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Abstract

We prove explicit, i.e. non-asymptotic, error bounds for Markov chain Monte Carlo methods. The problem
is to compute the expectation of a function f with respect to a measure 7. Different convergence properties
of Markov chains imply different error bounds. For uniformly ergodic and reversible Markov chains we prove
a lower and an upper error bound with respect to || f||,. If there exists an Lo-spectral gap, which is a weaker
convergence property than uniform ergodicity, then we show an upper error bound with respect to || f]|,
for p > 2. Usually a burn-in period is an efficient way to tune the algorithm. We provide and justify a
recipe how to choose the burn-in period. The error bounds are applied to the problem of the integration
with respect to a possibly unnormalized density. More precise, we consider the integration with respect to
log-concave densities and the integration over convex bodies. By the use of the Metropolis algorithm based
on a ball walk and the hit-and-run algorithm it is shown that both problems are polynomial tractable.
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1. Introduction and results

In numerous applications one wants to compute the expectation of a function f: D — R with respect
to a probability measure 7 defined on a measurable space (D, D). The goal is to approximate

ﬂﬁzéﬂ@wm, (L1)

where we assume that it is not possible to sample 7 directly with reasonable cost. In other words,
we assume that there is no random number generator which generates a sample with respect to 7
reasonably fast. This might happen if the available information on 7 is incomplete or one has a
complicated measurable space. However, many applications have in common that one knows enough
about 7 to design a Markov chain which approximates the desired distribution. Hence we assume
that we cannot sample 7 directly, but we can run a Markov chain to get close to .

Let us briefly illustrate such problems:

e Let A C R? be an arbitrary convex bod. Suppose that we can sample the uniform distri-
bution on
AnN{ for an arbitrary line /.

The goal is to simulate the uniform distribution on A, say p4. For a complicated A it might
be impossible to generate a uniformly distributed sample with reasonable cost. But the hit-
and-run algorithm (see Section [£.2)) provides a Markov chain which has the limit distribution
HA-

e Let D C R? be a convex body. Suppose that f: D — R is an integrable function with respect
to m,, where o is an unnormalized positive density and

I VCLE:
Q(A)— fDQ(I)dgj’ AcC D.
The goal is to approximate
_ [ @) my(da) = I @el@)dw
S(.0) = [ fa@)mt) = St

By the Metropolis algorithm based on the ball walk (see Section EI) one can construct
a Markov chain which has the limit distribution m,. It might be impossible to sample 7,
directly, in particular if g is a complicated density function.

One can ask the following questions. How does the error of numerical integration based on Markov
chains behave? And, how long does the Markov chain need to get close to the limit distribution?

(*) A convex body is a bounded convex set with non-empty interior.

(5]
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The thesis deals with the first question and, because of the close relation, touches briefly the second
one. The Markov chain Monte Carlo method for approximating the expectation plays a crucial
role in computer science, in statistical physics, in statistics, and in financial mathematics, see e.g.
[GRS96|, [Mar99, [Liu08| [Dia09, BGJIM11]. Suppose that the function f: D — R is given by an oracle
which provides function values of f. The goal is to approximate S(f). The integral simplifies to a
sum if the state space D is finite, such that

=Y f(z)w(x). (1.2)

xzeD

We assume that the distribution 7 can be simulated by a Markov chain (X,,),ecy with transition
kernel K and initial distribution v. The distribution 7 is the limit distribution, in particular it is
stationary, i.e.

A):/DK(:E,A)w(d;v), Aed.

Under weak assumptions on the Markov chain we obtain that after sufficiently many steps m > ny,
the distribution of X, is close to m. The number ngy determines the number of steps to get close to
7, it is called the burn-in or the warm up period. Afterwards, we approximate S(f) by

n no Z f +no

It is well known that an ergodic theorerr- holds which says that
nlgxgo Snono(f) = nl;n;o EZ F(Xj4no) / f(z S(f) almost surely.

This means that the algorithm is Well defined but does not imply an error bound. It is a qualitative
rather than a quantitative result. We study the mean square error of S, ,,. For a function f,
integrable with respect to m, it is given by

/
v 1) = (Buk [SnmaF) = SC)

where E, g denotes the expectation of a Markov chain with transition kernel K and initial distri-
bution v.

The main topic of the thesis is the presentation of old and new explicit error bounds for computing
the expectation by Markov chain Monte Carlo. These bounds are in terms of the ||-||p—n0rm of the

integrand f,
Il = {(fp f(@)P w(de)"”, pef2,00),
P

m-esssup,cp | f(2)], p = oo.

(?) Suppose that (D, D) is countably generated. Let the Markov chain (X, )nen be @-irreducible (o is
a non-trivial o-finite measure, for all A € ® and for all z € D there exists an n € N such that p(A4) > 0
implies K" (x, A) > 0). We assume that 7 is a stationary distribution. Furthermore for all A € © and for all
z € D we have Pr(X, € A infinitely often | X; = ) = 1. Then limpn 00 Sn,ny (f) = S(f) almost surely. For
a proof of the fact see [MT09, Theorem 17.1.7, p. 427]. For a simple approach of a similar ergodic theorem
we refer to [AG10]. For a central limit theorem and fixed-width asymptotics of Markov chain Monte Carlo
see [Gey92| [JHCNO6].
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The kernel K of the Markov chain determines the Markov operator
Pf@) = [ ) K(.dy), weD.

and S(f) = [, f(z)7(dz) can be considered as operator mapping into the constant functions. If
P is self-adjoint acting on Lo then the Markov chain is called reversible. The asymptotic error is
completely known if the underlying Markov chain is reversible, the initial distribution has a bounded
density with respect to 7 and one has HPj < MoJ for an € [0,1) and M < oo, see
Corollary B.37 One obtains

- SHLlﬂLl

2 _14+A _ 2

lim n- sup ey(Snng, — < — 1.3
n—oo ||f|\f;1 (oo =728 <723 (5)
and
. 1+A 2A(1 — A™) 2
1 v Pn,ng 2= - 3 1.4

where A = sup {a | a € spec(P — S)}. Similar asymptotic estimates are shown in [Sok97, [Mat99|
Bré99, [Mat04, [RRO8]. However, we want to have explicit error bounds. The desired error estimate
should behave asymptotically as described in (I3)) and (I4]). For A close to 1 the right hand sides
of the equalities of the asymptotic error can be very well estimated by ﬁ and ﬁ The main
goal is to prove non-asymptotic, explicit error bounds with respect to | f[|, of the form

2 Cyp ™
sup ev(Sn,n 7f)2 S < )
1711,<1 ’ n(l—A)  n?(1-7)?
where C,, and v < 1 should be known. If the initial distribution v of the Markov chain is the
stationary one, say 7, then the influence of the initial part resulting from v should vanish, i.e.
Cyp = 0. We give more details in the following.

