
DFG-Schwerpunktprogramm 1324

”
Extraktion quantifizierbarer Information aus komplexen Systemen”

Explicit error bounds for Markov chain Monte Carlo

D. Rudolf

Preprint 129



Edited by

AG Numerik/Optimierung
Fachbereich 12 - Mathematik und Informatik
Philipps-Universität Marburg
Hans-Meerwein-Str.
35032 Marburg



DFG-Schwerpunktprogramm 1324

”
Extraktion quantifizierbarer Information aus komplexen Systemen”

Explicit error bounds for Markov chain Monte Carlo

D. Rudolf

Preprint 129



The consecutive numbering of the publications is determined by their
chronological order.

The aim of this preprint series is to make new research rapidly available
for scientific discussion. Therefore, the responsibility for the contents is
solely due to the authors. The publications will be distributed by the
authors.



DANIEL RUDOLFExpli
it error bounds for Markov 
hain Monte Carlo(1)

(1) A version of the paper appeared in Dissertationes Mathemati
ae



Daniel RudolfInstitute of Mathemati
sUniversity JenaErnst-Abbe-Platz 2D-07743 Jena, GermanyE-mail: daniel.rudolf�uni-jena.de



Contents1. Introdu
tion and results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52. Finite state spa
es . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112.1. Markov 
hains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112.2. Error bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172.3. Burn-in . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252.4. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272.5. Notes and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333. General state spa
es . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363.1. Markov 
hains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363.2. Error bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493.3. Burn-in . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 603.4. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 633.5. Notes and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 734. Appli
ations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 774.1. Integration with respe
t to log-
on
ave densities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 794.2. Integration over a 
onvex body . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 844.3. Notes and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89A.Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90A.1. Spe
tral Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90A.2. Interpolation Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91A.3. Condu
tan
e and the Cheeger inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91Referen
es . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

[3℄



Abstra
tWe prove expli
it, i.e. non-asymptoti
, error bounds for Markov 
hain Monte Carlo methods. The problemis to 
ompute the expe
tation of a fun
tion f with respe
t to a measure π. Di�erent 
onvergen
e propertiesof Markov 
hains imply di�erent error bounds. For uniformly ergodi
 and reversible Markov 
hains we provea lower and an upper error bound with respe
t to ‖f‖2. If there exists an L2-spe
tral gap, whi
h is a weaker
onvergen
e property than uniform ergodi
ity, then we show an upper error bound with respe
t to ‖f‖
pfor p > 2. Usually a burn-in period is an e�
ient way to tune the algorithm. We provide and justify are
ipe how to 
hoose the burn-in period. The error bounds are applied to the problem of the integrationwith respe
t to a possibly unnormalized density. More pre
ise, we 
onsider the integration with respe
t tolog-
on
ave densities and the integration over 
onvex bodies. By the use of the Metropolis algorithm basedon a ball walk and the hit-and-run algorithm it is shown that both problems are polynomial tra
table.A
knowledgements. I want to thank Ai
ke Hinri
hs, Thomas Müller-Gronba
h, Eri
h Novak, Klaus Ritterand Mario Ullri
h for several suggestions and helpful hints. The resear
h was supported by DFG PriorityProgram 1324 and the DFG Resear
h Training Group 1523.2010 Mathemati
s Subje
t Classi�
ation: Primary 65C05; Se
ondary 60J10, 60J05, 60J22, 65C20, 37A25,62F25, 65Y20.Key words and phrases: Markov 
hain Monte Carlo, spe
tral gap, uniform ergodi
ity, geometri
 ergodi
ity,burn-in, error bounds, Metropolis algorithm, ball walk, mean square error, log-
on
ave density, hit-and-run algorithm.
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1. Introdu
tion and resultsIn numerous appli
ations one wants to 
ompute the expe
tation of a fun
tion f : D → R with respe
tto a probability measure π de�ned on a measurable spa
e (D,D). The goal is to approximate
S(f) =

∫

D

f(x)π(dx), (1.1)where we assume that it is not possible to sample π dire
tly with reasonable 
ost. In other words,we assume that there is no random number generator whi
h generates a sample with respe
t to πreasonably fast. This might happen if the available information on π is in
omplete or one has a
ompli
ated measurable spa
e. However, many appli
ations have in 
ommon that one knows enoughabout π to design a Markov 
hain whi
h approximates the desired distribution. Hen
e we assumethat we 
annot sample π dire
tly, but we 
an run a Markov 
hain to get 
lose to π.Let us brie�y illustrate su
h problems:� Let A ⊂ R
d be an arbitrary 
onvex body(1). Suppose that we 
an sample the uniform distri-bution on

A ∩ ℓ for an arbitrary line ℓ.The goal is to simulate the uniform distribution on A, say µA. For a 
ompli
ated A it mightbe impossible to generate a uniformly distributed sample with reasonable 
ost. But the hit-and-run algorithm (see Se
tion 4.2) provides a Markov 
hain whi
h has the limit distribution
µA.� Let D ⊂ R

d be a 
onvex body. Suppose that f : D → R is an integrable fun
tion with respe
tto π̺, where ̺ is an unnormalized positive density and
π̺(A) =

∫
A ̺(x) dx∫
D
̺(x) dx

, A ⊂ D.The goal is to approximate
S(f, ̺) =

∫

D

f(x)π̺(dx) =

∫
D
f(x)̺(x) dx∫
D ̺(x) dx

.By the Metropolis algorithm based on the ball walk (see Se
tion 4.1) one 
an 
onstru
ta Markov 
hain whi
h has the limit distribution π̺. It might be impossible to sample π̺dire
tly, in parti
ular if ̺ is a 
ompli
ated density fun
tion.One 
an ask the following questions. How does the error of numeri
al integration based on Markov
hains behave? And, how long does the Markov 
hain need to get 
lose to the limit distribution?(1) A 
onvex body is a bounded 
onvex set with non-empty interior.[5℄



6 Daniel RudolfThe thesis deals with the �rst question and, be
ause of the 
lose relation, tou
hes brie�y the se
ondone. The Markov 
hain Monte Carlo method for approximating the expe
tation plays a 
ru
ialrole in 
omputer s
ien
e, in statisti
al physi
s, in statisti
s, and in �nan
ial mathemati
s, see e.g.[GRS96, Mar99, Liu08, Dia09, BGJM11℄. Suppose that the fun
tion f : D → R is given by an ora
lewhi
h provides fun
tion values of f . The goal is to approximate S(f). The integral simpli�es to asum if the state spa
e D is �nite, su
h that
S(f) =

∑

x∈D

f(x)π(x). (1.2)We assume that the distribution π 
an be simulated by a Markov 
hain (Xn)n∈N with transitionkernel K and initial distribution ν. The distribution π is the limit distribution, in parti
ular it isstationary, i.e.
π(A) =

∫

D

K(x,A)π(dx), A ∈ D.Under weak assumptions on the Markov 
hain we obtain that after su�
iently many steps m ≥ n0,the distribution of Xm is 
lose to π. The number n0 determines the number of steps to get 
lose to
π, it is 
alled the burn-in or the warm up period. Afterwards, we approximate S(f) by

Sn,n0(f) =
1

n

n∑

j=1

f(Xj+n0).It is well known that an ergodi
 theorem(2) holds whi
h says that
lim
n→∞

Sn,n0(f) = lim
n→∞

1

n

n∑

j=1

f(Xj+n0) =

∫

D

f(x)π(dx) = S(f) almost surely.This means that the algorithm is well de�ned but does not imply an error bound. It is a qualitativerather than a quantitative result. We study the mean square error of Sn,n0 . For a fun
tion f ,integrable with respe
t to π, it is given by
eν(Sn,n0 , f) =

(
Eν,K |Sn,n0(f)− S(f)|2

)1/2
,where Eν,K denotes the expe
tation of a Markov 
hain with transition kernel K and initial distri-bution ν.The main topi
 of the thesis is the presentation of old and new expli
it error bounds for 
omputingthe expe
tation by Markov 
hain Monte Carlo. These bounds are in terms of the ‖·‖p-norm of theintegrand f ,

‖f‖p =

{(∫
D
|f(x)|p π(dx)

)1/p
, p ∈ [2,∞),

π- ess supx∈D |f(x)| , p = ∞.(2) Suppose that (D,D) is 
ountably generated. Let the Markov 
hain (Xn)n∈N be ϕ-irredu
ible (ϕ isa non-trivial σ-�nite measure, for all A ∈ D and for all x ∈ D there exists an n ∈ N su
h that ϕ(A) > 0implies Kn(x,A) > 0). We assume that π is a stationary distribution. Furthermore for all A ∈ D and for all
x ∈ D we have Pr(Xn ∈ A in�nitely often | X1 = x) = 1. Then limn→∞ Sn,n0(f) = S(f) almost surely. Fora proof of the fa
t see [MT09, Theorem 17.1.7, p. 427℄. For a simple approa
h of a similar ergodi
 theoremwe refer to [AG10℄. For a 
entral limit theorem and �xed-width asymptoti
s of Markov 
hain Monte Carlosee [Gey92, JHCN06℄.



Expli
it error bounds for Markov 
hain Monte Carlo 7The kernel K of the Markov 
hain determines the Markov operator
Pf(x) =

∫

D

f(y)K(x, dy), x ∈ D,and S(f) =
∫
D
f(x)π(dx) 
an be 
onsidered as operator mapping into the 
onstant fun
tions. If

P is self-adjoint a
ting on L2 then the Markov 
hain is 
alled reversible. The asymptoti
 error is
ompletely known if the underlying Markov 
hain is reversible, the initial distribution has a boundeddensity with respe
t to π and one has ∥∥P j − S
∥∥
L1→L1

≤ Mαj for an α ∈ [0, 1) and M < ∞, seeCorollary 3.37. One obtains
lim
n→∞

n · sup
‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + Λ

1− Λ
≤ 2

1− Λ
, (1.3)and

lim
n0→∞

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + Λ

n(1− Λ)
− 2Λ(1− Λn)

n2(1− Λ)2
≤ 2

n(1− Λ)
, (1.4)where Λ = sup {α | α ∈ spec(P − S)}. Similar asymptoti
 estimates are shown in [Sok97, Mat99,Bré99, Mat04, RR08℄. However, we want to have expli
it error bounds. The desired error estimateshould behave asymptoti
ally as des
ribed in (1.3) and (1.4). For Λ 
lose to 1 the right hand sidesof the equalities of the asymptoti
 error 
an be very well estimated by 2

1−Λ and 2
n(1−Λ) . The maingoal is to prove non-asymptoti
, expli
it error bounds with respe
t to ‖f‖p of the form

sup
‖f‖p≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− Λ)
+

Cν,p γ
n0

n2(1 − γ)2
,where Cν,p and γ < 1 should be known. If the initial distribution ν of the Markov 
hain is thestationary one, say π, then the in�uen
e of the initial part resulting from ν should vanish, i.e.

Cν,p = 0. We give more details in the following.First we 
onsider the spe
ial 
ase where the state spa
e is �nite. Let the 
ardinality of D beastronomi
ally large, say for example |D| = 1030, su
h that an exa
t 
omputation of the sum (1.2)might be pra
ti
ally impossible. Suppose that we have a Markov 
hain with transition matrix Pand initial distribution ν. All de�nitions, su
h as stationarity, irredu
ibility, aperiodi
ity and allrelevant fa
ts of Markov 
hains on �nite state spa
es are provided in Se
tion 2.1. The Markov 
hainis reversible if the transition matrix P = (p(x, y))x,y∈D ful�lls for a probability measure π that
π(x)p(x, y) = π(y)p(y, x), x, y ∈ D.If the Markov 
hain is reversible, then let us de�ne

β = ‖P − S‖ℓ2→ℓ2
= max

{
β1,
∣∣β|D|−1

∣∣} ,where β1 is the se
ond largest and β|D|−1 the smallest eigenvalue of P . We 
onsider reversible andergodi
 Markov 
hains, i.e. β, the se
ond largest absolute eigenvalue of P , is less than 1. Hen
e also
β1, the se
ond largest eigenvalue of P , is less than 1. Se
tion 2.2 
ontains the �rst error estimate.The expli
it error bound is developed with respe
t to the ℓ2-norm of the integrand f ∈ R

D. For
C =

√∥∥∥∥
1

π

∥∥∥∥
∞

∥∥∥ ν
π
− 1
∥∥∥
2



8 Daniel Rudolfwe obtain in Theorem 2.20 that
sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− β1)
+

2Cβn0

n2(1− β)2
. (1.5)Obviously C is 0 if ν is π and the asymptoti
 estimates of (1.3) and (1.4) hold true. However, thefa
tor ∥∥ 1

π

∥∥
∞ is unsatisfa
tory for an extension to general state spa
es. Furthermore we also providea lower bound of the error, see Remark 2.24. In Se
tion 2.3 we suggest a 
hoi
e of the burn-in. Themain result is as follows.Theorem 2.25. Suppose that

n0 = max








log
(√∥∥ 1

π

∥∥
∞
∥∥ ν
π − 1

∥∥
2

)

log(β−1)



, 0




.Then

1 + β1
n(1− β1)

− 4

n2(1 − β)2
≤ sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− β)
+

2

n2(1− β)2
.The suggestion of the burn-in is optimal in the following sense. For η > 0 let the number of steps

N = n + n0 of the Markov 
hain be large enough, let β = β1 and assume that C and β obey anadditional less restri
tive 
ondition. Then the burn-in nopt, whi
h minimizes the upper error boundof (1.5), satis�es nopt ∈ [n0, (1 + η)n0].In many examples an estimate for β is available. In Se
tion 2.4 we 
onsider some illustratingexamples where all eigenvalues and eigenve
tors are known, so that the exa
t error is 
omputable.Then we 
ompare the lower and upper estimates with the exa
t error. It turns out that the estimatesare sharp depending on the available information of the eigenvalues. Similar estimates 
an be foundin [Ald87℄ and [NP09℄. However, the suggestion of the burn-in and the lower bound seem to be new.After the study of Markov 
hains on �nite state spa
es let us introdu
e the general state spa
esetting. Assume that the measurable spa
e (D,D) is given. Then the desired expe
tation be
omes anintegral, see (1.1). Suppose we have a Markov 
hain with transition kernelK and initial distribution
ν. Let us re
all that the transition kernel K de�nes the Markov operator

Pf(x) =

∫

D

f(y)K(x, dy), x ∈ D,and S(f) = ∫
D
f(x)π(dx) 
an be 
onsidered as operator mapping into the 
onstant fun
tions. It iswell known that reversibility of K is equivalent to self-adjointness of P a
ting on L2. In Se
tion 3.1we provide all de�nitions su
h as stationarity and reversibility in detail. Furthermore it 
ontainsall relevant 
onvergen
e properties of Markov 
hains. Mainly the two 
onvergen
e properties ofDe�nition 3.14 and De�nition 3.10 are essential:� Let α ∈ [0, 1) and M < ∞. The Markov 
hain is 
alled L1-exponentially 
onvergent with

(α,M) if ∥∥P j − S
∥∥
L1→L1

≤Mαj , j ∈ N.For reversible Markov 
hains L1-exponential 
onvergen
e with (α, 2M) is equivalent to π-a.e.uniform ergodi
ity with (α,M), see Proposition 3.24.



Expli
it error bounds for Markov 
hain Monte Carlo 9� The Markov operator has an L2-spe
tral gap if
β = ‖P − S‖L2→L2

< 1,where the gap is given by 1 − β. The existen
e of an L2-spe
tral gap implies an exponential
onvergen
e of P j to S with respe
t to the L2-operator norm for j → ∞.Se
tion 3.2 
ontains the error estimates for Sn,n0 . We explain the main results in the following. Let
Λ be the largest element of the spe
trum of P − S a
ting on L2, i.e.

Λ = sup {α | α ∈ spec(P − S)} .Suppose that the Markov 
hain is reversible and L1-exponentially 
onvergent with (α,M). Further-more assume that there exists a bounded density dν
dπ of the initial distribution ν with respe
t to π.For

C =M

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞we show in Theorem 3.34 that the error obeys

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− Λ)
+

2Cαn0

n2(1 − α)2
.Note that the error bound is of the same form as for �nite state spa
es ex
ept for the fa
t that

α of the L1-exponential 
onvergen
e appears. If the transition kernel is reversible one has Λ ≤ βand in Proposition 3.24 it is shown that β ≤ α. Hen
e one 
an further estimate the leading termof the error bound by using (1−Λ)−1 ≤ (1−α)−1. Then a reasonable 
hoi
e of the burn-in 
an beobtained by the same arguments as for �nite state spa
es. In Se
tion 3.3 we also justify the 
hoi
eof the burn-in by numeri
al experiments, whi
h 
on�rm the theoreti
al result.Theorem 3.45 (i). Suppose that we have a Markov 
hain whi
h is reversible with respe
t to π and
L1-exponentially 
onvergent with (α,M). Let

n0 = max

{⌈
log(M

∥∥ dν
dπ − 1

∥∥
∞)

log(α−1)

⌉
, 0

}
.Then

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− α)
+

2

n2(1− α)2
.The 
ondition that the Markov 
hain is L1-exponentially 
onvergent with (α,M) is rather restri
tive.This motivates the study of Markov 
hains whi
h ful�ll a weaker 
onvergen
e property, namely weassume that there is an L2-spe
tral gap. Let us provide the main result.Theorem 3.45 (ii). Suppose that we have a Markov 
hain with Markov operator P whi
h has an

L2-spe
tral gap, 1− β > 0. For p ∈ (2,∞] let n0(p) be the smallest natural number (in
luding zero)whi
h is greater than or equal to
1

log(β−1)
·





p
2(p−2) log

(
32p
p−2

∥∥ dν
dπ − 1

∥∥
p

p−2

)
, p ∈ (2, 4),

log
(
64
∥∥ dν
dπ − 1

∥∥
2

)
, p ∈ [4,∞].



10 Daniel RudolfThen
sup

‖f‖p≤1

eν(Sn,n0(p), f)
2 ≤ 2

n(1− β)
+

2

n2(1 − β)2
.For further details let us refer to Se
tion 3.3. There we justify the 
hoi
e for the burn-in n0(p)by numeri
al experiments. Brie�y summarized, by weakening the 
onvergen
e property we get anestimate of the error for a smaller 
lass of fun
tions. Namely, we prove an error bound for integrands

f whi
h satisfy ‖f‖p <∞ where p > 2.The last 
hapter deals with appli
ations. The problem of integration with respe
t to log-
on
avedensities is the following. For a fun
tion f : D → R and a 
onvex body D ⊂ R
d the goal is toapproximate

S(f, ̺) =

∫
D
f(x)̺(x) dx∫
D
̺(x) dx

,where ̺ is an unnormalized density. The problem is linear in f but not in ̺. Suppose that thedomain D is the d-dimensional Eu
lidean unit ball Bd. Furthermore assume that ̺ is log-
on
aveand log ̺ is Lips
hitz 
ontinuous with Lips
hitz 
onstant L. Hen
e we 
onsider the 
lass of densities
RL(Bd) = {̺ > 0 | ̺ is log-
on
ave, |log ̺(x) − log ̺(y)| ≤ L ‖x− y‖E} ,where ‖·‖E denotes the Eu
lidean norm. We analyze the Metropolis algorithm based on a δ ballwalk, see Algorithm 1 on page 82 and for the Pro
edure Ball-Walk see page 81. The algorithmgenerates the desired sample. The sample, say (Xδ

n0+1, . . . , X
δ
n0+n), is used to 
ompute

Sδ
n,n0

(f, ̺) =
1

n

n∑

j=1

f(Xδ
j+n0

).For an adapted δ = min
{
(d+ 1)−1,L−1

} Mathé and Novak showed in [MN07℄ that the Markov
hain whi
h is de�ned by the Metropolis algorithm based on a δ ball walk has an L2-spe
tral gap.This result is used to get an expli
it error bound. We state the result for the unit ball and forsimpli
ity we 
onsider integrands f with ‖f‖3 ≤ 1. For
n0 ≍ dLmax

{
d,L2

}the error obeys
sup

‖f‖3≤1, ̺∈RL(Bd)

e(Sδ
n,n0

, (f, ̺)) ≺
√
d

n
max

{√
d,L}+

d

n
max

{
d,L2

}
,where d ∈ N and L ≥ 0.(3) The geometry of the unit ball is essential for the estimate of the

L2-spe
tral gap of [MN07℄, sin
e the ball walk might get stu
k on domains whi
h have 
orners.However, the results of Se
tion 4.1 are slightly more general. There we treat balls with arbitraryradius r > 0 and the result is with respe
t to ‖f‖p for p > 2. We refer to Theorem 4.8 for the details.The number of fun
tion evaluations to obtain an error smaller than ε is polynomially bounded inthe dimension d and the Lips
hitz 
onstant L. Hen
e the problem of integration with respe
t to alog-
on
ave density is tra
table, see Novak and Wo¹niakowski [NW08, NW10℄.(3) We use the notation ≺ and ≍ as follows. Let (an)n∈N and (bn)n∈N be positive sequen
es. We write
an ≺ bn if there exists an absolute 
onstant c su
h that an ≤ c bn for all n ∈ N. We write an ≍ bn if an ≺ bnand bn ≺ an.



Expli
it error bounds for Markov 
hain Monte Carlo 11The problem of integration on a 
onvex body is as follows. Let A ⊂ R
d be a 
onvex body. The goalis to 
ompute

S(f,A) =
1

vold(A)

∫

A

f(x) dx,where vold(A) denotes the d-dimensional volume of A. In other words the goal is to approximatethe expe
tation of f with respe
t to the uniform distribution, say µA, on A. The problem is linearin f but not in A. Let Bd ⊂ A ⊂ rBd where rBd is the Eu
lidean ball with radius r around 0. Weassume that there is an ora
le OrA(ℓ) whi
h returns a uniform distributed state on A ∩ ℓ for anarbitrary line ℓ. Hen
e we 
onsider state spa
es from the 
lass
Sd(r) =

{
A ⊂ R

d 
onvex | Bd ⊂ A ⊂ rBd
}and we assume that OrA(ℓ) is available for any A ∈ Sd(r). We analyze the hit-and-run algorithm,see Algorithm 2 on page 87 and for the Pro
edure Hit-and-Run see page 86. It generates the desiredsample, say (Xhar

n0+1, . . . , X
har
n+n0

). Afterwards we 
ompute
Shar
n,n0

(f,A) =
1

n

n∑

j=1

f(Xhar
j+n0

).The Markov 
hain generated by the hit-and-run algorithm has the right stationary distribution, seeLemma 4.10 or [Smi84℄. A result of Lovász and Vempala presented in [LV06℄ provides an estimate of
1−β. Hen
e there exists an L2-spe
tral gap and we 
an apply the error bound of Theorem 3.45 (ii).For simpli
ity suppose that ‖f‖3 ≤ 1. For

n0 ≍ d3r2 log(r)the error obeys
sup

‖f‖3≤1, A∈Sd(r)

e(Shar
n,n0

, (f,A)) ≺ dr√
n
+
d2r2

n
.For the general result with respe
t to ‖f‖p with p > 2 we refer to Theorem 4.12. The number offun
tion evaluations to obtain an error smaller than ε is polynomially bounded in the dimension dand the radius r. Hen
e the problem of integration on a 
onvex body is tra
table, see [NW08, NW10℄.2. Finite state spa
esIn the following we study the mean square error of Markov 
hain Monte Carlo methods on �nitestate spa
es. In Se
tion 2.1 the basi
 de�nitions and properties of Markov 
hains on �nite statespa
es are stated. The estimate of the mean square error is shown in Se
tion 2.2. We suggest andjustify a re
ipe how to 
hoose the burn-in. Afterwards the error bound is applied to illustratingexamples and �nally we dis
uss how the results �t into the published literature.2.1. Markov 
hains. In this se
tion the basi
s of Markov 
hains on �nite state spa
es are provided.Let D be a �nite set and P(D) the power set of D su
h that the measurable state spa
e (D,P(D))is given.



12 Daniel RudolfDefinition 2.1 (Markov 
hain). A sequen
e of random variables (Xn)n∈N on a probability spa
e
(Ω,F ,Pr)mapping into (D,P(D)) is 
alled aMarkov 
hain with transition matrix P = (p(x, y))x,y∈Dif for all n ∈ N, all x, y ∈ D and for all x1, . . . , xn−1 withPr(X1 = x1, . . . , Xn−1 = xn−1, Xn = x) > 0one hasPr(Xn+1 = y | X1 = x1, . . . , Xn−1 = xn−1, Xn = x) = Pr(Xn+1 = y | Xn = x) = p(x, y).All entries of the transition matrix P are non-negative and the rows sum up to 1. For x, y ∈ D thevalue p(x, y) is the probability of jumping from state x to state y in a single step of the 
hain. Thedistribution

ν(x) = Pr(X1 = x), x ∈ D,is 
alled the initial distribution.Suppose that we have a transition matrix P and a probability measure ν. Any transition matrix
P has a random mapping representation, see [LPW09, Proposition 1.5, p. 7℄. A random mappingrepresentation of P on state spa
e D is a fun
tion Φ: D × [0, 1] → D, whi
h satis�esPr(Φ(x, Z) = y) = p(x, y), x, y ∈ D,where Z : (Ω,F ,Pr) → ([0, 1],B([0, 1])) is a uniformly distributed random variable, where B([0, 1])denotes the Borel σ-algebra. Then a Markov 
hain 
an be 
onstru
ted as follows. If (Zn)n∈N is asequen
e of i.i.d. random variables with uniform distribution, and X1 has distribution ν, then it iseasy to see that (Xn)n∈N de�ned by

Xn = Φ(Xn−1, Zn), n ≥ 2,is a Markov 
hain with transition matrix P and initial distribution ν.In the following assume that we have a Markov 
hain (Xn)n∈N with transition matrix P and initialdistribution ν. The expe
tation Eν,P is taken with respe
t to the joint distribution of (Xn)n∈N, say
Wν,P , whi
h is de�ned on (DN, σ(A)) where

DN = {ω = (x1, x2, . . . ) | xi ∈ D for all i ≥ 1} and
A =

⋃

k∈N

{A1 ×A2 × · · · ×Ak ×D × · · · | Ai ∈ P(D), i = 1, . . . , k} .For k ∈ N one has with A1 × · · · ×Ak ⊂ Dk that
Wν,P (A1 × · · · ×Ak ×D × · · · ) =

∑

x1∈A1

· · ·
∑

xk∈Ak

Pr(X1 = x1, . . . , Xk = xk).If the initial distribution ν is δx, the point mass at x ∈ D, we say that the Markov 
hain starts at
x. By

Pf(x) =
∑

y∈D

f(y) p(x, y) =
∑

y∈D

f(y)Pr(X2 = y | X1 = x) = Eδx,P [f(X2)]one has the expe
tation of f ∈ R
D after a single step of the 
hain whi
h starts at x ∈ D. The



Expli
it error bounds for Markov 
hain Monte Carlo 13probability to get from x to y in k ≥ 2 steps isPr(Xk+1 = y | X1 = x) =
∑

x2∈D

∑

x3∈D

· · ·
∑

xk∈D

p(x, x2)p(x2, x3) . . . p(xk, y) = pk(x, y),where P k = (pk(x, y))x,y∈D denotes the kth power of P . Then
P kf(x) =

∑

y∈D

f(y) pk(x, y) =
∑

y∈D

f(y)Pr(Xk+1 = y | X1 = x) = Eδx,P [f(Xk+1)]is the expe
tation after k steps of the Markov 
hain whi
h starts at x. Similarly we 
onsider theappli
ation of P to a probability measure ν, i.e.
νP (x) =

∑

y∈D

p(y, x) ν(y) =
∑

y∈D

Pr(X2 = x | X1 = y) ν(y) = Pr(X2 = x).This is the distribution whi
h arises after a single transition where the initial state is 
hosen by ν.The distribution whi
h arises after k ≥ 1 steps is given by
νP k(x) =

∑

y∈D

pk(y, x) ν(y) =
∑

y∈D

Pr(Xk+1 = x | X1 = y) ν(y) = Pr(Xk+1 = x).In the following we present properties of transition matri
es.Definition 2.2 (irredu
ibility, aperiodi
ity, periodi
ity). A transition matrix P is 
alled irredu
ibleif for all x, y ∈ D there exists a k ∈ N su
h that
pk(x, y) > 0, where P k = (pk(x, y))x,y∈D.A transition matrix P is 
alled aperiodi
 if we have for all x ∈ D thatg
d({k ∈ N | pk(x, x) > 0

}
) = 1,where g
d denotes the greatest 
ommon divisor. If P is not aperiodi
 we 
all it periodi
.If a transition matrix is irredu
ible, then one 
an rea
h every state y from every state x in �nitelymany steps. Aperiodi
ity ensures that the number of steps to return to an arbitrary state is not in

{m, 2m, 3m, . . .} for m > 1.Definition 2.3 (stationarity). Let π be a probability measure on D. Then π is 
alled a stationarydistribution of a transition matrix P if
πP (x) = π(x), x ∈ D.If the initial distribution of a Markov 
hain with transition matrix P is a stationary one, say π,then after a single transition the same distribution as the initial one appears, i.e.Pr(X1 = x) = π(x) = πP (x) = Pr(X2 = x), x ∈ D.Definition 2.4 (reversibility). Let π be a probability measure on D. A transition matrix P is
alled reversible with respe
t to π if

π(x)p(x, y) = π(y)p(y, x), x, y ∈ D.If a transition matrix P is reversible with respe
t to a probability measure π, then π is a stationarydistribution (see [LPW09, Proposition 1.19, p. 14℄). If the initial distribution of a Markov 
hainwith transition matrix P is π, then reversibility with respe
t to π is equivalent toPr(X1 = x,X2 = y) = Pr(X1 = y,X2 = x), x, y ∈ D.



