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DYNAMICAL APPROXIMATION OF HIERARCHICAL TUCKER
AND TENSOR-TRAIN TENSORS

CHRISTIAN LUBICH! THORSTEN ROHWEDDER{
REINHOLD SCHNEIDER} AND BART VANDEREYCKENS$

Abstract. We extend results on the dynamical low-rank approximation for the treatment of
time-dependent matrices and tensors (Koch & Lubich, 2007 and 2010) to the recently proposed
Hierarchical Tucker tensor format (HT, Hackbusch & Kiihn, 2009) and the Tensor Train format
(TT, Oseledets, 2011), which are closely related to tensor decomposition methods used in quantum
physics and chemistry. In this dynamical approximation approach, the time derivative of the tensor to
be approximated is projected onto the time-dependent tangent space of the approximation manifold
along the approximate trajectory. This approach can be used to approximate the solutions to tensor
differential equations in the HT or TT format and to compute updates in optimization algorithms
within these reduced tensor formats. By deriving and analyzing the tangent space projector for the
manifold of HT/TT tensors of fixed rank, we obtain curvature estimates, which allow us to obtain
quasi-best approximation properties for the dynamical approximation, showing that the prospects
and limitations of the ansatz are similar to those of the dynamical low rank approximation for
matrices. Our results are exemplified by numerical experiments.

Key words. Low-rank approximation, time-varying tensors, Hierarchical Tucker format, Tensor
Train format, tensor differential equations, tensor updates.

AMS subject classifications. 15A69, 90C06, 65F99, 65105

1. Introduction. In this work, we employ the recent Hierarchical Tucker (HT)
format of [7, 9] and Tensor Train (TT) format of [25] for the data-sparse approximate
computation of a time-varying family of tensors in a d-dimensional tensor space V,
namely,

Aty eV = RMXMXxma e [0,1]. (1.1)

The tensor A(t) need not be known explicitly but it may instead be given implicitly
as the solution of a tensor differential equation A(t) = F(A), in combination with
a known initial value A(0) € V. Applications where this problem arises are (spatial
discretizations of) time-dependent PDEs or ODEs formulated on a high-dimensional
space, such as the Fokker-Planck equation, instationary Schrédinger-type equations or
master equation approaches to stochastic systems. Another less obvious application
is in efficiently computing updates to a given tensor in the HT or TT format, as they
are required in optimization algorithms using these formats.

The storage of explicit representations of the solution A(t) scales exponentially
with the dimension d and is therefore infeasible in most cases. Instead, given an
embedded manifold M C V typically depending on much fewer parameters than the
linear parametrization of V, the dynamical tensor approximation may be utilized: As-
suming Y (0) € M, an approximation Y (¢) € M is determined such that its derivative
at every time t is the element of the tangent space Ty ;)M closest to A(t)

Y(t) € Ty(pM  with [[Y(t) — A(t)|| = min. (1.2)
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In terms of the orthogonal projection Px onto the tangent space Tx M at X € M,
the solution to (1.2) is equivalently characterized by projecting

Y(t) = PyyA(t), Y(0) e M, (1.3)

which results in a differential equation on the approximation manifold M.

After an explicit parametrization of the manifold M under consideration, one
obtains from (1.3) a set of nonlinear differential equations for the parameters of this
parametrization, suitable for numerical integration. The above ansatz has been stud-
ied for manifolds of matrices of fixed rank k and tensors of fixed (multi-linear) Tucker
rank (ki,...,kq) in [15, 24] and [16], respectively. In the case of a tensor differen-
tial equation, A(t) = F(A(t)) is replaced by the approximate value F(Y(t)) on the
right-hand side of 1.2. In the context of the time-dependent Schrédinger equation,
the approach is known as the Dirac-Frenkel time-dependent variational principle [20].

Classical tensor formats stemming from data analysis, that is, the canonical de-
composition and the Tucker format [8, 17], exhibit certain structural weaknesses that
make them unsuitable for the treatment of problems of the kind (1.1) and (1.2) when
the dimension d is large; see, e.g., the introduction in [11]. This motivated the develop-
ment of recent tensor formats such as the HT format, in which a recursive, hierarchical
construction of Tucker type is employed for tensor representation, and the TT format,
which can be interpreted as a special case of HT in which the recursive formulation
can be avoided (see Section 2). The usefulness of these formats is currently being
investigated for a variety of high-dimensional problems; see, e.g., [3, 11, 14, 18]. For-
mats of this type have been used successfully in the quantum physics and chemistry
communities in the last decade [21, 23, 27, 32].

Analogous to the Tucker format, both HT and TT allow the definition of a rank
vector k (to be specified in Section 2), and the manifold of tensors of fixed HT or
TT rank can be shown to be an embedded manifold [12, 30], to which then the
above dynamical tensor approximation approach may be applied. In addition to
approximating time-varying tensors and the solutions of tensor ODEs, it may also be
used if, given a HT tensor A and a search direction AA, one wants to compute an
approximation to A+AA in the HT format. Approximately computing the dynamical
approximation to A + tAA with one or few Euler steps provides an alternative to
truncation steps by Higher Order SVD [7], or by local optimization methods like
alternating least squares methods [11]. The dynamical approximation may thus be
used as a retraction as required in optimization methods on low-rank manifolds like
CG and Newton; see [1, 31].

In this paper, we generalize the approximation results from [15, 16] to the case
where a HT manifold is used in the ansatz (1.2), with the TT format included as a
special case. Our motivations for this are twofold:

(i) While the general procedure in this work is essentially analogous to that of
[15, 16], extending the central ingredient of the proof—obtaining curvature estimates
for M via the projector onto the tangent space—is not straightforward due to the
more involved, hierarchical construction in the HT setting.

(ii) Although the HT/TT formats were only recently introduced in the numerical
analysis community, they have—similar to the parallels between the Tucker format
and the formulation of the multi-configuration time-dependent Hartree (MCTDH)
method in quantum chemistry [5, 4, 22]—a considerable significance in various fields
concerned with quantum computations. In particular, TT tensors correspond to ma-
trix product states (MPS) used to describe many-body quantum physics systems,
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and are the central quantity in the successful density matrix renormalisation group
(DMRG) algorithm. MPS and DMRG have seen a boost of interest in the last years,
and the treatment of time-dependent equations by use of MPS is a recent field of
interest (see the recent review [27] and the references therein). In particular, the geo-
metric approach underlying this work has lately been used for the simulation of real-
and imaginary-time dynamics for infinite one-dimensional quantum lattices by MPS
[10]. In parallel to the advances with the HT format, developments using tensor trees
and networks have recently been made independently in the quantum physics com-
munity, e.g. [21, 23]. Moreover, the multilayer formulation of the multiconfiguration
time-dependent Hartree method [32] can be interpreted as an instance of the dynam-
ical tensor approximation approach for HT. Aside from quantum physics and chem-
istry, applications of the approach may also enable the numerical treatment of other
high-dimensional problems; see, e.g., [6, 13] for approaches to other time-dependent
equations using TT. With this work, we complement these practically motivated ap-
proaches with theoretical results to hopefully foster a unified understanding of the
method and to point to the prospects and limitations of the ansatz from a mathemat-
ical perspective.