First we consider the special case where the state space is finite. Let the cardinality of D be
astronomically large, say for example |D| = 103, such that an exact computation of the sum (L2)
might be practically impossible. Suppose that we have a Markov chain with transition matrix P
and initial distribution v. All definitions, such as stationarity, irreducibility, aperiodicity and all
relevant facts of Markov chains on finite state spaces are provided in Section 2.3l The Markov chain
is reversible if the transition matrix P = (p(z,y))s,yep fulfills for a probability measure 7 that

T‘—("E)p(xvy) :W(y)p(yux)v z,y € D.
If the Markov chain is reversible, then let us define
ﬁ: ||P_S||Z2~>Z2 :ma‘X{Bh ﬁ\D|fl‘}7

where (31 is the second largest and (p|—; the smallest eigenvalue of P. We consider reversible and
ergodic Markov chains, i.e. 5, the second largest absolute eigenvalue of P, is less than 1. Hence also
B1, the second largest eigenvalue of P, is less than 1. Section contains the first error estimate.
The explicit error bound is developed with respect to the />-norm of the integrand f € R”. For

14
o ' 2

C:

1
T
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we obtain in Theorem [2.20] that

2 205m0
sup e, (Spng, f)? < + )
i<t n(l—pf)  n2(1-pB)?
Obviously C'is 0 if v is 7 and the asymptotic estimates of (I3) and (L4) hold true. However, the
factor || % HOO is unsatisfactory for an extension to general state spaces. Furthermore we also provide
a lower bound of the error, see Remark [2.24] In Section [2.3] we suggest a choice of the burn-in. The
main result is as follows.

(1.5)

Theorem [2.25l Suppose that

log(Wn;—w)

log(51)

ng = max

Then 144 4 2 2
+ b1 2
W= B AR o, S ) S Sy T o e
The suggestion of the burn-in is optimal in the following sense. For n > 0 let the number of steps
N = n + ng of the Markov chain be large enough, let 5 = 51 and assume that C' and S obey an
additional less restrictive condition. Then the burn-in nep, which minimizes the upper error bound
of ([LH), satisfies nopt, € [10, (1 + n)no].
In many examples an estimate for 8 is available. In Section [Z4] we consider some illustrating
examples where all eigenvalues and eigenvectors are known, so that the exact error is computable.
Then we compare the lower and upper estimates with the exact error. It turns out that the estimates
are sharp depending on the available information of the eigenvalues. Similar estimates can be found
in [AId87] and [NP09|. However, the suggestion of the burn-in and the lower bound seem to be new.
After the study of Markov chains on finite state spaces let us introduce the general state space
setting. Assume that the measurable space (D, D) is given. Then the desired expectation becomes an
integral, see (I1]). Suppose we have a Markov chain with transition kernel K and initial distribution
v. Let us recall that the transition kernel K defines the Markov operator

l’):/f(y)K(l',dy), x €D,

and S(f f D 7(dzx) can be considered as operator mapping into the constant functions. It is
well known that revers1b111ty of K is equivalent to self-adjointness of P acting on L. In Section [3.1]
we provide all definitions such as stationarity and reversibility in detail. Furthermore it contains
all relevant convergence properties of Markov chains. Mainly the two convergence properties of
Definition [3.14] and Definition are essential:

e Let € [0,1) and M < oo. The Markov chain is called L;-exponentially convergent with
(o, M) if

| P? - SHLﬁLl < Mdo’, jeN.

For reversible Markov chains L;-exponential convergence with («, 2M) is equivalent to 7-a.e.
uniform ergodicity with («, M), see Proposition [3.24
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e The Markov operator has an Lo-spectral gap if

B=P=5lp,r, <1,

where the gap is given by 1 — 8. The existence of an La-spectral gap implies an exponential
convergence of P/ to S with respect to the Ly-operator norm for j — oo.

Section contains the error estimates for S, ,,,. We explain the main results in the following. Let
A be the largest element of the spectrum of P — S acting on Lo, i.e.

A =sup{a|a € spec(P—95)}.

Suppose that the Markov chain is reversible and L;-exponentially convergent with (a, M). Further-

more assume that there exists a bounded density % of the initial distribution v with respect to 7.

For

dv
C=MI|= -1
we show in Theorem [B.34] that the error obeys
2 2C a0
sup e, (Snng, f)? < + .
I1£l,<1 (Smo, f) n(I—A)  n2(1-a)?

Note that the error bound is of the same form as for finite state spaces except for the fact that
a of the Li-exponential convergence appears. If the transition kernel is reversible one has A <
and in Proposition it is shown that 8 < «. Hence one can further estimate the leading term
of the error bound by using (1 — A)~! < (1 — «)~!. Then a reasonable choice of the burn-in can be
obtained by the same arguments as for finite state spaces. In Section B3] we also justify the choice
of the burn-in by numerical experiments, which confirm the theoretical result.

Theorem B.45I([{). Suppose that we have a Markov chain which is reversible with respect to m and
L1 -exponentially convergent with (o, M). Let

_ log(M || % — 1]l.) |
np = max Tog(a 1) , .

2 2
Sup €y Sn,n 7f 2 S .
llfll<1 ( o) n(l—a) n2(l-a)?

Then

The condition that the Markov chain is L;-exponentially convergent with (o, M) is rather restrictive.
This motivates the study of Markov chains which fulfill a weaker convergence property, namely we
assume that there is an Lo-spectral gap. Let us provide the main result.

Theorem [3.45| (). Suppose that we have a Markov chain with Markov operator P which has an
Lo-spectral gap, 1 — 8 > 0. For p € (2,00] let ng(p) be the smallest natural number (including zero)
which is greater than or equal to

1 [ lE ) ree,
0887 log (64 % — 1], p et oo,
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Then
sup e, (S, < 2 + 2 .