14 Daniel RudolfDefinition 2.5 (lazy version). Let P be a transition matrix and let I be the identity matrix. Thenwe 
all
P̃ =

1

2
(I + P ),the lazy version of P .Let π be a stationary distribution of a transition matrix P , then π is also stationary with respe
tto P̃ . If P is irredu
ible, reversible with respe
t to π and periodi
, then one 
an pass over to thelazy version P̃ and obtains that P̃ is irredu
ible, reversible with respe
t to π and aperiodi
.A Markov 
hain is 
alled irredu
ible, periodi
, aperiodi
 and reversible with respe
t to π if the
orresponding transition matrix is irredu
ible, periodi
, aperiodi
 and reversible with respe
t to π,respe
tively.Let us state some well known impli
ations of the di�erent properties. For proofs or more details see[Bré99, Str05, LPW09℄. For every transition matrix there exists a stationary distribution and if thematrix is irredu
ible then there exists a unique stationary distribution, whi
h is positive ([LPW09,Proposition 1.14, p. 12 and Corollary 1.17, p. 14℄). Note that if ξ is an eigenvalue of a transitionmatrix P , then |ξ| ≤ 1 ([LPW09, Lemma 12.1(i), p. 153℄). Furthermore, for irredu
ible transitionmatri
es 1 is a simple eigenvalue ([LPW09, Lemma 12.1(ii), p. 153℄). If the Markov 
hain is aperi-odi
 and irredu
ible, then −1 is not an eigenvalue of P ([LPW09, Lemma 12.1(iii), p. 153℄ or [Str05,Theorem 5.1.14, p. 113℄). These eigenvalue results are also known as results of the Perron-FrobeniusTheorem, see [Sen06℄.In the following we always assume that the Markov 
hains are irredu
ible, aperiodi
 and reversiblewith respe
t to a probability measure π. Hen
e π is the stationary distribution. Aperiodi
ity is notessential. For a Markov 
hain with periodi
 transition matrix P and initial distribution ν we may
onsider a lazy Markov 
hain, i.e. a 
hain with aperiodi
 transition matrix P̃ , the lazy version of

P , and initial distribution ν.Let us de�ne a weighted inner produ
t for f, g ∈ R
D by

〈f, g〉 =
∑

x∈D

f(x)g(x)π(x)and let ‖f‖2 = 〈f, f〉1/2. By 
onsidering the inner produ
t it is easy to see that reversibility isequivalent to P being self-adjoint. Applying the spe
tral theorem for self-adjoint transition matri
esand the fa
t that the Markov 
hain is irredu
ible one obtains that P has real eigenvalues
1 = β0 > β1 ≥ β2 ≥ · · · ≥ β|D|−1 ≥ −1.If the transition matrix is aperiodi
, then β|D|−1 > −1. There exists a basis of orthonormal eigen-fun
tions (ve
tors) {u0, u1, . . . , u|D|−1

}, i.e. for i, j ∈ {0, . . . , |D| − 1} one has
Pui = βiui, 〈ui, uj〉 = δij =

{
1, i = j,

0, i 6= j.



Expli
it error bounds for Markov 
hain Monte Carlo 15Clearly, u0(x) = 1 for all x ∈ D and S(ui) = 〈ui, u0〉 = 0 for i ∈ {1, . . . , |D| − 1}. By the spe
tralstru
ture of the transition matrix one has
P k = (pk(x, y))x,y∈D =

|D|−1∑

i=0

βk
i ( ui(x)ui(y)π(y) )x,y∈D , (2.1)see [Bré99, p. 203℄ for details.For p ∈ [1,∞] let

‖f‖p =

{
(
∑

x∈D |f(x)|p π(x))1/p, p ∈ [1,∞),

supx∈D |f(x)| , p = ∞.The weighted ve
tor spa
e ℓp = ℓp(D, π) is de�ned by the normed spa
e (RD, ‖·‖p). Furthermorelet
ℓ0p = ℓ0p(D, π) = {f ∈ ℓp | S(f) = 0} .Then

ℓ2 = ℓ02 ⊕ (ℓ02)
⊥, with (ℓ02)

⊥ =
{
f ∈ R

D | f ≡ c, c ∈ R
}
= Eig(P, 1),where Eig(P, 1) is the eigenspa
e of P with respe
t to the eigenvalue 1. Note that for the next wellknown result it is not assumed that the transition matrix is reversible with respe
t to π.Lemma 2.6. Let p ∈ [1,∞] and f ∈ R

D. For any transition matrix P with stationary distribution
π one obtains

‖Pf‖p ≤ ‖f‖p and ‖P‖ℓp→ℓp
= 1.Proof. By the Jensen inequality (J)(1) and stationarity (stat.) one has

∑

x∈D

|Pf(x)|p π(x) ≤
∑

x∈D


∑

y∈D

|f(y)| p(x, y)




p

π(x)

≤
(J) ∑

x∈D

∑

y∈D

|f(y)|p p(x, y)π(x) =
(stat.) ∑

x∈D

|f(x)|p π(x).If p = ∞ then
‖Pf‖∞ = sup

x∈D
|Pf(x)| ≤ sup

x∈D

∑

y∈D

|f(y)| p(x, y) = ‖f‖∞ .Sin
e ‖Pf‖p ≤ ‖f‖p and Pu0 = u0 with ‖u0‖p = 1 we have ‖P‖ℓp→ℓp
= 1.Let us brie�y explain how to quantify the di�eren
e of two distributions. For any measure ν let

∥∥∥ν
π

∥∥∥
2
=

(
∑

x∈D

(
ν(x)

π(x)

)2

π(x)

)1/2

.If ν is a probability measure on D, then the quantity ∥∥ ν
π − 1

∥∥
2
is related to the χ2-
ontrast, de�nedas follows.(1) Let (D,D, µ) be a probability spa
e. For any 
onvex fun
tion h : R → R and for any fun
tion

f : D → R that is integrable with respe
t to µ, the Jensen inequality is h(∫
D
f dµ) ≤

∫

D
(h ◦ f) dµ.



16 Daniel RudolfDefinition 2.7 (χ2-
ontrast). The χ2-
ontrast of a distribution ν and a positive distribution µ isde�ned by
χ2(ν, µ) =

∑

x∈D

(ν(x) − µ(x))2

µ(x)
.The χ2-
ontrast is not symmetri
 and therefore no distan
e. By a simple 
al
ulation one obtains

χ2(ν, π) =
∥∥∥ν
π
− 1
∥∥∥
2

2
.The fun
tional S 
an be interpreted as operator whi
h maps into the 
onstant fun
tions, 
onse-quently one 
an see

S = (π(y) )x,y∈Das a matrix. Furthermore let
β = max

{
β1,
∣∣β|D|−1

∣∣}be the se
ond largest absolute value of the eigenvalues of P . Now we state a property of the matrix
P − S.Lemma 2.8. Let P be a reversible transition matrix with respe
t to π. Then

‖Pn − S‖ℓ2→ℓ2
= ‖Pn‖ℓ02→ℓ02

= βn, n ∈ N. (2.2)Proof. The self-adjointness of P implies ‖P‖ℓ02→ℓ02
= max

{
β1,
∣∣β|D|−1

∣∣} = β, 
onsequently
‖Pn‖ℓ02→ℓ02

= βn. By
‖Pn − S‖ℓ2→ℓ2

= sup
‖f‖2≤1

‖(Pn − S)f‖2 = sup
‖f‖2≤1

‖Pn(f − S(f))‖2

≤ sup
‖g‖2≤1, S(g)=0

‖Png‖2 = ‖Pn‖ℓ02→ℓ02and
‖Pn‖ℓ02→ℓ02

= sup
‖g‖2≤1, S(g)=0

‖Png‖2 = sup
‖g‖2≤1, S(g)=0

‖Png − S(g)‖2

≤ sup
‖f‖2≤1

‖(Pn − S)f‖2 = ‖Pn − S‖ℓ2→ℓ2
laim (2.2) is shown.This se
tion is �nished by stating a well known fa
t whi
h shows that νP k 
onverges to π forin
reasing k exponentially fast if β < 1.Corollary 2.9. Let P be a transition matrix and ν a probability measure on D. Let P be reversiblewith respe
t to π. Then ∥∥∥∥
νP k

π
− 1

∥∥∥∥
2

≤ βk
∥∥∥ν
π
− 1
∥∥∥
2
, k ∈ N.Proof. The assertion is proven by

∥∥∥∥
νP k

π
− 1

∥∥∥∥
2

=(rev.) ∥∥∥P k
( ν
π

)
− 1
∥∥∥
2
=
∥∥∥P k

( ν
π
− 1
)∥∥∥

2
≤ βk

∥∥∥ν
π
− 1
∥∥∥
2
.



Expli
it error bounds for Markov 
hain Monte Carlo 172.2. Error bounds. In this se
tion expli
it error bounds are proven. Let us repeat the idea ofMarkov 
hain Monte Carlo. Suppose we have a Markov 
hain (Xn)n∈N with transition matrix Pand initial distribution ν, where π is a stationary distribution, and we 
ompute
Sn,n0(f) =

1

n

n∑

j=1

f(Xj+n0)as approximation for S(f) =∑x∈D f(x)π(x). The error is measured in the mean square sense, i.e.
eν(Sn,n0 , f) =

(
Eν,P |Sn,n0(f)− S(f)|2

)1/2
.Now let us present a helpful result.Lemma 2.10. Let (Xn)n∈N be a Markov 
hain with transition matrix P and initial distribution ν.Then for i, j ∈ N with j ≤ i it follows that

Eν,P [f(Xi)f(Xj)] =
∑

x∈D

P j(fP i−jf)(x) ν(x). (2.3)Moreover, if π is a stationary distribution and ν = π then
Eπ,P [f(Xi)f(Xj)] =

〈
f, P i−jf

〉
. (2.4)Proof. The 
al
ulation

Eν,P [f(Xi)f(Xj)] =
∑

x1∈D

· · ·
∑

xi∈D

f(xj)f(xi) p(xi−1, xi) · · · p(x1, x2)ν(x1)

=
∑

x1∈D

· · ·
∑

xj∈D

f(xj)P
i−jf(xj) p(xj−1, xj) · · · p(x1, x2)ν(x1)

=
∑

x∈D

P j(fP i−jf)(x) ν(x)proves (2.3) and by using πP (x) = π(x) one 
an see (2.4).In the following a spe
ial 
ase of the method Sn,n0 is 
onsidered. In this 
ase the initial distributionis a stationary one, thus, the distribution after a single transition does not 
hange. Hen
e it is notne
essary to do any burn-in, i.e. n0 = 0. Afterwards the error representation of the spe
ial 
ase isset in relation to the error where the initial distribution might di�er from a stationary one. Thete
hniques whi
h are used are adapted from [Rud09℄ and [Rud10℄.In the following Sn,0 is always denoted as Sn. Let us start with a result stated in [BD06, Proposi-tion 2.1, p. 3℄.Proposition 2.11. Let f ∈ R
D and let (Xn)n∈N be a Markov 
hain with transition matrix P andinitial distribution π. Let P be reversible with respe
t to π. Then
eπ(Sn, f)

2 =
1

n2

|D|−1∑

k=1

a2kW (n, βk), (2.5)where
ak = 〈f, uk〉 and W (n, βk) =

n(1− β2
k)− 2βk(1 − βn

k )

(1− βk)2
.



18 Daniel RudolfProof. Let us 
onsider g = f − S(f) ∈ R
D. The error obeys

eπ(Sn, f)
2 = Eπ,P

∣∣∣∣∣∣
1

n

n∑

j=1

g(Xj)

∣∣∣∣∣∣

2

=
1

n2
Eπ,P

∣∣∣∣∣∣

n∑

j=1

g(Xj)

∣∣∣∣∣∣

2

=
1

n2

n∑

j=1

Eπ,P [g(Xj)
2] +

2

n2

n−1∑

j=1

n∑

i=j+1

Eπ,P [g(Xj)g(Xi)].By using the orthonormal basis {u0, u1 . . . , u|D|−1

} we have g(x) =∑|D|−1
k=1 akuk(x). For j ≤ i oneobtains

Eπ,P [g(Xi)g(Xj)] =

|D|−1∑

k=1

|D|−1∑

l=1

akal Eπ,P [uk(Xi)ul(Xj)]

=(2.4) |D|−1∑

k=1

|D|−1∑

l=1

akal
〈
uk, P

i−jul
〉

=

|D|−1∑

k=1

|D|−1∑

l=1

akal β
i−j
l 〈uk, ul〉 =

|D|−1∑

k=1

a2k β
i−j
k .The last two equalities follow from the orthonormality of the basis of the eigenve
tors. Altogetherthis gives

eπ(Sn, f)
2 =

1

n2

|D|−1∑

k=1

a2k


n+ 2

n−1∑

j=1

n∑

i=j+1

βi−j
k




=
1

n2

|D|−1∑

k=1

a2k

[
n+ 2

(n− 1)βk − nβ2
k + βn+1

k

(1− βk)2

]
=

1

n2

|D|−1∑

k=1

a2kW (n, βk).Let us 
onsider W (n, βk) to simplify and interpret Proposition 2.11.Lemma 2.12. For all n ∈ N and k ∈ {1, . . . , |D| − 1} it follows that
W (n, βk) ≤W (n, β1) ≤

2n

1− β1
. (2.6)Proof. We will show that the mapping x 7→ W (n, x) is in
reasing on [−1, 1), so that W (n, βk) ≤

W (n, β1). For i ∈ {0, . . . , n} we have
xn−i ≤ 1 ⇐⇒ (1− xi)xn−i ≤ 1− xi ⇐⇒ xn−i + xi ≤ 1 + xn.This implies

xj + xj+1 + xn−j−1 + xn−j ≤ 2(1 + xn), j ∈ {0, . . . , n− 1}and
(1 + x)

n−1∑

j=0

xj =
1

2

n−1∑

j=0

(xj + xj+1 + xn−j−1 + xn−j) ≤ n(1 + xn).Now
dW

dx
(n, x) = −2

(1 + x)
∑n−1

j=0 x
j − n(1 + xn)

(1− x)2
≥ 0
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it error bounds for Markov 
hain Monte Carlo 19and the �rst inequality of the assertion is proven. By
W (n, x) ≤

{
n(1+x)−2xn

1−x ≤ 2n
1−x , x ∈ [−1, 0],

n(1+x)
1−x ≤ 2n

1−x , x ∈ (0, 1),everything is shown.An expli
it formula of the error is established if the initial state is 
hosen by a stationary distribution.Let us 
onsider the maximal error of Sn for f whi
h satisfy ‖f‖2 ≤ 1.Corollary 2.13. Let (Xn)n∈N be a Markov 
hain with transition matrix P and initial distribution
π. Let P be reversible with respe
t to π. Then

sup
‖f‖2≤1

eπ(Sn, f)
2 =

1 + β1
n(1 − β1)

− 2β1(1− βn
1 )

n2(1 − β1)2
≤ 2

n(1− β1)
. (2.7)Proof. The individual error of f is

eπ(Sn, f)
2 =(2.5) 1

n2

|D|−1∑

k=1

a2kW (n, βk) ≤
‖f‖22
n2

max
k=1,...,|D|−1

W (n, βk)

=(2.6) ‖f‖22n2
W (n, β1) =

1 + β1
n(1− β1)

‖f‖22 −
2β1(1 − βn

1 )

n2(1− β1)2
‖f‖22 ,where ak is 
hosen as in Proposition 2.11 and therefore ∑|D|−1

k=1 a2k ≤ ‖f‖22. From the pre
edinganalysis of the individual error we have for ‖f‖2 ≤ 1 the right upper error bound. Now we 
onsider
f = u1, where ‖u1‖2 = 1. By applying (2.5) we have

eπ(Sn, u1)
2 =

1 + β1
n(1− β1)

− 2β1(1− βn
1 )

n2(1− β1)2
.Thus the equality of (2.7) is proven and by (2.6) the inequality is shown.In Corollary 2.13 an expli
it error bound with respe
t to ‖·‖2 is shown. Noti
e that the �rst partof (2.7) is an equality, whi
h means that the integration error is 
ompletely known if the initialdistribution is stationary.Suppose that the distribution π 
an be simulated dire
tly, i.e. we 
an apply a Monte Carlo methodwith an i.i.d. sample. Then an i.i.d. sequen
e (Xn)n∈N, where every Xn is distributed with respe
tto π, is a Markov 
hain with transition matrix S = (π(y) )x,y∈D and initial distribution π. In thissetting one has

eπ(Sn, f)
2 =

1

n
‖f − S(f)‖22 .This 
orresponds to βi = 0 for all i > 0. In some arti�
ial 
ases other Markov 
hain Monte Carlomethods 
an do better. For example if there is a Markov 
hain where βi < 0 and the target isto approximate S(ui) or if all eigenvalues are smaller than zero. A simple transition matrix whi
h



20 Daniel Rudolfsatis�es this eigenvalue 
ondition is given by
P =




0 1
|D|−1 · · · 1

|D|−1

1
|D|−1 0

. . . ...... . . . . . . 1
|D|−1

1
|D|−1 · · · 1

|D|−1 0



,where π(x) = 1/ |D| for all x ∈ D, see [FHY92, Remark 3, p. 617℄. It turns out that β1 = · · · =

β|D|−1 = − 1
|D|−1 . For large |D| it is unfortunately not possible to 
onstru
t a transition matrixwhere β1 is 
lose to −1.Proposition 2.14. Let P be an irredu
ible transition matrix. Then

β1 ≥ − 1

|D| − 1
.Proof. Sin
e β0 = 1 one has

1 +

|D|−1∑

i=1

βi =

|D|−1∑

i=0

βi = tra
e(P ) = ∑

x∈D

p(x, x) ≥ 0.Then
−1 ≤

|D|−1∑

i=1

βi ≤ (|D| − 1)β1.The error estimates under the assumption that the initial distribution is a stationary one seemto be restri
tive. If we 
ould sample π dire
tly we would approximate S(f) by Monte Carlo withan i.i.d. sample. However, even if it is possible it might happen that the sampling pro
edure is
omputationally expensive. It 
an be reasonable to generate only the initial state by sampling from
π and afterwards run a Markov 
hain with stationary distribution π. Perfe
t sampling might behelpful for the 
onstru
tion of su
h dire
t sampling pro
edures, see [PW96, Häg02℄.In the following we 
onsider the 
ase, where the initial distribution is not ne
essarily stationary.Let ν be a distribution on D and k ∈ N. Then we de�ne

dk(x) =
∑

y∈D

ν(y)

π(y)
(pk(x, y)− π(y)) = P k(

ν

π
)(x) − 1 = (P k − S)(

ν

π
− 1)(x), x ∈ D.If P is reversible with respe
t to π, then we obtain

‖dk‖2 =

∥∥∥∥
νP k

π
− 1

∥∥∥∥
2

, k ∈ N,thus dk determines the di�eren
e between νP k and the stationary distribution π. Additionally bythe spe
tral representation of P k (see (2.1)) one obtains
dk(x) =

|D|−1∑

i=1

βk
i

∑

y∈D

ui(y)ν(y)ui(x) =

|D|−1∑

i=1

βk
i

〈ν
π
, ui

〉
ui(x), x ∈ D. (2.8)The next statement gives a relation between eν(Sn,n0 , f) and eπ(Sn, f).
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hain Monte Carlo 21Proposition 2.15. Let f ∈ R
D and g = f −S(f). Let (Xn)n∈N be a Markov 
hain with transitionmatrix P and initial distribution ν. Let P be reversible with respe
t to π. Then

eν(Sn,n0 , f)
2 = eπ(Sn, f)

2 +
1

n2

n∑

j=1

Lj+n0(g
2) +

2

n2

n−1∑

j=1

n∑

k=j+1

Lj+n0(gP
k−jg), (2.9)where

Li(h) = 〈di, h〉 =
〈
(P i − S)(

ν

π
− 1), h

〉
, h ∈ R

D, i ∈ N.Proof. It is easy to see that
Eν,P |S(f)− Sn,n0(f)|2 =

1

n2

n∑

j=1

n∑

i=1

Eν,P [g(Xn0+j)g(Xn0+i)]

=(2.3) 1

n2

n∑

j=1

∑

x∈D

Pn0+j(g2)(x) ν(x) +
2

n2

n−1∑

j=1

n∑

k=j+1

∑

x∈D

Pn0+j(gP k−jg)(x) ν(x).Re
all that reversibility with respe
t to π is equivalent to self-adjointness (s-a) of P . For everyfun
tion h ∈ R
D and i ∈ N the following 
al
ulation holds
∑

x∈D

(P ih)(x) ν(x) =
〈
P ih,

ν

π

〉
=
〈
P ih, 1

〉
+
〈
P ih,

ν

π
− 1
〉

=(s-a) 〈P ih, 1
〉
+
〈
P i(

ν

π
− 1), h

〉
=
〈
P ih, 1

〉
+
〈
(P i − S)(

ν

π
− 1), h

〉

=
∑

x∈D

(P ih)(x)π(x) + 〈di, h〉 .Formula (2.9) is shown by using the previous 
al
ulation for h = g2 and h = gP k−jg.Corollary 2.16. Under the same assumptions as in Proposition 2.15 we obtain for all i ∈
{1, . . . , |D| − 1} that

eν(Sn,n0 , ui)
2 =

1 + βi
n(1− βi)

− 2βi(1− βn
i )

n2(1− βi)2
+

1

n2

n∑

j=1

(
1 + βi − 2βn−j+1

i

1− βi

)
Lj+n0(u

2
i ),where

Lk(u
2
i ) =

|D|−1∑

l=1

βk
l

〈ν
π
, ul

〉 〈
ul, u

2
i

〉
=

|D|−1∑

l=1

βk
l

〈
ul, u

2
i

〉∑

x∈D

ul(x) ν(x). (2.10)Proof. By substituting
eπ(Sn, ui)

2 =
1 + βi

n(1− βi)
− 2βi(1 − βn

i )

n2(1− βi)2
,and

n−1∑

j=1

n∑

k=j+1

Lj+n0(uiP
k−jui) =

n−1∑

j=1

n∑

k=j+1

βk−j
i Lj+n0(u

2
i ) =

n−1∑

j=1

Lj+n0(u
2
i )(βi − βn−j+1

i )

1− βiinto (2.9) one obtains the error formula. The equality of Lk(u
2
i ) is an impli
ation of (2.8).



22 Daniel RudolfEquation (2.9) and the result of Corollary 2.16 are still exa
t error formulas. To get an upper boundfor the error, we estimate the fun
tional Lk(·). This estimate depends on the speed of 
onvergen
eof νP k to π.Lemma 2.17. Let h ∈ R
D, k ∈ N and re
all that β = max

{
β1,
∣∣β|D|−1

∣∣}. Then
|Lk(h)| ≤ βk

∥∥∥ν
π
− 1
∥∥∥
2
‖h‖2 ≤ βk

∥∥∥ν
π
− 1
∥∥∥
2

√∥∥∥∥
1

π

∥∥∥∥
∞

‖h‖1 . (2.11)Proof. After applying the Cau
hy-S
hwarz inequality (CS) to Lk(h) = 〈dk, h〉 one obtains
|Lk(h)| ≤(CS) ‖dk‖2 ‖h‖2 ≤

∥∥P k − S
∥∥
ℓ2→ℓ2

∥∥∥ ν
π
− 1
∥∥∥
2
‖h‖2 .By Lemma 2.8 the �rst inequality is proven and the rest is shown by using ‖h‖2 ≤

√∥∥ 1
π

∥∥
∞ ‖h‖1.The last lemma ensures an exponential de
ay of Lk(·) for in
reasing k ∈ N. This fa
t is used toshow that there exists a 
onstant Cν,π,β , whi
h is independent of n and n0, su
h that

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ Cν,π,β ‖f‖22

βn0

n2
.An immediate 
onsequen
e of the inequality is an expli
it error bound. The following two lemmasimply su
h an inequality and provide Cν,π,β expli
itly.Lemma 2.18. Let (Xn)n∈N be a Markov 
hain with transition matrix P and initial distribution ν.Let P be reversible with respe
t to π. Let f ∈ R

D and
U(β, n) =

n∑

j=1

βj + 2
n−1∑

j=1

n∑

k=j+1

βk.Then
∣∣eν(Sn,n0 , f)

2 − eπ(Sn, f)
2
∣∣ ≤ U(β, n)

√∥∥∥∥
1

π

∥∥∥∥
∞

∥∥∥ν
π
− 1
∥∥∥
2
‖f‖22

βn0

n2
. (2.12)Proof. Let g = f − S(f). The equation (2.9) implies

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ 1

n2

n∑

j=1

∣∣Lj+n0(g
2)
∣∣+ 2

n2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣ .Then by (2.11) one gets
∣∣Lj+n0(g

2)
∣∣ ≤ βj+n0

√∥∥∥∥
1

π

∥∥∥∥
∞

∥∥∥ ν
π
− 1
∥∥∥
2
‖g‖22 ,

∣∣Lj+n0(gP
k−jg)

∣∣ ≤ βj+n0

√∥∥∥∥
1

π

∥∥∥∥
∞

∥∥∥ ν
π
− 1
∥∥∥
2

∥∥gP k−jg
∥∥
1
.By the Cau
hy-S
hwarz inequality (CS) and ∥∥P k−j

∥∥
ℓ02→ℓ02

= βk−j it follows that
∥∥gP k−jg

∥∥
1

≤(CS) ‖g‖2 ∥∥P k−jg
∥∥
2
≤ ‖g‖22

∥∥P k−j
∥∥
ℓ02→ℓ02

= βk−j ‖g‖22 .
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hain Monte Carlo 23Let ε0 =
√∥∥ 1

π

∥∥
∞
∥∥ ν
π − 1

∥∥
2
βn0 . Then
n∑

j=1

∣∣Lj+n0(g
2)
∣∣+ 2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣

≤ ε0 ‖g‖22
n∑

j=1

βj + 2ε0 ‖g‖22
n−1∑

j=1

n∑

k=j+1

βk

= ε0 ‖g‖22




n∑

j=1

βj + 2

n−1∑

j=1

n∑

k=j+1

βk




≤ U(β, n) · ε0 ‖f‖22 .The last inequality follows from ‖f − S(f)‖2 ≤ ‖f‖2.Note that one 
an also get a similar estimate as in (2.12) with respe
t to ‖f‖4 by using the �rstinequality of (2.11) instead of the se
ond one. In the resulting estimate the fa
tor √∥∥ 1
π

∥∥
∞ doesnot appear.Let us 
onsider U(β, n). If β < 1, then the mapping n 7→ U(β, n) is bounded.Lemma 2.19. Let β < 1. For all n ∈ N we have

U(β, n) ≤ 2

(1− β)2
.Proof. By the in�nite geometri
 series one obtains

U(β, n) ≤
n∑

j=1

βj +
2β

1− β

n−1∑

j=1

βj ≤
(
1 + β

1− β

) n∑

j=1

βj ≤ 2

(1 − β)2
.From Lemma 2.18 and Lemma 2.19 it follows that

eν(Sn,n0 , f)
2 ≤ eπ(Sn, f)

2 +
2βn0

√∥∥ 1
π

∥∥
∞
∥∥ ν
π − 1

∥∥
2

n2(1− β)2
‖f‖22 .If the initial distribution ν is π then the error 
an be represented as in Proposition 2.11 and boundedas in Corollary 2.13.The next theorem summarizes the main result of this se
tion.Theorem 2.20. Let f ∈ R

D and let (Xn)n∈N be a Markov 
hain with transition matrix P andinitial distribution ν. Let P be reversible with respe
t to π and let β < 1. Then
eν(Sn,n0 , f)

2 ≤ 2

n(1 − β1)
‖f‖22 +

2βn0

√∥∥ 1
π

∥∥
∞
∥∥ ν
π − 1

∥∥
2

n2(1− β)2
‖f‖22 . (2.13)For ak = 〈f, uk〉 one has

lim
n→∞

n · eν(Sn,n0 , f)
2 = lim

n→∞
n · eπ(Sn, f)

2 =

|D|−1∑

k=1

a2k
1 + βk
1− βk

. (2.14)



24 Daniel RudolfProof. By Lemma 2.18, Corollary 2.13 and Lemma 2.19 the estimate of (2.13) is proven. ByLemma 2.18 and Lemma 2.19 the �rst equality of (2.14) holds. Then, by Proposition 2.11
lim
n→∞

n · eπ(Sn, f)
2 =

|D|−1∑

k=1

a2k
1 + βk
1− βk

.Remark 2.21. The error bound (2.13) 
an be interpreted as follows: The burn-in n0 is ne
essaryto eliminate the in�uen
e of the initial distribution ν, while n must be large to de
rease eπ(Sn, f).Unfortunately the dependen
e of the initial distribution on the estimate is disillusioning for anextension to general state spa
es, be
ause of the fa
tor √∥∥ 1
π

∥∥
∞. One 
an avoid this fa
tor if one
onsiders error bounds with respe
t to ‖f‖p with p > 2, see Se
tion 3.2.Another 
onsequen
e of Lemma 2.18 and Lemma 2.19 is the following result 
on
erning the asymp-toti
 error for ‖f‖2 ≤ 1.Corollary 2.22. Under the same assumptions as in Theorem 2.20 it follows that

lim
n→∞

n · sup
‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + β1
1− β1and

lim
n0→∞

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + β1
n(1− β1)

− 2β1(1− βn
1 )

n2(1− β1)2
.Proof. Let us de�ne

cn,n0 =
2βn0

√∥∥ 1
π

∥∥
∞
∥∥ ν
π − 1

∥∥
2

n2(1 − β)2
.One has limn→∞ n · cn,n0 = 0 and limn0→∞ cn,n0 = 0. For ‖f‖2 ≤ 1 we obtain by Lemma 2.18 andLemma 2.19 that ∣∣eν(Sn,n0 , f)

2 − eπ(Sn, f)
2
∣∣ ≤ cn,n0 .Hen
e

sup
‖f‖2≤1

eπ(Sn, f)
2 − cn,n0 ≤ sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ sup

‖f‖2≤1

eπ(Sn, f)
2 + cn,n0 . (2.15)By Corollary 2.13 we have

sup
‖f‖2≤1

eπ(Sn, f)
2 =

1 + β1
n(1− β1)

− 2β1(1 − βn
1 )

n2(1 − β1)2
.By taking the limits in (2.15) the assertions are proven.Remark 2.23. The number

τ =
1 + β1
1− β1is 
alled an auto
orrelation time of P , see [Sok97, Mat99℄. If one 
ould sample from π then β1 = 0so that τ = 1. Hen
e τ is the fa
tor of 
omputing time whi
h quanti�es the asymptoti
 di�eren
eof Markov 
hain Monte Carlo 
ompared to Monte Carlo with an i.i.d. sample from the distribution

π.
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hain Monte Carlo 25Remark 2.24. Observe that one obtains from (2.15) a lower error bound for Sn,n0 . We have
1 + β1

n(1 − β1)
− 2

n2(1 − β1)2
− cn,n0 ≤ sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− β1)
+ cn,n0with cn,n0 de�ned as in the proof of Corollary 2.22. For a reasonable burn-in of the Markov 
hain theerror 
an be e�e
tively approximated by these estimates. We apply these estimates to illustratingexamples, see Se
tion 2.4. Now let us dis
uss whi
h burn-in is reasonable.2.3. Burn-in. Assume that 
omputer resour
es for N steps of the Markov 
hain are available, i.e.

N = n + n0. The goal is to 
hoose the burn-in n0 and the number n su
h that the upper errorbound is as small as possible. There is obviously a trade-o� between the 
hoi
e of n and n0. In thenext statement the error for an expli
itly given burn-in is stated.Theorem 2.25. Suppose that
n0 = max








log(
√∥∥ 1

π

∥∥
∞
∥∥ ν
π − 1

∥∥
2
)

log(β−1)



, 0



 .Then

1 + β1
n(1− β1)

− 4

n2(1− β)2
≤ sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− β1)
+

2

n2(1− β)2
.Proof. The assertion follows from Theorem 2.20 and Remark 2.24.Note that log(β−1) = (1− β) +

∑∞
j=2

(1−β)j

j! and log(β−1) ≥ 1− β. One might use this observationto estimate the suggested burn-in. The 
hoi
e of the burn-in of Theorem 2.25 is justi�ed by thefollowing.Let us de�ne
C =

√∥∥∥∥
1

π

∥∥∥∥
∞

∥∥∥ ν
π
− 1
∥∥∥
2and assume that β1 = β. If the assumption does not hold we may estimate the error bound ofTheorem 2.20 by using (1 − β1)

−1 ≤ (1 − β)−1. For ‖f‖2 ≤ 1 we want to minimize the errorestimate est(n, n0) =

√
2

n(1− β)
+

2Cβn0

n2(1− β)2
under the 
onstraint that N = n+ n0.Lemma 2.26. For η > 0 let

C >

(
log(β−1)

1− β

)1/η

, (2.16)
N > (1 + η)

log(C)

log(β−1)
+ 2[log(β−1)− (1− β)]−1. (2.17)Then there exists an

nopt ∈ [ log(C)

log(β−1)
, (1 + η)

log(C)

log(β−1)

]
,whi
h minimizes the mapping n0 7→ est(N − n0, n0).