The rest of the paper is organized as follows: We recall some facts on the HT
representation for tensors and on the manifold of tensors of fixed HT rank in Section
2 and 3, respectively. The central technical work is performed in Section 4, where to
enable and analyze the ansatz (1.3), the orthogonal projection Px onto the tangent
space Tx M at given X € M is analyzed and curvature estimates for the fixed-rank HT
manifold are obtained. Section 5 then states approximation results for the approach
(1.2-1.3) as well as for the ODE case where A is given as a function F(A). Section 6
briefly discusses the use of dynamical approximation for computing updates in the
HT format in optimization algorithms. Section 7 describes the implementation of the
tangent space projection, which is the key ingredient in the dynamical approximation
approach, and features some numerical examples that are designed to display the
properties of the approach as derived in the theoretical analysis.

2. The HT and TT tensor formats. In this section, we review some basic
concepts related to tensors that are needed for the treatment of dynamical approxi-
mations on V. In particular, we give a short introduction into the construction of the
HT format (which includes the TT format as a special case).

2.1. Prerequisites. We regard a tensor X € V as a d-dimensional array where
the entries are indexed as

X(z1,29,...,24), zi=1,2...,n;, 1=1,2,...,d.
Denote any splitting of the set 7. := {1,...,d} into two disjoint subsets by
7={i1,42,...,is} C Tp, ¢ =1 \7T={J1,02, -, Jd—s}- (2.1)

Matrices will always be denoted in bold-face, for example, X € R™*"2. The mode 7-
unfolding X(7) of X is the matrix obtained by grouping the indices Ty Tigs---,Ti, Of
X(z1,29,...,24) into row indices and the remaining indices into column indices, each
in reverse lexicographical ordering (this is the same ordering as [17, 19] but different
from [30]). In other words,

X(T) c ]R(nil"iz"'”is)X(”jlnh"'”jd—s)’ such that
x(") )= X(z1,22,...,Za). (2.2)

(Tiy sTigseesTig)y(Tjy s Tjg s s Tjy_
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These unfoldings can also be used to define the mode-r rank of X as
kr = rank(X(™). (2.3)

For splittings where 7 = {i} is a singleton, one obtains the special case of the mode-
i-unfolding X ¢ R *(ni-ni—aniyi=na) of X Throughout the paper, sets that are
singletons will often just be indexed by ¢ instead of by {i} like in X@ = x{h) and
ki = kgiy. Collecting the corresponding mode-i-separation ranks k; for i € {1,...,d}
in the vector

rankyr (X) == (k1, ko, ..., ka)

gives the multi-linear rank of X, common in the context of Tucker decomposition
[17]. Taking all indices 7,. :== {1,...,d} of the tensor X as column indices yields the
vectorization

vec(X) € Rin2nd

of X, a column vector containing all the entries of X in reverse lexicographical order-
ing.
We equip the tensor space V with the inner product

ny ng
(X, V)= 3 S X(wr,an, . ywa) - Y (wn s,y aa) = tr(XO)TY )

r1=1 rqg=1

and corresponding norm

niy ng .
X[ = (> > X (1,22, 2a) ) = XD |pvob.

r1=1 rq=1
We will also come across the spectral norm ||A ||z of matrices A; in particular, we will
make use of the inequality

[ABC| < [[Allz [B] [[Cll2 (2.4)

which holds for any matrices A, B, C of suitable size.
Given two matrices A; € RP1*™1 A, € RP2*™2 recall that their Kronecker
product may be defined point-wise by

A ®A; € R(Plpz)X(nﬂLz)’ (Al ® A2)(ml,l‘2),(y1,y2) = (Al)(wl,yl) . (‘A2)(I2’y2)7

where (z1,y1) is a multi-index, enumerated lexicographically.

To denote the HT decomposition to be introduced below in a succinct fashion,
we will follow the notation chosen in [19]: For an order-3 tensor B € R™1*m2Xms,
its index-wise multiplication by matrices A; € RP1*™1 A, € RP2X™2 A5 € RP3X™Ms,
that is, the three-way product C' = (A1, A2, As)oB € RP1*P2%P3_ defined elementwise
as

mi ma ms

C(y1,y2,y3) == Z Z Z Aq(21,y1)Av (22, Y2) As(x3, y3) B(21, 2, 73)

a1=1azo=1wz=1
can be expressed succinctly as
(C)T = (A2 ® A1)(BP)TA], (2:5)
returning (C®)7 instead of the tensor C itself. Also, we have that (see, e.g., [17])
CW=ABYA;® AT, C?=A,BPAs0A)". (2.6)



Dynamical approximation by tensors in the HT and TT formats 5

2.2. The HT and TT formats. We recall the definition of the hierarchical
Tucker (HT) format and the set of tensors of fixed hierarchical rank as introduced in
[7, 9]. Aside from some necessary concepts from [7, 9], we also introduce a notation
similar to the one used in [19, 18, 30] that is better suited to our analysis.

The basic idea of the hierarchical Tucker decomposition is that a tensor X € V
can be represented in the HT format if it allows for a recursive construction out of
lower-dimensional subspaces. This recursion is completely defined by a dimension
tree.

DEFINITION 2.1. For fized dimension d, a non-trivial binary tree is called a
dimension tree T if the following holds.
(i) The node 7. = {1,2,...,d} is the root of T.
(ii) All nodes of T are non-empty subsets of the root.
(i) Every node 7 € T that is not a singleton has two sons 11 and T2 such that

T=71 U T, u<v foral u€T,VET.

The leaves of T are the singletons {i} with i € {1,2,...,d}.
The set of leaves is denoted by L; the collection of all inner nodes by I :=T \ L.

For convenience, we require the splittings to be ordered in condition (iii). This
is however not a restriction since one can always permute the indices of X such that
the indices of the new tensor X satisfy this condition. During the evaluation of X,
this permutation can be trivially undone to recover X. Also note that although the
HT decomposition is introduced based on a binary tree, the results in this paper also
hold via straightforward modifications for decomposition trees with more than two
sons in each node. Therefore, the present work includes the matrix case and also the
Tucker tensor case as special cases.

The problem of determining the “best” dimension tree for a given tensor—and
the related question of the “best” permutation of its indices—is highly non-trivial.
In the present context, we assume that the permutation and the dimension tree have
been chosen. Typical choices for such dimension trees are those obtained by a balanced
splitting of the index set, as used, e.g., by Grasedyck [7], or a front-to-back splitting
which (with minor adaptations, see Remark 1 below) leads to the TT format due to
Oseledets and Tyrtyshnikov [25, 26]. The corresponding dimension trees are visualized
for d =5 in Fig. 2.1.

