inequality with exponents q/(q − 1) and q yields

k−j−1∑
i=0

τ

(τ(k − j − i))σ
CLip
τ,j,j+i

≤

(
k−j−1∑
i=0

τ

(τ(k − j − i))
σq
q−1

) q−1
q
(
k−j−1∑
i=0

τ(CLip
τ,j,j+i)

q

) 1
q

≤

(
K∑
i=1

τ

(τi)
σq
q−1

) q−1
q
(
k−j−1∑
i=0

τ(CLip
τ,j,j+i)

q

) 1
q

≤
(∫ T

0
t
− σq
q−1 dt

) q−1
q

(
k−j−1∑
i=0

τ(CLip
τ,j,j+i)

q

) 1
q

,

(73)

where the integral in the last line is finite since σq
q−1 = σ

1−1/q <
σ

1−(1−σ) = 1.
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Similarly, applying Hölder’s inequality with exponents q/(q − 2) and q/2,

k−j−1∑
i=0

τ

(τ(k − j − i))2β+α
(CLip

τ,j,j+i)
2

≤

k−j−1∑
i=0

τ

(τ(k − j − i))
(2β+α)q
q−2


q−2
q (k−j−1∑

i=0

τ(CLip
τ,j,j+i)

q

) 2
q

≤
(∫ T

0
t
− (2β+α)q

q−2 dt

) q−2
q

(
k−j−1∑
i=0

τ(CLip
τ,j,j+i)

q

) 2
q

.

(74)

The integral in the last line is finite since (2β+α)q
q−2 = (2β+α)

1−2/q <
(2β+α)

1−(1−α−2β)= 1.

Combining (72), (73), (74) and using the equivalence of norms in R3, we
obtain

(CLip
τ,j,k)

q ≤ C0

(
1 +

k−j−1∑
i=0

τ(CLip
τ,j,j+i)

q

)
, (75)

with a constant C0 that depends only on A, f , B, α, β, σ and T . Since
(75) holds for arbitrary K ∈ N and 1 ≤ j ≤ k ≤ K, we can apply a discrete
version of Gronwall’s lemma and obtain

(CLip
τ,j,k)

q ≤ e(k−j)τC0C0 ≤ eTC0C0.

for all 1 ≤ j ≤ k ≤ K, K ∈ N and τ = T/K. It follows that the assertion of
the proposition holds in this first case with

C := (eTC0C0)1/q.

Case 2. σ ≤ 0 and β+α/2 ≤ 0. A combination of (66) with (67), (69),
and (71) leads to

CLip
τ,j,k ≤ 1 + CLip

f (−λ1)σ
k−j−1∑
i=0

τCLip
τ,j,j+i

+ CLip
B (Tr(−A)−α)1/2(−λ1)β+α/2

( k−j−1∑
i=0

τ(CLip
τ,j,j+i)

2
)1/2

.

Applying Hölder’s inequality with exponent q2 := 2 to estimate the first sum
over i on the right hand side, we get

CLip
τ,j,k ≤ 1 + CLip

f (−λ1)σT 1/2
( k−j−1∑

i=0

τ(CLip
τ,j,j+i)

2
)1/2

+ CLip
B (Tr(−A)−α)1/2(−λ1)β+α/2

( k−j−1∑
i=0

τ(CLip
τ,j,j+i)

2
)1/2

,

44



which leads to

(CLip
τ,j,k)

2 ≤ C
(

1 +

k−j−1∑
i=0

τ(CLip
τ,j,j+i)

2
)
,

where the constant C ∈ (0,∞) depends only on A, f , B, α, β, σ and T . As
in Case 1, an application of Gronwall’s lemma proves the assertion in this
second case.

Case 3. σ ∈ (0, 1) and β + α/2 ≤ 0. In this situation, we combine (66)
with (67), (68) and (71) to get

CLip
τ,j,k ≤ 1 + CLip

f

k−j−1∑
i=0

τ

(τ(k − j − i))σ
CLip
τ,j,j+i

+ CLip
B (Tr(−A)−α)1/2(−λ1)β+α/2

( k−j−1∑
i=0

τ(CLip
τ,j,j+i)

2
)1/2

.

Setting

q3 :=
1

1− σ
+ 2

and following the line of argumentation from the first case with q3 instead
of q we reach our goal also in this situation.

Case 4. σ ≤ 0 and β + α/2 ∈ (0, 1/2). Combine (66), (67), (69) and
(70) to get

CLip
τ,j,k ≤ 1 + CLip

f (−λ1)σ
k−j−1∑
i=0

τCLip
τ,j,j+i

+ CLip
B (Tr(−A)−α)1/2

(
k−j−1∑
i=0

τ

(τ(k − j − i))2β+α
(CLip

τ,j,j+i)
2

)1/2

.

Arguing as in the third case with

q4 :=
1

1/2− (β + α/2)
+ 2

instead of q3, we get the estimate we need to finish the proof.

5 Spatial approximation by wavelet methods

For the inexact Rothe method in Section 2 we assumed, cf. Assumption 2.9,
that we have a solver which enables us to compute the solution of the sub-
problem arising at the k-th time step and i-th stage up to a given tolerance
εk,i. In the wavelet setting, this goal can be achieved by employing adaptive
strategies. Indeed, as will be explained in Subsection 5.3, there exist adap-
tive strategies based on wavelets that are guaranteed to converge for a large
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range of problems. Moreover, they are asymptotically optimal in the sense
that they asymptotically realize the same convergence order as best m-term
wavelet approximation and the computational effort is proportional to the
degrees m of freedom.

We start in Subsection 5.1 by introducing the wavelet setting as far as
it is needed for our purposes. In Subsection 5.2, we combine estimates for
optimal wavelet solvers with the complexity results for the inexact Rothe
method as stated in Section 2. For deterministic equations of the form (77),
we derive estimates on the degrees of freedom that are needed to guarantee
that the inexact scheme converges with the same order as the exact scheme.
In Subsection 5.3 we give an outline on how an optimal adaptive wavelet
solver can be constructed in practice.

Throughout this section, O ⊆ Rd, d ≥ 1, will denote a bounded Lipschitz
domain.

5.1 Wavelet setting

Let us briefly recall the wavelet setting. In general, a wavelet basis Ψ =
{ψµ : µ ∈ J } is a Riesz basis for L2(O). The indices µ ∈ J typically encode
several types of information, namely the scale (often denoted by |µ|), the
spatial location as well as the type of the wavelet. For instance, on the real
line, µ can be identified with a pair of integers (j, k), where j = |µ| denotes
the dyadic refinement level and 2−jk the location of the wavelet.

We will ignore any explicit dependence on the type of the wavelet from
now on, since this only produces additional constants. Hence, we frequently
use µ = (j, k) and

J =
{

(j, k) : j ≥ j0, k ∈ Jj
}
,

where Jj is some countable index set and |(j, k)| = j. Moreover,

Ψ̃ = {ψ̃ : µ ∈ J }

denotes the dual wavelet basis, which is biorthogonal to Ψ, i.e.,

〈ψµ, ψ̃ν〉 = δµ,ν , µ, ν ∈ J .

We will not discuss any technical description of the basis Ψ. Instead, we
assume that the domain O enables us to construct a wavelet basis Ψ with
the following properties:

(W1) The wavelets are local in the sense that there exist two constants
c loc, Cloc > 0, independent of µ ∈ J , such that

c loc2
−|µ| ≤ diam(suppψµ) ≤ Cloc2

−|µ|, µ ∈ J .
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(W2) The wavelets satisfy the cancellation property, i.e., for some parameter
m̃ ∈ N,

|〈v, ψµ〉L2(O)| ≤ Ccan2−|µ|(
d
2

+m̃)|v|W m̃(L∞(suppψµ))

for |µ| > j0, with a constant Ccan > 0, which does not depend on v
and µ.