T m @I = (1= ) T 21— B2
For further details let us refer to Section B3 There we justify the choice for the burn-in ng(p)
by numerical experiments. Briefly summarized, by weakening the convergence property we get an
estimate of the error for a smaller class of functions. Namely, we prove an error bound for integrands
f which satisfy || ]|, < oo where p > 2.
The last chapter deals with applications. The problem of integration with respect to log-concave
densities is the following. For a function f: D — R and a convex body D C R? the goal is to
approximate

s1.0) = L2/ Oe0

where ¢ is an unnormalized density. The problem is linear in f but not in o. Suppose that the
domain D is the d-dimensional Euclidean unit ball B¢, Furthermore assume that o is log-concave
and log o is Lipschitz continuous with Lipschitz constant L. Hence we consider the class of densities

RY(B%) = {0 > 0| o is log-concave, |log o(z) —log o(y)| < L ||z — y|/x}

where [|-|| denotes the Euclidean norm. We analyze the Metropolis algorithm based on a ¢ ball
walk, see Algorithm [l on page B2 and for the Procedure [Ball-Walk] see page [RIl The algorithm

generates the desired sample. The sample, say (Xgoﬂ, e ,X,‘io_m), is used to compute

1 n
sz,no(fv Q) = E Zf(X]ls-l-no)
j=1

For an adapted 6 = min {(d+1)7*,L™'} Mathé and Novak showed in [MNO7] that the Markov
chain which is defined by the Metropolis algorithm based on a § ball walk has an Lo-spectral gap.
This result is used to get an explicit error bound. We state the result for the unit ball and for
simplicity we consider integrands f with || f||; < 1. For

no < d Lmax {d,L*}

the error obeys

sup 6(527710,(]0, 0)) < \/Emax{\/a,L} + émax{d, L%},
I1£ll5<1, o€ RL(BY) n n

where d € N and L > 0[(3) The geometry of the unit ball is essential for the estimate of the
Lo-spectral gap of [MNOT7|, since the ball walk might get stuck on domains which have corners.
However, the results of Section A1l are slightly more general. There we treat balls with arbitrary
radius > 0 and the result is with respect to || f||, for p > 2. We refer to Theorem L8 for the details.
The number of function evaluations to obtain an error smaller than ¢ is polynomially bounded in
the dimension d and the Lipschitz constant L. Hence the problem of integration with respect to a
log-concave density is tractable, see Novak and Wozniakowski [NWO08, NW10)].

(3) We use the notation < and < as follows. Let (an)nen and (b, )nen be positive sequences. We write
an < by if there exists an absolute constant ¢ such that a, < ¢b, for all n € N. We write a,, < b, if an < by
and b, < an.
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The problem of integration on a convex body is as follows. Let A C R? be a convex body. The goal

is to compute
1
S(f,4) = W/Af(fﬂ)d%

where voli(A) denotes the d-dimensional volume of A. In other words the goal is to approximate
the expectation of f with respect to the uniform distribution, say p4, on A. The problem is linear
in f but not in A. Let BY C A C rB? where rB? is the Euclidean ball with radius r around 0. We
assume that there is an oracle Or4(¢) which returns a uniform distributed state on A N ¢ for an
arbitrary line ¢. Hence we consider state spaces from the class

Sa(r) = {A C R convex | B C A C rB%}

and we assume that Or4(¢) is available for any A € S;(r). We analyze the hit-and-run algorithm,
see Algorithm 2 on page 87 and for the Procedure [Hit-and-Runl see page It generates the desired

sample, say (X[2an ... Xher ) Afterwards we compute
1 n
Spona (f ) = =D F(X]E,).
j=1

The Markov chain generated by the hit-and-run algorithm has the right stationary distribution, see
LemmaT0 or [Smi&4]. A result of Lovasz and Vempala presented in [LV06] provides an estimate of
1 — . Hence there exists an Lo-spectral gap and we can apply the error bound of Theorem B:45] ().
For simplicity suppose that || f|l; < 1. For

ng < d>r?log(r)

the error obeys

dr d?r?
sup (SR (fA) < —= 4+ —.
1£115<1, A€Sa(r) e vn n

For the general result with respect to | f[|, with p > 2 we refer to Theorem E.I2l The number of
function evaluations to obtain an error smaller than € is polynomially bounded in the dimension d
and the radius r. Hence the problem of integration on a convex body is tractable, see [NWO08|,[NWT0].

2. Finite state spaces

In the following we study the mean square error of Markov chain Monte Carlo methods on finite
state spaces. In Section B the basic definitions and properties of Markov chains on finite state
spaces are stated. The estimate of the mean square error is shown in Section We suggest and
justify a recipe how to choose the burn-in. Afterwards the error bound is applied to illustrating
examples and finally we discuss how the results fit into the published literature.

2.1. Markov chains. In this section the basics of Markov chains on finite state spaces are provided.
Let D be a finite set and P (D) the power set of D such that the measurable state space (D, P(D))
is given.
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DEFINITION 2.1 (Markov chain). A sequence of random variables (X,,)nen on a probability space
(Q, F,Pr) mapping into (D, P(D)) is called a Markov chain with transition matriz P = (p(2,y))s,yeD
if foralln € N, all ,y € D and for all z1,...,x,_1 with

PI'(Xl =21,..., Xp1=2Tp_1,Xpn = {E) >0
one has
Pr(Xpt1 =y | Xi=21,..., Xn-1=an-1,Xn =2) =Pr(Xp41 =y | Xo, = ) = p(z,y).

All entries of the transition matrix P are non-negative and the rows sum up to 1. For z,y € D the
value p(z,y) is the probability of jumping from state x to state y in a single step of the chain. The
distribution

v(z) =Pr(X; =x), z€D,

is called the initial distribution.

Suppose that we have a transition matrix P and a probability measure v. Any transition matrix
P has a random mapping representation, see [LPW09, Proposition 1.5, p. 7]. A random mapping
representation of P on state space D is a function ®: D x [0,1] — D, which satisfies

Pr(®(z,Z) =y) = p(z,y), x,y€ D,

where Z : (2, F,Pr) — ([0,1],5([0,1])) is a uniformly distributed random variable, where B([0, 1])
denotes the Borel o-algebra. Then a Markov chain can be constructed as follows. If (Z,,)nen is a
sequence of i.i.d. random variables with uniform distribution, and X7 has distribution v, then it is
easy to see that (X, )nen defined by

Xn - Q(X’n,flv Zn); n 2 25

is a Markov chain with transition matrix P and initial distribution v.