Note that irrespective of the particular tree, we have

[I|=d—-1, |L|=d. (2.7)
Let
ny = H Ny
neT
then we can introduce the set of HT tensors of a given hierarchical rank as follows.

DEFINITION 2.2. Let T be a dimension tree and k = (k;)rcr positive integers
with k;. = 1. Then, X € V is an HT tensor of T-rank k—or, a (T, k)-tensor—if it
can be constructed in the following way.

(i) To each leaf node T € L, assign a leaf matrix U, € R"***r of full rank,

rank(U;) = k.

The collection of all leaf matrices is denoted by U := (U;)reL-
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{1,2,3,4,5} \

/ }5} {1} {2,3,4,5{
{1,2,3} ,
N\ N\ {2}/ {3.4,5)

{/12}\ 31 4 (5 /
1y (2 N

FiG. 2.1. The balanced and front-to-back dimension trees for the HT and TT formats, respectively.

(ii) To each inner node T € I, assign a transfer tensor B, € RFmi*kraXkr of 1]
multi-linear rank

rank(BY) = k., rank(B®) =k,,, rank(B®) = k..
For notational simplicity, we define the corresponding transfer matrix as
B, := (B®)T.

The collection of all transfer matrices is denoted by By := (B;)rer-
(ii) To each inner node T € I, recursively construct the inner frame matrices

U, =(U,®U,)B, e R forrecl, (2.8)

such that X is recovered as X(7) = U.,.

The relation (2.8) can equivalently be expressed element-wise as

kry  kry
(UT)(ZI,Z2)1i = Z Z BT(jl’j27i)(UTl)l17j1 (UT2)12,j27

Ji=1j2=1

with (I1,l2) a multi-index for the rows of U,. We prefer the more succinct version (2.8).

In Fig. 2.2, we depicted the leaf and transfer matrices Uy and Bj associated
to the balanced dimension tree from Fig. 2.1. Observe that 7 corresponds to the
left child of 7, while 75 is the right one. In addition, we also indicated with arrows
the inner frame matrices from (2.8); for example, Uy; o3y is constructed from the
matrices Uy 23, Uz and the transfer tensor By 2 3y. Although we will not use this
feature much, note that the lines in Fig. 2.2 have actual interpretations from Tensor
Networks: lines interconnecting tensors are summations over mutual indices, while
open lines represent the free indices of the resulting tensor.

Given a dimension tree T, every tensor X € V can be represented as a (T, k)-
tensor for some k = (k;),er when k; < n, for all 7 € T. An exact HT decomposition
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Bi2345)
Bii23) Bs)
B U
{\1’2} 3 [IJ4 [Ijs
U U |7
| | U
{1.2}
I
J {1.2.3}
{123}

Fic. 2.2. Graphical representation of the leaf matrices Up and the transfer matrices By as-
sociated to the balanced dimension tree from Fig. 2.1. The inner matrices {Ur: 7 € I} can be
constructed recursively from (2.8), as for instance the matriz Uy1,2,3) from the matrices Uyy oy,
U3, and B{1’2’3}.

with minimal k can be computed by Algorithms 1 or 2 in [7], which amounts to
the hierarchical application of several SVDs. Due to the full rank requirements on
the matrices Uy, and B; in our definition, this minimal rank vector k is unique and
coincides element-wise with the mode-7 ranks of X from (2.3). Hence, there exists a
unique hierarchical Tucker rank of X, defined as

rankpr(X) := k = (k;);er where k, = rank(X(™). (2.9)

The benefit of representing tensors in the HT format is that only the leaf matrices
U and transfer matrices By need to be stored. The total number of entries is
therefore

D = > nckr+ Y krkrks, <ANK +(d—2)K° + K2,
TEL Tel

where N := max{n,: 7 € L} and K := max{k,: 7 € T}. This is a considerable
reduction compared to the full tensor case with N¢ entries provided K < N.

The representation of an HT tensor by Uz and By is not unique; more precisely,
two sets of matrices (Ur,By) and (Ur,By) are both representations of the same
tensor X € V (with the construction from Def. 2.2) if and only if there is a sequence
(A, )rer of invertible matrices A, € RF*kr and A, =1 such that

U, =U,A;! for all 7 € L, (2.10)
B, = (A, ®A,)B,A! for all 7 € I; (2.11)

see [30, Prop. 3.9] for a proof.
REMARK 1. (TT format) The above definition of the HT format includes the TT
format of [25] in the following way: Given the dimension d and ni,...,nq, choose
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the corresponding “front-to-back splitting” dimension tree Trr introduced above (see
Fig. 2.1) and define k by letting k; = n; fori = 1,...,d — 1 and fizing the com-
plementary ranks r;—1 := k., 7, = {i,...,d}. The set of TT tensors of TT-rank
(r1,...,7q—1) then corresponds to all (Trr,k)-HT tensors. Because the correspond-
ing leaf matrices U; of size n; X n; are invertible, it is then a priori possible to avoid
the redundancy (2.10) at the leavesi =1,...,d—1 by fixing U; = 1,,,. With this con-
vention, (Trr,k)-HT tensors can be characterized using only d — 1 transfer tensors
B, € R"*X"ix"i-1 gnd the leaf matriz Uy € R™*"i-1 resulting in the canonical TT
format as introduced by [25].

For numerical reasons, it is usually advisable to work with orthonormal matrices.

DEFINITION 2.3. An HT decomposition is called an orthogonal HT decomposition
if all leaf and inner frame matrices are orthonormal except at the root,

UlU, =1, foraliteT\{r}.
Equivalently, all leaf and transfer matrices are orthonormal except at the root,

UlU, =1, foraltel, and  BIB, =1, foralteI\{r}.

By a recursive orthogonalization starting at the leaves, any given HT tensor can
be represented by an orthogonal HT decomposition with the same hierarchical T-
rank. Note that for TT, with the left-to-right splitting from above, this yields a
right-orthogonal decomposition as used for instance in [12, 11].

3. The manifold of HT tensors of fixed rank. We will now restrict our
attention to tensors with fixed dimension tree 7" and fixed HT rank k = (k;)rer,

M= M(T,k) ={X € V: X is an HT tensor of hierarchical T-rank k}.

The set M is a smooth, embedded submanifold in V. These and other properties
of M have recently been investigated quite exhaustively in [30]. We therefore refer
to this work and only collect the main facts needed for our treatment of dynamical
equations on M.

3.1. Parametrization of M and its tangent space Tx M. The elements in
M can be parameterized by matrices from the following coefficient space:

Cc:=X¢;

TeT
with
C, :={U, e R"** . rank(U,) = k,} forr € L,
C. = {B, € RFnhm)kr s pank(BW) = k,,, rank(B{?) = k.,
rank(B®) = kr} for T e I.