(W3) The wavelet basis induces characterizations of Besov spacesBs
q(Lp(O)),

i.e., there exist constants c norm, Cnorm > 0, independent of v, such that

c norm‖v‖qBsq(Lp(O)) ≤
∞∑
j=j0

2
j(s+d( 1

2
− 1
p

))q
( ∑
µ∈Jj

|〈v, ψ̃µ〉L2(O)|p
)q/p

≤ Cnorm‖v‖qBsq(Lp(O)) (76)

holds for 0 < p, q < ∞ and all s with s1 > s > d(1/p − 1)+ for some
parameter s1.

In (W3) the upper bound s1 depends, in particular, on the smoothness and
the approximation properties of the wavelet basis.

From now on we will make the following

Assumption 5.1. There exists a biorthogonal wavelet basis for L2(O) that
satisfies the properties (W1), (W2), (W3) for a sufficiently large range of
parameters s1, s, p, q and m̃.

Remark 5.2. (i) The norm equivalence (76) and the fact that Bs
2(L2(O)) =

Hs(O) imply that a simple rescaling immediately yields a Riesz basis for
Hs(O) with 0 < s < s1. We will also assume that Dirichlet boundary
conditions can be included, so that a characterization of the type (76) also
holds for Hs

0(O).
(ii) Suitable constructions of wavelets on domains can be found, e.g.,

in [9, 23–25]. For a detailed discussion we refer to [10].

5.2 Complexity estimates for a wavelet Rothe method

In this subsection we study Rothe schemes based on wavelets. To keep the
technical difficulties at a reasonable level, we restrict ourselves to determin-
istic parabolic evolution equations of the form

u′(t) = A(t)u(t) + f(t, u(t)), t ∈ (0, T ], u(0) = u0. (77)

Throughout, A : (0, T ]×V → V ∗ and f : (0, T ]×U → U , where (V,U, V ∗) is
a Gelfand triple, with V = Hν

0 (O), U = L2(O), and V ∗ = H−ν(O), ν > 0.
In Subsection 5.2.1 we combine the abstract analysis presented in Section 2
with complexity estimates for adaptive wavelet solvers. To this end, among
other things, regularity estimates for the exact solution in specific Besov
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spaces are essential. Then, in Subsection 5.2.2, the analysis is further sub-
stantiated for the concrete case of the heat equation. In particular, we show
that in the wavelet setting a concrete estimate of the overall complexity can
be derived.

5.2.1 Complexity estimates using adaptive wavelet solvers

In this subsection, we derive estimates for the degrees of freedom that are
needed to guarantee that the inexact wavelet scheme converges with the
same order as the exact scheme. We split our analysis into two parts. In the
first part, we concentrate on the (rather theoretical) case, where the solu-
tions of the stage equations are approximated by using best m-term wavelet
approximation. As we will see, this task is closely related to smoothness esti-
mates of the exact solutions in specific scales of Besov spaces. Unfortunately,
best m-term approximation is not implementable in our case, since the solu-
tions to the elliptic sub-problems are not known explicitly and therefore the
m largest wavelet coefficients cannot be extracted directly. Therefore, in the
second part, we turn our attention to the case, where the stage equations
are solved numerically by using an implementable wavelet solver which is
asymptotically optimal, i.e., it realizes the same convergence order as best
m-term wavelet approximation. In Theorem 5.13 we show that the com-
plexity estimates derived in the first part immediately extend to this case.

We are in the setting of Section 2 with H = Ht(O) for some smoothness
parameter t ≥ 0. In particular, we assume that an exact scheme (6) is given
which satisfies Assumption 2.7 and 2.13.

Now, as the first step, we apply best m-term wavelet approximation
in order to derive an approximation scheme that fulfills Assumption 2.9.
We refer to the survey article [27] for a detailed discussion of best m-term
wavelet approximation and other nonlinear approximation schemes. The
error of best m-term wavelet approximation in Ht(O) is defined as

σm,t(v) := inf
{∥∥v −∑

µ∈Λ

cµψµ
∥∥
Ht(O)

: cµ ∈ R,Λ ⊂ J ,#Λ = m
}
.

The following theorem can be derived from [27, Section 7.7], see also [17,
Chapter 7].

Theorem 5.3. Let t ≥ 0 and v ∈ Bs
q(Lq(O)), where

1

q
=
s− t
d

+
1

2
, s > t. (78)

Furthermore, let Assumption 5.1 hold with s1 > s. Then the error of best
m-term wavelet approximation in Ht(O) can be estimated as follows:

σm,t(v) ≤ Cnlin‖v‖Bsq(Lq(O))m
− s−t

d , (79)

with a constant Cnlin > 0, which does not depend on v or m.
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Remark 5.4. (i) In the case that Ψ is an orthnormal wavelet basis a bestm-
term approximation to a function v can be derived by selecting the m biggest
wavelet coefficients in the wavelet expansion of v. In the biorthogonal case,
choosing the m biggest coefficients yields a best m-term approximation up
to a constant. In this sense best m-term approximation is an approximation
scheme that fulfills Assumption 2.9.

(ii) The scale of Besov spaces Bs
q(Lq(O)), where the parameters (s, q) are

linked by (78) for a t ≥ 0 is sometimes called the nonlinear approximation
line for approximation in Ht(O). In Fig. 1 it is displayed in a DeVore-Triebel
diagram for the case t = 0, i.e., Ht(O) = L2(O) and for the case t = 1.

Now, consider the inexact scheme (13) based on best m-term approxi-
mation in each stage. We can apply Theorem 2.22 and derive an estimate
for the degrees of freedom needed to compute a solution up to a tolerance
(Cexact + T ) τ δ.

Lemma 5.5. Suppose that Assumptions 2.5, 2.7, and 2.11 hold. Let As-
sumption 2.13 hold for some δ > 0. Further, suppose that Assumptions 5.1
holds, and let the inexact scheme (13) be based on best m-term approxima-
tion with the tolerances given by

εk,i :=
(
S C ′′τ,kC

′
τ,k,(i)

)−1
τ1+δ. (80)

Let the exact solutions ŵk,i of the stage equations in (13), be given by (26),
and assume that all ŵk,i are contained in the same Besov space Bs

q(Lq(O))
with 1/q = (s− t)/d+ 1/2. Then we have (24), i.e.,

‖u(T )− ũK‖H ≤ (Cexact + T ) τ δ,

and the number of the degrees of freedom Mτ,T (δ), given by (25), that are
needed for the computation of {ũk}Kk=0 is bounded from above by

Mτ,T (δ) ≤
K−1∑
k=0

S∑
i=1

⌈
C

d
s−t
nlin ‖ŵk,i‖

d
s−t
Bsq(Lq(O))

((
S C ′′τ,kC

′
τ,k,(i)

)−1
τ1+δ

)− d
s−t
⌉
,

with Cnlin as in (79), and where d·e denotes the upper Gauss-bracket.

Proof. We are in the setting of Theorem 2.22. By Theorem 5.3 we may, for
each state equation, choose m ∈ N0 as the smallest possible integer, such
that

σm,t(ŵk,i) ≤ Cnlin‖ŵk,i‖Bsq(Lq(O))m
− s−t

d ≤ εk,i,

holds, that is

m =
⌈(
Cnlin‖ŵk,i‖Bsq(Lq(O))

) d
s−t ε

− d
s−t

k,i

⌉
.

Using (80) and summing over k and i completes the proof.
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Lemma 5.5 shows that we need estimates for the Besov norms of the
exact solutions of the stage equations. We can provide an estimate in the
following setting.