In the following assume that we have a Markov chain (X, ),en with transition matrix P and initial
distribution v. The expectation E, p is taken with respect to the joint distribution of (X, )nen, say
W,.p, which is defined on (DY, o(A)) where

DN ={w=(xy,29,...)|z; € Dforalli>1} and
A:U{Al><A2><~-~><Ak><D><---|Ai€P(D),i:l,...,k}.
keN
For k € N one has with 47 x --- x Ay, C D* that
Wy p(Ar x-ox Ag x Dx -+ )= 3 - Y Pr(Xy =a1,...,Xp = zp).
x1€A;L TR €AK

If the initial distribution v is d,, the point mass at € D, we say that the Markov chain starts at
z. By

Pf(x) =Y f@)plz.y) =Y fy)Pr(Xa=y| X1 = 2) = Bs, p[f(Xs)]

yeD yeD

one has the expectation of f € R” after a single step of the chain which starts at © € D. The
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probability to get from x to y in k > 2 steps is
Pr(Xppr =y | Xa=a)= Y > - > pla,z2)pas,xs)...plw,y) = p*(x,y),
xo€D x3€D rRr€D
where P¥ = (p*(z,y))z yep denotes the kth power of P. Then
PEfe) =Y f)p(zy) =D f(y) Pr(Xpp1 =y | X1 = @) = Bs, p[f(Xpt1)]
yeD yeD

is the expectation after k steps of the Markov chain which starts at x. Similarly we consider the
application of P to a probability measure v, i.e.

vP(x) =Y plyx)v(y) = Y Pr(Xs = | X1 = y)v(y) = Pr(X, = 2).
yeD yeD
This is the distribution which arises after a single transition where the initial state is chosen by v.
The distribution which arises after £ > 1 steps is given by

vPH () = Y p(y,a)v(y) = D Pr(Xpn =2 | X1 = y) v(y) = Pr(Xpp1 = ).
yeD yeD
In the following we present properties of transition matrices.
DEFINITION 2.2 (irreducibility, aperiodicity, periodicity). A transition matrix P is called irreducible
if for all z,y € D there exists a k € N such that
pk(xvy) >0, where P* = (pk(za y))z,yeD-
A transition matrix P is called aperiodic if we have for all x € D that
ged({k e N| pk(x, x) > 0}) =1,

where gcd denotes the greatest common divisor. If P is not aperiodic we call it periodic.
If a transition matrix is irreducible, then one can reach every state y from every state x in finitely

many steps. Aperiodicity ensures that the number of steps to return to an arbitrary state is not in
{m,2m,3m, ...} for m > 1.

DEFINITION 2.3 (stationarity). Let 7 be a probability measure on D. Then 7 is called a stationary
distribution of a transition matrix P if
7P(x) =n(z), x€D.
If the initial distribution of a Markov chain with transition matrix P is a stationary one, say ,
then after a single transition the same distribution as the initial one appears, i.e.
Pr(Xy =2) =7(z) =nP(x) =Pr(Xo =2x), z€D.

DEFINITION 2.4 (reversibility). Let m be a probability measure on D. A transition matrix P is
called reversible with respect to 7 if

T‘—("E)p(xvy) :W(y)p(yux)v zr,y € D.
If a transition matrix P is reversible with respect to a probability measure 7, then 7 is a stationary

distribution (see [LPW09, Proposition 1.19, p. 14]). If the initial distribution of a Markov chain
with transition matrix P is 7, then reversibility with respect to 7 is equivalent to

Pr(X;=2,Xo=9y)=Pr(X; =y, Xo=2), x,y€D.
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DEFINITION 2.5 (lazy version). Let P be a transition matrix and let I be the identity matrix. Then
we call

~ 1
P= 5([ + P),
the lazy version of P.

Let 7 be a stationary distribution of a transition matrix P, then 7 is also stationary with respect
to P. If P is irreducible, reversible with respect to m and periodic, then one can pass over to the
lazy version P and obtains that P is irreducible, reversible with respect to m and aperiodic.

A Markov chain is called irreducible, periodic, aperiodic and reversible with respect to = if the
corresponding transition matrix is irreducible, periodic, aperiodic and reversible with respect to ,
respectively.

Let us state some well known implications of the different properties. For proofs or more details see
[Bré99, [Str05, LPWO09). For every transition matrix there exists a stationary distribution and if the
matrix is irreducible then there exists a unique stationary distribution, which is positive ([LPW09,
Proposition 1.14, p. 12 and Corollary 1.17, p. 14]). Note that if £ is an eigenvalue of a transition
matrix P, then || < 1 (JLPW09, Lemma 12.1(i), p. 153]). Furthermore, for irreducible transition
matrices 1 is a simple eigenvalue ([LPWO09, Lemma 12.1(ii), p. 153]). If the Markov chain is aperi-
odic and irreducible, then —1 is not an eigenvalue of P (JLPW09, Lemma 12.1(iii), p. 153] or [Str05,
Theorem 5.1.14, p. 113]). These eigenvalue results are also known as results of the Perron-Frobenius
Theorem, see [Sen06].

In the following we always assume that the Markov chains are irreducible, aperiodic and reversible
with respect to a probability measure 7. Hence 7 is the stationary distribution. Aperiodicity is not
essential. For a Markov chain with periodic transition matrix P and initial distribution v we may
consider a lazy Markov chain, i.e. a chain with aperiodic transition matrix ﬁ, the lazy version of
P, and initial distribution v.

Let us define a weighted inner product for f,g € RP by

(f.9) = 3 F@)g(a) w(a)

xzeD

and let ||f]l, = (f, f>1/2. By considering the inner product it is easy to see that reversibility is
equivalent to P being self-adjoint. Applying the spectral theorem for self-adjoint transition matrices
and the fact that the Markov chain is irreducible one obtains that P has real eigenvalues

1=py>p12>2p22>->PBp-1>—1
If the transition matrix is aperiodic, then 3p_; > —1. There exists a basis of orthonormal eigen-
functions (vectors) {uo, Up, - . ,u|D‘,1}, ie. for i,5 € {0,...,|D| — 1} one has
1, i=,

Pu; = Biui, U, uy) = 045 =
I
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Clearly, up(z) = 1 for all x € D and S(u;) = (u;,up) = 0 for ¢ € {1,...,|D| — 1}. By the spectral
structure of the transition matrix one has
|D]-1

P* = (p"@,9)eyen = Y B (wi@)ws () 7(Y) )y yen » (2.1)
i=0
see [Bré99, p. 203] for details.

For p € [1, 0] let
IflL = {(ZmED |f(@)|P n(2)/P, pe[l,00),
SuszD'f(x”a p = 00.

The weighted vector space ¢, = {,(D, ) is defined by the normed space (RZ, ||-|| ,)- Furthermore
let

égzég(D,ﬁ) ={fel,|S(f)=0}.
Then
b= (), with ()t ={feR”|f=c, ceR} =Eig(P1),
where Eig(P, 1) is the eigenspace of P with respect to the eigenvalue 1. Note that for the next well

known result it is not assumed that the transition matrix is reversible with respect to .