26 Daniel RudolfIf η = 10−3, then (2.16) implies for β = 0.99 that C > 152 and for C = 1030 that β > 0.87. Hen
ethe assumptions are not restri
tive, sin
e β is usually 
lose to 1, C is large(2) and the 
omputationalresour
es N should be su�
iently large.Proof. Let
a = N − (1 + η)

log(C)

log(β−1)
and b = N − log(C)

log(β−1)
.Note that (2.17) gives that b > a > 0. It is enough to show that there exists an mopt ∈ [a, b] whi
hminimizes n 7→ est2(n) given byest2(n) = (est(n,N − n))2 =

2

n(1− β)
+

2CβN−n

n2(1− β)2
.We have est2(n)′ = d

dn
est2(n) = 2

n2(1− β)

[
CβN−n

(1− β)

(
log(β−1)− 2

n

)
− 1

]
.We will show for any ã ≤ a and b̃ ≥ b thatest2(ã)′ < 0 and est2(b̃)′ > 0,
onsequently there exists an mopt ∈ [a, b] whi
h minimizes est2(n). Let b̃ ≥ b. Then the inequalityest2(b̃)′ > 0 follows by (2.17) and

N >
log(C)

log(β−1)

(
2

log(C) +
(
1− 1−β

log(β−1)

))

(
1− 1−β

log(β−1)

)

⇐⇒ N >
(1− 1−β

log(β−1) ) log(C) + 2

log(β−1)− (1− β)

⇐⇒ N(log(β−1)− (1 − β)) + log(C)

(
1− β

log(β−1)
− 1

)
> 2

⇐⇒
(
N − log(C)

log(β−1)

)
log(β−1)−

(
N − log(C)

log(β−1)

)
(1 − β) > 2

⇐⇒ b log(β−1)− b(1− β) > 2

⇐⇒ log(β−1)− 2

b
> (1 − β)

⇐⇒ 1

1− β

(
log(β−1)− 2

b

)
− 1 =

CβN−b

1− β

(
log(β−1)− 2

b

)
− 1 > 0

=⇒ CβN−b̃

1− β

(
log(β−1)− 2

b̃

)
− 1 > 0.On the other hand for ã ≤ a we obtain est2(ã)′ < 0. This is shown by the following 
al
ulation. By(2) The 
onstant C might depend exponentially on additional parameters, see the example �Randomwalk on the hyper
ube� in Se
tion 2.4 or see Se
tion 4.
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hain Monte Carlo 27(2.16) one has
Cη >(2.16) log(β−1)

(1− β)

⇐⇒ log(β−1)− (1− β)Cη < 0

=⇒ log(β−1)− (1− β)Cη <
2

a

⇐⇒ log(β−1)− 2

a
< (1− β)Cη

⇐⇒ C−η

(1 − β)

(
log(β−1)− 2

a

)
− 1 =

CβN−a

(1− β)

(
log(β−1)− 2

a

)
− 1 < 0

=⇒ CβN−ã

(1 − β)

(
log(β−1)− 2

ã

)
− 1 < 0.Altogether this implies that there is an

nopt ∈ [ log(C)

log(β−1)
, (1 + η)

log(C)

log(β−1)

]whi
h minimizes the mapping n0 7→ est(N − n0, n0).If an error of at most ε ∈ (0, 1) is desired, then the suggested 
hoi
e of the burn-in n0 is independentof the pre
ision ε, we 
hoose
n0 = max








log(
√∥∥ 1

π

∥∥
∞
∥∥ ν
π − 1

∥∥
2
)

log(β−1)



, 0



and

n ≥ 1 +
√
1 + 4ε2

(1 − β)ε2
to a
hieve eν(Sn,n0 , f) ≤ ε.2.4. Examples. The goal is to 
ompare the upper bounds of Theorem 2.20 and Theorem 2.25with the exa
t error for a given fun
tion f ∈ R
D. It is not known whi
h f with ‖f‖2 ≤ 1 maximizes

eν(Sn,n0 , f)
2. But by Corollary 2.22 one has

lim
n0→∞

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 = eπ(Sn, u1)

2,where u1 is the eigenfun
tion 
orresponding to β1. This motivates the study of the individual errorfor u1, whi
h gives the maximal error for integrands f with ‖f‖2 ≤ 1 if n0 goes to in�nity. Inthis se
tion illustrating examples are 
onsidered, where the eigenvalues and the eigenfun
tions areavailable. The Markov 
hains are very well studied in the literature, see [Mei99, SC04, Str05, BD06,LPW09℄.Random walk on a 
ir
le. Let T ≥ 3 be an odd natural number. Let D = ZT be the underlyingstate spa
e, where ZT = Z mod T denotes the 
y
li
 group of order T . The T ×T transition matrixof the random walk is determined by
p(x, y) =

{
1
2 , y = x± 1 mod T,

0, otherwise.



28 Daniel RudolfThe transition matrix is reversible with respe
t to the uniform distribution given by π(x) = 1/Tfor x ∈ D. Sin
e T is an odd number we obtain that the transition matrix is aperiodi
, for even Tit would be periodi
. The eigenvalues of the transition matrix are
β0 = 1, β2j−1 = β2j = cos

(
2πj

T

)
, j = 1, . . . ,

T − 1

2
,and the orthonormal eigenfun
tions {u0, u1, . . . , uT−1} are

u0(x) = 1, u2j−1(x) =
√
2 cos

(
2π

jx

T

)
, u2j(x) =

√
2 sin

(
2π

jx

T

)
,where j = 1, . . . , T−1

2 and x ∈ D. Clearly β = |βT−1| = cos( πT ), thus β 6= β1.Let us 
onsider f = u1. The initial distribution is 
hosen as ν = δ0, so that the initial state is
0 ∈ D. By (u1)

2 = u0 +
1√
2
u3 it is

〈
ui, (u1)

2
〉
= 〈ui, u0〉+

1√
2
〈ui, u3〉 =





1, i = 0,
1√
2
, i = 3,

0, otherwise.Hen
e by (2.10) we obtain
Lk((u1)

2) =
T−1∑

i=1

βk
i

〈
ui, (u1)

2
〉
ui(0) = βk

3 .Additionally with β1 = cos(2πT ) it is
eπ(Sn, u1)

2 =
1 + cos(2πT )

n(1− cos(2πT ))
− 2 cos(2πT )(1− cosn(2πT ))

n2(1− cos(2πT ))2
.The exa
t error is determined by Corollary 2.16 with β3 = cos(4πT ) so that

eν(Sn,n0 , u1) =
(
eπ(Sn, u1)

2

+
1

n2

n∑

j=1

(1 + cos(2πT )− 2 cosn−j+1(2πT )

1− cos(2πT )

)
cosj+n0(

4π

T
))
)1/2

. (2.18)We apply Theorem 2.25 to get a lower error bound and (2.13) of Theorem 2.20 to get an uppererror bound, sin
e β 6= β1. Hen
e the burn-in is 
hosen as suggested in Theorem 2.25, i.e.
n0 =

⌈
1

2

log(T 2 − T )

log(cos−1( πT ))

⌉
.Then

eν(Sn,n0 , u1) ≤
(

2

n(1− cos(2πT ))
+

2

n2(1 − cos( πT ))
2

)1/2 (2.19)and (
1 + cos(2πT )

n(1− cos(2πT ))
− 4

n2(1− cos( πT ))
2

)1/2

≤ eν(Sn,n0 , u1). (2.20)
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hain Monte Carlo 29We have an expli
it exa
t error formula (2.18), a lower error bound (2.20) and an upper error bound(2.19).
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E
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lower bound (2.20)
exact error (2.18)
upper bound (2.19)Fig. 1: Random walk on a 
ir
le: Exa
t error and error bounds, T = 999 and

n0 =
⌈
1
2

log(T 2−T )
log(cos−1( π

T ))

⌉ = 1396699.In Figure 1 the di�erent bounds of (2.19), (2.20) and the exa
t error of (2.18) are plotted for T = 999.The 
urves start at N = n0, sin
e the 
omputational resour
es must be larger than the burn-in
n0 = 1396699. The lower error bound gives a non-trivial estimate if N ≥ n0 + 1617911 = 3014610,sin
e for n ≥ 4(1−β1)

(1+β1)(1−β)2 = 1617911 one obtains a lower bound larger as zero.Random walk on the hyper
ube. Let d be a natural number. Let D = {0, 1}d be the statespa
e and |x̃| =∑d
i=1 |x̃i| for x̃ ∈ {−1, 0, 1}d. The 2d × 2d transition matrix is given by

p(x, y) =





1
2 , x = y,
1
2d , |x− y| = 1,

0, otherwise.The transition matrix is reversible with respe
t to π(x) = 2−d for x ∈ D. Furthermore, it is aperiodi
and irredu
ible. We use a di�erent notation for the index of the eigenvalues and orthonormaleigenfun
tions, for z ∈ {0, 1}d one has
βz = 1− |z|

d
and uz(x) = (−1)

∑d
i=1 zixi , x ∈ D.



30 Daniel RudolfSet [0] = (0, . . . , 0) and set [1] = (1, 0, . . . , 0) so that
β[0] = 1, and u[0](x) = 1, x ∈ D,

β[1] = 1− 1

d
, and u[1](x) = (−1)x1 , x ∈ D.Obviously for all indizes z ∈ {0, 1}d the eigenvalue βz ≥ 0 so that β[1] = β.Let us 
hoose the initial state of the Markov 
hain deterministi
ally in (0, . . . , 0) ∈ D, i.e. ν = δ[0].By (u[1])

2 = u[0] one has for index z ∈ {0, 1}d that
〈
uz, (u[1])

2
〉
=

{
1, z = [0],

0, otherwise.This implies
Lk((u[1])

2) = 0, k ∈ N.The error of Sn, if the initial state is 
hosen by π, obeys
eπ(Sn, u[1])

2 =
2d− 1

n
− 2(d2 − d)

n2

(
1−

(
1− 1

d

)n)
.Then by Corollary 2.16 it is

eν(Sn,n0 , u[1]) = eπ(Sn, u[1]). (2.21)The burn-in and the error bounds are determined by Theorem 2.25. One obtains
n0 =

⌈
1

2

log(22d − 2d)

log(1− 1
d)

−1

⌉su
h that
eν(Sn,n0 , u[1]) ≤

√
2d

n
+

2d2

n2
, (2.22)and √

2d− 1

n
− 4d2

n2
≤ eν(Sn,n0 , u[1]). (2.23)In Figure 2 for d = 50 the exa
t error (2.21), the upper error bound (2.22) and the lower errorbound (2.23) are plotted. It 
an be seen that after the burn-in the 
urves are 
lose to ea
h other.The error bounds are polynomial in d whi
h is of the magnitude of log(|D|).Random walk on the star. Let T ≥ 2 be an even natural number. Let the state spa
e D =

{0, 1, . . . , T }. The (T + 1)× (T + 1) transition matrix is given by
p(x, y) =





θ, x = y = 0,
1−θ
T , x = 0, y ∈ D \ {0} ,

1, x ∈ D \ {0} , y = 0,

0, otherwise,
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exact error (2.21)
upper bound (2.22)Fig. 2: Random walk on the hyper
ube: Exa
t error and error bounds, d = 50 and

n0 =
⌈
1
2
log(22d−2d)

log(1− 1
d )

−1

⌉
= 1716.with a parameter θ ∈ (0, 1). The transition graph is star shaped sin
e every state is 
onne
ted solelywith the 
enter 0. The transition matrix is reversible with respe
t to π, for x ∈ D given by

π(x) =

{
1

2−θ , x = 0,
1−θ

T (2−θ) , otherwise.One obtains β0 = 1, βT = θ − 1 and for x ∈ D one has
u0(x) = 1, uT (x) =

√
1− θ

{
1, x = 0,
1

θ−1 , otherwise.The eigenvalue βi = 0 for i ∈ {1, . . . , T − 1} is of multipli
ity T − 1. Without loss of generality wemay assume that for any x ∈ D one has
u1(x) =





0, x = 0,√
2−θ
1−θ , x = 1, . . . , T/2,

−
√

2−θ
1−θ , x = T/2 + 1, . . . , T.The remaining eigenve
tors u2, . . . , uT−1 are arbitrarily 
hosen su
h that we get an orthonormalbasis {u0, u1, . . . , uT }. One has an aperiodi
 and irredu
ible transition matrix where β1 = 0 and
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β = max {β1, |βT |} = 1−θ. We 
onsider the error for f = u1. The initial state is given as the 
enterof the star, i.e. 0. Then ν = δ0. From (u1)

2 = u0 − 1√
1−θ

uT one gets
〈
ui, (u1)

2
〉
=





1, i = 0,

− 1√
1−θ

, i = T,

0, otherwise.By (2.10) this implies
Lk((u1)

2) =

T∑

i=1

βk
i

〈
ui, (u1)

2
〉
ui(0) = −βk

T = −(θ − 1)k.The error where the Markov 
hain is initialized by the stationary distribution obeys
eπ(Sn, u1)

2 =
1

n
.Then by Corollary 2.16 it follows that

eν(Sn,n0 , u1) =

(
1

n
− (θ − 1)n0+1 ((θ − 1)n − 1)

(θ − 2)n2

)1/2

. (2.24)Re
all that β1 6= β. However, we only use the error bounds of Theorem 2.25. The burn-in is 
hosenas
n0 =

⌈
log((2 − θ)T )

2 log(1− θ)−1

⌉
.Then the upper bound is

eν(Sn,n0 , u1) ≤
√

2

θn
+

2

θ2n2
, (2.25)and the lower bound is given as

√
1

n
− 4

θ2n2
≤ eν(Sn,n0 , u1). (2.26)In Figure 3 for θ = 0.1 and T = 105 the exa
t error (2.24), the upper error bound (2.25) andthe lower bound (2.26) are plotted. For n ≥ 4

θ2 we get a non-trivial estimate by the lower bound.The upper error bound is shifted down sin
e β 6= β1. One 
ould improve this by using (2.13) ofTheorem 2.20 dire
tly. In the present setting one looses asymptoti
ally a fa
tor of √2/θ.Let us summarize the important fa
ts of this se
tion. The error was 
onsidered for the eigenfun
tion
u1 
orresponding to β1. If n0 goes to in�nity, then u1 is the fun
tion whi
h maximizes the errorfor integrands f with ‖f‖2 ≤ 1. The bound of Theorem 2.25 applied in this setting gives tightresults if β1 = β. Otherwise Theorem 2.20 a
hieves the right asymptoti
 
oe�
ient if β1 and β areknown. For the 
onsidered examples one has the eigenvalues and the eigenfun
tions expli
itly. Inappli
ations it is usually di�
ult to estimate β1 or β, but there are di�erent auxiliary tools, e.g.
anoni
al path te
hnique, 
ondu
tan
e (see [JS89℄ and [DS91℄), log-Sobolev inequalities and path
oupling, see [LPW09℄. However, if the eigenvalues β1 and β|D|−1 are available, then the error 
anbe approximated by the lower and upper bound.
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Fig. 3: Random walk on the star: Exa
t error and error bounds, θ = 0.1, T = 105 and
n0 =

⌈
log((2−θ)T )
2 log(1−θ)−1

⌉
= 58.2.5. Notes and remarks. Let us 
omment how the results �t into the published literature. Anelementary and powerful te
hnique how to bound the error for Sn,n0 or Sn is based on Doeblin'stheory, see [Str05, pp. 27℄. Let Ak = (ak(x, y))x,y∈D be the kth Cesàro sum given by

Ak =
1

k

k−1∑

j=0

P j .Assume that
∃M ∈ N \ {1} , y0 ∈ D and γ > 0 su
h that ∀x ∈ D : aM (x, y0) ≥ γ. (2.27)Then for any n0 the error obeys

eν(Sn,n0 , f)
2 ≤ 8(M − 1)

nγ
‖f‖2∞ .Condition (2.27) states that there is a state y0 where the expe
ted value of visiting it, in average,until M from every other state is uniformly bounded from below by rate γ. If the transition matrixis irredu
ible then there exists an M su
h that AM > 0 and one has that (2.27) is satis�ed (see forexample [Beh00, Lemma 7.3, p. 50℄). It is di�
ult to obtain γ and M . Let us state a toy examplewhere one 
an 
ompute γ and M expli
itely. Let D = {0, 1}d. We 
onsider a Markov 
hain, whi
hindependently samples with respe
t to π, with π(x) = 2−d for x ∈ D. This is Monte Carlo with an



34 Daniel Rudolfi.i.d. sample. Consequently we get as best possible parameters γ = 2−d−1 and M = 2. The errorestimate behaves exponentially bad in terms of d. In 
ontrast, the estimate of Theorem 2.20 is inde-pendent of d. In general, even if one 
an get γ and M , then these 
onstants are often exponentiallybad in terms of some other parameters. Usually γ is 
lose to zero andM is huge. However, with thisbound even the periodi
 
ase is 
overed and reversibility is not ne
essary. But on the other handthe optimal 
oe�
ient 1+β1

1−β1
of the leading term of Corollary 2.13 is not rea
hed and the burn-in
annot be used to tune the algorithm.The approa
h to use the spe
tral representation of reversible transition matri
es is not new. In[BD06℄ the result of Proposition 2.11 is presented. By the same arguments a slightly worse boundis shown in [Ald87, Proposition 4.1, p. 40℄. It applies if β1 ≥ 0 and gives

eπ(Sn, f)
2 ≤ 2

n(1− β1)
‖f‖22 +

2 exp {−n(1− β1)}
n2(1 − β1)2

‖f‖22 . (2.28)Furthermore if the initial distribution ν is not the stationary one, a di�erent algorithm is 
onsidered.Namely, the burn-in n∗
0 is randomly 
hosen, independent of (Xn)n∈N, by the Poisson distributionwith parameter n0, and

S∗
n,n0

(f) =
1

n

n∑

j=1

f(Xj+n∗

0
).Then it is proven in [Ald87, Proposition 4.2, p. 41℄ that

eν(S
∗
n,n0

, f)2 ≤ eπ(Sn, f)
2

(
1 +

∥∥∥∥
1

π

∥∥∥∥
∞

exp {−n0(1− β1)}
)
.This bound applies also for periodi
 Markov 
hains and after applying (2.28) it gives an estimatewith respe
t to ‖·‖2. The optimal 
oe�
ient 1+β1

1−β1
of the leading term, see Corollary 2.22, is notrea
hed, also if Corollary 2.13 instead of (2.28) is applied. The burn-in n∗

0 is randomly 
hosen ratherthan deterministi
ally, sin
e then one 
an translate the dis
rete time Markov 
hain into a 
ontinu-ous time Markov 
hain and avoids dis
ussions of negative eigenvalues. This te
hnique is similar tothe idea of 
onsidering a lazy Markov 
hain.In [NP09℄ an expli
it error bound is published whi
h holds also for non-reversible Markov 
hainswith an absolute ℓ2-spe
tral gap, i.e. β = ‖P‖ℓ02→ℓ02
< 1. In the proof of the error bound themultipli
ative reversibilization PP ∗ of P is used, where P ∗ is the adjoint operator of P a
ting on

ℓ2. It follows from [NP09, Corollary 4.2, p. 320℄ that
eν(Sn,n0 , f)

2 ≤ 1 + β

n(1− β)
‖f‖22 +

2β

(1− β)2n2
‖f‖22 +

2(1 + β)βn0
∥∥ ν
π − 1

∥∥
2

(1 − β)n2
‖f‖∞ ‖f‖2 .One obtains an error bound uniformly with respe
t to ‖f‖2 by using ‖f‖∞ ≤
∥∥ 1
π

∥∥1/2
∞ ‖f‖2. Thespe
tral gap 
an be implied by aperiodi
ity and irredu
ibility of the Markov 
hain, see [LPW09,Lemma 12.1, p. 153℄. But it is remarkable that the 
hain 
an be non-reversible. If β = β1 then theerror bound has the right 
oe�
ient of the leading term. Then it is essentially the same bound asin Theorem 2.20.
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hain Monte Carlo 35Also 
on�den
e estimates of Sn,n0 are of interest. The goal is to a
hieve for given pre
ision ε ∈ (0, 1)and 
on�den
e parameter α ∈ (0, 1) thatPr(|Sn,n0(f)− S(f)| ≥ ε) ≤ α. (2.29)Su
h approximations for 
on�den
e intervals 
an be implied by the mean square error.Lemma 2.27. Let (Xn)n∈N be a Markov 
hain with transition matrix P and initial distribution νand let ε ∈ (0, 1). Then Pr(|Sn,n0(f)− S(f)| ≥ ε) ≤ eν(Sn,n0 , f)
2

ε2
.Proof. The result is an appli
ation of the Markov inequality.Suppose that ‖f‖2 ≤ 1. If one applies Lemma 2.27 and the burn-in is 
hosen as in Theorem 2.25then it follows for

n0 ≥
log(

√∥∥ 1
π

∥∥
∞
∥∥ ν
π − 1

∥∥
2
)

log(β−1)
and n ≥ 4α−1ε−2

1− βthat (2.29) is true. Note that the burn-in is 
hosen independently of α. In [LPW09, Theorem 12.19,p. 165℄ a similar bound is dedu
ed by 
oupling arguments. It implies a slightly worse result if theinitial state is deterministi
ally 
hosen. If
n0 ≥

log(2α−1
∥∥ 1
π

∥∥
∞)

1− β
and n ≥ 4α−1ε−2

1− βthen (2.29) is true. The main di�eren
e is the dependen
e of α in the 
hoi
e of the burn-in. One
an essentially boost this 
on�den
e level by using a median of independent runs of the Markov
hain Monte Carlo method. This is explained in [NP09℄.However, both presented results are far away from well known Cherno� bounds. These exponentialinequalities for �nite Markov 
hains are shown in [Gil98℄ for random walks on graphs. In [Lez98℄,this Cherno� bound was extended and re�ned for Markov 
hains on �nite and general state spa
es,furthermore for dis
rete and 
ontinuous time. For irredu
ible and reversible Markov 
hains on �nite
D and ‖f‖∞ ≤ 1 one obtains from [Lez98, Theorem 1.1, p. 850℄ thatPr(|Sn,n0(f)− S(f)| ≥ ε) ≤ 3

∥∥∥∥
νPn0

π

∥∥∥∥
2

exp

{
−n(1− β1)

ε2

12

}
. (2.30)In other words, if

n0 ≥
log(

∥∥ ν
π − 1

∥∥
2
)

log(β−1)
and n ≥ 12ε−2 log(6α−1)

1− β1then (2.29) holds true. This is better than using Lemma 2.27. In [LP04℄ Hoe�ding bounds for re-versible Markov 
hains are presented.Su
h exponential inequalities also imply an error bound of the mean square error by the followingwell known formula, see for example [Kal02, Lemma 2.4, p. 26℄.



36 Daniel RudolfLemma 2.28. Let (Xn)n∈N be a Markov 
hain with transition matrix P and initial distribution ν.Then
eν(Sn,n0 , f)

2 =

∫ ∞

0

Pr(|Sn,n0(f)− S(f)| ≥
√
ε) dε.By Lemma 2.28 and by (2.30) one obtains the following error bound

sup
‖f‖

∞
≤1

eν(Sn,n0 , f)
2 ≤

36(1 + βn0
∥∥ ν
π − 1

∥∥
2
)

n(1− β1)
.The asymptoti
 
oe�
ient as des
ribed in Corollary 2.13 and Corollary 2.22 is not rea
hed. How-ever, the error bound applies also for periodi
 Markov 
hains.Let us provide a 
on
lusion. Di�erent expli
it error bounds for �nite state spa
es are known. Theresults presented in Se
tion 2.2 are not entirely new. In the literature one 
an �nd similar estimateswhere some of the assumptions like aperiodi
ity or reversibility are weakened. The justi�
ation anddis
ussion of the burn-in in Se
tion 2.3 and the lower bound of Theorem 2.25 seem to be new. Inthe following we will extend the results to general state spa
es.3. General state spa
esIn the following we study the mean square error of Markov 
hain Monte Carlo methods on generalstate spa
es. The state spa
e 
an be 
ountable or un
ountable. In Se
tion 3.1 we provide the basi
de�nitions and properties of Markov 
hains on general state spa
es. The estimates of the meansquare error are shown in Se
tion 3.2. We suggest and justify a re
ipe how to 
hoose the burn-in inSe
tion 3.3. Afterwards the error bound is applied to illustrating examples and �nally we dis
usshow the results �t into the published literature.3.1. Markov 
hains. In this se
tion fa
ts and de�nitions of Markov 
hains on general state spa
esare stated. The paper [RR04℄ of Rosenthal and Roberts surveys various results about Markov 
hainson general state spa
es. For further reading we refer to [Rev84, Num84, MT09℄.Let (D,D) be a measurable spa
e. In most examples D is 
ontained in R
d and D is given by B(D),where B(D) denotes the Borel σ-algebra over D. In the following we provide the de�nition of atransition kernel and a Markov 
hain.Definition 3.1 (Markov kernel, transition kernel). The fun
tion K : D × D → [0, 1] is 
alled aMarkov kernel or a transition kernel if(i) for ea
h x ∈ D the mapping A ∈ D 7→ K(x,A) is a probability measure on (D,D),(ii) for ea
h A ∈ D the mapping x ∈ D 7→ K(x,A) is a D-measurable real-valued fun
tion.Definition 3.2 (Markov 
hain). A sequen
e of random variables (Xn)n∈N on a probability spa
e

(Ω,F ,Pr) mapping into (D,D) is 
alled a Markov 
hain with transition kernel K if for all n ∈ Nand A ∈ D one hasPr(Xn+1 ∈ A | X1, . . . , Xn) = Pr(Xn+1 ∈ A | Xn) = K(Xn, A) almost surely.



Expli
it error bounds for Markov 
hain Monte Carlo 37The distribution
ν(A) = Pr(X1 ∈ A), A ∈ Dis 
alled the initial distribution.Suppose that we have a transition kernelK and a probability measure ν. For simpli
ity let us assumethatD ⊂ R

d andD = B(D). For any transition kernel there exists a random mapping representation,see for example Kallenberg [Kal02, Lemma 2.22, p. 34℄. A random mapping representation is ameasurable fun
tion Φ: D × [0, 1] → D, whi
h satis�esPr(Φ(x, Z) ∈ A) = K(x,A), x ∈ D, A ∈ D,where the random variable Z : (Ω,F ,Pr) → ([0, 1],B([0, 1])) is uniformly distributed. Then a Markov
hain 
an be 
onstru
ted as follows. Let (Zn)n∈N, with Zn : (Ω,F ,Pr) → ([0, 1],B([0, 1])), be asequen
e of i.i.d. random variables with uniform distribution, and assume that X1 has distribution
ν, then one 
an see that (Xn)n∈N de�ned by

Xn = Φ(Xn−1, Zn), n ≥ 2,is a Markov 
hain with transition kernel K and initial distribution ν.The transition kernel K of a Markov 
hain des
ribes the probability of getting from state x ∈ D to
A ∈ D in one step, i.e. for all k ∈ N one has

K(x,A) = Pr(Xk+1 ∈ A | Xk = x).The n step transition kernel is indu
tively given by
Kn(x,A) =

∫

D

Kn−1(y,A)K(x, dy) =

∫

D

K(y,A)Kn−1(x, dy).The �rst equality of the previously stated equation is the de�nition and for a proof of the se
ondequality see [Rev84, Proposition 1.6, p. 11℄ or [MT09, Theorem 3.4.2, p. 61℄. The fun
tion Kn again
onstitutes a transition kernel. The n step transition probability from state x ∈ D to A ∈ D isPr(Xk+n ∈ A | Xk = x) = Kn(x,A).This is seen by integrating over the 
onditional distribution of the previous step:Pr(Xk+1 ∈ A | Xk = x) = K(x,A),Pr(Xk+2 ∈ A | Xk = x) =

∫

D

Pr(Xk+2 ∈ A | Xk+1 = y,Xk = x)Pr(Xk+1 ∈ dy | Xk = x)

=

∫

D

Pr(Xk+2 ∈ A | Xk+1 = y)K(x, dy) = K2(x,A),... ...Pr(Xk+n ∈ A | Xk = x) =

∫

D

Pr(Xk+n ∈ A | Xk+n−1 = y,Xk = x)

× Pr(Xk+n−1 ∈ dy | Xk = x)

=

∫

D

Pr(Xk+n ∈ A | Xk+n−1 = y)Kn−1(x, dy) = Kn(x,A).



38 Daniel RudolfIn the following let us assume that we have a Markov 
hain (Xn)n∈N with transition kernel Kand initial distribution ν. The expe
tation Eν,K is taken with respe
t to the joint distribution of
(Xn)n∈N, say Wν,K , whi
h is de�ned on (DN, σ(A)) where

DN = {ω = (x1, x2, . . . ) | xi ∈ D for all i ≥ 1} and
A =

⋃

k∈N

{A1 ×A2 × · · · ×Ak ×D × · · · | Ai ∈ D, i = 1, . . . , k} ,see [MT09, Theorem 3.4.1, p. 60℄ or [Rev84, Theorem 2.8, p. 17℄. For k ∈ N one has with A1×· · ·×
Ak ⊂ Dk that

Wν,K(A1 × · · · ×Ak ×D × · · · ) = Pr(X1 ∈ A1, . . . , Xk ∈ Ak)

=

∫

A1

∫

A2

. . .

∫

Ak−1

K(xk−1, Ak)K(xk−2, dxk−1) . . .K(x1, dx2) ν(dx1).
(3.1)Now we present properties of transition kernels. These properties have �nite state spa
e 
ounter-parts, see Se
tion 2.1.By M(D) denote the set of real-valued signed measures(1) on (D,D). For any ν ∈ M(D) let usde�ne

νPm(A) =

∫

D

Km(x,A) ν(dx), A ∈ D, m ∈ N.Note that the mapping ν 7→ νPm de�nes a linear operator on M(D). If ν is a probability measurethen νPm is the distribution of Xm+1, where (Xn)n∈N is a Markov 
hain with transition kernel Kand initial distribution ν.Definition 3.3 (stationarity). Let π be a probability measure on (D,D). Then π is 
alled astationary distribution of a transition kernel K if
πP (A) = π(A), A ∈ D.Roughly spoken that means: Choosing the initial state with respe
t to a stationary distribution π,then, after a single transitions the same distribution as before arises, i.e.Pr(X1 ∈ A) = π(A) = πP (A) = Pr(X2 ∈ A), A ∈ D.Definition 3.4 (reversibility). Let π be a probability measure on (D,D). A transition kernel K is
alled reversible with respe
t to π if

∫

B

K(x,A)π(dx) =

∫

A

K(x,B)π(dx), A,B ∈ D.If a transition kernel K is reversible with respe
t to a distribution π, then π is a stationary dis-tribution of K. If the initial distribution of a Markov 
hain with transition kernel K is π, thenreversibility with respe
t to π is equivalent toPr(X1 ∈ A,X2 ∈ B) = Pr(X1 ∈ B,X2 ∈ A), A,B ∈ D.(1) The set fun
tion µ : D → R is a real-valued signed measure if µ(∅) = 0 and for pairwise disjoint
A1, A2, . . . , with Ak ∈ D for k ∈ N, one has µ(∪∞

k=1Ak) =
∑∞

k=1 µ(Ak).