Lemma 5.6. Let Assumption 2.7 hold with H = Ht(O) and define C ′τ,j,(i)
as in (11). Let L−1

τ,i ∈ L(L2(O), Bs
q(Lq(O))) with 1/q = (s − t)/d + 1/2,

i = 1, . . . , S, and assume that the operators Rτ,k,i : L2(O)× . . .× L2(O)→
L2(O) are Lipschitz continuous with Lipschitz constants CLip,R

τ,k,(i) for all k =

0, . . . ,K − 1, i = 1, . . . S. With C ′τ,j,(i) as in (11) we define

C Bes
k,i :=

( i−1∏
l=1

(
1+max{CLip

τ,k,(l), ‖L
−1
τ,lRτ,k,l(0, . . . , 0)‖L2(O)}

)(
1+‖uk‖L2(O)

)
+
i−1∏
l=1

(
1 + CLip

τ,k,(l)

) k−1∑
j=0

( k−1∏
n=j+1

(
C ′τ,n,(0) − 1

)) S∑
r=1

C ′τ,j,(r)εj,r

+
i−1∑
j=1

εk,j

i−1∏
l=j+1

(
1 + CLip

τ,k,(l)

))
. (81)

Then all ŵk,i as defined in (26) are contained in Bs
q(Lq(O)), 1/q = (s −

t)/d+ 1/2, and their norms can be estimated by

‖ŵk,i‖Bsq(Lq(O)) ≤ ‖L−1
τ,i ‖L(L2(O),Bsq(Lq(O))

×max{CLip,R
τ,k,(i), ‖Rτ,k,i(0, . . . , 0)‖L2(O)}C Bes

k,i .

Proof. The proof is similar to the proof of Theorem 2.20. It can be found
in Appendix A.2.

Remark 5.7. The assumption L−1
τ,i ∈ L(L2(O), Bs

q(Lq(O))) with 1/q =
(s−t)/d+1/2, and the Lipschitz continuity of Rτ,k,i : L2(O)×. . .×L2(O)→
L2(O) imply Assumption 2.7 with H = Ht(O). However, this Lipschitz
constant may not be optimal.

Now, the combination of Lemma 5.5 and 5.6 yields the first main result,
i.e., the complexity estimate for the (theoretical) case that best m-term
approximations are used for the solution of the S-stage equations.

Theorem 5.8. Let the assumptions of the Lemmas 5.5 and 5.6 be satisfied
and C ′′τ,k be as in (22). Then

Mτ,T (δ)

≤
K−1∑
k=0

S∑
i=1

⌈
C

d
s−t
nlin

(
max{CLip,R

τ,k,(i), ‖Rτ,k,i(0, . . . , 0)‖L2(O)}C Bes
k,i

) d
s−t

×
(
‖L−1

τ,i ‖L(L2(O),Bsq(Lq(O))

) d
s−t
((
S C ′′τ,kC

′
τ,k,(i)

)−1
τ1+δ

)− d
s−t
⌉
.

(82)
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Figure 1: DeVore-Triebel diagram, d = 3

As outlined above, the next step is to discuss the complexity of Rothe’s
method in the case that implementable numerical wavelet schemes instead
of the (non implementable) best m-term approximation are employed for
the stage equations. Therefore, we make the following assumptions.

Assumption 5.9. The operators Rτ,k,i can be evaluated exactly.

Remark 5.10. A detailed study of the case where Assumption 5.9 is not
satisfied, will be presented in a forthcoming paper, see also Remark 2.10(iii).

Assumption 5.11. There exists an implementable asymptotically optimal
numerical wavelet scheme for the elliptic stage equations arising in (13).
That is, if the best m-term approximation in Ht(O) converges with the rate
m−(s−t)/d, for some s > t > 0, then the scheme computes finite index sets
Λl ⊂ J and coefficients (cµ)µ∈Λl with∥∥L−1

τ,i v −
∑
µ∈Λl

cµψµ
∥∥
Ht(O)

≤ C asym
τ,i,s,t(L

−1
τ,i v) (#Λl)

− s−t
d (83)

for some constant C asym
τ,i,s,t(L

−1
τ,i v). Further, for all ε > 0 there exists an l(ε)

such that ∥∥L−1
τ,i v −

∑
µ∈Λl

cµψµ
∥∥
Ht(O)

≤ ε, l ≥ l(ε),

and such that
#Λl(ε) ≤ C

asym
τ,i,s,t(L

−1
τ,i v) ε−

d
s−t .

As a prototype of an adaptive wavelet method we will discuss in Sub-
section 5.3 a scheme that has been derived in [11]. It satisfies an optimality
estimate of the form (83) for the energy norm (94). However, since the en-
ergy norm is equivalent to some Sobolev norm ‖ · ‖Ht , cf. (95), the estimate
(83) also holds for this case. Moreover, it has been shown in [11] that the
constant is of a specific form, which is similar to (79). Therefore, we specify
Assumption 5.11 in the following way.
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Assumption 5.12. The constant C asym
τ,i,s,t(L

−1
τ,i v) in (83) is of the form

C asym
τ,i,s,t(L

−1
τ,i v) = Ĉ asym

τ,i ‖L−1
τ,i v‖Bsq(Lq(O)),

1

q
=
s− t
d

+
1

2
,

with a constant Ĉ asym
τ,i independent of L−1

τ,i v.

In this setting we are immediately able to state our main result.

Theorem 5.13. Let the assumptions of the Lemmas 5.5 and 5.6 be satisfied.
If an optimal numerical wavelet scheme, that satisfies Assumption 5.12, is
used for the numerical solution of the stage equations, then the necessary
degrees of freedom can be estimated as in Theorem 5.8 with Ĉ asym

τ,i instead
of Cnlin, i.e.,

Mτ,T (δ)

≤
K−1∑
k=0

S∑
i=1

⌈(
Ĉ asym
τ,i

) d
s−t
(

max{CLip,R
τ,k,(i), ‖Rτ,k,i(0, . . . , 0)‖L2(O)}C Bes

k,i

) d
s−t

×
(
‖L−1

τ,i ‖L(L2(O),Bsq(Lq(O))

) d
s−t
((
S C ′′τ,kC

′
τ,k,(i)

)−1
τ1+δ

)− d
s−t
⌉
. (84)

Remark 5.14. The constant Ĉ asym
τ,i depends on the concrete design of the

adaptive method at hand. As an example this constant may depend on
the design of the routines APPLY, RHS and COARSE, as presented in
Subsection 5.3. Moreover the value of Ĉ asym

τ,i depends on the equivalence
constants of the energy norm and the Sobolev norm in (95). Therefore this
constant may grow as τ gets small. However, the reader should observe that
this is an intrinsic problem and not caused by our approach.

Now the question arises if and how the Besov norms of the exact solutions
of the stage equations ŵk,i, cf. (26), and moreover all the constants involved
in (82) and (84) can be estimated. In the next subsection we will present a
detailed study for the most important model problem, that is the linearly-
implicit Euler scheme applied to the heat equation.

5.2.2 Complexity estimates for the heat equation

In this subsection, we conclude the discussion of Example 2.24. We derive
a concrete estimate of the overall complexity for the heat equation in the
wavelet setting. To this end, we apply the linearly-implicit Euler scheme to
the heat equation

u′(t) = ∆D
Ou(t) + f(t, u(t)) on O, t ∈ (0, T ],

u(0) = u0 on O,
u = 0 on ∂O, t ∈ (0, T ],
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on a bounded Lipschitz domain O ⊂ Rd, and consider the case H = G =
U = L2(O). The operators Lτ,1, Rτ,k,1 are given by

Lτ,1 = (I − τ∆D
O), Rτ,k,1 = (I + τf(tk, ·)). (85)

The first step is to estimate the Besov regularity of the solutions to the
stage equations. To this end, the mapping properties of L−1

τ,i with respect to
the adaptivity scale of Besov spaces have to be evaluated, see Lemma 5.16.
Recall that for special cases bounds for the Lipschitz constant of Rτ,k,1 :
L2(O)→ L2(O) have already been proven in the in the Examples 2.24, 2.25.
In Example 2.24 we assumed f : (0, T ]×L2(O)→ L2(O) to be defined by a
continuously differentiable function f̄ : (0, T ]× R→ R that is bounded and
Lipschitz continuous in the second argument, uniformly in t. This implies
that f is globally Lipschitz continuous in u with a Lipschitz constant C Lip,f

that is independent of t. Furthermore, it has been shown that in this setting
Rτ,k,i is also Lipschitz continuous with constant

CLip,R
τ,k,(i) ≤ 1 + τC Lip,f .