As in (ii) of Def. 2.2, we conveniently abbreviated the mode-3 unfolding of a transfer
tensor B, € RFn>xknXkr 1y BT = BY.
Throughout the paper, we denote elements of C in a short-hand way as

(UL,B[) S C with UL = (UT)TEL and BI = (BT)TGI-
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Given these coefficients (U, B;), we can construct a unique HT tensor in M, denoted
as X(Up,By). According to Def. 2.2, this reconstruction mapping

@:C*)MCV, (UL,BI)HX(UL7BI) (3.1)

is multilinear—linear in each U, and each B,—and onto M.

Note that by (2.10-2.11), the mapping ¢ is not invertible but fortunately this
will never pose any problems. For the tangent space Tx M, however, we follow the
approach of [15, 16, 20, 12, 30] and work with unique representations for tangent
vectors, given a specific (Ur,By) € C.

THEOREM 3.1. Let (U,By) € C be an orthogonal HT decomposition of X =
X(Ur,By) € M. Then the gauge space

g(ULaBI) = >< g‘r, (32)
TeT
with
G, = {6BT € R k*2)XkT} for T =T, (3.3)
G, = {0B, € Rknkn)xkr. sBTB_ =0} forall T € T\ {7}, (3.4)
G, = {6U, e R"**-: sUTU, = 0} for all T € L, (3.5)

s isomorphic to the tangent space Tx M.

Although a formal proof of this result was probably given for the first time in [30],
let us mention that the gauge conditions (3.3-3.5) were already used in the quantum
chemists community [32]; see also [20, p. 45] for a mathematical formulation. Note
also that in the case of non-orthogonal HT decompositions, the gauge condition (3.4)
has to be adapted accordingly; see [30, (4.8)].

Elements of TxM can be computed by differentiating ¢ of (3.1). By virtue of
Theorem 3.1, the restriction of the domain of the differential Dy to the gauge space,

DQD(X) : Q(UL,BI) — TXM7

|g(UL’BI)

is a bijection at X (U, By) for fized (Ur,B;). In the above, we have again used a
similar short-hand notation

((SUL,5B1) S Q(UL}BI) with 6Up = (6U7—)7—GL and 0B = (5BT)T€I'

Since ¢ is multilinear, its differential is conceptually straightforward to compute.
Recursively differentiating (2.8) from leaves to root, one obtains matrices

(U,, ®U,,) 6B, + (6U,, ® U,,) B, + (U,, @ 6U,,) B, = 6U, e R" > (3.6)

such that 6X € TxM C V is recovered as 6X(™) = §U, . The relation (3.6) shows
that tangent tensors are highly structured and can be parameterized by the matrices
(6UpL,6B;). Similar to the notation of an HT decomposition X (U, B;), we denote
this as 6X(5UL7(SBI;UL,B1).

In case (0Ur,6Br) € Gu, B,), the matrices U, from (3.6) additionally satisfy

SUTU, =0 forall 7T\ {r.}; (3.7)

see [30, Cor. 4.13]. Observe that this extends the gauge condition (3.5) to the inner
nodes, except the root.

In order not to overload notation, we will abbreviate G, B,) by G and the
tangent tensor X (6Upr,0Br; Ur,By) by 6X(6UL,0B;) from now on, dropping the
notational dependence on (Ur,B;) € C.
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3.2. Dynamical HT approximation as projection. We now turn to the
main problem of this paper: the dynamical approximation Y (¢) € M of a time-
varying tensor A(t) € V.

The minimization condition in (1.2) can be formulated in terms of the orthogonal
projector onto the tangent space, that is, for X € M, the operator

Px:V —TxM, Zw— Px(2) (3.8)
satisfying
(Px(Z)—Z,0X)=0 forall 6X € TxM. (3.9)
With this operator, we can state the differential equations for Y (¢) as
Y(t) = Py)A(t). (3.10)

The next proposition shows how Px can be computed. Although this result was
already shown by construction in [30, Section 6.2.2], our proof—which is the direct
analog of that in [15, 16]—is simpler. We postpone the discussion how to actually
implement Py to Section 7.

PROPOSITION 3.2. Suppose X = X(Ur,B;) € M and let Z € V be given. For

all T = {iy,ig,...,is} € T, define recursively tensors Z, € R™i XMz X XniyXkr g
Z7. =2, (3.11)
z(7) = 2" (L, @ U,,)(BM)* forallt €1, (3.12)
T2) T2 2
z(?) = 2 (1, @ U,,)(BP)* forall T € 1. (3.13)

where (B,(ri))'*‘ = (B.(ri))T(B(Ti)(Bfri))T)_1 denotes the right inverse of BY"). Then, the
projection Px(Z) = 6X(6Uyr,dB;) with (6UL,0Br) € G satisfies

0B, = (UL, o UL )Z{") for T =1, (3.14)
T T T T

4B, = (I-B,.BI)(UL o UL)Z(" forall T € T\ {r.}, (3.15)

§U, = (1-U,uT)z for all T € T\ {7} (3.16)

In addition, given (0Upr,dBy), the §U, for the inner nodes correspond to the results
of the recursive evaluation of (3.6).

Proof. We recursively show from root to leaves that the equations (3.11)—(3.16)
hold.
Let 7 = 7,.. Since 6X € TxM, the matrix 6U; := 6X(7) has the form (3.6) with

UT§U, =0 and UTU, =1 for7 e {rn,n}. (3.17)

Choosing 0V € Tx M such that V(") = (U,, ® U,,) §C, with arbitrary 6C, € G,
we have

(6X,0V) =(6B,,0C, ),
<Z.,-,5V> = <Z‘(I'T)7 (U'rz ®U‘rl)5c‘r> = <(U7j—; ®UZ;)Z5_T),5C.,.>.

Since this holds for every 6C, condition (3.9) gives (3.14).
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Now, choose 8V € TxM such that V(7 = (§V, ® U,,)B, with arbitrary
§V., € G,, and observe that (5V)T = ((6V,,,U,,. I, ) 0 B,)™® by (2.5). Then,
after unfolding in the third mode, we get

<5X7 6V> = <6U71B‘(r1)(1k7 & UTz)TJ 5V71B‘(1'1)(Ik7 & UT2)T>
= <6U7—1B‘(I'1)(B‘(I'1))T’5V7—1 ),
(Z:,0V) = Z(Tn)7 5VTlB‘(f'1)(IkT ® UT2)T )

— (201, © U,,) (BT, 6V,, ).