Expli
it error bounds for Markov 
hain Monte Carlo 39A Markov 
hain is 
alled reversible with respe
t to π, if the 
orresponding transition kernel isreversible with respe
t to π.Definition 3.5 (lazy version). Let K be a transition kernel and let 1A(x) be the indi
ator fun
tionof A ∈ D for x ∈ D. Then we 
all
K̃(x,A) =

1

2
(1A(x) +K(x,A)), x ∈ D, A ∈ D,the lazy version of K.If π is a stationary distribution of K, then π is also a stationary distribution of K̃. If K is reversiblewith respe
t to π, then K̃ is also reversible with respe
t to π. For a Markov 
hain with transitionkernel K and initial distribution ν we may de�ne a lazy Markov 
hain, a Markov 
hain with tran-sition kernel K̃ and initial distribution ν.Assume that π is a stationary distribution of a transition kernel K and let f : D → R be anintegrable fun
tion with respe
t to π. Let us de�ne

Pmf(x) =

∫

D

f(y)Km(x, dy), x ∈ D, m ∈ N.We 
all P the Markov operator or the transition operator. If a Markov 
hain (Xn)n∈N with tran-sition kernel K and initial distribution δx, the point mass at x ∈ D, is given, then Pmf(x) is theexpe
tation of f(Xm+1).Let us state some well known properties of the operator P a
ting on fun
tions and on signedmeasures.Lemma 3.6. Let π be a stationary distribution of the transition kernel K and let f : D → R be anintegrable fun
tion with respe
t to π. Then one obtains for ν ∈ M(D) that
∫

D

f(x) (νPm)(dx) =

∫

D

(Pmf)(x) ν(dx), m ∈ N, (3.2)whenever one of the integrals exist. In parti
ular
S(f) =

∫

D

f(x)π(dx) =

∫

D

(Pmf)(x)π(dx), m ∈ N. (3.3)Proof. Equation (3.3) is an immediate 
onsequen
e of (3.2) and stationarity. Hen
e one has to prove(3.2). The equality holds for indi
ator fun
tions and for simple fun
tions. Then by the standardpro
edure of integration theory the equality 
an be extended to positive and afterwards to integrablefun
tions.Note that if a Markov 
hain (Xn)n∈N with transition kernel K and initial distribution ν is given,then (3.2) 
an be rewritten as
Eν,K [f(Xm+1)] = Eν,K [Eν,K [f(Xm+1) | X1]].The following result is well known, see for example [LS93, equation (1.2), p. 365℄.



40 Daniel RudolfLemma 3.7. Let the transition kernel K be reversible with respe
t to π and let F : D × D → R.Then ∫

D

∫

D

F (x, y)Km(x, dy)π(dx) =

∫

D

∫

D

F (y, x)Km(x, dy)π(dx), m ∈ N, (3.4)whenever one of the integrals exist.Proof. The reversibility of the transition kernel K implies reversibility of the m step transitionkernel Km. Hen
e it is su�
ient to show the assertion for m = 1. By using the reversibility one has∫

D

∫

D

1A×B(x, y)K(x, dy)π(dx) =

∫

D

∫

D

1A×B(y, x)K(x, dy)π(dx), A,B ∈ D.The equality of the integrals 
an be extended to arbitrary sets C ∈ D ⊗ D, where D ⊗ D is theprodu
t σ-algebra of D with itself. This is an appli
ation of the Dynkin's Theorem. Then it isstraightforward to 
onsider the 
ases where F is a simple fun
tion, a positive fun
tion and �nallyan integrable one.For p ∈ [1,∞) let us de�ne
Lp = Lp(D, π) =

{
f : D → R | ‖f‖pp =

∫

D

|f(x)|p π(dx) <∞
}
.For p = ∞ the essential-supremum norm with respe
t to π is de�ned by

‖f‖∞ = ess sup
y∈D

|f(y)| = inf
N∈D, π(N)=0

sup
y∈D\N

|f(y)| ,su
h that
L∞ = L∞(D, π) = {f : D → R | ‖f‖∞ <∞} .Sometimes it is 
onvenient to 
onsider bounded fun
tions on D, not π-a.e. bounded ones, thus wede�ne

LB = LB(D) =

{
f : D → R | |f | = sup

x∈D
|f(x)| <∞

}
.The next result is standard, see for example [BR95, Lemma 1, p. 334℄.Lemma 3.8. Let p ∈ [1,∞]. For any transition kernel K with a stationary distribution π it followsthat

‖Pf‖p ≤ ‖f‖p and ‖P‖Lp→Lp
= 1.Proof. If p <∞, then by Jensen inequality (J) and (3.3) one obtains

∫

D

|Pf(x)|p π(dx) ≤
∫

D

(∫

D

|f(y)|K(x, dy)

)p

π(dx)

≤
(J) ∫D ∫D |f(y)|pK(x, dy)π(dx) =(3.3) ∫D |f(x)|p π(dx).Sin
e π is a stationary distribution of the transition kernel one has for N ∈ D that

π(N) = 0 ⇐⇒ K(·, N) = 0 π-a.e.Null sets with respe
t to π are the same as null sets with respe
t to K(x, ·) for almost all x ∈ D.Hen
e
|Pf(x)| ≤

∫

D

|f(y)|K(x, dy) ≤ ‖f‖∞ π-a.e.



Expli
it error bounds for Markov 
hain Monte Carlo 41and we have ‖Pf‖p ≤ ‖f‖p for p ∈ [1,∞]. Let u(x) = 1 for all x ∈ D. Then Pu = u with ‖u‖p = 1and we obtain ‖P‖Lp→Lp
= 1.The 
losed subspa
e

L0
p = {f ∈ Lp | S(f) = 0}of Lp is important. Note that L2 and L0
2 are Hilbert spa
es with inner produ
t

〈f, g〉 =
∫

D

f(x)g(x)π(dx).Then
L2 = L0

2 ⊕ (L0
2)

⊥, where (L0
2)

⊥ = {f ∈ L2 | f ≡ c, c ∈ R} .On the Hilbert spa
es L2 and L0
2 there exists the adjoint operator P ∗ su
h that

〈Pf, g〉 = 〈f, P ∗g〉 .Furthermore
‖P‖L0

2→L0
2
= ‖P ∗‖L0

2→L0
2

and ‖P − S‖L2→L2
= ‖P ∗ − S‖L2→L2

.The following fa
ts about adjoint operators are helpful. Let T : Lp → Lp, with p ∈ [1,∞), be alinear bounded operator. Then the adjoint operator T ∗ : Lq → Lq, with q ∈ (1,∞], is de�ned asfollows. Suppose that p and q are 
hosen su
h that p−1 + q−1 = 1. It is well known that Lq isisometri
ally isomorphi
 to the dual spa
e (Lp)
′, where the isomorphism is given by

A : Lq → (Lp)
′, A(g)(f) = 〈f, g〉 , f ∈ Lp.Then there exists the dual operator T× : (Lp)

′ → (Lp)
′ and the adjoint operator a
ting on Lq 
anbe de�ned as T ∗ = A−1T×A. Figure 1 illustrates the 
onstru
tion by a diagram.

Lq Lq

(Lp)
′ (Lp)

′

A

T×

A−1

T∗

Fig. 1: Illustration of the de�nition of the adjoint operator T ∗ : Lq → Lq of T : Lp → Lp.Furthermore, for all f ∈ Lp and for all g ∈ Lq one has
〈f, T ∗g〉 =

〈
f,A−1T×Ag

〉
= A(A−1T×Ag)(f)

= (T×A)(g)(f) =
(dual operator) A(g)(Tf) = 〈Tf, g〉 .Then

‖T ‖Lp→Lp
=
∥∥T×∥∥

(Lp)′→(Lp)′
= sup

‖Ag‖(Lp)′≤1

∥∥T×Ag
∥∥
(Lp)′

= sup
‖g‖q≤1

∥∥A−1T×Ag
∥∥
q
= ‖T ∗‖Lq→Lq

.



42 Daniel RudolfIf T = P − S, then it follows that
‖P − S‖Lp→Lp

= ‖P ∗ − S‖Lq→Lq
.Let ν ∈ M(D). If there exists a density of ν with respe
t to π then we denote it by dν

dπ and for
q ∈ [1,∞] let

‖ν‖q =

{∥∥ dν
dπ

∥∥
q
, ν ≪ π,

∞, otherwise.Set
Mq = Mq(D, π) =

{
ν ∈ M(D) | ‖ν‖q <∞

}
.The fun
tion spa
e Lq is isometri
ally isomorphi
 to the spa
e of signed measures Mq, in symbols

Lq
∼= Mq. The spa
e of singed measures M2 is a Hilbert spa
e and the inner produ
t is the innerprodu
t of L2 of the densities, one has

〈ν, µ〉 =
∫

D

dν

dπ
(x)

dµ

dπ
(x)π(dx) =

〈
dν

dπ
,
dµ

dπ

〉
, ν, µ ∈ M2.Furthermore set

M0
q = {ν ∈ Mq | ν(D) = 0} .Then

M2 = M0
2 ⊕ (M0

2)
⊥, where (M0

2)
⊥ = {ν ∈ M2 | ν = c · π, c ∈ R} .Clearly, M0

2 is also a Hilbert spa
e. We have L0
2
∼= M0

2 and (L0
2)

⊥ ∼= (M0
2)

⊥. Let us re
all that thetransition kernel applies to signed measures ν ∈ Mq as
νP (A) =

∫

D

K(x,A) ν(dx), A ∈ D.Lemma 3.9. Let K be a transition kernel and let π be a stationary distribution of K.(i) Let q ∈ (1,∞] and ν ∈ Mq. Then
d(νP )

dπ
(x) = P ∗(

dν

dπ
)(x) π-a.e.and

‖P‖L0
2→L0

2
= ‖P‖M0

2→M0
2
.(ii) Reversibility with respe
t to π is equivalent to P being self-adjoint a
ting on L2 and M2, i.e.

〈Pf, g〉 = 〈f, Pg〉 and 〈νP, µ〉 = 〈ν, µP 〉 .Proof. First, let us prove assertion (i). For all f ∈ Lp with p 
hosen su
h that p−1 + q−1 = 1 onehas 〈
f,
d(νP )

dπ

〉
=

∫

D

f(x) (νP )(dx) =(3.2) ∫D(Pf)(x) ν(dx) =

〈
Pf,

dν

dπ

〉
=

〈
f, P ∗(

dν

dπ
)

〉
.Hen
e we have π-a.e.

d(νP )

dπ
(x) = P ∗(

dν

dπ
)(x).



Expli
it error bounds for Markov 
hain Monte Carlo 43By using the previous equation one obtains
‖P‖M0

2→M0
2
= sup

‖ dµ
dπ‖2

=1, µ(D)=0

∥∥∥∥
d(µP )

dπ

∥∥∥∥
2

= sup
‖ dµ

dπ‖2
=1, S( dµ

dπ )=0

∥∥∥∥P
∗(
dµ

dπ
)

∥∥∥∥
2

= ‖P ∗‖L0
2→L0

2
= ‖P‖L0

2→L0
2
.Let us turn to assertion (ii). It is 
lear that self-adjointness implies reversibility. The other dire
tionfollows by

〈Pf, g〉 =
∫

D

∫

D

f(y)g(x)K(x, dy)π(dx) =(3.4) ∫D ∫D f(x)g(y)K(x, dy)π(dx) = 〈f, Pg〉 .The result with respe
t to M2 is shown by using (i) and the self-adjointness of P on L2.In the following we introdu
e several 
onvergen
e properties of a Markov 
hain (Xn)n∈N withtransition kernel K and initial distribution ν. We assume that π is a stationary distribution of K.The goal is to quantify the speed of 
onvergen
e of νPm to π for in
reasing m ∈ N. For furtherdetails let us refer to [RR97a℄, [RR04℄ or [Che05℄.Definition 3.10 (L2-spe
tral gap). Let P be the Markov operator with 
orresponding transitionkernel K. Then there exists an (absolute) L2-spe
tral gap, if
β = ‖P‖L0

2→L0
2
< 1,where the L2-spe
tral gap is given by 1− β.Let us brie�y explain what this means for reversible transition kernel. If the transition kernel Kis reversible with respe
t to π, then let spec(P |L2) be the spe
trum of the self-adjoint operator Pa
ting on L2 and spec(P |L0

2) be the spe
trum of P a
ting on L0
2. Sin
e ‖P‖L2→L2

≤ 1 the spe
trum
spec(P |L2) is 
ontained in [−1, 1]. Let us de�ne

λ = inf
{
α | α ∈ spec(P |L0

2)
} and Λ = sup

{
α | α ∈ spec(P |L0

2)
}
.Sin
e P is self-adjoint, it is well known that

λ = inf
‖g‖2=1, g∈L0

2

〈Pg, g〉 and Λ = sup
‖g‖2=1, g∈L0

2

〈Pg, g〉 .Then we have
spec(P |L0

2) ⊂ [λ,Λ] and β = ‖P‖L0
2→L0

2
= max{Λ, |λ|}.The existen
e of an L2-spe
tral gap implies that −1 < λ ≤ Λ < 1, 
onsequently there is a gapbetween 1 ∈ spec (P |L2) and β, the se
ond largest absolute value of spec(P |L2).Definition 3.11 (L2-geometri
 ergodi
ity). A transition kernel K with stationary distribution πis 
alled L2-geometri
ally ergodi
, if for all probability measures ν ∈ M2 there exists an α ∈ [0, 1)and Cν <∞ su
h that

‖νPn − π‖2 ≤ Cν α
n, n ∈ N.An L2-spe
tral gap implies L2-geometri
 ergodi
ity.Proposition 3.12. Let K be a transition kernel with stationary distribution π. Assume that theMarkov operator P has an L2-spe
tral gap, i.e. 1 − β > 0. Then the transition kernel K is L2-geometri
ally ergodi
.



44 Daniel RudolfProof. If ν ∈ M2 and ν(D) = 1, then one obtains (ν − π)(D) = 0 and the proof is 
ompleted by
‖νPn − π‖2 = ‖(ν − π)Pn‖2 ≤ ‖P‖nM0

2→M0
2
‖ν − π‖2 = βn ‖ν − π‖2 .If the transition kernel is reversible with respe
t to π, then L2-geometri
 ergodi
ity and the existen
eof an L2-spe
tral gap are equivalent. This result is shown in [RR97a℄.Proposition 3.13. Let the transition kernel K be reversible with respe
t to π. Then the followingstatements are equivalent:(i) The transition kernel is L2-geometri
ally ergodi
.(ii) The Markov operator P has an L2-spe
tral gap.Proof. See [RR97a, Theorem 2.1, p. 17℄.For further details and even more equivalen
es of L2-geometri
 ergodi
ity, see [RR97a, RT01℄. Thenext de�nition is similar to Lp-exponential 
onvergen
e in [Che05℄.Definition 3.14 (Lp-exponential 
onvergen
e). Let p ∈ [1,∞], let α ∈ [0, 1) and M < ∞. Thenthe transition kernel K with stationary distribution π is 
alled Lp-exponentially 
onvergent with

(α,M) if
‖Pn − S‖Lp→Lp

≤Mαn, n ∈ N.The transition kernel is 
alled Lp-exponentially 
onvergent if there exist anM <∞ and an α ∈ [0, 1)su
h that it is Lp-exponentially 
onvergent with (α,M).The Markov 
hain is 
alled L2-geometri
ally ergodi
 or Lp-exponentially 
onvergent if the 
orre-sponding transition kernel K is L2-geometri
ally ergodi
 or Lp-exponentially 
onvergent.Let p and q be 
hosen su
h that p−1+q−1 = 1. The 
ondition of Lp-exponential 
onvergen
e implies
onvergen
e of νPn to the stationary distribution π for in
reasing n ∈ N in Mq.Corollary 3.15. Let p ∈ [1,∞) and ν ∈ Mq with p−1+ q−1 = 1. Let the transition kernel K withstationary distribution π be Lp-exponentially 
onvergent with (α,M). Then
‖νPn − π‖q ≤M ‖ν − π‖q αn, n ∈ N.Proof. The assertion is proven by

‖νPn − π‖q = ‖(ν − π)Pn‖q =

∥∥∥∥
d((ν − π)Pn)

dπ

∥∥∥∥
q

=

∥∥∥∥(P
n)∗
(
dν

dπ
− 1

)∥∥∥∥
q

=

∥∥∥∥((P
n)∗ − S)

(
dν

dπ
− 1

)∥∥∥∥
q

≤ ‖(Pn − S)∗‖Lq→Lq

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
q

≤ ‖Pn − S‖Lp→Lp

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
q

≤M ‖ν − π‖q αn.In the following we 
onsider relations between the existen
e of an L2-spe
tral gap and Lp-exponential
onvergen
e. First, let us add some helpful inequalities.Lemma 3.16. Let π be a stationary distribution of the transition kernel K. Then
‖Pn‖L0

2→L0
2
= ‖Pn − S‖L2→L2

≤ βn, n ∈ N. (3.5)



Expli
it error bounds for Markov 
hain Monte Carlo 45If p ∈ [1,∞] then
‖Pn‖L0

p→L0
p
≤ ‖Pn − S‖Lp→Lp

≤ 2 ‖Pn‖L0
p→L0

p
, n ∈ N. (3.6)Proof. Note that if P is a normal operator, i.e. PP ∗ = P ∗P , then ‖Pn‖L0

2→L0
2
= βn, otherwise onehas ‖Pn‖L0

2→L0
2
≤ ‖P‖nL0

2→L0
2
= βn. By

‖Pn − S‖L2→L2
= sup

‖f‖2≤1

‖(Pn − S)f‖2 = sup
‖f‖2≤1

‖Pn(f − S(f))‖2

≤ sup
‖g‖2≤1, S(g)=0

‖Png‖2 = ‖Pn‖L0
2→L0

2and
‖Pn‖L0

p→L0
p
= sup

‖g‖p≤1, S(g)=0

‖Png‖p = sup
‖g‖p≤1, S(g)=0

‖Png − S(g)‖p

≤ sup
‖f‖p≤1

‖(Pn − S)f‖p = ‖Pn − S‖Lp→Lp
laim (3.5) and the �rst part of (3.6) are shown. Furthermore one obtains
‖Pn − S‖Lp→Lp

= sup
‖f‖p≤1

‖Pnf − Sf‖p = 2 sup
‖f‖p≤1

∥∥∥∥P
n(

1

2
(f − Sf))

∥∥∥∥
p

≤ 2 sup
‖g‖p≤1, S(g)=0

‖Png‖p = 2 ‖Pn‖L0
p→L0

p
,whi
h �nishes the proof.In a general setting it follows that an L2-spe
tral gap implies Lp-exponential 
onvergen
e for all

p ∈ (1,∞).Proposition 3.17. Let p ∈ (1,∞). Let π be a stationary distribution of the transition kernel Kand n ∈ N. The existen
e of an L2-spe
tral gap, 1− β > 0, implies Lp-exponential 
onvergen
e. Weobtain
‖Pn − S‖Lp→Lp

≤
{
22/p β2n p−1

p , p ∈ (1, 2),

22
p−1
p β2n/p, p ∈ [2,∞).

(3.7)Proof. Let p ∈ (1, 2). Lemma 3.16 gives
‖Pn − S‖L2→L2

≤ βn and ‖Pn − S‖L1→L1
≤ 2.We apply Proposition A.4 (Interpolation Theorem of Riesz-Thorin), where T = Pn−S and q1 = 2,

q2 = 1 su
h that θ = 2−p
p . The 
ase where p ∈ (2,∞) follows by the same interpolation argument,sin
e by Lemma 3.16 one has
‖Pn − S‖L2→L2

≤ βn and ‖Pn − S‖L∞→L∞

≤ 2.From Proposition 3.17 and a
tually already from (3.5) it follows that an L2-spe
tral gap implies
L2-exponential 
onvergen
e. With the additional assumption of normality of P one 
an prove thereverse dire
tion.Proposition 3.18. Let π be a stationary distribution of the transition kernel K. Let the Markovoperator P be normal, i.e. PP ∗ = P ∗P . Then the following statements are equivalent:(i) There exists an L2-spe
tral gap, i.e. 1− β > 0.



46 Daniel Rudolf(ii) There exist an α ∈ [0, 1) and M < ∞ su
h that the transition kernel K is L2-exponentially
onvergent with (α,M).In parti
ular (ii) implies
β = ‖P − S‖L2→L2

≤ α,so that
β = min

{
α | ∃M <∞ with ‖Pn − S‖L2→L2

≤Mαn, n ∈ N
}
.Proof. By (3.5) of Lemma 3.16 one has that (i) implies (ii) with (α,M) = (β, 1). Now we show that(ii) implies (i). One has

‖P‖2L0
2→L0

2
= ‖PP ∗‖L0

2→L0
2
,where PP ∗ is self-adjoint and (P ∗)n = (Pn)∗ for all n ∈ N. Then

‖Pn − S‖2L2→L2
= ‖Pn‖2L0

2→L0
2
= ‖Pn(Pn)∗‖L0

2→L0
2

= ‖Pn(P ∗)n‖L0
2→L0

2
=(normality) ‖(PP ∗)n‖L0

2→L0
2su
h that

‖Pn − S‖L2→L2
≤Mαn ⇐⇒ ‖(PP ∗)n‖L0

2→L0
2
≤M2α2n. (3.8)By the spe
tral radius formula and the self-adjointness (s-a) of PP ∗ one obtains

‖P‖2L0
2→L0

2
= ‖PP ∗‖L0

2→L0
2

=(s-a) r[PP ∗]

= lim
n→∞

(‖(PP ∗)n‖L0
2→L0

2
)1/n ≤(3.8) α2 lim

n→∞
(M2)1/n ≤ α2.Hen
e the proof is 
ompleted.By an interpolation argument we get that L∞-exponential 
onvergen
e or L1-exponential 
onver-gen
e imply an L2-spe
tral gap if the Markov operator is normal.Proposition 3.19. Let π be a stationary distribution of the transition kernel K. Let K be L1-exponentially 
onvergent or L∞-exponentially 
onvergent with (α,M). Suppose that the Markovoperator P is normal, i.e. PP ∗ = P ∗P . Then there exists an L2-spe
tral gap, in parti
ular oneobtains

β = ‖P − S‖L2→L2
≤

√
α. (3.9)Proof. We show that L1-exponential 
onvergen
e with (α,M) implies β ≤ √

α. For L∞-exponentially
onvergent Markov 
hains the 
laim follows by the same arguments, where the roles of L∞ and L1are inter
hanged.By the assumptions of the proposition and Lemma 3.16 one has
‖Pn − S‖L1→L1

≤ αnM, and ‖Pn − S‖L∞→L∞

≤ 2.By Proposition A.4 (Interpolation Theorem of Riesz-Thorin), where T = Pn−S and q1 = 1, q2 = ∞,
θ = 1

2 one obtains L2-exponential 
onvergen
e with (
√
α, 23/2M1/2). Then Proposition 3.18 implies

β ≤ √
α and the proof is 
ompleted.Another way to measure the 
onvergen
e of νPn to π for in
reasing n ∈ N is provided by using thetotal variation distan
e, de�ned as follows.
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hain Monte Carlo 47Definition 3.20 (total variation distan
e). The total variation distan
e between two probabilitymeasures ν, µ ∈ M(D) is de�ned by
‖ν − µ‖tv = sup

A∈D

|ν(A) − µ(A)| .The total variation distan
e 
an be 
onsidered as an L1-norm.Lemma 3.21. Let ν, µ ∈ M(D) be probability measures. Then
‖ν − µ‖tv =

1

2
sup
|f |≤1

∣∣∣∣
∫

D

f(x)(ν(dx) − µ(dx))

∣∣∣∣ , (3.10)where |f | = supx∈D |f(x)|. If ν, µ ∈ M1, then ‖ν − µ‖tv = 1
2 ‖ν − µ‖1 .Proof. See [RR04, Proposition 3, p. 28℄.Now we 
an de�ne uniform ergodi
ity of a transition kernel K.Definition 3.22 (uniform ergodi
ity, π-a.e. uniform ergodi
ity). Let M <∞ and α ∈ [0, 1). Thenthe transition kernel K with stationary distribution π is 
alled uniformly ergodi
 with (α,M) if onehas for all x ∈ D that

‖Kn(x, ·)− π‖tv ≤Mαn, n ∈ N. (3.11)If the inequality of (3.11) holds π-a.e, rather than for all x ∈ D, then the transition kernel Kis 
alled π-a.e uniformly ergodi
 with (α,M). A Markov 
hain with transition kernel K is 
alleduniformly ergodi
 or π-a.e uniformly ergodi
 if there exist an M < ∞ and an α ∈ [0, 1) su
h that
K is uniformly ergodi
 or π-a.e uniformly ergodi
 with (α,M).Obviously, if the transition kernel is uniformly ergodi
 then it is also π-a.e. uniformly ergodi
. Notethat in other referen
es, e.g. [Che05℄, uniform ergodi
ity is 
alled strong ergodi
ity.Uniform ergodi
ity is 
losely related to L∞-exponential 
onvergen
e. An important relation is pre-sented in the following proposition. Re
all that LB = LB(D) denotes the 
lass of bounded fun
tionson D.Proposition 3.23. Let α ∈ [0, 1) and M <∞. Let π be a stationary distribution of the transitionkernel K. Then the following statements are equivalent:(i') The transition kernel K is uniformly ergodi
 with (α,M).(ii') The transition operator P satis�es

‖Pn − S‖LB→LB
≤ 2M αn, n ∈ N.Furthermore (i') and (ii') imply the following equivalent statements:(i) The transition kernel K is π-a.e. uniformly ergodi
 with (α,M).(ii) The transition kernel K is L∞-exponentially 
onvergent with (α, 2M).Proof. By Lemma 3.21 the equivalen
e of (i') and (ii') holds true. The equivalen
e of (i) and (ii)remains to prove. First, let us show that π-a.e.

sup
‖f‖

∞
≤1

|Pnf(x)− S(f)| = sup
|f |≤1

|Pnf(x)− S(f)| .



48 Daniel RudolfNote that
π(N) = 0 ⇐⇒ Kn(·, N) = 0 π-a.e.for all N ∈ D and n ∈ N, sin
e π is the stationary distribution. Suppose that f ∈ L∞. Obviously,if N ∈ D and π(N) = 0 then π-a.e.

|Pnf(x)− S(f)| = |Pn(1Ncf)(x)− S(1Ncf)| .Let ‖f‖∞ ≤ 1, i.e. π({x ∈ D : f(x) > 1}) = 0. De�ne
g(x) =

{
f(x), f(x) ≤ 1,

1, f(x) > 1,su
h that f(x) = g(x) holds π-a.e. and |g| ≤ 1. Thus, π-a.e.
|Pnf(x)− S(f)| = |Png(x)− S(g)| ≤ sup

|g|≤1

|Png(x)− S(g)| ,so that π-a.e.
sup

‖f‖
∞

≤1

|Pnf(x)− S(f)| ≤ sup
|g|≤1

|Png(x)− S(g)| .The inequality in the other dire
tion is 
learly also 
orre
t, i.e. π-a.e.
sup

‖f‖
∞

≤1

|Pnf(x)− S(f)| = sup
|g|≤1

|Png(x)− S(g)| .By applying the essential-supremum on both sides of the previous equation and (3.10) one obtains
‖Pn − S‖L∞→L∞

= 2 ess sup
x∈D

‖Kn(x, ·)− π‖tv .Hen
e the proof is 
ompleted.It is known that there are transition kernels where the Markov operators have an L2-spe
tral gapand the transition kernels are not uniformly ergodi
, see [MT96℄. Furthermore, uniform ergodi
ityimplies an L2-spe
tral gap, see [RR97a℄. In this sense uniform ergodi
ity is a stronger property thanthe existen
e of an L2-spe
tral gap.Proposition 3.24. Let α ∈ [0, 1) and M < ∞. Let the transition kernel K be reversible withrespe
t to π. Then the following statements are equivalent:(i) The transition kernel K is L1-exponentially 
onvergent with (α, 2M).(ii) The transition kernel K is L∞-exponentially 
onvergent with (α, 2M).(iii) The transition kernel K is π-a.e. uniformly ergodi
 with (α,M).Ea
h of the 
onditions imply that the Markov operator has an L2-spe
tral gap. We have
β = ‖P‖L0

2→L0
2
≤ α.Proof. First we prove the equivalen
e of (i) and (ii). By reversibility one 
an see for f ∈ L1 and

h ∈ L∞ that
〈(Pn − S)f, h〉 =(3.4) 〈f, (Pn − S)h〉 .The adjoint operator of Pn − S a
ting on L1 is Pn − S a
ting on L∞. Then, one has
‖Pn − S‖L1→L1

= ‖Pn − S‖L∞→L∞
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hain Monte Carlo 49and the equivalen
e is obvious.By Proposition 3.23 one has that (ii) is equivalent to (iii).The last impli
ation follows by an interpolation argument. Proposition A.4 (Interpolation Theoremof Riesz-Thorin) with q1 = ∞, q2 = 1 and θ = 1/2 is applied. Then,
‖Pn‖L0

2→L0
2

=(3.5) ‖Pn − S‖L2→L2
≤ 4Mαn, n ∈ N. (3.12)Be
ause of the self-adjointness (s-a) of P one 
an apply the spe
tral radius formula and one obtains

β = ‖P‖L0
2→L0

2
=(s-a) r[P ] = lim

n→∞
(‖Pn‖L0

2→L0
2
)1/n ≤(3.12) α · lim

n→∞
(4M)1/n = α.In Figure 2 we present a survey of the dis
ussed relations between the terms of 
onvergen
e andergodi
ity.

L2-spe
tralgap
π-a.e. uniformergodi
ity L∞-exp.
onvergen
e L1-exp.
onvergen
e

L2-geometri
ergodi
ityuniformergodi
ity
L2-exp.
onvergen
e

Fig. 2: Ergodi
ity terms and their relations are illustrated. A solid line represents the impli
ationwithout any assumption of reversibility. A dashed line represents the impli
ation under theassumption of reversibility.3.2. Error bounds. In this se
tion we prove error bounds on general state spa
es. We assumethat we have a Markov 
hain (Xn)n∈N with transition kernel K and initial distribution ν, where πis a stationary distribution, and 
ompute
Sn,n0(f) =

1

n

n∑

j=1

f(Xj+n0)as approximation for S(f) = ∫
D
f(x)π(dx). The error is measured in the mean square sense, i.e.

eν(Sn,n0 , f) =
(
Eν,K |Sn,n0(f)− S(f)|2

)1/2
.Now let us present a helpful result.