In Example 2.25 we considered the special case f(t, v) = f̄(v) with a con-
tinuously differentiable function f̄ : R → R. There it has been shown that
if the derivative of f̄ is bounded and strictly negative, i.e., there exists a
constant B̄ > 0, so that

−B̄ <
d

dx
f̄(x) < 0 for all x ∈ R

it is possible to estimate

CLip,R
τ,k,(i) ≤ sup

x∈R

∣∣∣∣1 + τ
d

dx
f̄(x)

∣∣∣∣ < 1,

if τ < 2/B̄, i.e., Rτ,k,1 is a contraction if τ is small enough.
The following result is the basis for our regularity estimates for L−1

τ,i . We
put

C Lap
Bes,ε := ‖(∆D

O)−1‖L(L2(O),B2−ε
1 (L1(O))

and
C Lap

Sob := ‖(∆D
O)−1‖L(L2(O),H3/2(O)).

Lemma 5.15. Let ε > 0. Then the operator (I − τ∆D
O)−1 is contained in

L(L2(O), B2−ε
1 (L1(O))) and in L(L2(O), H3/2(O)). The respective operator

norms can be estimated by

‖(I − τ∆D
O)−1‖L(L2(O),B2−ε

1 (L1(O))) ≤
1

τ
C Lap

Bes,ε (86)

and

‖(I − τ∆D
O)−1‖L(L2(O),H3/2(O)) ≤

1

τ
C Lap

Sob , (87)

respectively.
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Proof. We start by proving (86). The observation

(I − τ∆D
O)−1 = (−τ∆D

O)−1(I − (I − τ∆D
O)−1)

leads to

‖(I − τ∆D
O)−1‖L(L2(O),B2−ε

1 (L1(O)))

≤ τ−1‖(∆D
O)−1‖L(L2(O),B2−ε

1 (L1(O))‖(I − (I − τ∆D
O)−1)‖L(L2(O)).

It has been shown in [19] that (∆D
O)−1 ∈ L(L2(O), B2−ε

1 (L1(O)), see also [22,
Corollary 1] for details. In order to estimate the second term, we proceed
as in Lemma 4.13, i.e., we have

‖(I−(I−τ∆D
O)−1)‖2L(L2(O)) = sup

‖v‖L2(O)=1

∑
k∈N
|(1−(1−τλk)−1)〈v, ek〉L2(O)|2

= sup
‖v‖L2(O)=1

∑
k∈N

∣∣∣ −τλk
1−τλk

〈v, ek〉L2(O)

∣∣∣2
≤ sup
‖v‖L2(O)=1

∑
k∈N

∣∣∣〈v, ek〉L2(O)

∣∣∣2
= 1

The estimate (87) follows in a similar fashion by using the fundamental
result (∆D

O)−1 ∈ L(L2(O), H3/2(O)) from [37, Theorem B].

We are now ready to prove the regularity estimate for L−1
τ,i in Bs

q(Lq(O)),
where 1/q = (s− t)/d+ 1/2. We put

C Lap
inter(θ) := (C Lap

Sob )1−θ(C Lap
Bes,ε)

θ, θ ∈ (0, 1).

Lemma 5.16. Let the assumptions of Lemma 5.15 hold. Let d ≥ 2 and
t ≥ 0 be such that

θ :=
3− 2t

d− 1 + 2ε
∈ (0, 1). (88)

Then

(I − τ∆D
O)−1 ∈ L(L2(O), Bs

q(Lq(O))), with s =
3d− 2t+ 4εt

2d− 2 + 4ε
,

where 1/q = (s− t)/d+ 1/2. Its norm can be bounded in the following way

‖(I − τ∆D
O)−1‖L(L2(O),Bsq(Lq(O))) ≤

1

τ
C Lap

inter(θ). (89)

Proof. The proof is based on interpolation properties of Besov spaces, see [5]
for details. For real interpolation it holds that(

Bs0
p0(Lp0(O)), Bs1

p1(Lp1(O))
)
θ̄,p

= Bs
p(Lp(O))

54



in the sense of equivalent (quasi) norms, provided that the parameters satisfy

0 < θ̄ < 1, s = (1− θ̄)s0 + θ̄s1,
1

p
=

1− θ̄
p0

+
θ̄

p1
(90)

and s0, s1 ∈ R, 0 < p0, p1 <∞. Furthermore, if (90) holds, a linear operator
T that is contained in L(L2(O), Bs0

p0(Lp0(O))) and L(L2(O), Bs1
p1(Lp1(O)))

is also an element of L(L2(O), Bs
p(Lp(O))). Its norm can be estimated by

‖T ‖L(L2(O),Bsp(Lp(O))) ≤ ‖T ‖1−θ̄L(L2(O),B
s0
p0

(Lp0 (O)))
‖T ‖θ̄L(L2(O),B

s1
p1

(Lp1 (O)))
.

Observe that H3/2(O) = B
3/2
2 (L2(O)) and that we can apply Lemma 5.15.

We need to determine the value for θ̄, such that the resulting interpolation
space lies on the nonlinear approximation line 1/p = (s − t)/d − 1/2. This
is the case for θ̄ = (3− 2t)/(d− 1 + 2ε), cf. Fig. 1.

Remark 5.17. Our findings for the discretization of the heat equation by
means of the linearly-implicit Euler scheme carry over to discretizations with
S > 1 stages. For the case S = 2 the operators Lτ,i, Rτ,k,i, i = 1, 2, are
provided by Lemma 3.11 and similar to (85), e.g.,

Lτ,i = (I − τγi,i∆D
O), i = 1, 2.

Lemma 5.16 can be reformulated with τγi,i replacing τ , and the Lipschitz
continuity of Rτ,k,i can be established directly as before.

We are now able to give specific bounds for the degrees of freedom needed
to compute the solution of the heat equation by means of the linearly-implicit
Euler scheme. In this setting, we can apply Theorem 2.22 to the case when
best m-term approximation is used in each step of the inexact scheme (13),
and the following estimate holds.

Theorem 5.18. Let the assumptions of the Lemmas 5.5, 5.6 and 5.16 hold.
Further let τ be small enough such that

(1 + τCLip,f )−1τ‖f(0)‖L2(O) ≤ 1,

and let Cnlin, θ, and C Lap
inter be given by (79), (88), and (89), respectively. Set

Cbound(u) := supt∈[0,T ] ‖u(t)‖L2(O) and Cshort(τ) := CnlinC
Lap
inter(1 + τCLip,f ).

Let Cexact be given as in Assumption 2.13. In the setting of Example 2.24,
if best m-term wavelet approximation for the spatial approximation of the
stage equations is applied, then the degrees of freedom needed to compute a
solution up to a tolerance (Cexact + T ) τ can be estimated from above by

Mτ,T ≤ Tτ−1 +
1

2

(
2Cshort(τ)

) 2
θ
(
T

2
θ

+1τ−( 2
θ

+1) + Clim(τ)τ−( 6
θ

+1)
)
,
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with

Clim(τ) :=
((

1 + Cbound(u) + Cexactτ
)) 2

θ
(
τ

(
1 + τCLip,f

) 2
θ
Tτ−1

− 1

1−
(
1 + τCLip,f

)− 2
θ

)
,

where it holds that

lim
τ→0

Clim(τ) =
((

1 + Cbound(u)
)) 2

θ θ

2
(CLip,f )−1

(
exp

(
CLip,f 2

θ
T
)
− 1
)
.