LEMMA 2.6. Let p € [1,00] and f € RP. For any transition matriz P with stationary distribution
™ one obtains

IPfll, < Wfll, and [P, ., =1
Proof. By the Jensen inequality (J and stationarity (stat.) one has

SIPf@)P (@) <> [ Yo IfWlplay) | w(x)
xcD xzcD \yeD
<S> 1w yw(z) = > |f@)| w(
@ fhaeD (stat.) seD
If p = oo then

1Pflle = sup |Pf(a |<sup2|f ) p(z,y) = || fllo

yGD
Since [|[Pf|, < [[f|, and Puo = ug with [luol|, =1 we have [|P[|, ,, =1. =

Let us briefly explain how to quantify the difference of two distributions. For any measure v let

5 1/2
1, - (£ ()" 0)
mll2 = m(x)
If v is a probability measure on D, then the quantity H z - 1H2 is related to the y2-contrast, defined

as follows.

(*) Let (D,®,u) be a probability space. For any convex function h: R — R and for any function
f: D — R that is integrable with respect to u, the Jensen inequality is h( [, fdu) < [, (ho f)dp.
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DEFINITION 2.7 (x?-contrast). The x2-contrast of a distribution v and a positive distribution p is
defined by

(v(z) — p(x))?
2(1/, )= ~—~7 T
X H wEZD

The x2-contrast is not symmetric and therefore no distance. By a simple calculation one obtains
2
) = 21
v,m)=|——1| .
Clm) = 2 -1,

The functional S can be interpreted as operator which maps into the constant functions, conse-
quently one can see

S =(7(Y))eyen
as a matrix. Furthermore let
B = max {B1,|Bp-1|}

be the second largest absolute value of the eigenvalues of P. Now we state a property of the matrix
pP-5.
LEMMA 2.8. Let P be a reversible transition matriz with respect to w. Then

1P = Sy sty = IP"lgrsg = 8%, meN. (2.2)
Proof. The self-adjointness of P implies ||P||egaeg = max {1, }B|D|,1}} = [, consequently
||Pn||zgazg = p". By

IP" = Slyy = sup [(P"=$)fll, = s [IP"(f = S,

lfll,<1 lfll,<1
< s [Pl = P g
llgll,<1, S(g)=0
and
[P "lgg = sup  [[P"gll = sup  [[P"g—S(g)ll,
llgll,<1, S(g)=0 llgll;<1, S(g9)=0
< sup [[(P" = S)flly = P" = Sy,
Ll <

claim ([22) is shown. =

This section is finished by stating a well known fact which shows that vP* converges to 7 for
increasing k exponentially fast if 5 < 1.

COROLLARY 2.9. Let P be a transition matriz and v a probability measure on D. Let P be reversible
with respect to w. Then

Pk
o
o

gﬁwi—wm keN.
9 i 2

Proof. The assertion is proven by

k
S e L YR R T R A PR R
o (rev.) s 2 s 2 s 2

s
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2.2. Error bounds. In this section explicit error bounds are proven. Let us repeat the idea of
Markov chain Monte Carlo. Suppose we have a Markov chain (X,,)nen with transition matrix P
and initial distribution v, where 7 is a stationary distribution, and we compute

n no Z f ]+n0

as approximation for S(f) = > . f(z) 7(x). The error is measured in the mean square sense, i.e.

1/2
e(Snnas ) = (Bunp [Snna (1) = S
Now let us present a helpful result.

LeEMMA 2.10. Let (Xy,)nen be a Markov chain with transition matriz P and initial distribution v.
Then for i,7 € N with 7 < it follows that

E,p[f(X)f(X;)] = Y P/(fP7 ) (@) v(a). (2.3)

xeD

Moreover, if w is a stationary distribution and v = 7 then
Proof. The calculation

E, p[f(X3)f(X;)]

Z Z f(@)f(@i) p(zioa, @) - - - p(a1, 22)0(271)

xr1€D z; €D

=3 D> flag) P f () plaga, @) - plan, wo)v()

x1€D r; €D

=Y PP () v(x)

xreD
proves (2.3)) and by using 7 P(x) = 7(x) one can see (2.4). »

In the following a special case of the method S, ,,, is considered. In this case the initial distribution
is a stationary one, thus, the distribution after a single transition does not change. Hence it is not
necessary to do any burn-in, i.e. ng = 0. Afterwards the error representation of the special case is
set in relation to the error where the initial distribution might differ from a stationary one. The
techniques which are used are adapted from [Rud09] and [Rud10].

In the following Sy, ¢ is always denoted as S,,. Let us start with a result stated in [BD06, Proposi-
tion 2.1, p. 3].

ProrosiTioN 2.11. Let f € RP and let (Xn)nen be a Markov chain with transition matriz P and
initial distribution w. Let P be reversible with respect to w. Then
L 1Pl
en(Sn, )2 = = > @ W(n, Br), (2.5)
k=1
where

n(l—47) =281 - ﬂk)
(1—Bg)?

ar = (fyug) and W(n,B) =
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Proof. Let us consider g = f — S(f) € RP. The error obeys

2 2
n 1 n
ex(Sn, f)? Z —Erp| Y 9(X))
= p
1 92 n—1 n
S S B+ Y Y Bl )X
J=1 j=1i=j+1
By using the orthonormal basis {ug,u1 ..., u;p|—1} we have g(z) = IZ\ artn(z). For j < i one
obtains
|D|-1|D|-1
B plo(X; =2 3 B (X ()]
=1 =1
|D|—1|D|-1
= > > akm {uk, P7u)
@D = o
D|-1|D|-1 \D|—1
= X X ma ) = 3 ok B
k=1 1=l k=1

The last two equalities follow from the orthonormality of the basis of the eigenvectors. Altogether
this gives

|D|—
ex(Sn, f)? Zak n+2ZZB
k=1

j=1i=j+1
e D|-1
1 n—l)ﬂk nﬂk+ﬂn+1 1 ,
o2 kz [ (1—p5k)? ]_ﬁ ;%W(n,ﬂk)-l

Let us consider W(n, 8x) to simplify and interpret Proposition [ZT11
LEMMA 2.12. For alln e N and k € {1,...,|D| — 1} it follows that

2n
W(nuﬁk) S W(nuﬁl) S 1 .
-5
Proof. We will show that the mapping x — W(n,z) is increasing on [—1,1), so that W(n, ) <
W(n,B1). For i € {0,...,n} we have

VTNl = (1—:Ei)x"_i§1—xi — "4+ <1+2".

(2.6)

This implies
gl 4 It I T <21+ 2™, j€{0,...,n—1}

and .
1 ) ) )
_ +1 n—j—1 n— n
(14 2) Z:Ej—ﬁzox]—i—x] +az" 7T 42" <n(l42").
§=
Now .
aw (14 2) X0 = n(1 +27)
—(n,x) = — >0
dx (1—2)
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and the first inequality of the assertion is proven. By

n(l+z)—2zn 2n
W(n,z) < e S 1w v €[-1,0],
7 a "(llj';) S 127_71&07 € (07 1)5

everything is shown. m

An explicit formula of the error is established if the initial state is chosen by a stationary distribution.
Let us consider the maximal error of S,, for f which satisfy || f|, < 1.