Observe that by definition, Zs-Tl)(IkT (X)UTZ)(Bs-l))T(BS-l)(B.(,.l))T)_1 = z({l) of (3.12).
Hence (3.9) implies a Galerkin condition for the node 7:

(6U,, —Z{™) 6V, ) =0 forall 6V, €G,,. (3.18)

After imposing the orthogonality condition (3.17), we recover (3.16).
A similar argument using §V(7) = (U,, ® §V,,) B, with arbitrary 6V,, € G,
yields a Galerkin condition for m as

(6U,, —Z{) 6V, ) =0 foral iV, €g,, (3.19)

where we used Z7?) of (3.13). In addition, we obtain (3.16) for 7s.

To prove the result for the other nodes in the tree, the construction above can
now be repeated recursively starting with the children of the root and, for each node
7 € I, imposing the additional condition

BZ6B, =0 and BIB,=1 for7e{n, n} (3.20)

For example, let 7 = (7.);. Then, (3.18) holds for 7 instead of 7 and choosing
0V, =(U,, ® U;))dC; with 6C, € G, arbitrary, we get using (3.6) that

((U,, ® U, )0B, — Z{7,(U,, ® U,,)dC, ) = (6B, — (UL @ UL)Z{"),5C, ) = 0.

Hence after imposing (3.20), we obtain (3.15). Similarly, one obtains the Galerkin
conditions (3.18)—(3.19) and thus (3.16) for the children of 7. O

We note that Proposition 3.2 turns the differential equation (3.10) on M into
an equivalent set of differential equations for the coefficients in C: with tensors Z.
defined as above with A in the role of Z, we solve the system of differential equations

in C,

B, = (UL ® UZ;)Z(TT) for T = 7,, (3.21)
B, = (I-B,BI)(UL o UT)zZ(" for all 7 € I\ {7}, (3.22)
U, = (I- UTUf)ZST) forall T € L, (3.23)

to obtain Y'(t) = X(UL(¢),B;(t)). This is the system of differential equations that is
actually solved numerically.

4. Tangent space projection and curvature. In this section, we estimate
the curvature of the manifold by investigating how the orthogonal projection behaves
along the manifold. This will be a key tool for the approximation results in the next
section.
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4.1. A nonrecursive formulation of the orthogonal projector. The recur-
sive nature of Prop. 3.2 complicates our analysis involving the orthogonal projector
Pyx. We therefore introduce an equivalent but “global” expression that will facilitate
the estimates by making the isomorphism between G and Tx M explicit. To this end,
we first need the following lemma which describes the node-t unfoldings of an HT
tensor.

LeMMA 4.1. Let X(U,By) € V be a (T, k)-tensor. Then
span(X(7) = span(U,) forallT €T, (4.1)

where the inner frame matrices (U;)recr are given by (2.8). In addition, there are
unique matrices R, € Rkw>"e of full column rank k. (with R,, = 1) such that

XM = U, R,. (4.2)

Proof. Equality (4.1) follows from [30, Prop. 3.4, Prop. 3.6], while (4.2) is a
straightforward consequence of (4.1). O

The previous lemma allows us to define the following embedding operators.

DEFINITION 4.2. Let X(Up,By) € M be an orthogonal (T,k)-tensor with the
decomposition X(7) = U, R, as in Lemma 4.1. The node-r embedding operators

E. Rk 5y VB (V,) forT e L,
E.: REnke)xke oy C_— E(C;) forTel,

are the linear operators defined via the unfoldings

(B-(V,)7 = (1-U,ULV,R, forTeL, (4.3)
(E.(C.) = (U, ®U,,)I-B,BI)C,R, for eI\ {n}, (4.4)
(E.(C )T = (U, ®U,,)C, for T =r1,. (4.5)

The definition above uses the matrices R, for convenience of notation only. Con-
ceptually the action of E. is very straightforward to compute. First, observe that the
image of E,(-) is an HT tensor with the same dimension tree as X and with hierar-
chical rank bounded by that of X. This is easily seen from the form of the matrices
in (4.2) together with the identity

XM — (U, ®U,)B,R, forallTel. (4.6)

This shows that F, (V) is obtained by first applying the projector I — U, UZ to the
component V. and then substituting the resulting matrix for U, in the HT decompo-
sition X (U, By). The case E.(C,) is analogous except that one applies the projector
I - B, B first (except for the root); see Fig. 4.1 for a graphical representation.
Let F*: B — A denote the Moore-Penrose pseudoinverse of a linear operator
F: A — B. Then, we immediately have from Lemma 4.1, equations (4.6) and (3.3
3.5) that
range(E,) L range(E,), and range(E;) L range(E)) (4.7

v
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B {1,2,3.4,5}
1 1
C{l,2,3} > P{1,2,3} C{1,2,3} = P{1,2,3} C{1,2,3} B{4,5}
B{1,2} [IJ3 IIJ4 IIJS
A
Uiz |
R{1,2,3}
Fia. 4.1. Graphical representation of application of the embedding operator E¢; 5 3y to some
tensor Cyy 23} € R(F1k2)%k3 . [yrst, the projector P{l17273} =1 B{1’213}B{112,3} is applied, then

the result is embedded in the HT decomposition of X(Up,By) of X in place of By1,2,3) to obtain
E(1,2,3)(Cq1,2,33) € V.

for all 7 # v € T. We are now ready to give the alternative representation of the
projector Px of Prop. 3.2.

PROPOSITION 4.3. Let X(Uyp,B;) € M be an orthogonal HT tensor and denote
the according gauge space G := Gy, B,). Then, the following holds.
(i) The linear operator

E:G =V, (0UL,0B)) = > E.(6U,)+ Y E.(6B;) (4.8)

TEL Tel

is an isomorphism between G and the tangent space Tx M.
(i1) The Moore—Penrose inverses

Et: V-G and Ef:V—G, (4.9)

are left inverses of E and E; for each 7 € T, respectively.
(i4i) The orthogonal projector Px:V — Tx M satisfies

Px =EE" =) E.E.
T€T
For any Z €V, this becomes

Px(2) =) P%(2)

TeT

(P;((Z))(T) = (U, ® UTI)(UZ; ® Uzl)Z(T)R;LRT for T =,
(P%(2)) = (U, 2 U,)I- U, U)UL @ UL)ZDRIR, forT e\,
(PL(Z2)" = (1-U, UNHZORIR, for T € L.
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Proof. (i) Observe that the range of E lies in TxM, as follows for example by
taking in the representations (4.2) and (4.6) for X(7) the directional derivatives with
respect to the components U,,B,. Second, E is injective, which using (4.7) can
be shown by proving that every FE, is injective as mapping from G, to V: Indeed,
using the definitions (4.3-4.5), this follows from the (pseudo-)invertibility of R, and
(U,,®U,,) by R respectively (U,, ® U,,)T and the fact that projectors I — U, UZ
and I — B,B7 have no effect on elements from G,. By the isometry in Theorem 3.1,
we have dim Tx M = dim G, which altogether proves the claim.