Proof. We apply Theorem 5.8 with S = 1 and δ = 1. In the setting of
Example 2.24 it holds that

CLip,R
τ,k,(1) = 1 + τCLip,f , C ′τ,k,(1) = 1, C ′τ,k,(0) = 2 + τCLip,f ,

independent of k. Thus (22) reads as C ′′τ,k = (1 + τCLip,f )K−k−1 and (81)
can be simplified to

C Bes
k,i = 1 + ‖uk‖L2(O) + k(CLip,R

τ,k,(1))
k−Kτ2.

The norm of ‖uk‖L2(O) can be bounded as follows. By Assumption 2.13 we
have ‖u(tk)− uk‖L2(O) ≤ Cexactτ and as a consequence

‖uk‖L2(O) ≤ ‖u(tk)− uk‖L2(O) + ‖u(tk)‖L2(O) ≤ Cexactτ + Cbound(u).

where Cbound(u) is finite since [0, T ] is compact and u is continuous. Using
the bound (89) the estimate for the degrees of freedom (82) is given by

Mτ,T ≤
K−1∑
k=0

⌈(
Cshort

(
(CLip,R

τ,k,(1))
K−kτ−3(1 + Cbound(u) + Cexactτ) + k

)) 2
θ

⌉

≤ K +
K−1∑
k=0

(
Cshort

(
(CLip,R

τ,k,(1))
K−kτ−3(1+Cbound(u)+Cexactτ) + k

)) 2
θ
.

An application of Jensen’s inequality and the geometric series formula yields

Mτ,T ≤ K + C
2
θ
short2

2
θ
−1

×
K−1∑
k=0

((
(CLip,R

τ,k,(1))
K−kτ−3(1 + Cbound(u) + Cexactτ)

) 2
θ

+ k
2
θ

)
≤ K

(
1 +

1

2
(2CshortK)

2
θ

)
+ τ−

6
θ

1

2

(
2Cshort

(
1 + Cbound(u) + Cexactτ

)) 2
θ (1 + τCLip,f )

2
θ
K − 1

1− (1 + τCLip,f )−
2
θ

.
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The proof is finalized by the insertion of K = Tτ−1 and the observations

lim
τ→0

(1 + τCLip,f )
2
θ
Tτ−1 − 1 = exp

(
CLip,f 2

θ
T
)
− 1,

lim
τ→0

τ

1− (1 + τCLip,f )−
2
θ

=
1

2
θC

Lip,f
.

Now, we want turn to the case when an optimal numerical wavelet scheme
is used for the numerical solution of the stage equations in (13). As we shall
see in Subsection 5.3 the implementable wavelet schemes we have in mind
are optimal with respect to the energy norm (94). In our setting it is induced
by Lτ and equivalent to the Sobolev norm H1(O). For this reason, we now
state the estimate for the degrees of freedom for the case of the Sobolev
norm H1(O), i.e., t = 1.

Theorem 5.19. Let the assumptions of Theorem 5.18 hold, and let Ψ be a
wavelet basis fulfilling Assumption 5.1. We employ an implementable asymp-
totically optimal numerical scheme, based on Ψ, such that Assumption 5.12
holds for t = 1. Using the abbreviation Ĉ short(τ) := Ĉ asym

τ,1 C Lap
inter(1+τCLip,f )

the degrees of freedom needed can be estimated by

Mτ,T ≤ Tτ−1 +
1

2

(
2Ĉ short(τ)

) 2
θ

(
T

2
θ

+1τ−( 2
θ

+1) + Ĉ lim(τ)τ−( 6
θ

+1)
)
, (91)

with

Ĉ lim(τ) :=
((

1 + Cbound(u) + Cexactτ
)) 2

θ
(
τ

(
1 + τCLip,f

) 2
θ
Tτ−1

− 1

1−
(
1 + τCLip,f

)− 2
θ

)
and

θ :=
1

d− 1 + 2ε
. (92)

It holds that

lim
τ→0

Ĉ lim(τ) =
((

1 + Cbound(u)
)) 2

θ θ

2
(CLip,f )−1

(
exp

(
CLip,f 2

θ
T
)
− 1
)
.

Remark 5.20. (i) The calculation above shows that, among other things,
the overall complexity of the resulting scheme heavily depends on the Besov
smoothness of the exact solutions to the stage equations. Due to the Lips-
chitz character of the domain O, and since we are working in the L2-setting,
this Besov regularity is limited by s = 2. However, for more specific domains,
i.e., polygonal domains in R2 and smoother right-hand sides, much higher
Besov smoothness can be achieved, see, e.g., [16, 21] for details. Therefore,
for polygonal domains and smoother source terms f we expect that also
in our case higher Besov smoothness for the solutions of the stage equa-
tions arises, yielding a much lower overall complexity. The details will be
discussed in a forthcoming paper.
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(ii) Let us further discuss the asymptotic behavior of Mτ,T as τ tends
to zero. For simplicity, let us consider the case d = 2, then we can choose
θ arbitrary close to 1. Asymptotical optimal schemes are usually described
in the energy norm induced by the operator Lτ,1, whith a constant in the
analog to (83) that is independent of Lτ,1, see, e.g., [11]. With the notation
as (95) the following consideration for the energy norm induced by Lτ,1

〈(I + τ∆D
O)u, u〉L2(O) ≥ 〈u, u〉L2(O) + τ c2

energy(∆D
O) ‖u‖2H1(O),

implies cenergy(I + τ∆D
O) ≥ τ

1
2 cenergy(∆D

O), so that we can conclude

Ĉ asym
τ,1 = Ĉ1 τ

− 1
2

with some constant Ĉ1 independent of τ . In this case (91) reads as

Mτ,T ≤ Tτ−1 +
1

2

(
2Ĉ1C

Lap
inter(1 + τCLip,f )

)2 (
T 3τ−4 + Ĉ lim(τ)τ−8+ε′

)
,

i.e., for small τ the last term is dominating and therefore the number of
degrees of freedom behaves as τ−8+ε′ .

5.3 Adaptive wavelet schemes for elliptic problems

We show how wavelets can be used for the adaptive numerical treatment of
elliptic operator equations. To be specific, we are interested in equations of
the form

Au = f, (93)

where we will assume A to be a boundedly invertible operator from some
Hilbert space V into its normed dual V ∗, i.e.,

cell‖v‖V ≤ ‖Av‖V ∗ ≤ Cell‖v‖V , v ∈ V.

Consequently, we are again in a Gelfand triple setting (V,U, V ∗). We will
only discuss some basic ideas. For further information, the reader is referred
to [11, 12, 18]. In our setting, that is the setting of the Rothe method, the
operator A will be one of the operators Lτ,i that arise in the treatment of
the stage equations. Therefore, in the applications we have in mind V will
always be one of the Sobolev space Ht(O) or Ht

0(O).
We will focus on the special case where

a(v, w) := 〈Av, w〉V ∗×V

defines a continuous, symmetric and elliptic bilinear form on V in the sense
of (97). Then, of course, A corresponds to the operator −A in (98). In this
setting the bilinear form induces a norm on V , the energy norm, by setting

‖ · ‖ := a(·, ·)
1
2 . (94)
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It is equivalent to the Sobolev norm, i.e.,

cenergy‖ · ‖Ht(O) ≤ ‖ · ‖ ≤ Cenergy‖ · ‖Ht(O). (95)

Usually, operator equations of the form (93) are solved by a Galerkin
scheme, i.e., one defines an increasing sequence of finite dimensional ap-
proximation spaces SΛl := span{ηµ : µ ∈ Λl}, where SΛl ⊂ SΛl+1

, and
projects the problem onto these spaces, i.e.,

〈AuΛl , v〉V ∗×V = 〈f, v〉V ∗×V for all v ∈ SΛl .