COROLLARY 2.13. Let (X,,)nen be a Markov chain with transition matriz P and initial distribution
. Let P be reversible with respect to w. Then

1+ 5 261 (1 - BY) 2

2 _ —
||fs|1\1§16”(8”’f) TRI-B) W0 -FP - al—B) (21)
Proof. The individual error of f is
el 1713
ex(Sn, f)? Z A Win, ) < 552 max  Win, 5
_ [FilE 1+ b 281(1 = BY) | o2
m 7’L22W( ﬁl) - ( ) ||f||2 n ( 61)2 ||f||27

where ay, is chosen as in Proposition 2T1] and therefore E‘DI ! a; < ||f||§ From the preceding
analysis of the individual error we have for || f||, < 1 the right upper error bound. Now we consider
f = w1, where [Jui||, = 1. By applying ([2.3]) we have

1+81 251 -57)
n(l — 61) 7’L2(1 — ﬁ1)2 ’

Thus the equality of (27) is proven and by (Z.86) the inequality is shown. m

eTr(S’n.; u1)2 -

In Corollary [2.13] an explicit error bound with respect to ||-||, is shown. Notice that the first part
of [27) is an equality, which means that the integration error is completely known if the initial
distribution is stationary.

Suppose that the distribution 7 can be simulated directly, i.e. we can apply a Monte Carlo method
with an i.i.d. sample. Then an i.i.d. sequence (X,,)nen, where every X, is distributed with respect
to m, is a Markov chain with transition matrix S = (7(y) )z,yep and initial distribution . In this
setting one has

xlSn, )7 = 11 = SR

This corresponds to 8; = 0 for all # > 0. In some artificial cases other Markov chain Monte Carlo
methods can do better. For example if there is a Markov chain where 8; < 0 and the target is
to approximate S(u;) or if all eigenvalues are smaller than zero. A simple transition matrix which
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satisfies this eigenvalue condition is given by

1
0 o D11
1
p_|m= 0 ,

: 1

) [D[-1

1 1

o1 o o= 0

where w(x) = 1/|D| for all z € D, see [FHY92, Remark 3, p. 617]. It turns out that 81 = --- =
Bip|-1 = —‘D‘%l. For large |D| it is unfortunately not possible to construct a transition matrix

where (3 is close to —1.

PROPOSITION 2.14. Let P be an irreducible transition matriz. Then

1
ﬁl 2 _W

Proof. Since By = 1 one has

|D|—1 |D|—1

1+ Z Bi = Z B; = trace(P) = Zp(x,x) > 0.

i=1 i=0 zeD

Then
|D|—1

-1< Z Bi < (D] —1)p1. =
i1

The error estimates under the assumption that the initial distribution is a stationary one seem
to be restrictive. If we could sample 7 directly we would approximate S(f) by Monte Carlo with
an i.i.d. sample. However, even if it is possible it might happen that the sampling procedure is
computationally expensive. It can be reasonable to generate only the initial state by sampling from
m and afterwards run a Markov chain with stationary distribution 7. Perfect sampling might be
helpful for the construction of such direct sampling procedures, see [PW96, [Hag02].

In the following we consider the case, where the initial distribution is not necessarily stationary.
Let v be a distribution on D and k € N. Then we define

de@) = 3 A (4 2, ) — () = PH(

2 7(y) "

v 14

Yz) —1=(P*— S)(ﬂ_ —1)(z), =ze€D.

If P is reversible with respect to 7, then we obtain

v Pk
dklly = T—l , keN,

2

thus dj, determines the difference between vP* and the stationary distribution 7. Additionally by
the spectral representation of P* (see (ZI))) one obtains

|D|—1 |D|—1
de(@) = 2 BE Y wlr) @) = Y B (S ui)uil@), aeD. (2:8)
i=1 y€D i=1

The next statement gives a relation between e, (Sp n,, f) and ex(Sp, f).
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PROPOSITION 2.15. Let f € RP and g = f — S(f). Let (X,)nen be a Markov chain with transition
matrix P and initial distribution v. Let P be reversible with respect to w. Then

eu(Sn,nmf) = €r Snyf ZLJ+no 32 Z Z j+no gP )a (29)

where

Li(h) = (di, h) = <(Pi - S)(% - 1),h>, heRP, ieN.

Proof. It is easy to see that

By [S() = Snnalf :nizz 1 P19 (X )9 (Ko 1))

= LSS P + 55 3 Y PGP ) vie),

j=1z€D j=1 k=j+1z€D

Recall that reversibility with respect to = is equivalent to self-adjointness (s-a) of P. For every
function h € RP and i € N the following calculation holds

ST (P () vix) = <Pih, %> = (P'h,1) + <Pih, % - 1>

xeD

= (P'h,1)+ <Pi(5 - 1),h> = (P'h,1) + <(Pi —sX - 1),h>

(s-a) T

=> (P'h) + (di, h) .

xeD

Formula (2.3) is shown by using the previous calculation for h = ¢g? and h = gP*7g. =

COROLLARY 2.16. Under the same assumptions as in Proposition 213 we obtain for all i €
{1,...,|D| — 1} that

o 148 2801 L+ =287
eu(Sn,nouui) = n(l — B;) n2(1 — n2 Z < 1-5 Ljin, (ui),
where
|D|—1 y |D|—1
= Z Br <;,ul> ug, Uy ) Z B (i, u Zul(x)u(:t) (2.10)
=1 xeD

Proof. By substituting
1+8;  28:(1-57)
N2 — _ i
677(5717’(141) n(l — ﬂz) n2(1 — 51)2 )

and

n—l 2\(3. _ gn—i+l
Z Z Lj+no Uz Z Z ﬁk ]LJ-'r’ﬂ() )_ Z LJ-Hm(Uli(flﬂi Bl )

J=1 k=j+1 J=1 k=j+1 j=1

into (29 one obtains the error formula. The equality of Ly (u?) is an implication of (2.5). m
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Equation (2.9) and the result of Corollary 2.16] are still exact error formulas. To get an upper bound
for the error, we estimate the functional Lj(-). This estimate depends on the speed of convergence
of vP* to .

LEMMA 2.17. Let h € RP, k € N and recall that f = max {[31, |B‘D|_1‘}. Then

IO | I TTRe et oVl e T (2.11)

||
Proof. After applying the Cauchy-Schwarz inequality (CS) to Ly(h) = (d, h) one obtains

1” Bl .
Il

v

| L (h)] = ldxlly 12y < [|P* =S|, .,

By Lemma 2.8 the first inequality is proven and the rest is shown by using ||A]l, < \/[|% Hoo [|h]],. =

The last lemma ensures an exponential decay of Ly(-) for increasing k € N. This fact is used to
show that there exists a constant C, » 3, which is independent of n and ng, such that

2 ™

n .