50 Daniel RudolfLemma 3.25. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution ν.Then for i, j ∈ N with j ≤ i it follows that
Eν,K [f(Xi)f(Xj)] =

∫

D

P j(fP i−jf)(x) ν(dx). (3.13)Moreover, if π is a stationary distribution and ν = π then
Eπ,K [f(Xi)f(Xj)] =

〈
f, P i−jf

〉
. (3.14)Proof. The 
al
ulation

Eν,K [f(Xi)f(Xj)] =

∫

D

. . .

∫

D︸ ︷︷ ︸
i-times f(xi)f(xj)K(xi−1, dxi) . . .K(x1, dx2) ν(dx1)

=

∫

D

. . .

∫

D︸ ︷︷ ︸
j-times f(xj)P

i−jf(xj)K(xj−1, dxj) . . .K(x1, dx2) ν(dx1)

=

∫

D

P j(fP i−jf)(x) ν(dx)proves (3.13) and by (3.3) one 
an see (3.14).First we assume that the initial distribution of the Markov 
hain is a stationary one. Hen
e it isnot ne
essary to do any burn-in, i.e. n0 = 0. The resulting method is denoted by Sn instead of Sn,0.Afterwards we turn to the general method Sn,n0 where the initial distribution might di�er from astationary one.In the next statement we assume that the transition kernel is reversible with respe
t to π. Then we
an apply the Spe
tral Theorem for linear, bounded and self-adjoint operators, see Theorem A.2.Proposition 3.26. Let f ∈ L2 and g = f − S(f). Let (Xn)n∈N be a Markov 
hain with transitionkernel K and initial distribution π, let K be reversible with respe
t to π and let
λ = inf

{
α | α ∈ spec(P |L0

2)
}
, Λ = sup

{
α | α ∈ spec(P |L0

2)
}
.Suppose that Λ < 1. Then

eπ(Sn, f)
2 =

1

n2

∫ Λ

λ

W (n, α) d
〈
E{α}g, g

〉
=

1

n2
〈W (n, P )g, g〉 , (3.15)where E denotes the spe
tral measure(2) whi
h 
orresponds to P : L0

2 → L0
2 and re
all that

W (n, α) =
n(1− α2)− 2α(1− αn)

(1− α)2
, α ∈ [−1, 1).(2) The de�nition of a spe
tral measure and the Spe
tral Theorem for linear, bounded self-adjointoperators are stated in Se
tion A.1.
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hain Monte Carlo 51Proof. Sin
e f ∈ L2 we have g ∈ L0
2. The error obeys

eπ(Sn, f)
2 = Eπ,K

∣∣∣∣∣∣
1

n

n∑

j=1

g(Xj)

∣∣∣∣∣∣

2

=
1

n2
Eπ,K

∣∣∣∣∣∣

n∑

j=1

g(Xj)

∣∣∣∣∣∣

2

=
1

n2

n∑

j=1

Eπ,K [g(Xj)
2] +

2

n2

n−1∑

j=1

n∑

i=j+1

Eπ,K [g(Xj)g(Xi)].For i, j ∈ N with j ≤ i we obtain
Eπ,K [g(Xi)g(Xj)] =(3.14) 〈g, P i−jg

〉
=

∫ Λ

λ

αi−j d
〈
E{α}g, g

〉
,where the last equality is an appli
ation of Theorem A.2. Altogether this gives

eπ(Sn, f)
2 =

1

n2

∫ Λ

λ


n+ 2

n−1∑

j=1

n∑

i=j+1

αi−j


 d

〈
E{α}g, g

〉

=
1

n2

∫ Λ

λ

[
n+ 2

(n− 1)α− nα2 + αn+1

(1− α)2

]
d
〈
E{α}g, g

〉

=
1

n2

∫ Λ

λ

W (n, α) d
〈
E{α}g, g

〉
=

1

n2
〈W (n, P )g, g〉 .By the Spe
tral Theorem we have a representation of the error depending on the Markov operator

P . In this setting one 
an show a relation between the operator norm of W (n, P ) : L0
2 → L0

2 and themaximal error of Sn for integrands f whi
h satisfy ‖f‖2 ≤ 1. This is stated in the next 
orollary.Corollary 3.27. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution
π, let K be reversible with respe
t to π and suppose that Λ < 1. Then

sup
‖f‖2≤1

eπ(Sn, f)
2 =

1

n2
‖W (n, P )‖L0

2→L0
2
=

1 + Λ

n(1− Λ)
− 2Λ(1− Λn)

n2(1− Λ)2
≤ 2

n(1− Λ)
.Proof. The last inequality of the assertion follows by Lemma 2.12. The mapping α 7→ W (n, α) ofProposition 3.26 is in
reasing, see also Lemma 2.12. For g = f − S(f) we have

eπ(Sn, f)
2 =

1

n2

∫ Λ

λ

W (n, α) d
〈
E{α}g, g

〉
≤ 1

n2
W (n,Λ)

∫ Λ

λ

d
〈
E{α}g, g

〉

=
1

n2
W (n,Λ) 〈g, g〉 =

(
1 + Λ

n(1− Λ)
− 2Λ(1− Λn)

n2(1− Λ)2

)
‖g‖22 .The assertion is proven by

W (n,Λ) = max
α∈spec(P |L0

2)
|W (n, α)| = ‖W (n, P )‖L0

2→L0
2
= sup

‖g‖2≤1, g∈L0
2

〈W (n, P )g, g〉

= sup
‖g‖2≤1, g∈L0

2

n2 · eπ(Sn, g)
2 ≤ n2 sup

‖f‖2≤1

eπ(Sn, f)
2.If the transition kernelK is reversible with respe
t to π and the Markov operator has an L2-spe
tralgap, then

β = ‖P‖L0
2→L0

2
= max{Λ, |λ|} < 1.



52 Daniel RudolfNote that Proposition 3.26 holds already if Λ < 1. Hen
e an L2-spe
tral gap is not ne
essary. If thetransition kernel K is not reversible but one has an L2-spe
tral gap, then the following error bound
an be shown.Proposition 3.28. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution
π. Let π be a stationary distribution of K. Let f ∈ L2 and assume that there exists an L2-spe
tralgap 1− β > 0. Then

eπ(Sn, f)
2 ≤ 2

n(1− β)
‖f‖22 . (3.16)Proof. Let g = f − S(f). The error obeys

eπ(Sn, f)
2 =

1

n2

n∑

j=1

Eπ,K [g(Xj)
2] +

2

n2

n−1∑

j=1

n∑

i=j+1

Eπ,K [g(Xj)g(Xi)].For i, j ∈ N with j ≤ i we have by the Cau
hy-S
hwarz inequality (CS) that
Eπ,K [g(Xi)g(Xj)] =

〈
g, P i−jg

〉
≤(CS) ∥∥P i−j

∥∥
L0

2→L0
2
‖g‖22 .Then, with W (n, β) from Proposition 3.26 one has

eπ(Sn, f)
2 ≤ W (n, β)

n2
‖g‖22 ≤(2.6) 2

n(1 − β)
‖f‖22 .The estimates of the error under the assumption that the initial distribution is a stationary one seemto be restri
tive. If we 
ould sample π dire
tly we would approximate S(f) by Monte Carlo with ani.i.d. sample. However, even if it is possible it might happen that the dire
t sampling pro
edure is
omputationally expensive, su
h that it is reasonable to generate only the initial state by samplingfrom π and afterwards run a Markov 
hain with stationary distribution π.The error of a Markov 
hain Monte Carlo method with stationary initial distribution is related tothe error with not ne
essarily stationary initial distribution.Proposition 3.29. Let r ∈ [1, 2], let f ∈ L2r and let ν ∈ Mr/(r−1) be a probability measure.Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution ν and let π be astationary distribution of K. Then

eν(Sn,n0 , f)
2 = eπ(Sn, f)

2 +
1

n2

n∑

j=1

Lj+n0(g
2) +

2

n2

n−1∑

j=1

n∑

k=j+1

Lj+n0(gP
k−jg), (3.17)where g = f − S(f) and

Li(h) =

〈
(P i − S)h, (

dν

dπ
− 1)

〉
, h ∈ Lr, i ∈ N.Proof. The proof is adapted from [Rud09, Lemma 6, p. 17℄. One has

Eν,K |S(f)− Sn,n0(f)|2 =
1

n2

n∑

j=1

n∑

i=1

Eν,K [g(Xn0+j)g(Xn0+i)]

=
1

n2

n∑

j=1

∫

D

Pn0+j(g2)(x) ν(dx) +
2

n2

n−1∑

j=1

n∑

k=j+1

∫

D

Pn0+j(gP k−jg)(x) ν(dx).
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hain Monte Carlo 53For h ∈ Lr and ν ∈ Mr/(r−1) we have for all i ∈ N that dν
dπ · P ih is integrable with respe
t to π.Then the following transformation holds true

∫

D

(P ih)(x) ν(dx) =

〈
P ih,

dν

dπ

〉
=
〈
P ih, 1

〉
+

〈
P ih, (

dν

dπ
− 1)

〉

=
〈
P ih, 1

〉
+

〈
P ih, (

dν

dπ
− 1)

〉
−
〈
h, S(

dν

dπ
− 1)

〉

︸ ︷︷ ︸
=0

=
〈
P ih, 1

〉
+

〈
(P i − S)h, (

dν

dπ
− 1)

〉

=

∫

D

(P ih)(x)π(dx) +

〈
(P i − S)h, (

dν

dπ
− 1)

〉
.Formula (3.17) is shown by using the previous 
al
ulation for h = g2 and h = gP k−jg.Equation (3.17) is still an exa
t error formula. The next lemma provides an estimate of the fun
tional

Lk(·) for k ∈ N.Lemma 3.30. Let r ∈ [1, 2], ν ∈ Mr/(r−1) and h ∈ Lr. Re
all that β = ‖P‖L0
2→L0

2
.(i) If r ∈ (1, 2], then

|Lk(h)| ≤ 22/rβ2k r−1
r

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
r

r−1

‖h‖r , k ∈ N. (3.18)(ii) If r = 1 and the transition kernel is L1-exponentially 
onvergent with (α,M), then
|Lk(h)| ≤Mαk

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞

‖h‖1 , k ∈ N. (3.19)Proof. After applying Hölder's inequality (HI) with 
onjugate parameter r and s = r
r−1 to Lk(h) =〈

(P k − S)h, ( dνdπ − 1)
〉 one has

|Lk(h)| ≤(HI) ∥∥(P k − S)h
∥∥
r

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
s

≤
∥∥P k − S

∥∥
Lr→Lr

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
s

‖h‖r .By equation (3.7) the 
laim of (i) is proven and by the L1-exponential 
onvergen
e the inequalityof (ii) holds.Note that if r = 2 then one has |Lk(h)| ≤ βk
∥∥ dν
dπ − 1

∥∥
2
‖h‖2, see (3.5). This is by a fa
tor of twobetter than (3.18), but not essentially di�erent.In Lemma 3.30 we have seen that under suitable assumptions one 
an ensure an exponential de
ayof Lk(·) for in
reasing k ∈ N. This fa
t is used to show for reversible Markov 
hains whi
h are

L1-exponentially ergodi
 with (α,M) that there exists a 
onstant Cν,α,M , whi
h is independent of
n and n0, su
h that

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ Cν,α,M ‖f‖22

αn0

n2
.An immediate 
onsequen
e of the inequality is an expli
it error bound. The following lemma andremark imply su
h an inequality and provide Cν,α,M expli
itly.



54 Daniel RudolfLemma 3.31. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution ν,where ν ∈ M∞. Let K be reversible with respe
t to π and L1-exponentially 
onvergent with (α,M).Let f ∈ L2 and
U(α, n) =

n∑

j=1

αj + 2

n−1∑

j=1

n∑

k=j+1

αk.Then
∣∣eν(Sn,n0 , f)

2 − eπ(Sn, f)
2
∣∣ ≤ U(α, n)

n2
M

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞
αn0 ‖f‖22 . (3.20)Proof. Let g = f − S(f). The equation (3.17) implies

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ 1

n2

n∑

j=1

∣∣Lj+n0(g
2)
∣∣+ 2

n2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣ .By (3.19) of Lemma 3.30 one obtains
∣∣Lj+n0(g

2)
∣∣ ≤Mαj+n0

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞

‖g‖22 ,

∣∣Lj+n0(gP
k−jg)

∣∣ ≤Mαj+n0

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞

∥∥gP k−jg
∥∥
1
.By the reversibility and L1-exponential 
onvergen
e of K we get from Proposition 3.24 that β =

‖P‖L0
2→L0

2
≤ α. Then by applying the Cau
hy-S
hwarz inequality (CS) one has

∥∥gP k−jg
∥∥
1

≤(CS) ‖g‖2 ∥∥P k−jg
∥∥
2
≤ ‖g‖22

∥∥P k−j
∥∥
L0

2→L0
2
≤ αk−j ‖g‖22 .Let ε0 = αn0M

∥∥ dν
dπ − 1

∥∥
∞. Then

n∑

j=1

∣∣Lj+n0(g
2)
∣∣+ 2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣

≤ ε0 ‖g‖22
n∑

j=1

αj + 2ε0 ‖g‖22
n−1∑

j=1

n∑

k=j+1

αk

= ε0 ‖g‖22




n∑

j=1

αj + 2

n−1∑

j=1

n∑

k=j+1

αk




= ε0 · U(α, n) · ‖g‖22 ≤ ε0 · U(α, n) · ‖f‖22 .Thus the proof is 
ompleted.Remark 3.32. The fun
tion U(α, n) is already studied in Lemma 2.19. Let us repeat the result.For all n ∈ N we have
U(α, n) ≤ 2

(1− α)2
.Then, from Lemma 3.31 it follows that

eν(Sn,n0 , f)
2 ≤ eπ(Sn, f)

2 +
2M

∥∥ dν
dπ − 1

∥∥
∞ αn0

n2(1− α)2
‖f‖22 .
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hain Monte Carlo 55If the initial distribution ν is π then one has the error formula of Proposition 3.26.Remark 3.33. Note that in Lemma 3.31 reversibility of K was essentially used to apply Propo-sition 3.24. If the Markov operator is normal, i.e. PP ∗ = P ∗P , then one has by Proposition 3.19that β = ‖P‖L0
2→L0

2
≤ √

α. By this observation we get a very similar estimate as in Lemma 3.31for normal Markov operators whi
h are not ne
essarily reversible. The only di�eren
e to (3.20) isthat α has to be substituted by √
α. Then

U(
√
α, n) ≤ 2

(1−√
α)2

≤ 8

(1− α)2
.The last inequality is implied by 1−αr ≥ r(1−α) for r ∈ [0, 1] whi
h is a 
on
lusion of the Bernoulliinequality with real exponent(3) .The next theorem summarizes the main result for a Markov 
hain with a reversible and L1-exponentially 
onvergent transition kernel.Theorem 3.34. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution

ν. Let K be reversible with respe
t to π and L1-exponentially 
onvergent with (α,M). Let f ∈ L2and assume that the probability measure ν ∈ M∞. Then
eν(Sn,n0 , f)

2 ≤ 2

n(1− Λ)
‖f‖22 +

2M
∥∥ dν
dπ − 1

∥∥
∞ αn0

n2(1− α)2
‖f‖22 (3.21)and for g = f − S(f) we have

lim
n→∞

n · eν(Sn,n0 , f)
2 = lim

n→∞
n · eπ(Sn, f)

2 =
〈
(I + P )(I − P )−1g, g

〉
. (3.22)Proof. By Lemma 3.31 and Lemma 2.19 the �rst equality of (3.22) holds true. By the reversibilityof the transition kernel Proposition 3.26 applies, so that

lim
n→∞

n · eπ(Sn, f)
2 = lim

n→∞
1

n
〈W (n, P )g, g〉 =

〈
(I + P )(I − P )−1g, g

〉
.The rest follows via Lemma 3.31, Corollary 3.27 and Lemma 2.19.Remark 3.35. Under the assumptions of Theorem 3.34 one has by Proposition 3.24 that π-a.e.uniform ergodi
ity with (α, M̃) is equivalent to L1-exponential 
onvergen
e with (α, 2M̃). Hen
eone 
an restate Theorem 3.34 for uniformly ergodi
 Markov 
hains and obtains the same resultwith M = 2M̃ . This is the general state spa
e 
ounterpart to Theorem 2.20, where M̃ is of themagnitude of ∥∥ 1

π

∥∥
∞ and β = α.Furthermore note that if the Markov operator is normal and not ne
essarily reversible, then one
an get a similar error bound by using Remark 3.33.Remark 3.36. The error bound of (3.21) might be interpreted as follows: The burn-in n0 is reason-able to eliminate the in�uen
e of the initial distribution, while n has to de
rease eπ(Sn, f). For large

n the error behaves exa
tly as the error where one started by the stationary distribution. Hen
ethe bias of the initial distribution disappears after su�
iently many steps. If the initial distributionfalls together with the stationary one, then the bias of the initial part vanishes 
ompletely.(3) The Bernoulli inequality with real exponent r ∈ [0, 1] states for any real number x > −1 that
(1 + x)r ≤ 1 + rx.
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onsequen
e of Lemma 3.31 and Lemma 2.19 is the following result 
on
erning the asymp-toti
 error for ‖f‖2 ≤ 1.Corollary 3.37. Under the same assumptions as in Theorem 3.34 it follows that
lim
n→∞

n · sup
‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + Λ

1− Λand
lim

n0→∞
sup

‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + Λ

n(1 − Λ)
− 2Λ(1− Λn)

n2(1− Λ)2
.Proof. Let us de�ne

cn,n0 =
2αn0M

∥∥ dν
dπ − 1

∥∥
∞

n2(1 − α)2
.One has limn→∞ n · cn,n0 = 0 and limn0→∞ cn,n0 = 0. For ‖f‖2 ≤ 1 we obtain by Lemma 3.31 andLemma 2.19 that ∣∣eν(Sn,n0 , f)

2 − eπ(Sn, f)
2
∣∣ ≤ cn,n0 .Hen
e

sup
‖f‖2≤1

eπ(Sn, f)
2 − cn,n0 ≤ sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ sup

‖f‖2≤1

eπ(Sn, f)
2 + cn,n0 . (3.23)Re
all that Λ = sup

{
α | α ∈ spec(P |L0

2)
}. Then by Corollary 3.27 we have

sup
‖f‖2≤1

eπ(Sn, f)
2 =

1 + Λ

n(1− Λ)
− 2Λ(1− Λn)

n2(1 − Λ)2
.By taking the limits in (3.23) the assertions are proven.In many examples it is known that the transition kernel is L1-exponentially 
onvergent or π-a.e.uniformly ergodi
, but it is di�
ult to obtain reasonable values of (α,M) expli
itly. Then at leastthe asymptoti
 result 
an be used. This is similar to results of [Sok97, Bré99, Mat99℄.Remark 3.38. Observe that we have a lower and an upper bound of the error of Sn,n0 . Exa
tly asin Remark 2.24 one obtains by (3.23) that

1 + Λ

n(1− Λ)
− 2

n2(1− Λ)2
− cn,n0 ≤ sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1 − Λ)
+ cn,n0 .We showed an error bound of Sn,n0 with respe
t to ‖·‖2 for Markov 
hains whi
h are reversible and

L1-exponentially 
onvergent. The 
ondition of the L1-exponential 
onvergen
e is rather restri
tive.This motivates the study of Markov 
hains whi
h satisfy a weaker 
onvergen
e property, namelywe assume that there is an L2-spe
tral gap, i.e. 1 − β > 0. This is enough to obtain error boundsfor integrands f ∈ Lp with p ∈ (2,∞]. The following lemmas lead to the fa
t that there exists a
onstant Cν,β,p, independent of n0 and n, su
h that
∣∣eν(Sn,n0 , f)

2 − eπ(Sn, f)
2
∣∣ ≤ Cν,β,p ‖f‖2p

βn0

n2
.Note that it is not assumed that the Markov 
hain is reversible with respe
t to π.



Expli
it error bounds for Markov 
hain Monte Carlo 57Lemma 3.39. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution ν.Let π be a stationary distribution of K. Let f ∈ Lp, let ν ∈ Mmax{2, p
p−2} with p ∈ (2,∞] and

V (β, n, p) = 4

{
24/p

∑n
j=1 β

2j p−2
p + 2

3p+2
p
∑n−1

j=1 β
2j p−3

p
∑n

k=j+1 β
2k/p, p ∈ (2, 4),

2
∑n

j=1 β
j + 2

3p+2
p
∑n−1

j=1 β
2j/p

∑n
k=j+1 β

k p−2
p , p ∈ [4,∞].(i) If p ∈ (2, 4), then

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ V (β, n, p)

n2
β2n0

p−2
p

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
p

p−2

‖f‖2p .(ii) If p ∈ [4,∞], then
∣∣eν(Sn,n0 , f)

2 − eπ(Sn, f)
2
∣∣ ≤ V (β, n, p)

n2
βn0

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
2

‖f‖2p .Proof. First, let g = f − S(f) and observe that for p ≥ 1 one obtains
‖g‖p ≤ ‖f‖p + |S(f)| ≤ ‖f‖p + ‖f‖1 ≤ 2 ‖f‖p . (3.24)The equation (3.17) implies

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ 1

n2

n∑

j=1

∣∣Lj+n0(g
2)
∣∣ + 2

n2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣ . (3.25)Let p ∈ (2, 4). Then it follows by (3.18) with r = p
2 and r/(r − 1) = p

p−2 that
∣∣Lj+n0(g

2)
∣∣ ≤ 24/pβ2j p−2

p β2n0
p−2
p

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
p

p−2

‖g‖2p ,

∣∣Lj+n0(gP
k−jg)

∣∣ ≤ 24/pβ2j p−2
p β2n0

p−2
p

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
p

p−2

∥∥gP k−jg
∥∥
p/2

.By applying the Cau
hy-S
hwarz inequality (CS) and (3.7) one obtains
∥∥gP k−jg

∥∥
p/2

≤(CS) ‖g‖p ∥∥P k−jg
∥∥
p
≤ ‖g‖2p

∥∥P k−j
∥∥
L0

p→L0
p

≤(3.7) 22 p−1
p β2 k−j

p ‖g‖2p .Let ε0(p) = β2n0
p−2
p

∥∥ dν
dπ − 1

∥∥
p

p−2

. Then
n∑

j=1

∣∣Lj+n0(g
2)
∣∣+ 2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣

≤ 24/pε0(p) ‖g‖2p
n∑

j=1

β2j p−2
p + 2

3p+2
p ε0(p) ‖g‖2p

n−1∑

j=1

β2j p−3
p

n∑

k=j+1

β2k/p

= ε0(p) ‖g‖2p


24/p

n∑

j=1

β2j p−2
p + 2

3p+2
p

n−1∑

j=1

β2j p−3
p

n∑

k=j+1

β2k/p




≤(3.24) V (β, n, p) · ε0(p) ‖f‖2p .



58 Daniel RudolfThus, 
laim (i) is shown.Let us turn to (ii), i.e. p ∈ [4,∞]. Equation (3.18) with r = 2 is used to get
∣∣Lj+n0(g

2)
∣∣ ≤ 2βj+n0

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
2

‖g‖24 ,

∣∣Lj+n0(gP
k−jg)

∣∣ ≤ 2βj+n0

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
2

∥∥gP k−jg
∥∥
2
.By Hölder's inequality (HI) with 
onjugate parameters p

2 and p
p−2 one obtains

∥∥gP k−jg
∥∥
2

≤(HI) ‖g‖p ∥∥P k−jg
∥∥

2p
p−2

≤
∥∥P k−j

∥∥
L0

2p/(p−2)
→L0

2p/(p−2)

‖g‖p ‖g‖ 2p
p−2

≤
∥∥P k−j

∥∥
L0

2p/(p−2)
→L0

2p/(p−2)

‖g‖2p ≤(3.7) 2 p+2
p β(k−j) p−2

p ‖g‖2p .Note that in the third inequality of the last estimation it was essential that p ∈ [4,∞] for using
‖g‖ 2p

p−2
≤ ‖g‖p . Thus, for ε0 = βn0

∥∥ dν
dπ − 1

∥∥
2
one has

n∑

j=1

∣∣Lj+n0(g
2)
∣∣+ 2

n−1∑

j=1

n∑

k=j+1

∣∣Lj+n0(gP
k−jg)

∣∣

≤ ε0 ‖g‖24 2
n∑

j=1

βj + ε0 ‖g‖2p 22+
p+2
p

n−1∑

j=1

β2j/p
n∑

k=j+1

βk p−2
p

≤ ε0 ‖g‖2p


2

n∑

j=1

βj + 2
3p+2

p

n−1∑

j=1

β2j/p
n∑

k=j+1

βk p−2
p


 ≤(3.24) V (β, n, p) · ε0 ‖f‖2p .Finally by substituting this in equation (3.25) everything is shown.Let us 
onsider V (β, n, p). If p ∈ (2,∞] and 1−β > 0, then we show that the mapping n 7→ V (β, n, p)is bounded.Lemma 3.40. Let p ∈ (2,∞] and 1− β > 0. For all n ∈ N we obtain

V (β, n, p) ≤ 64p

(p− 2)(1− β)2
. (3.26)Proof. The inequalities indi
ated by (⋆) follow from 1 − βr ≥ r(1 − β) for r ∈ [0, 1]. First, let

p ∈ (2, 4). By the geometri
 series one 
an estimate
V (β, n, p)

4
= 24/p

n∑

j=1

β2j p−2
p + 2

3p+2
p

n−1∑

j=1

β2j p−3
p

n∑

k=j+1

β2k/p

= 24/p
n∑

j=1

β2j p−2
p + 2

3p+2
p β2/p

n−1∑

j=1

β2j p−2
p

n−j−1∑

k=0

β2k/p

≤ 24/p
n∑

j=1

β2j p−2
p +

2
3p+2

p β2/p

1− β2/p

n−1∑

j=1

β2j p−2
p

≤
(
24/p + β2/p24/p(23−2/p − 1)

1− β2/p

) n∑

j=1

β2j p−2
p ≤ 23+2/p

1− β2/p

n∑

j=1

β2j p−2
p
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≤

p∈(2,4)

16

(1− β2/p)(1 − β2(p−2)/p)
≤
(⋆)

4p2

(p− 2)(1− β)2
≤

p∈(2,4)

16p

(p− 2)(1− β)2
.For p ∈ [4,∞], again by the geometri
 series, we 
an estimate

V (β, n, p)

4
= 2

n∑

j=1

βj + 2
3p+2

p

n−1∑

j=1

β2j/p
n∑

k=j+1

βk p−2
p

= 2

n∑

j=1

βj + 2
3p+2

p β
p−2
p

n−1∑

j=1

βj

n−j−1∑

k=0

βk p−2
p

≤
(
2 +

2
3p+2

p β
p−2
p

1− β
p−2
p

)
n∑

j=1

βj ≤
(
2 + β

p−2
p (2

3p+2
p − 2)

1− β
p−2
p

)
n∑

j=1

βj

≤
p∈[4,∞]

8
√
2

1− β
p−2
p

n∑

j=1

βj ≤ 8
√
2

(1− β)(1 − β
p−2
p )

≤
(⋆)

8
√
2p

(p− 2)(1− β)2
.This 
ompletes the proof.The main error bound of Sn,n0 for Markov 
hains with an L2-spe
tral gap is presented in the nexttheorem.Theorem 3.41. Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution

ν. Let π be a stationary distribution of K. For p ∈ (2,∞] let f ∈ Lp and ν ∈ Mmax{2, p
p−2}. Supposethat the Markov operator has an L2-spe
tral gap, i.e. 1− β > 0. Then we have

eν(Sn,n0 , f)
2 ≤ eπ(Sn, f)

2 +
64p ‖f‖2p

n2(p− 2)(1− β)2




β2n0

(p−2)
p

∥∥ dν
dπ − 1

∥∥
p

p−2

, p ∈ (2, 4),

βn0
∥∥ dν
dπ − 1

∥∥
2
, p ∈ [4,∞],where

eπ(Sn, f)
2 ≤

{
2

n(1−Λ) ‖f‖p , if K is reversible with respe
t to π,
2

n(1−β) ‖f‖p , otherwise.Furthermore
lim
n→∞

n · eν(Sn,n0 , f)
2 = lim

n→∞
n · eπ(Sn, f)

2 (3.27)and if K is reversible with respe
t to π then (3.27) is equal to
〈
(I + P )(I − P )−1g, g

〉
, where g = f − S(f).Proof. By Lemma 3.39 and Lemma 3.40 the equality of (3.27) is true. If the transition kernel isreversible, then by Proposition 3.26 the asymptoti
 result holds sin
e

lim
n→∞

n · eπ(Sn, f)
2 = lim

n→∞
1

n
〈W (n, P )g, g〉 =

〈
(I + P )(I − P )−1g, g

〉
.By Lemma 3.39 and Lemma 3.40 one obtains the estimate of eν(Sn,n0 , f)

2. The estimate of
eπ(Sn, f)

2 follows by Proposition 3.28 and for a reversible transition kernel by Corollary 3.27.Remark 3.42. A large burn-in n0 guarantees that the in�uen
e of the initial distribution disappearsand a large n makes eπ(Sn, f) small. The 
ondition of the L1-exponential 
onvergen
e 
ould be
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e of an L2-spe
tral gap by paying the pri
e of 
onsidering error boundsin terms of Lp-norms of the integrand for p ∈ (2,∞]. If p 
onverges to 2, then the bound goes toin�nity. However, for p > 2 one has an expli
it error bound. If the initial and stationary distributionis the same, then the in�uen
e of the initial part vanishes for all p ∈ (2,∞].Remark 3.43. Let
cn,n0(p) =

64p

n2(p− 2)(1− β)2




β2n0

(p−2)
p

∥∥ dν
dπ − 1

∥∥
p

p−2

, p ∈ (2, 4),

βn0
∥∥ dν
dπ − 1

∥∥
2
, p ∈ [4,∞].For ‖f‖p ≤ 1 we have by Lemma 3.39 and Lemma 3.40 that

∣∣eν(Sn,n0 , f)
2 − eπ(Sn, f)

2
∣∣ ≤ cn,n0(p).Observe that this implies a lower error bound for Sn,n0 . We do not use it be
ause of the la
k of ageneral lower bound of sup‖f‖p≤1 eπ(Sn, f)

2 for p ∈ (2,∞].Remark 3.44. Let K be a transition kernel whi
h is reversible with respe
t to π. We use thenotation βK = β and ΛK = Λ to indi
ate the transition kernel. The lazy version of K is given by
K̃. Then one has

βK̃ = ΛK̃ =
1

2
(1 + ΛK).If one has an estimate of ΛK , then one also has an estimate of βK̃ and one 
an apply Theorem 3.41.There are some te
hniques, e.g. 
anoni
al paths (see [Yue00℄) and the 
ondu
tan
e 
on
ept (see[LS88, LS93℄ and [JS89, DS91℄) whi
h are helpful to estimate ΛK . However, in general it is a
hallenging task.3.3. Burn-in. Assume that 
omputational resour
es for N = n+n0 steps of the Markov 
hain areavailable. The burn-in n0 and the sample size n should be 
hosen su
h that the error bound is assmall as possible. One en
ounters the same trade-o� as for �nite state spa
es. In the next statementthe error bound for an expli
it burn-in is stated.Theorem 3.45.(i) Suppose that we have a Markov 
hain whi
h is reversible with respe
t to π and L1-exponentially
onvergent with (α,M). Let

n0 = max

{⌈
log(M

∥∥ dν
dπ − 1

∥∥
∞)

log(α−1)