To compute the current Galerkin approximation, one has to solve a linear
system

GΛlcΛl = fΛl ,

with GΛl := (〈Aηµ′ , ηµ〉V ∗×V )µ,µ′∈Λl , (fΛ)µ := 〈f, ηµ〉V ∗×V , µ ∈ Λl.
It is a somewhat delicate task to choose the approximation spaces in the

right way. Doing it in an arbitrary way might result in a very inefficient
scheme. A natural idea is to use an adaptive scheme, i.e., an updating
strategy which essentially consists of the following steps

solve − estimate − refine

GΛlcΛl = fΛl ‖u− uΛl‖ = ? add functions
a posteriori if necessary.

error estimator

The second step is highly nontrivial since the exact solution u is unknown, so
that clever a posteriori error estimators are needed. An equally challenging
task is to show that the refinement strategy leads to a convergent scheme
and to estimate its order of convergence, if possible. In recent years, it
has been shown that both tasks can be solved if wavelets are used as basis
functions for the Galerkin scheme as we will now explain.

The first step is to transform (93) into a discrete problem. From the
norm equivalences (76) it is easy to see that (93) is equivalent to

Au = f,

where A := D−1〈AΨ,Ψ〉>V ∗×V D−1, u := Dc, f := D−1〈f,Ψ〉>V ∗×V , and

D := (2−s|µ| δµ,µ′)µ,µ′∈J . Computing a Galerkin approximation amounts to
solving the system

AΛuΛ = fΛ := f|Λ, AΛ := (2−s(|µ|+|ν|)〈ψµ,Aψν〉V ∗×V )µ,ν∈Λ.

Now, ellipticity and the norm equivalences (76) yield

‖u− uΛ‖`2(J ) ≤ cdis‖A(u− uΛ)‖`2(J )

≤ Cdis‖f−A(uΛ)‖`2(J )

= Cdis‖rΛ‖`2(J ),
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so that the `2(J )-norm of the residual rΛ serves as an a posteriori error
estimator. Each individual coefficient (rΛ)µ can be viewed as a local error
indicator. Therefore a natural adaptive strategy would consist in catching
the bulk of the residual, i.e., to choose the new index set Λ̂ such that

‖rΛ|Λ̂‖`2(J ) ≥ ζ‖rΛ‖`2(J ), for some ζ ∈ (0, 1).

However, such a scheme cannot be implemented since the residual involves
infinitely many coefficients. To transform this idea into an implementable
scheme, the following three subroutines can be utilized

(S1) RHS[ε,g] → gε determines for g ∈ `2(J ) a finitely supported gε ∈
`2(J ) such that

‖g − gε‖`2(J ) ≤ ε.

(S2) APPLY[ε,G,v]→ wε determines for G ∈ L(`2(J )) and for a finitely
supported v ∈ `2(J ) a finitely supported wε ∈ `2(J ) such that

‖Gv −wε‖`2(J ) ≤ ε.

(S3) COARSE[ε,v]→ vε determines for a finitely supported v ∈ `2(J ) a
finitely supported vε ∈ `2(J ) with at most m significant coefficients,
such that

‖v − vε‖`2(J ) ≤ ε. (96)

Moreover, m ≤ Cmmin holds, mmin being the minimal number of en-
tries for which (96) is valid.

Then, employing the key idea outlined above, we get the following fun-
damental algorithm:

Algorithm 5.21. SOLVE[ε,A, f ]→ uε
Λ0 := ∅; rΛ0 := f ; ε0 := ‖f‖`2(J ); j := 0; u0 := 0;
while εj > ε do

εj+1 := 2−(j+1)‖f‖`2(J ); Λj,0 := Λj ; uj,0 := uj ;
for l = 1, ..., L do

Compute Galerkin approximation uΛj,l−1
for Λj,l−1;

Compute
r̃Λj,l−1

:= RHS[C tol
1 εj+1, f ]−APPLY[C tol

1 εj+1,A,uΛj,l−1
];

Compute smallest set Λj,l,
such that, ‖r̃Λj,l−1

|Λj,l‖`2(J ) ≥ 1
2‖r̃Λj,l−1

‖`2(J );
end for
COARSE[C tol

2 εj+1,uΛj,L ]→ (Λj+1,uj+1);
j := j + 1;

end while
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Remark 5.22. In [11], it has been shown that Algorithm 5.21 exactly fits
into the setting of Assumptions 5.11 and 5.12. Let us denote by Λε ⊂ J the
final index set when Algorithm 5.21 terminates (the method of updating εj
ensures termination). Then Algorithm 5.21 has the following properties.

(P1) Algorithm 5.21 is guaranteed to converge for a huge class of problems,
in particular for the differential operators Lτ,i that we have in mind.
Denoting with Ht(O) the Sobolev space according to (95), we have

‖u−
∑
µ∈Λε

cµψµ‖Ht(O) ≤ C(u)ε.

(P2) Algorithm 5.21 is asymptotically optimal in the sense of Assump-
tion 5.12, i.e., with 1/q = (s− t)/d+ 1/2, we have∥∥u− ∑

µ∈Λε

cµψµ
∥∥
Ht(O)

≤ Ĉasym‖u‖Bsq(Lq(O))(#Λε)
− (s−t)

d .

Remark 5.23. (i) We will not discuss the concrete numerical realization
of the three fundamental subroutines in detail. The subroutine COARSE
consists of a thresholding step, whereas RHS essentially requires the com-
putation of a best m-term approximation. The most complicated building
block is APPLY. Let us just mention that its existence can be established
for elliptic operators with Schwartz kernels by using the cancellation prop-
erty of wavelets.

(ii) In Algorithm 5.21, C tol
1 and C tol

2 denote some suitably chosen con-
stants whose concrete values depend on the problem under consideration.
The parameter L has to be chosen in a suitable way. We refer again to [11]
for details.

(iii) It has been shown in [11] that Algorithm 5.21 has the additional
property that the number of arithmetic operations stays proportional to the
number of unknowns, that is, the number of floating point operations needed
to compute uε is bounded by Csupp#supp uε.

A.1 Variational operators

In the preceding sections, we very often considered the same problem on
different spaces, e.g., we switched from an operator equation defined on V
to the same equation defined on U . In this section we want to clarify in
more detail why this is justified.

Let (V, 〈·, ·〉V ) be a separable real Hilbert space. Furthermore, let

a(·, ·) : V × V → R
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be a continuous, symmetric and elliptic bilinear form. This means that there
exist two constants cell, Cell > 0, such that for arbitrary u, v ∈ V , the bilinear
form fulfills the following conditions:

cell ‖u‖2V ≤ a(u, u), a(u, v) = a(v, u), |a(u, v)| ≤ Cell ‖u‖V ‖v‖V .
(97)

Then, by the Lax-Milgram theorem, the operator

A : V → V ∗

v 7→ Av := −a(v, ·)
(98)

is boundededly invertible. Let us now assume that V is densely embedded
into a real Hilbert space (U, 〈·, ·〉U ) via a linear embedding j. We write

V
j
↪→ U.

Furthermore, we identify the Hilbert space U with its topological dual space
U∗ via the Riesz isomorphism U 3 u 7→ Φu := 〈u, ·〉U ∈ U∗. The adjoint
map j∗ : U∗ → V ∗ of j embeds U∗ densely into the topological dual V ∗ of
V . All in all we have a so called Gelfand triple (V,U, V ∗),

V
j
↪→ U

Φ≡ U∗
j∗

↪→ V ∗.