}eU(Sn,noaf)z 7(Sns f) | < Curp ||f||

An immediate consequence of the inequality is an explicit error bound. The following two lemmas
imply such an inequality and provide C), » g explicitly.

LEMMA 2.18. Let (X,,)nen be a Markov chain with transition matriz P and initial distribution v.
Let P be reversible with respect to 7. Let f € RP and

Zﬁ”?Z >

J=1k=j+1

|e0(Snngs £)? = €x(Sn, [)?] < U(ﬁ,n),/H%H H% - 1H2 I1£112 %. (2.12)

Proof. Let g = f — S(f). The equation (29) implies

Then

1 n 2 n—1 n )
‘eu(sn,noaf)2_67r(snuf)2| < EZ‘Lj+no(g2)| +EZ Z ‘Lj-i-ﬂo(gpk_Jg)"
j=1

J=1k=j+1
Then by (ZI1)) one gets

. 1
Lyl < 8502 (12 =1], .
. . 1 .
| Ljtno (9P g)| < 7470y [ — N H% - 1H2 laP* ], -

By the Cauchy-Schwarz inequality (CS) and ||P*~7|| e = B*=7 it follows that

loP*gll, < ol 1P*gll, < llalls 1P g = 87 Nl
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Let <o = \/J2]1 [12 1]}, . Then

n n—1 n
> Ljno @] +2Y° D |Ljsng (9P )]
j=1

j=1 k=j+1

n n—1 n
<ecolgllsd B +2e0llgl3 > > B

j=1 J=1 k=j+1

=0 [lgll3 ZB]HZ Z g

J=1 k=j+1
<U(Bn)-olf;-
The last inequality follows from || f — S(f)|l, < || fll5- =

Note that one can also get a similar estimate as in ([2.12]) with respect to || f||, by using the first

inequality of (ZTII)) instead of the second one. In the resulting estimate the factor H%Hoo does
not appear.
Let us consider U(8,n). If 8 < 1, then the mapping n — U(,n) is bounded.

LeMMA 2.19. Let B < 1. For all n € N we have

U(B,n) < —

(1-p)2
Proof. By the infinite geometric series one obtains
n n—1 n
.28 (148 : 2
U@Bn) <> p +—— ﬂﬂé(—> F<—" .
R N P i
From Lemma 2.18 and Lemma it follows that

2ﬁ”0,/ L —1
eV(Sn,noaf)z (Snuf ’ H H2 ||f||§

2

If the initial distribution v is 7 then the error can be represented as in Proposition[Z.1T]and bounded
as in Corollary [2.13
The next theorem summarizes the main result of this section.

THEOREM 2.20. Let f € RP and let (Xn)nen be a Markov chain with transition matriz P and
initial distribution v. Let P be reversible with respect to w and let § < 1. Then

26" /Il 1l I1% = 11
115+ — == =115 (2.13)

p)?

V( "7107f)

( p1)

For a, = (f,ux) one has

lim 1 - e, (Snng, f)° = lim n-ex(Sp, f)° = D af 7—= (2.14)

n—r oo
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Proof. By Lemma [Z18 Corollary 213l and Lemma 219 the estimate of (2.13) is proven. By
Lemma 218 and Lemma 2191 the first equality of ([2.14)) holds. Then, by Proposition 211

148
lim 7 ex(Sn, f)? = 2ok
Jim e enlSn P = 3 a5

REMARK 2.21. The error bound (ZI3]) can be interpreted as follows: The burn-in ng is necessary
to eliminate the influence of the initial distribution v, while n must be large to decrease e (S, f).
Unfortunately the dependence of the initial distribution on the estimate is disillusioning for an

extension to general state spaces, because of the factor ,/H % HOO One can avoid this factor if one

considers error bounds with respect to || f||, with p > 2, see Section

Another consequence of Lemma[2.18 and Lemma 2.19]is the following result concerning the asymp-
totic error for || f||, < 1.

COROLLARY 2.22. Under the same assumptions as in Theorem [2.20 it follows that

) 1+ 5
Iim n - sup eu(Sn,’n. ) f)2 =
n=oo g, <1 ’ 1=6

and

11826081

lim sup e,(Sn.no, f)

momoe <t T (=) nA(1- )2
Proof. Let us define
26"\ 17l H 1l
im0 = n2(1 —

One has limy, 00 1 - €y = 0 and limy o0 €pone = 0. For | f]l, <1 we obtain by Lemma 218 and
Lemma 2.19] that

|eu(Sn,nm f)z - e‘rr(Snv f)z‘ < Cnyng-
Hence

sup € (Sn, f)? = Cnmg < SUP  €,(Snings £)2 < SUp ex(Sns £)2 + Cring- (2.15)
Ifll;<1 Ifll,<1 Ifll,<1

By Corollary Z13] we have
1+ 5 261(1 — BY)

2 —
T R

By taking the limits in (2-I5]) the assertions are proven. m

REMARK 2.23. The number
1+ 5

1—06
is called an autocorrelation time of P, see [Sok97, [Mat99]. If one could sample from 7 then 31 =0
so that 7 = 1. Hence 7 is the factor of computing time which quantifies the asymptotic difference
of Markov chain Monte Carlo compared to Monte Carlo with an i.i.d. sample from the distribution

.
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REMARK 2.24. Observe that one obtains from (2.13]) a lower error bound for S, ,,,. We have
1+ B 2 ) 2
- - Cn,n S sup €y Sn,n ) f S — 7+ Cn,n
n(l—p1)  n*(l-p1)? C T IrlL<t (Smo, F) n(l—p1) ’
with ¢, defined as in the proof of Corollary[2:22] For a reasonable burn-in of the Markov chain the

error can be effectively approximated by these estimates. We apply these estimates to illustrating
examples, see Section [2.41 Now let us discuss which burn-in is reasonable.

2.3. Burn-in. Assume that computer resources for NV steps of the Markov chain are available, i.e.
N = n + ng. The goal is to choose the burn-in ng and the number n such that the upper error
bound is as small as possible. There is obviously a trade-off between the choice of n and ng. In the
next statement the error for an explicitly given burn-in is stated.

log(y/1 2]l 13 = 1ll,)

log(B~1) ’

THEOREM 2.25. Suppose that

ng = max

Then
2 2

148 4
1 sup €V(5n7n07f)2 S ) + TL2(1 - 5)2 -

— <
n(l—p1) n*(1-8)* 7 p,<1 n(l— B
Proof. The assertion follows from Theorem and Remark ]

Note that log(8~1) = (1 - 3) + PRy O;—F)J and log(8~!) > 1 — 3. One might use this observation
to estimate the suggested burn-in. The choice of the burn-in of Theorem is justified by the
following.