⌉
, 0

}
.Then

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− β)
+

2

n2(1 − α)2

≤ 2

n(1− α)
+

2

n2(1 − α)2
.(ii) Suppose that we have a Markov 
hain with Markov operator P whi
h has an L2-spe
tral gap

1 − β > 0. For p ∈ (2,∞] let n0(p) be the smallest natural number (in
luding zero) whi
h is
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hain Monte Carlo 61greater than or equal to
1

log(β−1)





p
2(p−2) log

(
32p
p−2

∥∥ dν
dπ − 1

∥∥
p

p−2

)
, p ∈ (2, 4),

log
(
64
∥∥dν
dπ − 1

∥∥
2

)
, p ∈ [4,∞].Then

sup
‖f‖p≤1

eν(Sn,n0(p), f)
2 ≤ 2

n(1− β)
+

2

n2(1− β)2
.Proof. Assertion (i) follows from Theorem 3.34 and Proposition 3.24. Claim (ii) is an appli
ationof Theorem 3.41.Note that log(β−1) = (1 − β) +

∑∞
j=2

(1−β)j

j! and log(β−1) ≥ 1 − β. This 
an be used to estimatethe suggestion of the burn-in. Now we justify the 
hoi
e of the burn-in.For simpli
ity we assume that α = β. Let us de�ne
C(p) =





M
∥∥ dν
dπ − 1

∥∥
∞ , p = 2,

32p
p−2

∥∥ dν
dπ − 1

∥∥
p

p−2

, p ∈ (2, 4),

64
∥∥ dν
dπ − 1

∥∥
2
, p ∈ [4,∞].We 
onsider numeri
al experiments under the following 
onditions. Suppose that� the 
omputational resour
es are either N = 105 or N = 106.� β = 0.9 or β = 0.99 or β = 0.999.� C = C(p) = 1030, independent of p.Then the suggestion of the burn-in of Theorem 3.45 for p = 2 and p ∈ [4,∞] has the form

n
{2}∪[4,∞)
0 =

⌈
log(C)

log(β−1)

⌉
,whereas for p ∈ (2, 4) it still depends on p, su
h that

n
(2,4)
0 =

⌈
p

2(p− 2)

log(C)

log(β−1)

⌉
.The error for ‖f‖p ≤ 1 where p ∈ {2} ∪ [4,∞) is bounded byest{2}∪[4,∞)(n, n0) =

√
2

n(1− β)
+

2Cβn0

n2(1 − β)2whereas for p ∈ (2, 4) we have the upper estimateest(2,4)(n, n0) =

√
2

n(1− β)
+

2Cβ2n0
p−2
p

n2(1− β)2
.With the restri
tion N = n + n0 one 
an numeri
ally 
ompute a burn-in, whi
h approximates theminimal upper error bound. This is a 1-dimensional minimization problem with di�erent parame-ters. Let us denote the numeri
ally 
omputed values of the burn-in by n{2}∪[4,∞)opt for p ∈ {2}∪[4,∞)and n(2,4)opt for p ∈ (2, 4) respe
tively.
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N β n

{2}∪[4,∞)opt n
{2}∪[4,∞)
0 =

⌈

log(C)

log(β−1)

⌉

n
(2,4)opt n

(2,4)
0 =

⌈

p

2(p−2)
log(C)

log(β−1)

⌉(by Maple) (suggested above) (by Maple) (suggested above, p = 2.1)
105 0.9 656 656 6655 6885
106 0.9 656 656 6655 6885
105 0.99 6873 6874 69642 72169
106 0.99 6874 6874 69715 72169
105 0.999 68977 69043 79011 724952
106 0.999 69041 69043 699520 724952Table 1: For C = 1030 and p = 2.1. The numeri
ally 
omputed value nIntopt whi
h approximatelyminimizes the mapping n0 7→ estInt(N − n0, n0), either Int = {2} ∪ [4,∞) or Int = (2, 4).Table 1 gives a 
olle
tion of n{2}∪[4,∞)opt and n(2,4)opt where p = 2.1. The suggested n0 of Theorem 3.45is 
lose to the numeri
ally 
omputed values of the burn-in, whi
h approximately minimize the errorbound. For N = 105 and β = 0.999 the di�eren
e between n(2,4)opt and n(2,4)

0 is large. In this situationTheorem 3.41 gives for no 
hoi
e of n and n0 with N = 105 an error smaller than 1. The availableresour
es N = n + n0 are too small, su
h that the suggested burn-in 
annot be rea
hed. If the
omputational resour
es are large enough, then the 
omputed values n{2}∪[4,∞)opt and n
(2,4)opt are ofthe same magnitude as the suggested n{2}∪[4,∞)

0 and n(2,4)
0 .If an error of at most ε ∈ (0, 1) is desired, then the suggested 
hoi
e n{2}∪[4,∞)

0 or n(2,4)
0 , dependingon p, of the burn-in is independent of the pre
ision ε. We 
hoose n0 as suggested in Theorem 3.45and

n ≥ 1 +
√
1 + 4ε2

(1 − β)ε2
to a
hieve eν(Sn,n0 , f) ≤ ε.Let the Markov 
hain be reversible with respe
t to π and let Λ = β. For di�erent �xed values n0 aplot of est{2}∪[4,∞)(N − n0, n0) and sup

‖f‖2≤1

eπ(SN , f) =

√
1 + Λ

N(1− Λ)
− 2Λ(1− ΛN )

N2(1− Λ)2is presented in Figure 3. Roughly spoken one 
an see that if the burn-in is 
hosen too small averti
al shifting takes pla
e and if the burn-in is 
hosen too large a horizontal shifting takes pla
e.Summarized one 
an say, if β, C and p are given, then 
hoose the burn-in as suggested above. Ifthere is an estimate of log(C)/ log(β−1), then one should ensure that it is not smaller than the realquotient. As seen in Figure 3 if it is slightly smaller there is already a strong in�uen
e. By 
hoosingthe burn-in too large the in�uen
e is less heavy.If there is nothing known about β or C another strategy is to 
hoose n = n0 = N/2 for even N .This has the advantage that no information about β or C is needed. In Figure 4 we plottedest{2}∪[4,∞)(N/2, N/2), est{2}∪[4,∞)(N − n
{2}∪[4,∞)
0 , n

{2}∪[4,∞)
0 ) and sup

‖f‖2≤1

eπ(SN , f)
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Fig. 3: For β = Λ = 0.99 and C = 1030 the mapping N 7→ est{2}∪[4,∞)(N − n0, n0) is plotted fordi�erent values of n0. The dotted 
urve is a plot of the mapping N 7→ sup‖f‖2≤1 eπ(SN , f).where N ∈ [104, 105]. Asymptoti
ally the pri
e of a fa
tor of √2 is paid, i.e. asymptoti
ally the erroris √2 times worse than sup‖f‖2≤1 eπ(SN , f), see Figure 4. This strategy works well and rea
hes thesame rate of 
onvergen
e as in Theorem 3.45.3.4. Examples. For the examples in Se
tion 2.4 one 
an provide all eigenfun
tions and eigenvalues.Usually it is a 
hallenging task to obtain the ne
essary information of the spe
tral stru
ture of theMarkov operator, in parti
ular on general state spa
es. This se
tion 
ontains examples to illustratethe error bounds. The literature provides some tools whi
h 
an be applied to estimate the quantitiesof interest, e.g. Λ, β. These tools are brie�y introdu
ed. For further details we refer to the literature.Note that the initial distributions of the Markov 
hains of the following examples are 
hosen todemonstrate the error bounds and not 
hosen to minimize the burn-in.Bounded state spa
es. Suppose that the state spa
e D is a measurable subset of Rd. The σ-algebra D is given by B(D). We say a transition kernel K has a transition density with respe
t toa positive measure µ if there is a non-negative fun
tion k : D ×D → [0,∞], su
h that
K(x,A) =

∫

A

k(x, y)µ(dy), x ∈ D, A ∈ B(D).We write kn for the transition density of Kn.
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log(β−1)

n0 = N
2 , n = N

2

n0 = 0, init by π

Fig. 4: For β = Λ = 0.99 and C = 1030 the mapping N 7→ est{2}∪[4,∞)(N − n0, n0) is plotted fordi�erent values of n0. The dotted 
urve is the plot of the mapping N 7→ sup‖f‖2≤1 eπ(SN , f).Let D be a bounded set and let the fun
tion ̺ : D → [0,∞] be integrable with respe
t to theLebesgue measure, with ∫D ̺(x) dx > 0. Then
π̺(A) =

∫
A ̺(x) dx∫
D
̺(x) dx

, A ∈ B(D),is a probability measure on (D,B(D)). We say ̺ is an unnormalized density with respe
t to theLebesgue measure if ∫
D
̺(x) dx 6= 1. Let K be a transition kernel with transition density k withrespe
t to the Lebesgue measure and assume that π̺ is a stationary distribution of K. Furthermore,let s ∈ [0, 1] and let us de�ne

Ks(x,A) = (1− s)K(x,A) + s1A(x), x ∈ D, A ∈ B(D).The transition kernel Ks is 
alled the s-modi�ed transition kernel of K. If s = 1
2 then the lazyversion of K is given and if s = 0 then one has K. For all s ∈ [0, 1] we have that π̺ is a stationarydistribution of Ks. The goal is to approximate

S(f) =

∫

D

f(x)π̺(dx).
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hain Monte Carlo 65One obtains for n ∈ N that
Kn

s (x,A) =

n∑

i=1

sn−i(1− s)i
(
n

i

)
Ki(x,A) + sn1A(x), x ∈ D, A ∈ B(D). (3.28)The 
ase s = 0 is reasonable if we de�ne 00 = 1. The following lemma determines a 
ondition whi
himplies L1-exponential 
onvergen
e of the s-modi�ed transition kernel. For simpli
ity let us assumethat ∫D ̺(x) dx = 1.Lemma 3.46. If there exist an α ∈ [0, 1) and M <∞ su
h that

2sn +

∫

D

ess sup
y∈D

∣∣∣∣∣

n∑

i=1

sn−i(1− s)i
(
n

i

)
ki(x, y)

̺(y)
− (1− sn)

∣∣∣∣∣ ̺(x) dx ≤ αnM, n ∈ N,then the transition kernel Ks is L1-exponentially 
onvergent with (α,M).Proof. The Markov operator of Ks is denoted by Ps. Then
‖(Pn

s − S)f‖1 =

∫

D

∣∣∣∣∣

∫

D

f(y)(

n∑

i=1

sn−i(1 − s)i
(
n

i

)
ki(x, y) dy) + snf(x)− S(f)

∣∣∣∣∣ ̺(x) dx

≤
∫

D

∫

D

|f(y)|
∣∣∣∣∣

n∑

i=1

sn−i(1− s)i
(
n

i

)
ki(x, y)

̺(y)
− (1 − sn)

∣∣∣∣∣ ̺(y) dy ̺(x) dx

+ sn
∫

D

|f(x)− S(f)| ̺(x) dx

≤ ‖f‖1
∫

D

ess sup
y∈D

∣∣∣∣∣

n∑

i=1

sn−i(1 − s)i
(
n

i

)
ki(x, y)

̺(y)
− (1− sn)

∣∣∣∣∣ ̺(x) dx

+ sn ‖f − S(f)‖1

≤ ‖f‖1 (2sn +

∫

D

ess sup
y∈D

∣∣∣∣∣

n∑

i=1

sn−i(1− s)i
(
n

i

)
ki(x, y)

̺(y)
− (1− sn)

∣∣∣∣∣ ̺(x) dx)proves the assertion.For n = 1 and s = 0 one has a 
riterion for L1-exponential 
onvergen
e with (α, 1) for the transitionkernel K.Corollary 3.47. If there exists an α ∈ [0, 1) su
h that
∫

D

ess sup
y∈D

∣∣∣∣
k(x, y)

̺(y)
− 1

∣∣∣∣ ̺(x) dx ≤ α,then the transition kernel K is L1-exponentially 
onvergent with (α, 1).Example 1. Let us present an easy example borrowed from [Ros95, p. 402℄. Let D = [0, 1] and
D = B([0, 1]). The transition kernel is de�ned by

K(x,A) =

∫

A

1 + x+ y

x+ 3
2

dy, x ∈ [0, 1], A ∈ B([0, 1]).The stationary distribution is given by
π(A) =

1

2

∫

A

(x+
3

2
) dx, A ∈ B([0, 1]).



66 Daniel RudolfThe transition kernel K is reversible with respe
t to π. These properties 
an be 
he
ked straight-forward. We have
∫ 1

0

ess sup
y∈[0,1]

∣∣∣∣
k(x, y)

̺(y)
− 1

∣∣∣∣ ̺(x) dx =

∫ 1

0

ess sup
y∈[0,1]

∣∣x+ y − 2xy − 1
2

∣∣
2(y + 3

2 )(x+ 3
2 )

̺(x) dx

=

∫ 1

0

ess sup
y∈[0,1]

∣∣x+ y − 2xy − 1
2

∣∣
4(y + 3

2 )
dx =

1

6

∫ 1

0

∣∣∣∣x− 1

2

∣∣∣∣ dx =
1

24
.Hen
e Corollary 3.47 gives that the transition kernel is L1-exponentially 
onvergent with (1/24, 1).Be
ause of the reversibility one 
an apply Proposition 3.24 and has that the transition kernel is

π-a.e. uniformly ergodi
 with (1/24, 1/2). Furthermore there exists an L2-spe
tral gap, one has
β ≤ α = 1/24.Let δ ∈ (0, 2/3) and let the initial distribution ν be given by

ν(A) =
1

δ

∫

A

1[0,δ](x) dx, A ∈ B([0, 1]).Hen
e the initial state is 
hosen uniformly distributed in [0, δ]. Then
∥∥∥∥
dν

dπ̺
− 1

∥∥∥∥
∞

= ess sup
x∈[0,1]

∣∣∣∣
4 · 1[0,δ](x)

δ(2x+ 3)
− 1

∣∣∣∣ =
4

3δ
− 1.Theorem 3.45 (i) suggests the 
hoi
e

n0 =

⌈
log( 4

3δ − 1)

log(24)

⌉su
h that
sup

‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 48

23n
+

1152

529n2
<

5

n
.Example 2. It is taken from [Ros03, p. 172℄. Let D = [−1, 1] and D = B([−1, 1]). The transitionkernel is de�ned by

K(x,A) =

∫

A

1[−1,0](x)1(0,1](y) + 1(0,1](x)1[−1,0](y) dy, x ∈ [−1, 1], A ∈ B([−1, 1]).For x ∈ [−1, 0] the next state is uniformly distributed in (0, 1] and for x ∈ (0, 1] the next stateis uniformly distributed in [−1, 0]. The transition kernel is reversible with respe
t to the uniformdistribution on D, thus π̺ is given by ̺(x) = 1/2 for x ∈ D. For n ∈ N we have
Kn(x,A) =

{
K(x,A), n odd,
K2(x,A), n even,where

K2(x,A) =

∫

A

1[−1,0](x)1[−1,0](y) + 1(0,1](x)1(0,1](y) dy, x ∈ [−1, 1], A ∈ B([−1, 1]).
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hain Monte Carlo 67The spe
trum of P is 
ompletely known, one has spec(P |L2) = {1, 0,−1} withEig(P, 1) = {f ∈ L2 | f ≡ c, c ∈ R} = (L0
2)

⊥,Eig(P, 0) = {f ∈ L2 |
∫ 0

−1

f(x)dx =

∫ 1

0

f(x)dx = 0},Eig(P,−1) = {f ∈ L2 | f(x) = c (1[−1,0](x)− 1(0,1](x)), c ∈ R},where Eig(P, λ) denotes the eigenspa
e of the eigenvalue λ. Clearly spec(P |L0
2) = {0,−1}. To applythe error bounds one has to pass over to K̃, the lazy version of K. Let P̃ be the transition operatorwhi
h 
orresponds to K̃. We denote β = βK̃ and Λ = ΛK̃ to indi
ate the transition kernel K̃. Wehave spec(P̃ |L2) =

{
1, 12 , 0

} and spec(P̃ |L0
2) =

{
1
2 , 0
}. The operator P̃ has an L2-spe
tral gap, oneobtains

βK̃ = ΛK̃ =
∥∥∥P̃
∥∥∥
L0

2→L0
2

=
1

2
.Note that K̃ = K 1

2
. By the spe
ial stru
ture of Kn one obtains for x, y ∈ D that

1

2n

n∑

i=1

(
n

i

)
ki(x, y)

̺(y)
=

1

2n−1

{∑n−1
2

i=0

(
n

2i+1

)
k(x, y) +

∑n−1
2

i=1

(
n
2i

)
k2(x, y), n odd,

∑n
2 −1
i=0

(
n

2i+1

)
k(x, y) +

∑n
2 −1
i=1

(
n
2i

)
k2(x, y), n even,

= (k(x, y) + k2(x, y)) − k2(x, y)

2n−1
= 1− k2(x, y)

2n−1
.It follows that

∫ 1

−1

ess sup
y∈[−1,1]

∣∣∣∣∣
1

2n

n∑

i=1

(
n

i

)
ki(x, y)

̺(y)
− 1 +

1

2n

∣∣∣∣∣ ̺(x)dx

=

∫ 1

−1

ess sup
y∈[−1,1]

∣∣∣∣
1

2n
− k2(x, y)

2n−1

∣∣∣∣
1

2
dx =

1

2n
.By Lemma 3.46 we get with s = 1/2 that the kernel K̃ is L1-exponentially 
onvergent with (1/2, 3),i.e. ∥∥∥P̃n − S

∥∥∥
L1→L1

≤ 3

2n
, n ∈ N.The parameter α = 1/2 of the L1-exponential 
onvergen
e is optimal, sin
e βK̃ = 1/2 and in generalfor reversible, L1-exponentially 
onvergent transition kernel with (α,M) one has β ≤ α.Let δ ∈ (0, 1). Assume that the initial distribution is given by

ν(A) =
1

δ

∫

A

1[0,δ](x) dx, A ∈ B([−1, 1]),i.e. the initial state is 
hosen with respe
t to the uniform distribution in [0, δ]. Then
∥∥∥∥
dν

dπ̺
− 1

∥∥∥∥
∞

= ess sup
x∈[−1,1]

∣∣∣∣
2 · 1[0,δ](x)

δ
− 1

∣∣∣∣ =
2

δ
− 1.Theorem 3.45 (i) suggests the 
hoi
e

n0 =

⌈
log(3(2δ − 1))

log(2)

⌉
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h that for Sn,n0 , whi
h uses a Markov 
hain with transition kernel K̃ and initial distribution ν,one has
sup

‖f‖2≤1

eν(Sn,n0 , f) ≤
√

4

n
+

8

n2
. (3.29)By Remark 3.38, by the L1-exponential 
onvergen
e of K̃ with (1/2, 3) and ΛK̃ = βK̃ one obtainsthe lower bound √

3

n
− 16

n2
≤ sup

‖f‖2≤1

eν(Sn,n0 , f). (3.30)By Corollary 3.37 one has for all u ∈ Eig(P̃ , 12 ) = Eig(P, 0) with ‖u‖2 = 1 that
eπ(Sn, u)

2 = sup
‖f‖2≤1

eπ(Sn, f)
2 = lim

n0→∞
sup

‖f‖2≤1

eν(Sn,n0 , f)
2.This motivates the 
omparism of the lower error bound, the upper error bound and the exa
t errorfor a spe
i�
 u ∈ Eig(P̃ , 12 ). Namely, let

u(x) =

{
−1, x ∈ [−1,− 1

2 ] ∪ [0, 12 ),

1, x ∈ (− 1
2 , 0] ∪ (12 , 1].By u2 = 1 we get

Lj(u
2) = 0 and Lj(uP

ku) =
1

2k
Lj(u

2) = 0, for j, k ∈ N.Hen
e by Proposition 3.29 one has
eν(Sn,n0 , u) = eπ(Sn, u) =

√
3

n
− 4(1− 2−n)

n2
. (3.31)In Figure 5 for δ = 10−3 the exa
t error (3.31), the upper error bound (3.29) and the lower bound(3.30) are plotted. The lower bound leads to a non-trivial estimate if N ≥ n0+6 = 19. The 
urve ofthe upper error estimate is shifted down, be
ause the 
oe�
ient of the leading term is worse thanthe 
oe�
ient of the leading term of the exa
t error eν(Sn,n0 , u).Lemma 3.46 provides a tool whi
h 
an be used to show L1-exponential 
onvergen
e for severalexamples. Unfortunately it is rather di�
ult to apply for more sophisti
ated appli
ations. Next letus present the Metropolis-Hastings algorithm.Metropolis-Hastings algorithm. The Metropolis-Hastings algorithm, suggested in [MRR+53℄and extended in [Has70℄, is widely used in appli
ations. The following introdu
tion is based onMengersen and Tweedie [MT96℄. Suppose that the state spa
e D is 
ontained in R

d and equippedwith B(D). Let π̺ be a probability measure on (D,B(D)) given by a possibly unnormalized density
̺ with respe
t to the Lebesgue measure, one has

π̺(A) =

∫
A
̺(x) dx∫

D ̺(x) dx
, A ∈ B(D).
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exact error (3.31)
upper bound (3.29)Fig. 5: Example 2: Exa
t error and error bounds, δ = 10−3 and n0 =

⌈
log(3( 2

δ−1))

log(2)

⌉ = 13.Let q : D × D → [0,∞] be a fun
tion whi
h satis�es that q(x, ·) is integrable with respe
t to theLebesgue measure for all x ∈ D and assume that
Q(x,A) =

∫

A

q(x, y) dy + 1A(x)

(
1−

∫

D

q(x, y) dy

)
, x ∈ D, A ∈ B(D),is a transition kernel. It might happen that for some x ∈ D one has Q(x, {x}) > 0. If Q(x, {x}) = 0for all x ∈ D then q is a transition density of Q. The question is how to modify Q to get a transitionkernel with stationary distribution π̺. For x, y ∈ D let

θ(x, y) =




min

{
̺(y)q(y,x)
̺(x)q(x,y) , 1

}
, ̺(x)q(x, y) > 0,

1, ̺(x)q(x, y) = 0,be the a

eptan
e probability. Then the Metropolis-Hastings transition kernel K̺ is de�ned by
K̺(x,A) =

∫

A

θ(x, y)Q(x, dy) + 1A(x)

(∫

D

(1− θ(x, y))Q(x, dy)

)

=

∫

A

θ(x, y)q(x, y) dy + 1A(x)

(∫

D

(1− θ(x, y))q(x, y) dy +Q(x, {x})
)
,where x ∈ D and A ∈ B(D). In this setting Q is 
alled the proposal transition kernel of K̺.If q(x, y) = q(y, x) for all x, y ∈ D, then we 
all K̺ the Metropolis transition kernel. By the
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onstru
tion one 
an see that the transition kernel K̺ is reversible with respe
t to π̺, thus one hasthe desired stationary distribution.Lemma 3.48. The Metropolis-Hastings transition kernel K̺ is reversible with respe
t to π̺.Proof. It is enough to show that
∫

A

K̺(x,B)π̺(dx) =

∫

B

K̺(x,A)π̺(dx)for disjointA,B ∈ B(D). Then the assertion follows by the symmetry θ(x, y)q(x, y)̺(x) = θ(y, x)q(y, x)̺(y)and Fubini's Theorem.The Metropolis-Hastings algorithm, whi
h simulates a transition of the Metropolis-Hastings transition kernel, works as follows: Let x ∈ D be the 
urrent state. Choose a proposalstate y with respe
t to Q(x, ·). Toss a 
oin, whose probability that �head� o

urs is θ(x, y). If itis �head� then a

ept the proposal state, i.e. return y. Otherwise reje
t the proposal, i.e. return
x. S
hemati
ally, a single step of the Metropolis-Hastings algorithm is presented in the Pro
edureMetropolis-Step(x,Q, ̺).Pro
edure Metropolis-Step(x,Q,̺)input : 
urrent state x, proposal kernel Q, unnormalized density ̺.output: next state y.Choose y with respe
t to Q(x, ·);Compute

θ(x, y) =




min

{
̺(y)q(y,x)
̺(x)q(x,y) , 1

}
, ̺(x)q(x, y) > 0,

1, ̺(x)q(x, y) = 0;if rand() ≥ θ(x, y) then
y := x;endReturn y.If q̃(y) = q(x, y) for all x, y ∈ D then the proposal transition kernel samples independently of x. Inthis situation one 
an apply the following result.Theorem 3.49. Let q̃ : D → [0,∞] be a fun
tion with ∫

D
q̃(x) dx = 1. Let the proposal transitionkernel of the Metropolis-Hastings transition kernel K̺ be Q(x,A) =

∫
A
q̃(y)dy for x ∈ D and

A ∈ B(D). If there exists a γ > 0 su
h that
q̃(y)

̺(y)
≥ γ, y ∈ D,then K̺ is uniformly ergodi
. We obtain

∥∥Kn
̺ (x, ·)− π

∥∥tv ≤ (1− γ)n, x ∈ D, n ∈ N.
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hain Monte Carlo 71Proof. See [MT96, Theorem 2.1, p. 105℄.Remark 3.50. The proof is based on the well known equivalen
e that a transition kernel K isuniformly ergodi
 i� the whole state spa
e D is a small set. A set R ∈ B(D) is 
alled small if thereexists a γ > 0, an m ∈ N and a probability measure ψ su
h that
Km(x,A) ≥ γψ(A), x ∈ R, A ∈ B(D).The result of Theorem 3.49 will be demonstrated for a toy example, stated in [MT96, p. 107℄.Let D = R and D = B(R). Note that the state spa
e is unbounded. The desired distribution isgiven by the density

̺(y) =
1√
2π

exp(−y
2

2
), y ∈ R,i.e. π̺ is an N(0, 1) distribution. By N(µ, ξ2) we denote the normal distribution with mean µ andvarian
e ξ2. Furthermore, assume that the proposal transition kernel samples independently from

N(0, ξ2) so that
q̃(y) =

1√
2πξ

exp(− y2

2ξ2
), y ∈ R.Let ξ2 > 1. Then

q̃(x)

̺(x)
≥ ξ−1,whi
h implies that ∥∥Kn

̺ (x, ·)− π̺
∥∥tv ≤ (1− ξ−1)n, x ∈ D, n ∈ N.By the reversibility with respe
t to π̺ of the Metropolis-Hastings transition kernel an immediate
onsequen
e is that uniform ergodi
ity implies L1-exponential 
onvergen
e, sin
e π-a.e. uniformergodi
ity is equivalent to L1-exponential 
onvergen
e. Hen
e we have a transition kernel whi
his L1-exponentially 
onvergent with (1 − ξ−1, 1). This implies that the Markov operator P whi
h
orresponds to the transition kernel K̺ has an L2-spe
tral gap, we have 1− β ≥ ξ−1.Let δ ∈ (0, 1) and x0 ∈ [0,∞). The initial state is 
hosen uniformly distributed in [x0 − δ, x0 + δ].Then

dν

dπ
(x) =

√
π

2
· 1[x0−δ,x0+δ](x)

δ
exp

(
x2

2

)
, x ∈ D.We obtain

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞

=

√
π

2
·
exp

(
(x0+δ)2

2

)

δ
− 1 ≤

√
π

2
·
exp

(
(x0+δ)2

2

)

δ
.The method Sn,n0 uses a Markov 
hain with transition kernel K̺ and initial distribution ν. Theburn-in is almost 
hosen as suggested in Theorem 3.45 (i). We use log(1 − ξ−1) ≥ ξ−1 to estimatethe burn-in, su
h that we set

n0 =

⌈
ξ

(
log(δ−1) +

(x0 + δ)2

2
+ 0.23

)⌉
.Then

sup
‖f‖2≤1

eν(Sn,n0 , f)
2 ≤ 2ξ

n
+

2ξ2

n2
.
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ting Normals. The next example is des
ribed in [Bax05℄, see also [RR97b, RT99℄. Let
D = R, D = B(R) and θ ∈ (−1, 1). Note that the state spa
e is unbounded. The transition kernelis given by

K(x,A) =
1√

2π(1 − θ2)

∫

A

exp

(
− (θx− y)2

2(1− θ2)

)
dy, x ∈ R, A ∈ B(R),so that K(x, ·) is an N(θx, 1− θ2) distribution. By some elementary 
al
ulation one 
an see that astationary distribution is

π(A) =
1√
2π

∫

A

exp

(
−y

2

2

)
dy, A ∈ B(R),i.e. π is an N(0, 1) distribution. The transition kernel K is reversible with respe
t to π. Supposethat θ ∈ (0, 1). Then the Markov operator is positive semi-de�nite, i.e. 〈Pf, f〉 ≥ 0, for all f ∈ L2.The next result is an appli
ation of [Bax05, Theorem 1.3, p. 702℄ where the Markov operator is self-adjoint and positive semi-de�nite. The same example is 
onsidered in [Bax05, p. 728℄ and [�N11,p. 33℄.Lemma 3.51. Let θ ∈ (0, 1), c ∈ (1,∞) and set

λ = θ2 +
2(1− θ2)

1 + c2
,

K = 2 + θ2(c2 − 1),

B = 2

[
Φ

(
(1 + θ)c√
1− θ2

)
− Φ

(
θc√
1− θ2

)]
, where Φ(z) =

1√
2π

∫ z

−∞
exp(−y

2

2
)dy,

α = 1 +
log
(

K−B
1−B

)

log(λ−1)
,

β̂ = max
{
λ, (1−B)1/α

}
< 1.Then

β = ‖P‖L0
2→L0

2
≤ β̂.Proof. See [Bax05, Theorem 1.3, p. 702 and p. 728℄.Let us illustrate the last lemma. For any �xed θ one 
an numeri
ally minimize the upper estimate

β̂ of β, depending on c. For example let θ = 0.5. Then, one gets β̂ = 0.8946 for c = 1.6041.It exists an L2-spe
tral gap, thus we 
an apply Theorem 3.45 for p ∈ (2,∞]. Let δ ∈ (0, 1) and
x0 ∈ [0,∞). The initial state is 
hosen uniformly distributed on [x0 − δ, x0 + δ]. The density of theinitial distribution with respe
t to π is given by

dν

dπ
(x) =

√
π

2
· 1[x0−δ,x0+δ](x)

δ
exp

(
x2

2

)
.Then for all q ∈ [1,∞] it follows that

∥∥∥∥
dν

dπ
− 1

∥∥∥∥
q

≤
∥∥∥∥
dν

dπ
− 1

∥∥∥∥
∞

=

√
π

2
·
exp

(
(x0+δ)2

2

)

δ
− 1 ≤

√
π

2
·
exp

(
(x0+δ)2

2

)

δ
.
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hain Monte Carlo 73The burn-in is 
hosen as suggested in Theorem 3.45, where we use the previously stated estimate of∥∥ dν
dπ − 1

∥∥
q
. Suppose that the burn-in n0(p) is the smallest natural number (in
luding zero) whi
his greater than or equal to

1

log(β̂−1)





p
2(p−2)

[
log( 16p

p−2 ) + log(
√
2π δ−1) + (x0+δ)2

2

]
, p ∈ (2, 4),

log(δ−1) + (x0+δ)2

2 + 4.39, p ∈ [4,∞].Then
sup

‖f‖p≤1

eν(Sn,n0 , f)
2 ≤ 2

n(1− β̂)
+

2

n2(1 − β̂)2
.In Table 2 one 
an see how mu
h resour
es N are su�
ient to obtain an error less than ε = 0.01.