Using 〈·, ·〉V ∗×V to denote the dual pairs of V and V ∗, we have

〈j(v1), j(v2)〉U = 〈j∗Φ j(v1), v2〉V ∗×V for all v1, v2 ∈ V. (99)

In this setting, we can consider the operator A : V → V ∗ as an unbounded
operator on the intermediate space U . More precisely, set

D(A) := D(A;U) := {u ∈ V : Au ∈ j∗Φ(U)},

and define the operator

Ã : D(Ã) := j(D(A;U)) ⊆ U → U

u 7→ Ãu := Φ−1j∗−1Aj−1u.

Such an (unbounded) linear operator is sometimes called variational. It
is densely defined, since U∗ is densely embedded in V ∗. Furthermore, the
symmetry of the bilinear form a(·, ·) implies that Ã is self-adjoint. At the
same time, it is strictly negative definite, because of the ellipticity of a.
Moreover, since A : V → V ∗ is boundedly invertible, the operator Ã−1 :
U → U , defined by Ã−1 := jA−1j∗Φ is the bounded inverse of Ã. It is
compact if the embedding j of V in U is compact.

Let us now fix τ > 0 and consider the bilinear form

aτ : V × V → R
(u, v) 7→ aτ (u, v) := τ〈j(u), j(v)〉U + a(u, v),
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which is also continuous, symmetric and elliptic in the sense of (99). Obvi-
ously, for u, v ∈ V , we have the identity

aτ (u, v) = τ〈j∗Φj(u), v〉V ∗×V − 〈Au, v〉V ∗×V
= 〈(τj∗Φj −A)u, v〉V ∗×V ,

so that applying again the Lax-Milgram theorem, we can conclude that
(τj∗Φj −A) : V → V ∗ is boundedely invertible. Therefore, the operator

(τI − Ã) : D(Ã) ⊆ U → U

u 7→ (τI − Ã)u := τu− Ãu,

which coincides with Φ−1j∗−1(τj∗Φj−A)j−1 on D(Ã), possesses a bounded
inverse (τI − Ã)−1 = j(τj∗Φj − A)−1j∗Φ : U → U . Thus, the resolvent set
%(Ã) of Ã contains all τ ≥ 0. In particular, for any τ > 0, the range of the
operator (τI−Ã) is all of U . Since, furthermore, Ã is dissipative, the Lumer-
Phillips theorem leads to the fact, that Ã generates a strongly continuous
semigroup {etÃ}t≥0 of contractions on U , see, e.g. [43, Theorem 1.4.3]. Thus,
an application of the Hille-Yosida theorem (see, e.g. [43, Theorem 1.3.1])
leads to the fact that the operator L−1

τ := (I−τÃ)−1 = τ(τI−Ã)−1 : U → U
is a contraction for each τ > 0.

By an abuse of notation, we sometimes write A instead of Ã.

A.2 Proofs of Lemma 3.11 and Lemma 5.6

Proof of Lemma 3.11. By (38) and (39) the stage equations (30) are given
by (

I − τγ1,1A
)
wk,1 = Auk + f(tk),(

I − τγ2,2A
)
wk,2 = A(uk + τa2,1wk,1) + f(tk + a2τ) + c2,1wk,1.

We begin with an application of the following basic observation, that

I =
(
I − CA

)−1(
I − CA

)
implies (

I − CA
)−1

A = − 1

C
I +

1

C

(
I − CA

)−1
.

It follows that

wk,1 =
(

(− 1

τγ1,1
I +

1

τγ1,1

(
I − τγ1,1A

)−1
)
uk +

(
I − τγ1,1A

)−1
f(tk)

= − 1

τγ1,1
uk + L−1

τ,1

( 1

τγ1,1
uk + f(tk)

)
.
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We denote

vk,1 = L−1
τ,1

( 1

τγ1,1
uk + f(tk)

)
.

A similar computation for the second stage equation yields

wk,2 =
(
− 1

τγ2,2
I +

1

τγ2,2

(
I − τγ2,2A

)−1
)(
uk + τa2,1wk,1

)
+
(
I − τγ2,2A

)−1
(
f(tk + a2τ) + c2,1wk,1

)
= − 1

τγ2,2

((
1− a2,1

γ1,1

)
uk + τa2,1vk,1

)
+ L−1

τ,2

( 1

τγ2,2

(
(1− a2,1

γ1,1
)uk + τa2,1vk,1

)
+ f(tk + a2τ) + c2,1

( −1

τγ1,1
uk + vk,1

))
=
−1

τγ2,2

(
1− a2,1

γ1,1

)
uk −

a2,1

γ2,2
vk,1

+ L−1
τ,2

(( 1

τγ2,2
(1− a2,1

γ1,1
)− c2,1

τγ1,1

)
uk

+
(a2,1

γ2,2
+ c2,1

)
vk,1 + f(tk + a2τ)

)
.

We denote

vk,2 = L−1
τ,2

(( 1

τγ2,2
(1− a2,1

γ1,1
)− c2,1

τγ1,1

)
uk +

(a2,1

γ2,2
+ c2,1

)
vk,1 + f(tk + a2τ)

))
and arrive at

uk+1 = uk + τm1

( −1

τγ1,1
uk + vk,1

)
+ τm2

( −1

τγ2,2
(1− a2,1

γ1,1
)uk −

a2,1

γ2,2
vk,1 + vk,2

)
=
(

1− m1

γ1,1
− m2

γ2,2

(
1− a2,1

γ1,1

))
uk +

(
τm1 − τm2

a2,1

γ2,2

)
vk,1

+ τm2vk,2.

Proof of Lemma 5.6. We start with the estimation

‖ŵk,i‖Bsq(Lq(O)) = ‖L−1
τ,iRτ,k,i(ũk, w̃k,1, . . . , w̃k,i−1)‖Bsq(Lq(O))

≤ ‖L−1
τ,i ‖L(L2(O),Bsq(Lq(O))‖Rτ,k,i(ũk, w̃k,1, . . . , w̃k,i−1)‖L2(O).
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The Lipschitz continuity of Rτ,k,i implies the linear growth property

‖Rτ,k,i(ũk, w̃k,1, . . . , w̃k,i−1)‖L2(O)

≤ CLip,R
τ,k,(i)

(
‖ũk‖L2(O) +

i−1∑
j=1

‖w̃k,j‖L2(O)

)
+ ‖Rτ,k,i(0, . . . , 0)‖L2(O)

≤ max
{
CLip,R
τ,k,(i), ‖Rτ,k,i(0, . . . , 0)‖L2(O)

}
×
(

1+‖ũk‖L2(O) +

i−1∑
j=1

‖w̃k,j‖L2(O)

)
≤ max

{
CLip,R
τ,k,(i), ‖Rτ,k,i(0, . . . , 0)‖L2(O)

}
×
(

1 + ‖uk‖L2(O) +
i−1∑
j=1

‖wk,j‖L2(O)

+ ‖uk − ũk‖L2(O) +

i−1∑
j=1

‖wk,j − w̃k,j‖L2(O)

)
.

As before, the Lipschitz continuity of L−1
τ,iRτ,k,i implies

‖wk,i‖L2(O) = ‖L−1
τ,iRτ,k,i(uk, wk,1, . . . , wk,i−1)‖L2(O)

≤ max
{
CLip
τ,k,(i), ‖L

−1
τ,iRτ,k,i(0, . . . , 0)‖L2(O)

}
×
(

1 + ‖uk‖L2(O) +
i−1∑
j=1

‖wk,j‖L2(O)

)
.

By induction, we estimate

1 + ‖uk‖L2(O) +

i−1∑
j=1

‖wk,j‖L2(O)

≤
i−1∏
l=1

(
1 + max

{
CLip
τ,k,(l), ‖L

−1
τ,lRτ,k,l(0, . . . , 0)‖L2(O)

})(
1 + ‖uk‖L2(O)

)
.