(ii) From (i) we have that F and E; are of full rank dim(G) and dim(G, ), respec-
tively.

(iii) For every matrix A, AA™T projects onto the image of A; see, e.g., [29]. The
second representation follows from (4.7). The formulas for P%(Z) follow from basic
manipulation of (4.3-4.5). O

4.2. Curvature bounds. We first need a preparatory lemma.

LEMMA 4.4. LetY : [a,b] — M be a smooth curve on M, and let (Ur(a),Bj(a))
be an orthogonal HT decomposition of Y (a). Then, there exists a unique smooth
curve v: [a,b] = C, t = (U (t),Br(¢)) such that (UL (t),Br(t)) is an orthogonal HT
decomposition of Y (t) and t — #(t) = (UL (t),B(t)) € GuL(),B; (1) 15 a smooth
gauged parameterization of Y (t).

Proof. Suppose that for some t > a, (Ur(¢),B(¢)) is an orthogonal HT decom-
position of Y (¢). Proposition 3.2 then gives us a gauged parameterization

Y(t) = PyyY () = 6X (UL (), B1(t); UL(t), B1 (1)), (4.10)

where (UL (t),Bs(t)) € G(u,(1),B, (1)) are constructed in a smooth way from Uy (t), Br(t)
and the given Y(t) We thus have a differential equation

(UL(t), B1(t)) = F(UL(1), B1(t),t) (4.11)

with a smooth function F. Since the HT-rank of Y (¢) is assumed constant on [a, b], the
pseudo-inverses in the construction of F' by Proposition 3.2 are uniformly bounded,
and therefore F' is Lipschitz-continuous in a neighbourhood of the solution curve as far
as it exists. Standard ODE theory (the Picard-Lindel6f theorem) therefore yields that
a unique solution (U (t),B;(t)) of (4.11) with the given initial value (U (a), B;(a))
exists over the whole interval [a,b]. By construction we then have (4.10) for all
t € [a,b], so that Y (¢) and X (Uy(¢),B;(t)) have the same derivative. They also have
the same initial value, and hence they are equal: Y (t) = X(U(¢),B(¢)). O
Now we can estimate the curvature of M.

LEMMA 4.5. Let X € M be such that the smallest singular value of each T-
unfolding is uniformly bounded below by some constant p > 0,

Omin(X) > p >0 foralreT.

Then, there exists constants ¢ and C, depending only on the dimension d and satisfying

cC < %, such that

|Pg(2) ~ Px(Z)]| < Cp|IX — X]|- |1 2], (4.12)
I(I = Px)(X = X)|| < 2C 7 |1 X - X2, (4.13)
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for all X € M with || X — X|| < cp and all Z € V. In particular, C < 48d.

Proof. (a) By Lemma 4.1, we have X(7) = U,R, for all 7 € T since X € M.
Hence, the assumption that opmin(X(7) = omin(R,) > p implies

IR |2 =0l (R,) <p~ ! forallTeT.
By [28, Cor. 1.4.31] we also have that for any X € M with X(¥) = U, R, it holds
[min (X)) = i (X)) < X = XD p <X - X].
When || X — X|| < 3p, this results in Omin(X(M) > p which implies
[RF|la <2p! forall7eT.
(b) We decompose tensors in V on a straight line connecting X and X as
X+t(X —X)=Y(t)+ Y. (t) with Y(t)eM and Y, (t) LTxM. (4.14)

It will be shown in (e) below that this decomposition exists for 0 < ¢t < 1 under the
given assumptions. We denote

A=Px(X-X)eTxM with |A]<6:=][X —X].
We then have Px (Y (t) — X) = tA, which yields
Px(Y(t)) = A. (4.15)

Since Y € Ty M, we have Py'Y =Y and therefore

Y(t) = Py (A + (Pyy — Px)(Y(1)). (4.16)
As long as
P - P = P -2 <l 4.1
| Py ty — Pxllop Zeglﬁi%(”:l |(Py @) — Px)(Z2)] < 3, (4.17)

we then get
[V] <20 and hence |[|Y(t)— X]| <26t

(¢) Let Y(t) = o(UL(t),B;(t)) be the smooth curve on 0 < ¢ < 1 of Lemma 4.4.
Then the curves U, (t) and R (t) satisfying Y(7)(t) = U, (t)R,(t) are smooth too for
all 7 € T. From (iii) in Prop. 4.3, we have an explicit expression for Py (4)(Z). Hence,
a bound on Py(t)(Z) = 4 Py ()(Z) may be obtained by bounding U, and 4(RIR,)
first. If 26 < 1p, then the argument in (a) applied to Y (t) instead of X shows that

IRF ()]l < 201,
Next, by Lemma 4.4, it holds
Y™ =U,R, + U,R, suchthat UTU, =o0.
Hence, we get with (2.4) that

IR = UTY] <26 and [|U.R.||=]|(I-U.UN)Y"| <25
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and further
10, < [0 Ry |- R [l < 475

Working out & (RY(R,RY)"'R,) using the identity $A~!' = ~A"TAA™!, we
further obtain

| & (RIR,)| < 2RIR (T - RIR,)| < 2[R |2 - R, < p 5,

where we used that I-R R is an orthogonal projector. Now differentiating 7 ;,(Z)
and using the above estimates, we obtain with (2.7) that

|PF(Z)|| < 32p7%6 ||Z]| forall 7€ I and ||PF(Z)| < 16p7 16 ||Z| for all 7 € L.
(4.18)

Using (2.7), this results in

1Pyiy(Z2)l < D I1PF(2)ll < 48p7"5d || Z].
TeT

Expressing Py (+)(Z) — Py (0)(Z) = fot Py(s)(Z) ds then yields
1Py ) (2) — Px(Z)|| < 48p~"ddt || Z]).

The operator norm in (4.17) thus does not exceed 3 for 0 <t < 1 when

§ < ith ¢=—

Sep with =g,

and at t = 1 we obtain the bound (4.12) with C' = 48d.
(d) Observe that

1 1
(1= POE = X) = (1= Px) [ V(o)ds= [ (P = Po)¥ ().
0 0
By the above estimates, we have ||Y]| < 26, [|Y (s) — X|| < 2ds; thus,

1 1
1] P =Pov@ast < [ iR = POIIV@Is < 2078,

which yields (4.13).