θ c β̂ n0 n N(for p = 2.1) (for pre
ision ε = 0.01)
0.91 1.12845 0.999664 2.82241 · 105 5.94614 · 107 5.97437 · 107
0.92 1.11691 0.999816 5.16275 · 105 1.08759 · 108 1.09275 · 108
0.93 1.10499 0.999912 1.08257 · 106 2.28043 · 108 2.29126 · 108
0.94 1.09260 0.999966 2.76738 · 106 5.82923 · 108 5.85690 · 108
0.95 1.07964 0.999990 9.60536 · 106 2.02337 · 109 2.03297 · 109
0.96 1.06599 0.999998 5.58578 · 107 1.17624 · 1010 1.18183 · 1010Table 2: Contra
ting Normals: The initial distribution ν is 
hosen with x0 = 0 and δ = 0.1. Theburn-in of Theorem 3.45 is 
omputed for p = 2.1 and n is 
omputed su
h that one obtains anerror less than ε = 0.01. The estimate β̂ of β is 
omputed by a minimizing pro
edure of Maple for

c ≥ 1.01.3.5. Notes and remarks. In the last de
ades expli
it error bounds and 
on�den
e estimates ofMarkov 
hain Monte Carlo methods on general state spa
es attra
ted more and more attention. Inthe following let us present how the results �t into the published literature.In the seminal work of Lovász and Simonovits [LS93℄ an estimate of eπ(Sn, f)
2 is shown. The paperdeals with the 
omputation of the volume of a 
onvex body by a randomized algorithm based onMarkov 
hains. Let us explain the result of [LS93, Theorem 1.9, p. 375℄ in detail. Let (Xn)n∈N bea Markov 
hain with transition kernel K and initial distribution ν and let K be reversible withrespe
t to a probability measure π. Then let us de�ne the 
ondu
tan
e as

ϕ(K,π) = inf
0<π(A)≤ 1

2

∫
A
K(x,Ac)π(dx)

π(A)
.Assume that the Markov operator is positive semi-de�nite, i.e. 〈Pf, f〉 ≥ 0 for all f ∈ L2. Then

eπ(Sn, f)
2 ≤ 4

ϕ(K,π)2 · n ‖f‖22 . (3.32)



74 Daniel RudolfThe result is slightly worse than the result of Proposition 3.26. In Proposition 3.26 one has anexa
t error formula for eπ(Sn, f)
2. Mainly the spe
tral stru
ture of the Markov operator is used. InCorollary 3.27 this exa
t error formula is further estimated and one obtains

eπ(Sn, f)
2 ≤ 2

(1− Λ)n
‖f‖22 , where Λ = sup

{
α | α ∈ spec(P |L0

2)
}
. (3.33)The Cheeger inequality(4), given by 1−Λ ≥ ϕ(K,π)2

2 , provides a relation between Λ and ϕ(K,π), sothat (3.33) implies (3.32). Note that in Proposition 3.26 and Corollary 3.27 it is not assumed that theMarkov operator is positive semi-de�nite, su
h that the assumptions are slightly less restri
tive. Butif one has a transition kernel K whi
h determines a not ne
essarily positive semi-de�nite transitionoperator, then one 
an pass over to the lazy version of K and obtains positive semi-de�niteness.However, the estimate of (3.32) 
overs the important fa
ts and it seems that the re�nement ofProposition 3.26 is well known.The paper of Mathé [Mat99℄ 
ontains results 
on
erning the asymptoti
 integration error for uni-formly ergodi
 Markov 
hains whi
h are reversible with respe
t to π. For example it is shown thatfor any initial distribution ν ∈ M∞ one has
lim
n→∞

n · sup
‖f‖2≤1

eν(Sn,n0 , f)
2 =

1 + Λ

1− Λand for f ∈ L2 it is proven that
lim
n→∞

n · eν(Sn,n0 , f)
2 =

〈
(I − P )−1(I + P )g, g

〉
, where g = f − S(f).The same result is part of Corollary 3.37 and for individual f part of Theorem 3.34. In [Mat04℄ theasymptoti
 integration error is studied for not ne
essarily reversible and not ne
essarily uniformlyergodi
 Markov 
hains. It is assumed that the transition kernel is V -uniformly ergodi
, see (3.36).For further details let us refer to [Mat04℄.In [Rud09, Theorem 8, p. 19℄ an expli
it upper error bound of eν(Sn,n0 , f)

2 for general state spa
esis provided. The result is based on [LS93, Theorem 1.9, p. 375℄ and the assumptions are the same.Namely, the transition kernel K is reversible with respe
t to π and the transition operator P ispositive semi-de�nite. After a burn-in
n0 ≥

log(
∥∥ dν
dπ

∥∥
∞)

ϕ(K,π)2
the error obeys eν(Sn,n0 , f)

2 ≤ 100

ϕ(K,π)2 · n ‖f‖2∞ . (3.34)The proof of the result is based on Proposition 3.29 whi
h provides the 
ru
ial relation between
eν(Sn,n0 , f)

2 and eπ(Sn,n0 , f)
2. By Theorem 3.41 and Theorem 3.45 one obtains a re�ned error esti-mate and a re�ned re
ipe for the 
hoi
e of n0. Note that positive semi-de�niteness and reversibilityis not needed in Theorem 3.41. It is enough that there exists an L2-spe
tral gap, i.e. 1− β > 0.Independently of [Rud09, Theorem 8, p. 19℄ in the work of Belloni and Chernozhukov [BC09,Theorem 3, p. 2031℄ a similar error bound for Sn,n0 is proven. It is also based on [LS93, Theorem 1.9,(4) The Cheeger inequality is stated in Se
tion A.3.
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h that again the transition kernel is assumed to be reversible with respe
t to π and theMarkov operator must be positive semi-de�nite. Then it is shown that
eν(Sn,n0 , f)

2 ≤ eπ(Sn, f)
2 + 8 ‖f‖2∞ ‖νPn0 − π‖tv .Let the initial distribution ν be R-warm, i.e. supA∈D, π(A)>0

ν(A)
π(A) ≤ R. Then one obtains by [LS93,Corollary 1.5, p. 372℄ that

‖νPn0 − π‖tv ≤
√
R

(
1− ϕ(K,π)2

2

)n0

.Hen
e by [LS93, Theorem 1.9, p. 375℄ one has
eν(Sn,n0 , f)

2 ≤ 4

ϕ(K,π)2 · n ‖f‖22 + 8
√
R

(
1− ϕ(K,π)2

2

)n0

‖f‖2∞ . (3.35)The result of an expli
it error bound for Sn,n0 , when the initial distribution is not the stationaryone, is the same as in [Rud09, Theorem 8, p. 19℄. Note that the burn-in depends on the desiredpre
ision. We 
an 
hoose R =
∥∥ dν
dπ

∥∥
∞ and if one uses ‖f‖2 ≤ ‖f‖∞, then the upper bound of (3.35)
an be further estimated and one obtains an estimate with respe
t to ‖·‖∞.Another result due to �atuszy«ski and Niemiro is presented in [�N11℄. The integration error for

V -uniformly ergodi
 Markov 
hains is estimated, where V : D → [1,∞) is a drift fun
tion. Theweighted 
lass of fun
tions
LV = LV (D) =

{
f : D → R | |f |V = sup

x∈D

|f(x)|
V (x)

<∞
}is studied. Let α ∈ [0, 1) and M < ∞. A transition kernel K is 
alled V -uniformly ergodi
 with

(α,M) if
‖Pn − S‖LV →LV

≤Mαn, n ∈ N. (3.36)One 
an substitute the drift fun
tion V by V 1/r for all r ≥ 1. Then there exist an α(r) ∈ [0, 1) andan M(r) <∞ su
h that
‖Pn − S‖L

V 1/r→L
V 1/r

≤M(r)α(r)n , n ∈ N.This is justi�ed by an interpolation argument in [Mat04℄ and by di�erent assumptions stated in[Bax05℄. Now let us state a less general version of the main result of [�N11, Theorem 3.1, p. 28℄.For r = 2 and g = f − S(f) one has
eν(Sn,n0 , f)

2 ≤
∣∣g2
∣∣
V

n

(
1 +

2M(2)α(2)

1− α(2)

)(
‖V ‖1 +

M2αn0 ‖ν − π‖V
n(1− α)

)
, (3.37)where ‖ν − π‖V = sup|g|V ≤1

∣∣∫
D g(x)(ν(dx) − π(dx))

∣∣. This seems to be the �rst expli
it errorbound of Sn,n0 for integrands f whi
h belong to LV . If the transition kernel is reversible, then
V -uniform ergodi
ity with (α,M) is equivalent to the existen
e of an L2-spe
tral gap, see [RR97a,RT01℄. Furthermore if V ∈ Lp for some p > 2 then LV ⊂ Lp and the error bound of Theorem 3.41
an also be applied. However, in general Theorem 3.41 
annot be used in this setting.The paper of Joulin and Ollivier [JO10℄ based on [Oll09℄ follows a new idea. Let (D,dist) be a metri
,
omplete, separable state spa
e, with metri
 dist, and let K be a transition kernel with stationary



76 Daniel Rudolfdistribution π on (D,B(D)). Let Pdist(D) be the set of probability measures µ on (D,B(D)) forwhi
h there exists an x0 ∈ D su
h that ∫D dist(x0, y)µ(dy) <∞. Then let us de�ne the Wassersteindistan
e between µ1, µ2 ∈ Pdist(D) by
W1(µ1, µ2) = inf

ξ∈Π(µ1,µ2)

∫

D

∫

D

dist(x, y) ξ(dx, dy),where Π(µ1, µ2) is the set of probability measures ξ on (D2,B(D2)) with marginals µ1 and µ2. Ifthere exists a κ > 0 su
h that
W1(K(x, ·),K(y, ·)) ≤ (1− κ)dist(x, y), x, y ∈ D, (3.38)then we say that the transition kernel K has positive Ri

i 
urvature κ. Let the fun
tion f : D → Rbe integrable with respe
t to π and let

‖f‖Lip = sup
x,y∈D,x 6=y

|f(x)− f(y)|
dist(x, y)

.The 
oarse di�usion 
onstant σ(x) for x ∈ D of the transition kernel is de�ned by
σ(x)2 =

1

2

∫

D

∫

D

dist(y, z)2K(x, dy)K(x, dz),and the lo
al dimension nx for x ∈ D is de�ned by
nx = inf

‖f‖Lip=1

2σ(x)2∫
D

∫
D
|f(y)− f(z)|2K(x, dz)K(x, dy)

.If the transition kernel has positive Ri

i 
urvature, then by [JO10, Proposition 1, p. 2423, andTheorem 2, p. 2424℄ one obtains that
eδx(Sn,n0 , f)

2 ≤
(

1

κ2n
+

1

κ3n2

)
‖f‖2Lip sup

x∈D

σ(x)2

nx

+
(1− κ)2(n0+1)

κ4n2
‖f‖2Lip

(∫

D

dist(x, y)K(x, dy)

)2

.The estimate is reasonable for any deterministi
 initial state x ∈ D, the initial distribution is δx.For further estimates and details let us refer to [JO10℄. Let p ∈ (2,∞], let ‖f‖Lip <∞ and assumethat there exists an x0 ∈ D su
h that ‖dist(·, x0)‖p <∞ then one obtains f ∈ Lp, in parti
ular
‖f‖p ≤ 2

p−1
p (‖f‖Lip ‖dist(·, x0)‖p + |f(x0)|).If the transition kernel is reversible with respe
t to π and ‖σ‖2 < ∞, then one 
an show that apositive Ri

i 
urvature κ > 0 of K implies an L2-spe
tral gap of P , it follows that 1 − β ≥ κ,see [Oll09, Proposition 30, p. 831℄. In this setting Theorem 3.41 
an be applied when the initialdistribution ν belongs to Mmax{2, p

p−2}.A regenerative Markov 
hain Monte Carlo algorithm for the approximation of S(f) is studied in[�MN09℄. Roughly spoken, if one has 
ertain information of a small set, then one 
an expli
itly es-timate the mean square error of this regenerative estimator for uniformly and V -uniformly ergodi
Markov 
hains, see [�MN09℄ for details.
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it error bounds for Markov 
hain Monte Carlo 77The literature provides also 
on�den
e estimates for Sn,n0 . One 
an apply Lemma 2.27 if an upperbound of eν(Sn,n0 , f)
2 is available. These estimates 
an be boosted by a median tri
k explainedin [NP09℄ and applied in [�N11℄. However, exponential inequalities su
h as Hoe�ding or Cherno�bounds for Markov 
hain Monte Carlo are better, see [Krü98, Lez01, GO02, JO10, Mia10℄. Asymp-toti
 
on�den
e estimates are dis
ussed in [FJ11℄.Let us provide a 
on
lusion. There are di�erent expli
it error bounds of the mean square error for

Sn,n0 on general state spa
es. In some situations these estimates 
ould be improved. It seems thatthe error bound with respe
t to ‖·‖2 is not known so far. Let us re
all that we assumed that the usedMarkov 
hain is L1-exponentially 
onvergent and reversible with respe
t to π. If we only assumethat the Markov 
hain has an L2-spe
tral gap, then we showed an estimate of the error uniformlywith respe
t to ‖·‖p for p ∈ (2,∞]. Upper error bounds with respe
t to ‖·‖∞ are known but withrespe
t to ‖·‖p seem to be new. In this setting it is not assumed that the Markov 
hain is reversiblewith respe
t to π, we require hat π is the stationary distribution. The suggestion of the burn-in n0of Theorem 3.45 performs well and also appears to be new. All error bounds hold for bounded andunbounded state spa
es whenever estimates of the 
ru
ial parameters, for example Λ, β or (α,M),are available. 4. Appli
ationsIn numerous appli
ations one wants to 
ompute for D ⊂ R
d an integral of the form

∫

D

f(x) · c̺(x) dx, (4.1)with density c̺, where the number c is unknown. Of 
ourse c 
an be de�ned by
1

c
=

∫

D

̺(x) dx.However, it is desirable to have algorithms that are able to 
ompute (4.1) without any pre-
omputation of c. Let F(D) be a 
lass of tuples of the form (f, ̺), where ̺ : D → [0,∞) is apossibly unnormalized density with ∫D ̺(x) dx > 0 and for f we assume that f ·̺ is integrable withrespe
t to the Lebesgue measure. Then the goal is to 
ompute
S(f, ̺) =

∫
D
f(x)̺(x) dx∫
D ̺(x) dx

, for (f, ̺) ∈ F(D). (4.2)The solution operator S is linear in f but not in ̺. Hen
e S is a nonlinear fun
tional.We assume that there are two pro
edures, Orf and Or̺, whi
h provide information of f and ̺, re-spe
tively. These pro
edures are 
onsidered as �bla
k boxes� and we 
all them ora
les. Let the ora
leOrf be a pro
edure whi
h returns for an input x ∈ D the fun
tion value f(x), i.e. Orf (x) = f(x).Unless stated otherwise we also assume that the ora
le Or̺ provides for x ∈ D the fun
tion valueof ̺(x), i.e. Or̺(x) = ̺(x). We assume that the 
ost of an ora
le 
all is mu
h more expensive thanthe 
ost of arithmeti
 operations. Hen
e we 
ount the total number of ora
le 
alls whi
h are needed



78 Daniel Rudolfto approximate S(f, ̺).Let Algn be the 
lass of all randomized algorithms whi
h at most use n 
alls of the ora
le Orfand n 
alls of the ora
le Or̺. More pre
isely An ∈ Algn is a mapping des
ribed by a fun
tion
ϕ2n : R2n → R su
h that

An(f, ̺) = ϕ2n(Orf (X1), . . . ,Orf (Xn),Or̺(X1), . . . ,Or̺(Xn)).The sample (X1, . . . , Xn) ∈ Dn is determined as follows: Let ω = (ω1, . . . , ωn) be a random elementwith some distribution W . Then
X1 = X1(ω1),

Xi = Xi(Orf (X1), . . . ,Orf (Xi−1),Or̺(X1), . . . ,Or̺(Xi−1), ωi), i = 2, . . . , n.The individual error of An ∈ Algn applied to (f, ̺) ∈ F(D) is, as in the previous 
hapters, measuredin the mean square sense, su
h that
e(An, (f, ̺)) = (E |S(f, ̺)−An(f, ̺)|2)1/2,where the expe
tation is taken with respe
t to W . The overall error on F(D) is
e(An,F(D)) = sup

(f,̺)∈F(D)

e(An, (f, ̺)).The 
omplexity of the problem (4.2) on F(D) is given by
comp(ε, d,F(D)) = min {n | there exists An ∈ Algn with e(An,F(D)) ≤ ε} .Note that d is the dimension of the domainD. We want to quantify the 
omplexity of a problem withrespe
t to the dimension d. The integration problem (4.2) for the 
lass F(D) is 
alled polynomiallytra
table if there exist non-negative numbers c, q1 and q2 su
h that

comp(ε, d,F(D)) ≤ c ε−q1dq2 for all d ∈ N, ε ∈ (0, 1).Roughly spoken it says that the 
omplexity for 
omputing (4.2) in
reases at most polynomially inthe pre
ision ε−1 and the dimension d. For details of the 
on
ept of tra
tability let us refer to Novakand Wo¹niakowski [NW08, NW10℄.Let us provide a result whi
h motivates an additional term of tra
tability. We 
onsider the following
lass of fun
tions
FC(D) = {(f, ̺) | ‖f‖∞ ≤ 1,

sup ̺

inf ̺
≤ C}.In some appli
ations C 
an be very large, su
h as C = 1020. Observe that always S(FC(D)) =

[−1, 1], hen
e the problem is s
aled properly. In [MN07℄ Mathé and Novak proved a lower errorbound, see [MN07, Theorem 1, p. 678℄.Theorem 4.1. For any An ∈ Algn one obtains
e(An,FC(D)) ≥

√
2

6





√
C
2n , 2n ≥ C − 1,

3C
C+2n−1 , 2n < C − 1.
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it error bounds for Markov 
hain Monte Carlo 79For an upper error bound Mathé and Novak 
onsider the simple Monte Carlo algorithm: Evalu-ate the numerator and denominator on a 
ommon independent sample a

ording to the uniformdistribution, say (X1, X2, . . . , Xn) ∈ Dn, and 
ompute
Asimple

n (f, ̺) =

∑n
j=1 f(Xj)̺(Xj)∑n

j=1 ̺(Xj)
.Note that every Xj is uniformly distributed. It is essential that one 
an sample with respe
t to theuniform distribution on D. This might be a restri
tive assumption. In [MN07, Theorem 2, p. 680℄the following upper error bound is proven.Theorem 4.2. For all n ∈ N we have

e(Asimple
n ,FC(D)) ≤ 2min

{
1,

√
2C

n

}
.From Theorem 4.1 and Theorem 4.2 one obtains that the 
omplexity comp(ε, d,FC(D)) of (4.2) islinear in C and Asimple

n is almost optimal, for all ε ∈ (0, 1
2
√
2
) it follows that

0.02Cε−2 ≤ comp(ε, d,FC(D)) ≤ 8Cε−2.Hen
e all algorithms are bad if C = 1020. Mathé and Novak suggest to 
onsider a smaller 
lass ofdensities. The main goal is to have also tra
tability with respe
t to C on a 
lass of fun
tions, say
F̃C(D), where the possibly unnormalized densities satisfy sup ̺

inf ̺ ≤ C. More pre
isely, the integrationproblem (4.2) is 
alled tra
table also with respe
t to C if there exist non-negative numbers c, q1, q2and q3 su
h that
comp(ε, d, F̃C(D)) ≤ c ε−q1dq2 [logC]q3 (4.3)for all ε ∈ (0, 1), d ∈ N and C > 1, see [NW10, p. 541℄.With Markov 
hain Monte Carlo algorithms one 
an a
hieve this goal on 
ertain 
lasses of fun
tions.Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution ν. Assume thatthe transition kernel has stationary distribution π̺, where

π̺(A) =

∫
A
̺(x) dx∫

D
̺(x) dx

, A ∈ B(D), so that S(f, ̺) =

∫

D

f(x)π̺(dx).Under suitable assumption on the Markov 
hain and on (f, ̺) ∈ F̃C(D) one has that the algorithm
Sn,n0(f, ̺) =

1

n

n∑

j=1

f(Xj+n0)is an approximation of S(f, ̺). Suppose that for ea
h step of the Markov 
hain we use a singleora
le 
all of Or̺. Then it follows that Sn,n0 needs n+ n0 ora
le 
alls of Or̺ and n ora
le 
alls ofOrf . Consequently Sn,n0 ∈ Algn+n0
.4.1. Integration with respe
t to log-
on
ave densities. Let r > 0 and let B(x, r) be the

d-dimensional Eu
lidean ball with radius r around x ∈ R
d. Furthermore let Bd = B(0, 1) and
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rBd = B(0, r). The goal is to 
ompute

S(f, ̺) =

∫
rBd f(x)̺(x) dx∫

rBd ̺(x) dx
, (4.4)for (f, ̺) whi
h belong to a 
ertain 
lass of fun
tions. Let us de�ne the 
lass of fun
tions on a 
onvexbody D ⊂ R

d rather than on rBd. We assume that the state spa
e D is equipped with the Borel
σ-algebra B(D). We 
onsider fun
tions (f, ̺) with the following properties:� Let ̺ be stri
tly positive and log-
on
ave, i.e. for all x, y ∈ D and 0 < λ < 1 one has

̺(λx+ (1− λ)y) ≥ ̺(x)λ · ̺(y)1−λ.� The logarithm of ̺ is Lips
hitz 
ontinuous, i.e. there exists an L ≥ 0 su
h that
|log ̺(x)− log ̺(y)| ≤ L ‖x− y‖E , x, y ∈ D,where ‖·‖E denotes the Eu
lidean norm.� The integrand f satis�es ‖f‖p ≤ 1.For D = rBd one obtains that sup ̺

inf ̺ ≤ e2Lr. Hen
e C = e2Lr and to have tra
tability also withrespe
t to C, see (4.3), the goal is to show an error bound whi
h depends polynomial on L r. Ingeneral one has the following 
lasses of fun
tions
FL

p (D) =
{
(f, ̺) | ̺ ∈ RL(D), ‖f‖p ≤ 1

}
,where

RL(D) = {̺ > 0 | ̺ is log-
on
ave, |log ̺(x)− log ̺(y)| ≤ L ‖x− y‖E} .The idea is to apply the Metropolis algorithm to obtain a Markov 
hain with stationary distribu-tion π̺, see Se
tion 3.4. The proposal transition kernel on (D,B(D)) is given by the ball walk. Thisrandom walk is used in [MN07, Rud09℄ and studied in di�erent referen
es of volume 
omputation,see e.g. [LS93, Vem05℄.The transition kernel of the δ ball walk is given by
Qδ(x,A) =

vold(B(x, δ) ∩ A)
vold(δBd)

+

(
1− vold(B(x, δ) ∩D)

vold(δBd)

)
1A(x), x ∈ D, A ∈ B(D),where δ > 0 and vold(A) denotes the d-dimensional Lebesgue measure of A ∈ B(D). S
hemati
ally,a single step of the δ ball walk from state x may be viewed as in the pro
edure Ball-Walk(x, δ).Let us state some well known properties.Lemma 4.3. The transition kernel Qδ is reversible with respe
t to the uniform distribution on D.Proof. See [MN07, Proposition 1, p. 685℄.The lo
al 
ondu
tan
e of the ball walk is de�ned by

l(x) =
vold(B(x, δ) ∩D)

vold(δBd)
, x ∈ D.We 
all l a lower bound of the lo
al 
ondu
tan
e, if l(x) ≥ l for all x ∈ D. Note that l might bevery small. For D = [0, 1]d, the d-dimensional unit 
ube, one obtains even for small δ that l = 2−d.
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it error bounds for Markov 
hain Monte Carlo 81Pro
edure Ball-Walk(x, δ)input : 
urrent state x, radius δ.output: next state y.Choose y uniformly distributed in B(x, δ);if y ∈ D thenReturn y;elseReturn x;endHowever, one 
an show for D = rBd and δ ≤ r/
√
d+ 1 that l = 0.3 is a lower bound of the lo
al
ondu
tan
e.Lemma 4.4. Let Qδ be the transition kernel of the ball walk on D = rBd for r > 0. If δ ≤ r/

√
d+ 1,then l = 0.3 is a lower bound of the lo
al 
ondu
tan
e of the ball walk.Proof. The assertion follows by the same arguments as in [MN07, Lemma 7, p. 687℄, see also [Rud07℄.The only di�eren
e is that rBd is a ball with radius r instead of being the unit ball.The Metropolis transition kernel based on the δ ball walk is

K̺,δ(x,A) =

∫

A

θ(x, y)Qδ(x, dy) + 1A(x)

(∫

D

(1− θ(x, y))Qδ(x, dy)

)
,where the a

eptan
e probability is θ(x, y) = min

{
1, ̺(y)̺(x)

} for x, y ∈ D and A ∈ B(D). The lazyversion of K̺,δ is denoted by K̺̃,δ. The transition kernel K̺̃,δ is reversible with respe
t to π̺. InAlgorithm 1 we present the integration algorithm Sδ
n,n0

whi
h uses the lazy version of the Metropolistransition kernel with proposal transition kernel Qδ.It is 
onvenient to use the notation PK = P , βK = β and ΛK = Λ to indi
ate the transition kernel
K. The following lemma provides a lower bound of the L2-spe
tral gap of PK̺̃,δ

. The lemma followsfrom a result of Mathé and Novak presented in [MN07, Theorem 4, p. 690℄, where an estimate ofthe 
ondu
tan
e of K̺,δ is shown.Proposition 4.5. For r > 0 let D ⊂ R
d be a 
onvex body withdiam(D) = sup {‖x− y‖E | x, y ∈ D} ≤ 2r.Let l be a lower bound of the lo
al 
ondu
tan
e of the δ ball walk. Then, for all ̺ ∈ RL(D) one hasfor the lazy version of the Metropolis transition kernel based on a δ ball walk, given by K̺̃,δ, that

1− βK̺̃,δ
≥ l2e−2Lδ

256
min

{
π

8

l2δ2

r2(d+ 1)
, 1

}
.Proof. One has βK̺̃,δ

= ΛK̺̃,δ
= 1

2 (1 + ΛK̺,δ
). The 
ondu
tan
e of K̺,δ is de�ned by

ϕ(K̺,δ, π̺) = inf
0<π̺(A)≤ 1

2

∫
A
K̺,δ(x,A

c)π̺(dx)

π̺(A)
.



82 Daniel RudolfAlgorithm 1: Sδ
n,n0input : n, n0, δ, (f, ̺).output: Sδ

n,n0
(f, ̺).Choose X1 uniformly distributed in D;for k = 1 to n+ n0 doif rand() > 0.5 then

Xk+1 := Xk;else
Y :=Ball-Walk(Xk, δ);if ̺(Y )/̺(Xi) ≥ rand() then

Xi+1 := Y ;else
Xi+1 := Xi;endendendCompute

Sδ
n,n0

(f, ̺) :=
1

n

n∑

i=1

f(Xi+n0).One 
an use the Cheeger inequality, see Proposition A.7. It states that
1− ΛK̺,δ

≥ ϕ(K̺,δ, π̺)
2

2
.Altogether one obtains

1− βK̺̃,δ
=

1

2
(1− ΛK̺,δ

) ≥ ϕ(K̺,δ, π̺)
2

4
. (4.5)In [MN07, Theorem 4, p. 690℄ it is shown that

ϕ(K̺,δ, π̺) ≥
le−Lδ
8

min

{√
π

8

lδ

r
√
d+ 1

, 1

}
.This lower bound is plugged into (4.5) and the assertion is proven.In the previous result one 
an see that the lower bound of the lo
al 
ondu
tan
e is 
ru
ial. Thismotivates that we 
onsider D = rBd, sin
e by Lemma 4.4 a lower bound of the lo
al 
ondu
tan
eis provided. An immediate 
onsequen
e of the last proposition follows.Corollary 4.6. For r > 0 let D = rBd, assume that ̺ ∈ RL(rBd) and set δ∗ = min

{
1L , r√

d+1

}.Then we have
1− βK̺̃,δ∗

≥ 1.69 · 10−6

d+ 1
min

{
1

r2 L2 ,
1

d+ 1

}
.Proof. The assertion is implied by Proposition 4.5 and Lemma 4.4.
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it error bounds for Markov 
hain Monte Carlo 83In parti
ular one obtains that the lazy version of the ball walk has an L2-spe
tral gap, sin
e one
an 
onsider 
onstant densities where L = 0.Corollary 4.7. For r > 0 let D = rBd and let δ = r√
d+1

. Then the lazy version Q̃δ of thetransition kernel of the ball walk obeys
1− βQ̃δ

≥ 1.69 · 10−6

(d+ 1)2
.Now we 
an apply the error bounds of Se
tion 3.2. The next theorem states an error bound for

Sδ∗

n,n0
(f, ̺) where (f, ̺) ∈ FL

p (rB
d).Theorem 4.8. For r > 0 let D = rBd and let ν be the uniform distribution on rBd. Let ̺ ∈

RL(rBd) and δ∗ = min
{

1L , r√
d+1

}. Let (Xn)n∈N be a Markov 
hain with transition kernel K̺̃,δ∗and initial distribution ν. The approximation of S(f, ̺) is
Sδ∗

n,n0
(f, ̺) =

1

n

n∑

i=1

f(Xi+n0).For p ∈ (2,∞] re
all that
FL

p (rB
d) =

{
(f, ̺) | ̺ ∈ RL(rBd), ‖f‖p ≤ 1

}
.Let n0(p) be the smallest natural number (in
luding zero) greater than or equal to

5.92 · 106 (d+ 1)max
{
r2 L2, d+ 1

}
·
{

p
(p−2) (L r + 0.5 log 32p

p−2 ), p ∈ (2, 4),

2L r + 4.16, p ∈ [4,∞].Then
e(Sδ∗

n,n0(p)
,FL

p (rB
d)) ≤ 1089√

n

√
d+ 1max{rL,√d+ 1 }

+
8.38 · 105

n
(d+ 1)max{r2 L2, (d+ 1)}.Proof. The initial distribution obeys

ν(A) =
vold(A)

vold(rBd)
=

1

vold(rBd)

∫

A

∫

rBd

̺(y)

̺(x)
dy π̺(dx), A ∈ B(rBd).Sin
e log ̺ is Lips
hitz 
ontinuous with Lips
hitz 
onstant L we obtain

e−2Lr ≤ ̺(y)

̺(x)
≤ e2Lr, x, y ∈ rBd,so that ∥∥∥∥

dν

dπ̺
− 1

∥∥∥∥
p

≤
∥∥∥∥
dν

dπ̺
− 1

∥∥∥∥
∞

≤ max
{
1, e2Lr} = e2Lr.By Corollary 4.6 we have the 
ru
ial lower bound for the spe
tral gap 1− βK̺̃,δ∗

and 
onsequentlyTheorem 3.45 (ii) 
an be applied whi
h proves the assertion.Note that p ∈ (2,∞] is ne
essary to apply Theorem 3.45 (ii). An essential 
onsequen
e of the lasttheorem is the following result 
on
erning the tra
tability of (4.4).