Note that
‖w̃k,i − ŵk,i‖L2(O) ≤ ‖w̃k,i − ŵk,i‖Ht(O) ≤ εk,i.

This enables us to follow similar lines as in the proof of Theorem 2.20. We
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estimate

‖uk − ũk‖L2(O) +
i−1∑
j=1

‖wk,j − w̃k,j‖L2(O)

≤ (1 + CLip
τ,k,(i−1))

(
‖uk − ũk‖L2(O) +

i−2∑
j=1

‖wk,j − w̃k,j‖L2(O)

)
+
∥∥∥L−1

τ,i−1Rτ,k,i−1(ũk, w̃k,1, . . . , w̃k,i−2)

−
[
L−1
τ,i−1Rτ,k,i−1(ũk, w̃k,1, . . . , w̃k,i−2)

]
εk,i−1

∥∥∥
L2(O)

≤ (1 + CLip
τ,k,(i−1))

(
‖uk − ũk‖L2(O) +

i−2∑
j=1

‖wk,j − w̃k,j‖L2(O)

)
+ εk,i−1

and conclude by induction

‖uk − ũk‖L2(O) +

i−1∑
j=1

‖wk,j − w̃k,j‖L2(O)

≤
( i−1∏
l=1

(1 + CLip
τ,k,(l))

)
‖uk − ũk‖L2(O) +

i−1∑
j=1

εk,j

i−1∏
l=j+1

(1 + CLip
τ,k,(l)).

The proof is finished by

‖uk − ũk‖L2(O) ≤
k−1∑
j=0

( k−1∏
l=j+1

(C ′τ,l,(0) − 1)
) S∑
i=1

C ′τ,j,(i)εj,i,

which is shown as in Theorem 2.20.
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implicit Euler scheme for semi-linear SPDEs with multiplicative noise,
Preprint (2012), (arXiv:1201.4465v1).

[14] M. Crouzeix and V. Thomée, On the discretization in time of semilin-
ear parabolic equations with nonsmooth initial data, Math. Comput. 49
(1987), 359–377.

[15] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimen-
sions, Encyclopedia of Mathematics and Its Applications. 44. Cam-
bridge: Cambridge University Press, 1992.

[16] S. Dahlke, Besov regularity for elliptic boundary value problems in polyg-
onal domains, Appl. Math. Lett. 12 (1999), 31–36.

67



[17] S. Dahlke, W. Dahmen, and R.A. DeVore, Nonlinear approximation
and adaptive techniques for solving elliptic operator equations, Multi-
scale wavelet methods for partial differential equations (W. Dahmen,
A. Kurdila, and P. Oswald, eds.), Academic Press, San Diego, 1997,
pp. 237–284.

[18] S. Dahlke, W. Dahmen, R. Hochmuth, and R. Schneider, Stable mul-
tiscale bases and local error estimation for elliptic problems, Appl. Nu-
mer. Math. 23 (1997), 21–47.

[19] S. Dahlke and R.A. DeVore, Besov regularity for elliptic boundary value
problems, Commun. Partial Differ. Equations 22 (1997), 1–16.

[20] S. Dahlke, M. Fornasier, T. Raasch, R. Stevenson, and M. Werner,
Adaptive frame methods for elliptic operator equations: The steepest
descent approach, IMA J. Numer. Anal. 27 (2007), 717–740.

[21] S. Dahlke, E. Novak, and W. Sickel, Optimal approximation of elliptic
problems by linear and nonlinear mappings. I, J. Complexity 22 (2006),
29–49.

[22] S. Dahlke and W. Sickel, On Besov regularity of solutions to nonlinear
elliptic partial differential equations, Rev. Mat. Complut. (2011), 1–31,
doi 10.1007/s13163-012-0093-z.

[23] W. Dahmen and R. Schneider, Wavelets with complementary boundary
conditions – functions spaces on the cube, Result. Math. 34 (1998),
255–293.

[24] , Composite wavelet bases for operator equations, Math. Com-
put. 68 (1999), 1533–1567.

[25] , Wavelets on manifolds. I: Construction and domain decompo-
sition, SIAM J. Math. Anal. 31 (1999), 184–230.

[26] A. Debussche and J. Printems, Weak order for the discretization of the
stochastic heat equation, Math. Comput. 78 (2009), 845–863.

[27] R.A. DeVore, Nonlinear approximation, Acta Numerica 7 (1998), 51–
150.

[28] K. Eriksson, An adaptive finite element method with efficient maximum
norm error control for elliptic problems, Math. Models Methods Appl.
Sci. 4 (1994), 313–329.

[29] K. Eriksson and C. Johnson, Adaptive finite element methods for
parabolic problems. I: A linear model problem, SIAM J. Numer. Anal.
28 (1991), 43–77.

68



[30] , Adaptive finite element methods for parabolic problems. II: Op-
timal error estimates in L∞L2 and L∞L∞, SIAM J. Numer. Anal. 32
(1995), 706–740.

[31] K. Eriksson, C. Johnson, and S. Larsson, Adaptive finite element meth-
ods for parabolic problems. VI: Analytic semigroups, SIAM J. Numer.
Anal. 35 (1998), 1315–1325.

[32] W. Grecksch and C. Tudor, Stochastic Evolution Equations. A Hilbert
Space Approach, Akademie Verlag, Berlin, 1995.

[33] I. Gyöngy and D. Nualart, Implicit scheme for stochastic parabolic par-
tial differential equations driven by space-time white noise, Potential
Anal. 7 (1997), 725–757.

[34] M. Hanke-Bourgeois, Foundations of Numerical Mathematics and Sci-
entific Computing, Vieweg+Teubner, Wiesbaden, 2009.

[35] P. Hansbo and C. Johnson, Adaptive finite element methods in compu-
tational mechanics, Comput. Methods Appl. Mech. Eng. 101 (1992),
143–181.

[36] A. Jentzen and P.E. Kloeden, Taylor Approximations for Stochastic
Partial Differential Equations, Regional Conference Series in Applied
Mathematics 83, SIAM, Philadelphia, 2011.

[37] D. Jerison and C.E. Kenig, The inhomogeneous Dirichlet problem in
Lipschitz domains, J. Funct. Anal. 130 (1995), 161–219.

[38] C. Johnson, Numerical Solution of Partial Differential Equations by the
Finite Element Method, Dover Publications, Mineola, 2009.

[39] T. Kato, Perturbation Theory for Linear Operators. 2nd corr. print. of
the 2nd ed., Springer, Berlin, 1984.

[40] J. Lang, Adaptive Multilevel Solution of Nonlinear Parabolic PDE Sys-
tems. Theory, Algorithm, and Applications, Springer, Berlin, 2001.

[41] F. Lindner, Approximation and Regularity of Stochastic PDEs, Berichte
aus der Mathematik. Aachen: Shaker Verlag; Dresden: Univ. Dresden,
Fakultät Mathematik und Naturwissenschaften (Diss.), 2011.

[42] C. Lubich and A. Ostermann, Linearly implicit time discretization of
nonlinear parabolic equations, IMA J. Numer. Anal. 15 (1995), 555–583.

[43] A. Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations, Applied Mathematical Sciences, 44. New York:
Springer-Verlag, 1983.

69
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cient low-rank approximation of the stochastic Galerkin matrix in tensor formats.
Preprint 121, DFG-SPP 1324, May 2012.

[122] O. Bokanowski, J. Garcke, M. Griebel, and I. Klompmaker. An adaptive sparse
grid semi-Lagrangian scheme for first order Hamilton-Jacobi Bellman equations.
Preprint 122, DFG-SPP 1324, June 2012.

[123] A. Mugler and H.-J. Starkloff. On the convergence of the stochastic Galerkin
method for random elliptic partial differential equations. Preprint 123, DFG-SPP
1324, June 2012.
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