(e) It remains to show that the decomposition (4.14) indeed exists up tot = 1. For
this we consider (4.16) as an implicit ordinary differential equation on the manifold
M, which under condition (4.17) can be turned into an explicit differential equation
Y = F(Y) with a smooth vector field F. The solution Y () € M with initial value X
exists as long as (4.17) remains satisfied, hence for 0 < ¢ < 1 by the above estimates.
By construction, Y (¢) lies on M and satisfies (4.15), which upon integration implies
(4.14). O

REMARK 2. For the TT format, the estimate for the constant C in Lemma 4.5
can be improved to C' < 32d: According to Remark 1, the projector Py () for t € [0,1]
can be written in terms of a TT-decomposition with U; =1, for alli=1,...,d —1;
thus, we have in (4.18) that P{,(t) =0 for the leaves T = {i}, i=1,...,d — 1.
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5. Approximation properties. We give approximation results that are anal-
ogous to those of [15] and [16] for the matrix case and full Tucker tensor format case,
respectively. We refer the reader to these papers for a detailed discussion of these
approximation results. The proofs are the same as for the corresponding results in
[15] and [16], using Lemma 4.5.

THEOREM 5.1. Suppose that

A <p  for 0<t<T (5.1)

and that a continuously differentiable best approzimation X (t) € M to A(t) ewxists
for 0 <t <t Let p> 0 be such that the smallest nonzero singular value of every
unfolding of X(t) satisfies oumin(X)(t)) > p for all 7 € T, and assume that the
best-approzimation error is bounded by || X (t) — A#)|| < ¢p for 0 <t < ¥, with ¢ of
Lemma 4.5. Then, the approzimation error of the dynamical low-rank approximation
(1.2) with initial value Y (0) = X (0) is bounded by

t
1Y (1) - X(0)] < 286" / |X(s) = As)l|ds  with 8= Cpp"

for t <t and as long as the right-hand side remains bounded by cp. Here, ¢ and C
are the constants of Lemma 4.5.

Smaller errors over longer time intervals are obtained if not only X — A, but also
its derivative is small. We assume that A(¢) is of the form

A(t) = X(t) + E(1), 0<t<t, (5.2)
where X (t) € M (now this need not necessarily be the best approximation) with
IX(@)I| < p (5:3)
and the derivative of the remainder term is bounded by
IE®) <e (5.4)

with a small € > 0.

THEOREM 5.2. In addition to the above assumptions, suppose that the smallest
singular values of the T-unfoldings of X (t) are bounded from below by p > 0. Then,
the approzimation error of (1.2) with initial value Y (0) = X (0) is bounded by

p
(NI

provided that t < 52 and t <t. The constants ¢ and C are those of Lemma 4.5.
For the hierarchical Tucker approximation to a solution of the tensor differential
equation

IY(t) - X(@t)|| < 2te  for t<

A=F(A), (5.5)
condition (1.2) is replaced, at every time ¢, by
Y € Ty M such that [|Y — F(Y)|| = min. (5.6)
This is equivalent to the Galerkin condition

(Y —F(Y),86Y )=0 forall §Y € Ty M. (5.7)
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We formulate an extension of Theorem 5.1 to the low-rank approximation of
tensor differential equations (5.5). We assume that F' has a moderate bound along
the approximations,

IEXE <p,  IFY@O)N<p for 0<E<H, (5-8)

and satisfies a one-sided Lipschitz condition: there is a real A (positive or negative or
zero) such that

(F(Y) - F(X),Y - X ) <Al - X2 (5.9)

for all tensors X,Y € M. We further assume that for the best approximation X (t) €
M,

IF(X () — F(A®)| < LIX(t) — A(t)]|  for 0<t <% (5.10)

We then have the following extension of the quasi-optimality result of Theorem 5.1.
THEOREM 5.3. Suppose that a continuously differentiable best approrimation
X(t) € M to a solution A(t) of (5.5) exists for 0 < t <, and assume the bounds
(5.8-5.10). Let X(t) be such that the smallest singular value of each T-unfolding is
uniformly bounded below by p > 0, and assume that the best-approzimation error is
bounded by || X(t) — A(t)|| < ¢p with ¢ of Lemma 4.5, for 0 < t < t. Then, the
approzimation error of (5.7) with initial value Y (0) = X (0) is bounded by

¥ ()~ X(o)] < 28+ L) e [ X(s) — A(s)lds with B=Cup™’
0

fort <t and as long as the right-hand side is bounded by cp. The constants ¢ and C
are those of Lemma 4.5.

6. Use of the dynamical approximation in iterative methods. In iterative
methods for optimization (e.g., nonlinear CG and Newton’s method) one faces in
every iteration the task of updating the iterate from A € M to an approximation
A to A+ AA that should again lie in M. This problem is usually referred to as a
truncation of A + AA or, if AA is a tangent tensor, as a retraction [1]. A popular
approach to obtain Ais to first compute A+AA, which is typically not in M, and then
to project this sum onto M . This is a nonlinear process that can be computationally
expensive since the manifold M is left in the intermediate result A + AA. Here we
propose instead to use the dynamical approximation for A+tAA. This works entirely
on M. Here we solve numerically the differential equation

Y = Py(AA), Y(0)=A, (6.1)

or rather the equivalent differential equations (3.21)-(3.23) for the HT parameters
(UL(t),B(t)), and set

A=Y(1) e M.

An accurate computation of (3.21)-(3.23) over the whole interval [0, 1] may turn out
costly when the increment AA is not small in norm, but for small ||AA|| (near the
optimum) it can be approximated accurately by just a few explicit Euler steps applied
to the differential equations (3.21)-(3.23) for the parametrization (Uy(t), B(t)), fol-
lowed by reorthogonalization of the (small) coefficient matrices. This approach does
not require any decompositions of large matrices.
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Consider now the situation where AA € Ty M is a descent direction for a cost
function. In a line search algorithm one would search for an (approximate) minimum
of the cost function along the numerical trajectory Y'(¢). A simplification to solving
(6.1) consists of taking just one (or a few) explicit Euler steps with a step size h applied
to the differential equations (3.21)-(3.23) for the parametrization (U (t), B(t)) with
subsequent reorthogonalization. The step size h > 0 can be chosen adaptively such
that descent is still guaranteed, since asymptotically for h — 0 the Euler step follows
the descent direction AA.

7. Implementation and numerical results. In this section, we detail numer-
ical aspects of the dynamical approach, in particular, we focus on the implementation
of the projector Px(Z) and how to exploit structure in Z. Then, we report on some
numerical experiments showing that the dynamical approach confirms the derived
theoretical properties. Throughout this section, we define n := max;cr{n,} and de-
note the maximal hierarchical rank of X by kx and when Z is in HTD format the
analogue by kz

In the implementation, we make have heavy use of the Tensor Toolbox [2] and
the htucker toolbox [19]. Our code is available at http://sma.epfl.ch/~vanderey/.
All experiments were done with MATLAB version R2012a on an Intel Core i7 2.2 GHz
CPU. In all examples, the integration of (1.2) was done by ode45 in MATLAB using
odeset (’RelTol’, 1e-9, ’AbsTol’, 1le-9, ’NormControl’, ’on’) as options.