84 Daniel RudolfTheorem 4.9. For the integration problem S(f, ̺) de�ned over FL
p (rB

d) with r > 0 and p > 2 wehave
comp(ε, d,FL

p (rB
d)) ≤ (d+ 1)max

{
r2 L2, d+ 1

}

·
[
4.8 · 106 ε−2 + 1.2 · 106 ·

{
p

(p−2) (L r + 0.5 log 32p
p−2 ), p ∈ (2, 4)

2L r + 4.16, p ∈ [4,∞]

]for all ε ∈ (0, 1) and d ∈ N.The last theorem states that the problem (4.4) is polynomially tra
table. Roughly spoken, for �xed
p one obtains

comp(ε, d,FL
p (rB

d)) ≺ dmax
{
r2 L2, d

}
(ε−2 + L r),so that the dependen
e on L, on the pre
ision ε, dimension d and r is polynomial. We have tra
tabil-ity also with respe
t to C = e2rL, inequality (4.3) holds with q1 = 2, q2 = 2 and q3 = 3. For

p ∈ [4,∞] the 
omplexity 
an be bounded independently of p. If p 
onverges to 2 the result isrestri
tive. However, for �xed p ∈ (2,∞] we showed that the integration problem on FL
p (rB

d) ispolynomially tra
table in the sense of (4.3).4.2. Integration over a 
onvex body. The goal is to 
ompute
S(f,A) =

1

vold(A)

∫

A

f(x) dx, (4.6)with A ⊂ R
d. In other words, S(f,A) is the expe
tation of f with respe
t to the uniform distribu-tion, say µA, on A ⊂ R

d. The domain A and the fun
tion f are the input quantities. It �ts in the
lass of problems des
ribed by (4.2) if we assume that A ⊂ D. Then µA might be 
onsidered asgiven by a density whi
h is an indi
ator fun
tion.For some domains A it is indeed simple to generate uniformly distributed random points, e.g. theEu
lidean unit ball or the unit 
ube. Then one 
an approximate S(f,A) by Monte Carlo methodswith an i.i.d. sample. However, here A is part of the input to the algorithm, thus the problem
S(f,A) shall be solved uniformly for a 
lass of state spa
es, where we 
annot assume that samplingwith respe
t to the uniform distribution is possible.Let r ≥ 1 and let

Sd(r) =
{
A ⊂ R

d 
onvex | Bd ⊂ A ⊂ rBd
}
.If A ∈ Sd(r) then A is a 
onvex bounded set with non-empty interior whi
h 
ontains the origin.The 
lass of input parameters is given by

Fp(r, d) =
{
(f,A) | ‖f‖p ≤ 1, A ∈ Sd(r)

}
.We assume that for any A ∈ Sd(r) there exists an ora
le OrA(ℓ) whi
h returns for an arbitrary line

ℓ a uniformly distributed random point on A ∩ ℓ.Let us 
omment this assumption. Assume that we have a membership ora
le of A ∈ Sd(r) whi
his given by ÕrA(x) = 1A(x) for any x ∈ rBd. The ora
le OrA 
an be implemented by using the
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hain Monte Carlo 85membership ora
le. Let [x, y] = {x+ ty | t ∈ [0, 1]} be the segment of x, y ∈ R
d with Eu
lideandistan
e ‖x− y‖E. By the 
onvexity of A it follows that A∩ ℓ is a single segment, hen
e there exist

a1, a2 ∈ R
d su
h that [a1, a2] = A ∩ ℓ. Suppose that ℓ = {x̃+ tdir | t ∈ R} with x̃ ∈ A and assumethat there is a positive number ε0 su
h that ‖a1 − a2‖E ≥ ε0. We use that A ∈ Sd(r) and x̃ ∈ A.By a bise
tion method one 
an �nd with at most 3 log(2rε0 ) + 2 
alls of the membership ora
le ÕrA,a segment [b1, b2] with b1, b2 ∈ R

d and [a1, a2] ⊂ [b1, b2] su
h that
1

6
‖b1 − b2‖E ≤ ‖a1 − a2‖E ≤ ‖b1 − b2‖E .Then, 
hoose a uniformly distributed random point in [b1, b2] and a

ept it, if it is in A, otherwisereje
t it and repeat the a

eptan
e reje
tion pro
edure. This pro
edure gives a uniformly distributedrandom point in A∩ℓ and works reasonably fast, sin
e the a

eptan
e probability is 1/6. Altogetheran ora
le 
all of OrA requires at most an expe
ted number of 3 log(2rε0 ) + 8 ora
le 
alls of ÕrA. Inthe analysis of the error we 
ount the 
alls of the ora
le OrA and the fun
tion evaluations of f , i.e.the 
alls of the ora
le Orf .Now let us provide a Markov 
hain on the measurable spa
e (A,B(A)) with stationary distribu-tion µA. We 
onsider the hit-and-run algorithm, also 
alled hypersphere dire
tions algorithm, see[Smi84℄. The algorithm is studied and analyzed in [Lov99, LV06℄. The work of Vempala [Vem05℄provides an introdu
tion to geometri
 random walks.The algorithm is as follows. Suppose that the 
urrent position is Xi ∈ A with i ∈ N. Then
hoose a uniformly distributed dire
tion, say diri, and 
onsider the line whi
h is de�ned by ℓ(i) =

{Xi + tdiri | t ∈ R}. Apply OrA(ℓ(i)), whi
h gives the next state Xi+1 
hosen uniformly distributedin ℓ(i) ∩ A. Then, again, a uniformly distributed dire
tion, say diri+1, is generated and the nextstate is 
hosen uniformly distributed on ℓ(i+1) ∩ A by OrA(ℓ(i+1)). Two 
onse
utive steps of thehit-and-run algorithm are illustrated in Figure 1. Re
all that the Eu
lidean unit ball is denoted by
A

(0, 0)

X1
A

(0, 0)

X1

X2

A
(0, 0)

X1

X2

A
(0, 0)

X1

X2

X3Fig. 1: Illustration of the generation of X3 and X2 by the hit-and-run algorithm given state X1.
Bd and its boundary is denoted by ∂Bd. S
hemati
ally, a single step of the hit-and-run algorithmfrom x ∈ A is presented in the Pro
edure Hit-and-Run(x).
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edure Hit-and-Run(x)input : 
urrent state x.output: next state y.Choose a dire
tion dir uniformly distributed on ∂Bd;Choose y uniformly distributed on
A ∩ {x+ tdir | t ∈ R} ;Return y.The transition kernel of the hit-and-run algorithm follows. For any x, y ∈ R

d letInt(x, y) = {λ ∈ R | x+ λ
y − x

‖y − x‖E
∈ A

}
.Sin
e A is 
onvex, Int(x, y) is an interval. Let

λ1(x, y) = min {α | α ∈ Int(x, y)} and λ2(x, y) = max {α | α ∈ Int(x, y)} ,whi
h implies that Int(x, y) = [λ1(x, y), λ2(x, y)]. The length of the 
hord Int(x, y) is given by
ℓ(x, y) = λ2(x, y)− λ1(x, y). Let U(x, y) be a uniformly distributed random variable in the intervalInt(x, y). Then the hit-and-run transition kernel H of the hit-and-run algorithm is

H(x,C) =

∫
∂Bd Pr[x+ U(x, x+ θ)θ ∈ C] dθ

vold−1(∂Bd)

=
1

vold−1(∂Bd)

∫

∂Bd

∫ λ2(x,x+θ)

λ1(x,x+θ)

1C(x+ λθ)

ℓ(x, x+ θ)
dλdθ

=
1

vold−1(∂Bd)

∫

∂Bd

∫ 0

λ1(x,x+θ)

1C(x + λθ)

ℓ(x, x+ θ)
dλdθ

+
1

vold−1(∂Bd)

∫

∂Bd

∫ λ2(x,x+θ)

0

1C(x+ λθ)

ℓ(x, x+ θ)
dλdθ

=
2

vold−1(∂Bd)

∫

C

1 dy

ℓ(x, y) ‖x− y‖d−1E , (4.7)where x ∈ A and C ∈ B(A). The last equality follows by the integral transformation formula
∫

Rd

h(y) dy =

∫

∂Bd

∫ ∞

0

h(g(λ, θ))λd−1 dλdθwith
h(y) =

1C(y)

ℓ(x, y) ‖x− y‖d−1Eand either g(λ, θ) = x+ λθ or g(λ, θ) = x− λθ.Lemma 4.10. The hit-and-run transition kernel H, given by (4.7), is reversible with respe
t to µAon A.Proof. Let k(x, y) be a symmetri
 transition density of a transition kernel K, i.e. k(x, y) = k(y, x)
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hain Monte Carlo 87for all x, y ∈ A. Then it follows by Fubini's theorem that
∫

B

K(x,C)µA(dx) =

∫

B

∫

C

k(x, y)µA(dy)µA(dx) =

∫

C

∫

B

k(x, y)µA(dx)µA(dy)

=

∫

C

∫

B

k(y, x)µA(dx)µA(dy) =

∫

C

K(x,B)µA(dx), B, C ∈ B(A).Hen
e the transition kernel K is reversible with respe
t to µA. Sin
e ℓ(x, y) = ℓ(y, x), one obtainsthat the transition kernel H has a symmetri
 density and this implies that it is reversible withrespe
t to µA.The lazy version of H is denoted by H̃ . In Algorithm 2 we present the integration algorithm Shar
n,n0whi
h uses the lazy version of the hit-and-run transition kernel. We use the notation PK = P ,Algorithm 2: Shar

n,n0input : n, n0, (f , A).output: Shar
n,n0

(f,A).
hoose X1 uniformly distributed in Bd;for k = 1 to n+ n0 doif rand() > 0.5 then
Xk+1 := Xk;else
Xk+1 :=Hit-and-Run(Xk);endendCompute

Shar
n,n0

(f,A) :=
1

n

n∑

i=1

f(Xi+n0).

βK = β and ΛK = Λ to indi
ate the transition kernel K. The following lemma provides a lowerbound of the L2-spe
tral gap of PH̃ . The lemma is a straightforward impli
ation of a result of Lovászand Vempala presented in [LV06, Theorem 4.2, p. 993℄. Lovász and Vempala show an estimate ofthe 
ondu
tan
e of H .Proposition 4.11. Let r ≥ 1. Then, for all A ∈ Sd(r) one has for the lazy version of the hit-and-run transition kernel, given by H̃, that
1− βH̃ ≥ 2−52(dr)−2.Proof. In [LV06, Theorem 4.2, p. 993℄ it is proven that
ϕ(H,µA) ≥ 2−25(dr)−1.Then the proof follows by the same arguments as the proof of Lemma 4.5.Now we 
an apply the error bounds of Se
tion 3.2 and obtain the following.



88 Daniel RudolfTheorem 4.12. Let ν be the uniform distribution on Bd. Let (Xn)n∈N be a Markov 
hain withtransition kernel H̃ and initial distribution ν. The approximation of S(f,A) is
Shar
n,n0

(f,A) =
1

n

n∑

i=1

f(Xi+n0).For r ≥ 1 and p > 2 re
all that
Fp(r, d) =

{
(f,A) | ‖f‖p ≤ 1, A ∈ Sd(r)

}
.Let n0(p) be the smallest natural number (in
luding zero) greater than or equal to

4.51 · 1015 d2 r2 ·
{

p
2(p−2) (d log r + log 32p

p−2 ), p ∈ (2, 4),

d log r + 4.16, p ∈ [4,∞].Then
e(Shar

n,n0(p)
,Fp(r, d)) ≤ 9.5 · 107 dr√

n
+ 6.4 · 1015 d

2 r2

n
.Proof. Note that the initial distribution ν is well de�ned, sin
e forA ∈ Sd(r) one has Bd ⊂ A ⊂ rBd.Furthermore, it follows that

ν(C) =
1

vold(Bd)

∫

C

1Bd(x) dx =
1

vold(A)

∫

C

1Bd(x)
vold(A)

vold(Bd)
dx, C ∈ B(A).One obtains

∥∥∥∥
dν

dµA
− 1

∥∥∥∥
p

≤
∥∥∥∥
dν

dµA
− 1

∥∥∥∥
∞

≤
r∈[1,∞)

vold(rB
d)

vold(Bd)
= rd.By Lemma 4.11 we have the 
ru
ial lower bound for the spe
tral gap 1 − βH̃ and 
onsequentlyTheorem 3.45 (ii) 
an be applied. Hen
e the assertion is proven.Note that p > 2 is ne
essary to apply Theorem 3.45 (ii). A 
onsequen
e of the last theorem is thefollowing result 
on
erning the tra
tability of the integration problem (4.6).Theorem 4.13. For the integration problem S(f,A) de�ned over Fp(r, d) with r ≥ 1 and p > 2 wehave

comp(ε,Fp(r, d)) ≤ d2r2

[
4 · 1016 ε−2 + 5 · 1015

{
p

2(p−2) (d log r + log 32p
p−2 ), p ∈ (2, 4)

d log r + 4.16, p ∈ [4,∞]

]for all ε ∈ (0, 1) and d ∈ N.The last theorem states that (4.6) is polynomially tra
table. Roughly spoken for �xed p one obtains
comp(ε,Fp(r, d)) ≺ d2r2(ε−2 + d log r),so that the dependen
e on the pre
ision ε, dimension d and r is polynomial. For p ∈ [4,∞] the
omplexity 
an be bounded independently of p. If p 
onverges to 2 the result is restri
tive. However,for �xed p > 2 we showed that the integration problem is polynomially tra
table on Fd(r, p).
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hain Monte Carlo 894.3. Notes and remarks. Let us brie�y summarize the features of the last se
tions and provideadditional results of the literature. In Se
tion 4.1 elementary state spa
es were 
onsidered, namelyballs, and the distribution π̺ determined by ̺ 
ould be 
ompli
ated. In Se
tion 4.2 the distributionof interest was simple, namely the uniform one, and the state spa
e was possibly 
ompli
ated.The problem of integration (4.1), stated in the form
S(f, ̺) =

∫
D
f(x)̺(x) dx∫
D
̺(x) dxis formulated as in the work of Mathé and Novak [MN07℄. There the authors also proved an asymp-toti
 error bound of the Metropolis algorithm based on the ball walk on FL

2 (B
d). They studied thealgorithm Sδ∗

n,0 and for δ∗ = min
{
(d+ 1)−1/2,L−1

} it is shown in [MN07, Theorem 5, p. 693℄ that
lim
n→∞

n · e(Sδ∗

n,0,FL
2 (B

d))2 ≤ 594700 · (d+ 1)max
{
d+ 1,L2

}
.The �rst non-asymptoti
 error bound is proven in [Rud09℄ for the 
lass FL

∞(Bd). It states that for
n0 ≥ 1.28 · 106 · L(d+ 1)max

{
d+ 1,L2

} the error obeys
e(Sδ∗

n,n0
,FL

∞(Bd)) ≤ 8000√
n

√
d+ 1max

{√
d+ 1,L} .Theorem 4.8 extends the result. The integrands f belong to Lp for p > 2 and we 
onsidered thedomain rBd. The 
onstants in the error bound are of the same magnitude and the dependen
e onthe dimension d, the Lips
hitz 
onstant L and the pre
ision ε is the same. The problem is tra
tablein the sense of (4.3).Apart of the asymptoti
 result of [MN07, Theorem 5, p. 693℄ it is always assumed that the integrand

f belongs to Lp for p > 2. The 
ase of f ∈ L2 is not 
overed so far. To apply Theorem 3.34 it issu�
ient to have a transition kernel whi
h is reversible with respe
t to the desired distribution anduniformly ergodi
 with (α,M). It is well known that the ball walk, the Metropolis algorithm basedon the ball walk and the hit-and-run algorithm are uniformly ergodi
, see [Smi84, KS98, MN07℄.However, as far as we know there is no estimate of the numbers α ∈ [0, 1) and M < ∞, of theuniform ergodi
ity with (α,M), to obtain polynomial tra
tability. We get polynomial tra
tability ifthere exist non-negative numbers c and q, su
h that (1−α)−1 ≤ c dq. One 
an prove the following.Let D = Bd and δ = 2/
√
d+ 1. Then the ball walk Qδ is uniformly ergodi
 with (α,M), where

α = 1− 0.15√
d+ 1((d+ 1)2d+1)

√
d+1

and M = 100.Unfortunately the 
ru
ial quantity (1 − α)−1 is exponentially bad in d. Hen
e, this is not enoughto prove polynomial tra
tability. It is not 
lear if one 
an get a signi�
antly better α.The hit-and-run algorithm is studied in di�erent referen
es of volume 
omputation and optimiza-tion. However, as far as we know it was not yet applied to integration problems of the form of (4.6).There is an immediate generalization of the hit-and-run algorithm whi
h 
an be used to sample adistribution given by a log-
on
ave density, see for example [LV06, p. 987℄. This might be used toobtain further error bounds for other 
lasses of fun
tions.
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A. AppendixSome aspe
ts of Fun
tional Analysis are fundamental for the understanding of the error of Markov
hain Monte Carlo. We present the Spe
tral Theorem for linear, bounded and self-adjoint operators.Then we state the Interpolation Theorem of Riesz-Thorin for operators a
ting on Lp. Afterwardsthe 
ondu
tan
e and the Cheeger inequality is introdu
ed.A.1. Spe
tral Theorem. We state the Spe
tral Theorem for linear, self-adjoint and boundedoperators. For further reading, proofs and details we refer to [KG82, Rud91, Tri92℄. For an intro-du
tion see [Kre89℄.Let H be a real or 
omplex Hilbert spa
e and let L(H) be the spa
e of all linear and boundedoperators mapping from H to H . Let B(R) be the Borel σ-algebra over R.Definition A.1 (spe
tral measure). A spe
tral measure or a proje
tion-valued measure is a map-ping E : B(R) → L(H) with the following properties:(i) for all A ∈ B(R) the operator EA is an orthogonal proje
tion,(ii) E∅ = 0, ER = I, where I is the identity,(iii) for pairwise disjoint A1, A2, · · · ∈ B(R) we have for any g ∈ H that
∞∑

i=1

EAi(g) = E⋃
∞

i=1 Ai
(g).If there exists a 
ompa
t set K ∈ B(R) with EK = I, then we say that the spe
tral measure has
ompa
t support.For f, g ∈ H a signed measure is de�ned on (R,B(R)) by

ω(A) = 〈EAf, g〉 , A ∈ B(R).If f = g, then the measure ω is non-negative. Let P ∈ L(H) be a self-adjoint operator and let usdenote the spe
trum of P : H → H by spec(P |H). Furthermore let
λ = inf

‖g‖=1
〈Pg, g〉 and Λ = sup

‖g‖=1

〈Pg, g〉 .The spe
trum of P is 
losed and spec(P |H) ⊂ [λ,Λ]. Additionally one has λ,Λ ∈ spec(P |H), thus
λ = inf {α | α ∈ spec(P |H)} and Λ = sup {α | α ∈ spec(P |H)} .Now we state the Spe
tral Theorem for linear bounded self-adjoint operators. It is an analogon tothe �nite dimensional Spe
tral Theorem for matri
es.Proposition A.2 (Spe
tral Theorem). Let P ∈ L(H) be self-adjoint and k ∈ N. Then there existsa uniquely determined spe
tral measure E with 
ompa
t support spec(P |H) su
h that

〈
P kf, g

〉
=

∫ Λ

λ

αk d
〈
E{α}f, g

〉
, f, g ∈ H. (A.1)
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hain Monte Carlo 91Let F : [λ,Λ] → R be a 
ontinuous fun
tion. Then one has by the 
ontinuous fun
tional 
al
ulus aself-adjoint operator F (P ) ∈ L(H) with
〈F (P )f, g〉 =

∫ Λ

λ

F (α) d
〈
E{α}f, g

〉
f, g ∈ H, (A.2)and

‖F (P )‖H→H = max
α∈spec(P |H)

|F (α)| .Remark A.3. Mostly in the literature the 
ase where H is a 
omplex Hilbert spa
e is 
onsidered.In [KG82℄ they handle both, real and 
omplex Hilbert spa
es. Note that the integral in (A.1) and(A.2) is de�ned with respe
t to a signed measure.A.2. Interpolation Theorem. We state a version of the Theorem of Riesz-Thorin. For a proofand further details let us refer to [BL76, BS88℄. Let Lp = Lp(D, π) for a probability measure π ona measurable spa
e (D,D).Proposition A.4 (Theorem of Riesz-Thorin). Let 1 ≤ p, q1, q2 ≤ ∞. We assume that θ ∈ (0, 1)and
1

p
=

1− θ

q1
+

θ

q2
.Further let T be a linear operator from Lq1 to Lq1 and at the same time from Lq2 to Lq2 with

‖T ‖Lq1→Lq1
≤M1 and ‖T ‖Lq2→Lq2

≤M2.Then
‖T ‖Lp→Lp

≤ 2M1−θ
1 Mθ

2 .Remark A.5. We 
an substitute the fun
tion spa
es Lp, Lq1 , Lq2 in the last proposition by thesequen
e spa
es ℓp, ℓq1 , ℓq2 and the result remains the same.Remark A.6. Note that we 
onsider real-valued fun
tions. If we would study fun
tions whi
h mapinto the 
omplex numbers, then the same result holds true. In parti
ular, the additional fa
tor oftwo in the assertion is not needed.A.3. Condu
tan
e and the Cheeger inequality. Let (D,D) be a measurable spa
e. Assume
K is a transition kernel de�ned on (D,D) whi
h is reversible with respe
t to a probability measure
π. The 
ondu
tan
e of the transition kernel K is de�ned by

ϕ(K,π) = inf
0<π(A)≤ 1

2

∫
A
K(x,Ac)π(dx)

π(A)
.Let (Xn)n∈N be a Markov 
hain with transition kernel K and initial distribution π. Then thenumerator of the ratio within the de�nition of the 
ondu
tan
e is the probability of X1 ∈ A and

X2 ∈ Ac. Hen
e one has Pr(X2 ∈ Ac | X1 ∈ A) =

∫
A
K(x,Ac)π(dx)

π(A)
.The 
ondu
tan
e of K is the in�mum over sets A ∈ D, with 0 < π(A) ≤ 1/2, of the probabilitythat X2 ∈ Ac under the 
ondition that X1 ∈ A.



92 Daniel RudolfThe Markov operator P , given by Pf(x) = ∫
D
f(y)K(x, dy), is self-adjoint on L2 = L2(D, π). For

f ∈ L2 let S(f) = ∫D f(x)π(dx) and let
L0
2 = {f ∈ L2 | S(f) = 0}.Furthermore we de�ne

Λ = sup
{
α | α ∈ spec(P |L0

2)
}
.The Cheeger inequality provides a relation between Λ and the 
ondu
tan
e ϕ(K,π).Proposition A.7 (Cheeger inequality). Let the transition kernel K be reversible with respe
t to aprobability measure π. Then

1− Λ ≥ ϕ(K,π)2

2
. (A.3)For a proof of the inequality on �nite state spa
es we refer to [Beh00, Theorem 11.3, p. 93℄. TheCheeger inequality for general state spa
es is proven by Lawler and Sokal in [LS88, Theorem 3.5,p. 570℄ and by Lovász and Simonovits in [LS93, Lemma 1.7, p. 374℄. Lawler and Sokal providedi�erent types of inequalities for Markov 
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[27] G. Plonka, S. Tenorth, and D. Roşca. A New Hybrid Method for Image Approx-
imation using the Easy Path Wavelet Transform. Preprint 27, DFG-SPP 1324,
October 2009.

[28] O. Koch and C. Lubich. Dynamical Low-rank Approximation of Tensors.
Preprint 28, DFG-SPP 1324, November 2009.

[29] E. Faou, V. Gradinaru, and C. Lubich. Computing Semi-classical Quantum Dy-
namics with Hagedorn Wavepackets. Preprint 29, DFG-SPP 1324, November
2009.

[30] D. Conte and C. Lubich. An Error Analysis of the Multi-configuration Time-
dependent Hartree Method of Quantum Dynamics. Preprint 30, DFG-SPP 1324,
November 2009.

[31] C. E. Powell and E. Ullmann. Preconditioning Stochastic Galerkin Saddle Point
Problems. Preprint 31, DFG-SPP 1324, November 2009.

[32] O. G. Ernst and E. Ullmann. Stochastic Galerkin Matrices. Preprint 32, DFG-SPP
1324, November 2009.

[33] F. Lindner and R. L. Schilling. Weak Order for the Discretization of the Stochastic
Heat Equation Driven by Impulsive Noise. Preprint 33, DFG-SPP 1324, November
2009.

[34] L. Kämmerer and S. Kunis. On the Stability of the Hyperbolic Cross Discrete
Fourier Transform. Preprint 34, DFG-SPP 1324, December 2009.

[35] P. Cerejeiras, M. Ferreira, U. Kähler, and G. Teschke. Inversion of the noisy Radon
transform on SO(3) by Gabor frames and sparse recovery principles. Preprint 35,
DFG-SPP 1324, January 2010.

[36] T. Jahnke and T. Udrescu. Solving Chemical Master Equations by Adaptive
Wavelet Compression. Preprint 36, DFG-SPP 1324, January 2010.

[37] P. Kittipoom, G. Kutyniok, and W.-Q Lim. Irregular Shearlet Frames: Geometry
and Approximation Properties. Preprint 37, DFG-SPP 1324, February 2010.

[38] G. Kutyniok and W.-Q Lim. Compactly Supported Shearlets are Optimally
Sparse. Preprint 38, DFG-SPP 1324, February 2010.



[39] M. Hansen and W. Sickel. Best m-Term Approximation and Tensor Products of
Sobolev and Besov Spaces – the Case of Non-compact Embeddings. Preprint 39,
DFG-SPP 1324, March 2010.

[40] B. Niu, F.J. Hickernell, T. Müller-Gronbach, and K. Ritter. Deterministic Multi-
level Algorithms for Infinite-dimensional Integration on RN. Preprint 40, DFG-
SPP 1324, March 2010.

[41] P. Kittipoom, G. Kutyniok, and W.-Q Lim. Construction of Compactly Supported
Shearlet Frames. Preprint 41, DFG-SPP 1324, March 2010.

[42] C. Bender and J. Steiner. Error Criteria for Numerical Solutions of
Backward SDEs. Preprint 42, DFG-SPP 1324, April 2010.

[43] L. Grasedyck. Polynomial Approximation in Hierarchical Tucker Format by
Vector-Tensorization. Preprint 43, DFG-SPP 1324, April 2010.

[44] M. Hansen und W. Sickel. Best m-Term Approximation and Sobolev-Besov Spaces
of Dominating Mixed Smoothness - the Case of Compact Embeddings. Preprint 44,
DFG-SPP 1324, April 2010.

[45] P. Binev, W. Dahmen, and P. Lamby. Fast High-Dimensional Approximation with
Sparse Occupancy Trees. Preprint 45, DFG-SPP 1324, May 2010.

[46] J. Ballani and L. Grasedyck. A Projection Method to Solve Linear Systems in
Tensor Format. Preprint 46, DFG-SPP 1324, May 2010.

[47] P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, and P. Wojtaszczyk.
Convergence Rates for Greedy Algorithms in Reduced Basis Methods. Preprint 47,
DFG-SPP 1324, May 2010.

[48] S. Kestler and K. Urban. Adaptive Wavelet Methods on Unbounded Domains.
Preprint 48, DFG-SPP 1324, June 2010.

[49] H. Yserentant. The Mixed Regularity of Electronic Wave Functions Multiplied by
Explicit Correlation Factors. Preprint 49, DFG-SPP 1324, June 2010.

[50] H. Yserentant. On the Complexity of the Electronic Schrödinger Equation.
Preprint 50, DFG-SPP 1324, June 2010.

[51] M. Guillemard and A. Iske. Curvature Analysis of Frequency Modulated Manifolds
in Dimensionality Reduction. Preprint 51, DFG-SPP 1324, June 2010.

[52] E. Herrholz and G. Teschke. Compressive Sensing Principles and Iterative Sparse
Recovery for Inverse and Ill-Posed Problems. Preprint 52, DFG-SPP 1324, July
2010.



[53] L. Kämmerer, S. Kunis, and D. Potts. Interpolation Lattices for Hyperbolic Cross
Trigonometric Polynomials. Preprint 53, DFG-SPP 1324, July 2010.

[54] G. Kutyniok and W.-Q Lim. Shearlets on Bounded Domains. Preprint 54, DFG-
SPP 1324, July 2010.

[55] A. Zeiser. Wavelet Approximation in Weighted Sobolev Spaces of Mixed Order
with Applications to the Electronic Schrödinger Equation. Preprint 55, DFG-SPP
1324, July 2010.

[56] G. Kutyniok, J. Lemvig, and W.-Q Lim. Compactly Supported Shearlets.
Preprint 56, DFG-SPP 1324, July 2010.

[57] A. Zeiser. On the Optimality of the Inexact Inverse Iteration Coupled with Adap-
tive Finite Element Methods. Preprint 57, DFG-SPP 1324, July 2010.

[58] S. Jokar. Sparse Recovery and Kronecker Products. Preprint 58, DFG-SPP 1324,
August 2010.

[59] T. Aboiyar, E. H. Georgoulis, and A. Iske. Adaptive ADER Methods Using Kernel-
Based Polyharmonic Spline WENO Reconstruction. Preprint 59, DFG-SPP 1324,
August 2010.

[60] O. G. Ernst, A. Mugler, H.-J. Starkloff, and E. Ullmann. On the Convergence of
Generalized Polynomial Chaos Expansions. Preprint 60, DFG-SPP 1324, August
2010.

[61] S. Holtz, T. Rohwedder, and R. Schneider. On Manifolds of Tensors of Fixed
TT-Rank. Preprint 61, DFG-SPP 1324, September 2010.

[62] J. Ballani, L. Grasedyck, and M. Kluge. Black Box Approximation of Tensors in
Hierarchical Tucker Format. Preprint 62, DFG-SPP 1324, October 2010.

[63] M. Hansen. On Tensor Products of Quasi-Banach Spaces. Preprint 63, DFG-SPP
1324, October 2010.

[64] S. Dahlke, G. Steidl, and G. Teschke. Shearlet Coorbit Spaces: Compactly Sup-
ported Analyzing Shearlets, Traces and Embeddings. Preprint 64, DFG-SPP 1324,
October 2010.

[65] W. Hackbusch. Tensorisation of Vectors and their Efficient Convolution.
Preprint 65, DFG-SPP 1324, November 2010.

[66] P. A. Cioica, S. Dahlke, S. Kinzel, F. Lindner, T. Raasch, K. Ritter, and R. L.
Schilling. Spatial Besov Regularity for Stochastic Partial Differential Equations
on Lipschitz Domains. Preprint 66, DFG-SPP 1324, November 2010.
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