7.1. Implementation of Px(Z) for unstructured Z. The implementation of
Px follows directly from Prop. 3.2 and consists of two phases: The computation of the
Z, is based on recursion (3.11-3.13), after which the 06U, and 0B can be projected
out based on (3.14-3.16). We emphasize that the actual computations are performed
without working out the tensor products explicitly. Instead, each expression can
be formulated in terms of tensor-times-matrix products, implemented as ttm in the
htucker toolbox.

The following code, for example, constructs matrices Z_matrix{t} representing
7\ for 7 not a leaf.

Z_t_tensor = dematricize(Z_matrix{t}, [n_t1, n_t2, k_t], [1 2], 3);
Z_t1_matrix = ttm(Z_t_tensor, U_matrix{t2}, 2, ’t’);
Z_t2_matrix = ttm(Z_t_tensor, U_matrix{til}, 1, ’t’);
Z_matrix{t1} = matricize(Z_tl_matrix, 1)#*pinv(matricize(X.B{t},1));
Z_matrix{t2} = matricize(Z_t2_matrix, 2)*pinv(matricize(X.B{t},2));

Here, X is an htensor object representing the HT tensor X with a dimension tree
indexed by 7 = t. In addition, U_matrix{t} represents the inner frame matrix U, of
X which can be recursively evaluated from the leaves up by the following commands.

BUU = ttm(X.B{t}, {U_matrix{t1}, U_matrix{t2}}, [1 2]);
U_matrix{t} = matricize(BUU, [1 2], 3);

The other computations are analogous and we refer to the provided source code
for details.

The tensors Z, are reducing in size from root to leaves. Hence, the total com-
putational cost of applying Px(Z) is O(n?). This exponential growth in d severely
limits the use of Px(Z) which makes its application only viable for small values of d.
Nevertheless, it is an order of magnitude cheaper than applying the truncation oper-
ator based on successive SVDs which is O(dn?*1); see [7]. For numerical verification,
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(kX)Tl

n __.", contract to M,

_____

+7 rest of X omitted

Fia. 7.1. Graphical representation of the recursion (3.12) of Prop. 3.2 in case Z is an HT
tensor. Tensor Z.rl is the result of the first contraction z.(,?) = Z.(:l)(IkT ® UTz)- The second

contraction, gives the desired result Z7") = Z (BW)+.

we refer to [30, Section 6.2.3] where the dynamical approach is indeed shown to be
faster than pointwise SVDs in case of unstructured Z.

7.2. Implementation of Px(Z) for structured Z. The exponential depen-
dence on d in the unstructured case from above can be overcome by assuming that
Z is an HT tensor. This is a reasonable assumption exploited in many tensor-based
methods like [3, 11, 14, 18]. In order to facilitate computations, we assume that Z
has the same dimension tree as X, but it may have different hierarchical ranks.

The key to scalability is formulating the multiplications by U, in the recursions
of Prop. 3.2 as tensor contractions of certain subtrees of X and Z,.. We refrain from
giving a complete derivation and instead only explain the implementation of (3.12)
that computes Z,, .

By construction, we impose that each Z, has a dimension tree which is in a specific
way compatible to that of X; see Fig. 7.1. In the first step, the subtree at 7 of Z.
is contracted with U, so to replace the transfer tensor B., with a (kz)-, X (kx)r,
dimensional matrix M,,. (It turns out that all these matrices M, are computed
when evaluating the inner product ( X, Z ) which is a standard operation for tensor
networks.) Then, this resulting tensor is contracted again with the small tensor C'
that represents an unfolding of (B)+.

The remaining computations follow a similar pattern; counting operations we
obtain that the work for

Px(Z) is O(dn(k% + kxkz) +d(kx + kxk3)).
For comparison, the work for

hierarchical SVD of X + Z is O(dn(k% + kxkz + k%) + d(k% + k).
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Fic. 7.2. Computational cost in seconds of Px(Z) and truncation by SVD for random tensors
with various values of d,n,kx, and kz. The full lines are the indicated polynomial scalings.

Clearly, the projection is faster when kz > kx.

In Figure 7.2, we have supplied timing results of the application of Px(Z) for
random tensors X and Z which verify the computational cost estimates from above.
In all cases the ranks were taken equal along the tree. In addition, we have also
supplied the results for the hierarchical SVD of the sum X + Z as implemented by
htensor.truncate_sum in the htucker toolbox. As is evident from the figures, the
projection is always faster than the SVD-based truncation, but usually only by a
constant factor of about 2 to 5. However, in case of fixed kx and varying kz, the
projection Px(Z) indeed improves the order of complexity. We will see later an
application where this difference can be exploited.

7.3. Example 1: Approximating a periodic tensor. Theory predicts that
the dynamical approach gives exact reconstruction of tensors which have fixed hierar-
chical rank, in other words, when the constant ¢ in the Theorems of Section 5 is zero.
We investigate this by integrating the HT tensor A(t) = A(UL(t), B;(¢)) such that

B, (t) = "™ B, (0) for 7 = 7y,
B, (t) =B,(0) forall T € I'\ {7},
U.(t) =U,-(0)Q(¥) forall T € L,
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Fic. 7.3. Approzimation X (t) of an HT tensor A(t) which is periodic in t.

with A(0) a random HT tensor, and Q(¢) a Givens rotation in the first two coordinates
with Qq,1(t) = cos(t). The case for n = 25, d = 3, and k, = 3 is displayed in Figure 7.3
and it is evident that X (¢) indeed approximates A(¢) to the order of the integration
tolerance 107,

When A(t) leaves M, the approximation will deteriorate as ¢ increases. In the
right panel of Figure 7.3, we have repeated the same integration but now for

A(t) = A(t) + 10710 03t C

with C' a random full tensor such that there is growing noise. One can clearly observe
that as expected, the approximation error is completely dominated by this noise.

7.4. Example 2: Interpolating two tensors. As next illustration, we inter-
polate two HT tensors Ay and A; with the same dimension tree but different ranks:
Ag has rank kg whereas the rank of A; is 2kg. The dynamical approach will then
integrate

A(t) =t Ag+ (1 —1t) Ay

from ¢ = 0 with A(0) = Agp € M up to t = 1. Since generically A(t) does not lie in
M for t # 0, we cannot expect that X (¢) will approximate A(t) well on the whole
interval [0, 1]. As long as the singular values have a sufficiently big gap however, X (t)
should be a reasonable approximation to A(¢).

In Figure 7.4 we have verified this for n = 1000, d = 5 and kg = 3. On the left
panel, one clearly observes that the error to A(t) quickly deteriorates but the error
to the quasi-best approximation by the SVD-based truncation behaves much better
up to t ~ 0.2. On the right panel, the singular values of the (7)1 unfolding explain
this behavior: Around ¢ ~ 0.2, the singular values cross and the dynamical approach
tracks the smooth, but wrong branch of the singular values. The result is a large
increase of the error which cannot be undone except by restarting.
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