Let us define

C:

v
Iy 2

and assume that 8 = (. If the assumption does not hold we may estimate the error bound of
Theorem 2220 by using (1 — B1)~" < (1 — 8)~*. For ||f|l, < 1 we want to minimize the error
estimate

1
T

est( ) 2 + 205 der the constraint that N +
n,n = ndaer nstraln =N no.
YT Ra=E) T e ’

LEMMA 2.26. Forn > 0 let

log(8~H)\ /"
N> (L) B o 2log(571) - (1- ) (2.17)
Then there exists an
Z { lox(C) . 1o8(C)
Pt log(B-1) log(5—1) ]’

which minimizes the mapping no — est(N — ng, ng).
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If n = 1073, then ([2.I6) implies for 3 = 0.99 that C > 152 and for C' = 103 that 3 > 0.87. Hence
the assumptions are not restrictive, since 3 is usually close to 1, C is larg and the computational
resources N should be sufficiently large.

Proof. Let
log(C' log(C'
Lo8(0)  na b= - BE)
log(5~1) log(5~1)
Note that (2.I7) gives that b > a > 0. It is enough to show that there exists an mqpy € [a, b] which
minimizes n — est?(n) given by

a=N-(1+n)

2 20pN—n

2 = (est(n —-n 2= ’
est(n) = (est(n, N —n))* = “o——v + 55

We have

o= et [0 (i 2) .

We will show for any a < a and b > b that
est?(@)’ <0 and est?(b) >0,

consequently there exists an mop; € [a,b] which minimizes est?(n). Let b > b. Then the inequality
est?(b)’ > 0 follows by ([2.I7) and

log(C) (% + (1 B %>)
log(~1) (1 i)

-~ Tog(B~T)

N >

IR R ()

—  N(og(8™") — (1 -8)) +log(C) (% -~ 1) >2

> blog(B™!) —b(1—p)>2

= log(f7) -2 >01-5)

= (1og<6-1> - %) .- ﬁﬁiv; (logw-l) - %) ~1>0
- 2) 1

On the other hand for @ < a we obtain est?(a)’ < 0. This is shown by the following calculation. By

(2) The constant C' might depend exponentially on additional parameters, see the example “Random
walk on the hypercube” in Section [2.4] or see Section [l
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[2I6) one has

. log(B~1)
¢ em (1-5)
= log(B ) - (1-H)C" <0
— log(s ) - (1-p)CT <2
= log(s)~ 2 < (1-p)C"
c —1 _2 B 7OBN7G AN
= =g (o= 2) -1 = gy (5™ - 2) 1<
OﬂNfﬁ 1

Altogether this implies that there is an
log(C)
1
Nopt € [log(ﬁ_l) ) ( + 77) log(ﬁ—l)

which minimizes the mapping ng — est(N — ng,ng). =

If an error of at most ¢ € (0, 1) is desired, then the suggested choice of the burn-in ng is independent

of the precision €, we choose
log(y/l <1l I = 1ll.)

ng = max

log(571) ’
and
1+ V1 +4e2
- hi v\Pn,ngs S .
n > EEE to achieve ev(Snne, f) < e

2.4. Examples. The goal is to compare the upper bounds of Theorem and Theorem
with the exact error for a given function f € RP. It is not known which f with || f||, < 1 maximizes
ey (Sn.ngs f)?. But by Corollary .22 one has
lim  sup e, (Sn.ng, f)? = €x(Sn,u1)?,
"m0 £, <1

where u; is the eigenfunction corresponding to (1. This motivates the study of the individual error
for w,, which gives the maximal error for integrands f with [|f|l, < 1 if ng goes to infinity. In
this section illustrating examples are considered, where the eigenvalues and the eigenfunctions are
available. The Markov chains are very well studied in the literature, see [Mei99} [SC04! [Str05l, [BD06,
LPWO09.

Random walk on a circle. Let T' > 3 be an odd natural number. Let D = Zp be the underlying
state space, where Zr = Z mod T denotes the cyclic group of order T'. The T x T transition matrix
of the random walk is determined by

(2.9) %, y=x+1 modT,
plr,y) =
0, otherwise.
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The transition matrix is reversible with respect to the uniform distribution given by n(z) = 1/T
for z € D. Since T is an odd number we obtain that the transition matrix is aperiodic, for even T
it would be periodic. The eigenvalues of the transition matrix are

Bo =1, [323‘1—52;'—008(2%)7 j=1L..,—,
and the orthonormal eigenfunctions {ug,u1,...,ur—_1} are
up(z) =1, wugj_1(z) = V2cos (27r j%) . ug;(x) = V2sin (27T j%) ,
where j =1,..., % and x € D. Clearly 8 = |Br_1| = cos(%), thus 8 # f1.

Let us consider f = wy. The initial distribution is chosen as v = Jy, so that the initial state is
0€ D. By (u1)? =ug + \/—’U,g it is

1, i=0,
<ui,(U1)2> = <Ui,uo>+%<ui7u3> = %, 1 =3,
0, otherwise.
Hence by (2.10) we obtain
T-1
Li((u1)?) =Y BF (ui, (u1)?) us(0) = B5.
i=1

Additionally with 8 = cos(%) it is

1+ cos(3F) 2 cos(3F)(1 — cos™ (%))
n(1 —cos(%’r)) n2(1 — cos(38))?

The exact error is determined by Corollary .16 with 83 = cos(4%) so that

eu(sn,noa Ul) = (eﬂ'(Sna U1)2

eF(Sn7u1)2 =

1+ cos(2E) — 2cos" I (22) o AT V12
" . 2.1
n2 ( 1— cos(2%) ) o8 (7 T ))> (2.18)

We apply Theorem [2.25] to get a lower error bound and (ZI3) of Theorem [Z20 to get an upper
error bound, since 8 # 1. Hence the burn-in is chosen as suggested in Theorem 225 i.e.

Then /
2 2 1/2
eu(Sn,noaul) < <’]’L(1 — COS(%)) + ’]’L2(1 — Cos(%))2> (219)
and D
1+ cos(2%) 4
<n(1 - COS(%’)) T on2(1— cos(%))2> < €u(Shn.ng; u1). (2.20)
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We have an explicit exact error formula ([2.I8)), a lower error bound (2:20) and an upper error bound

2.19).

10
:
=
10" -
1
!
: + lower bound (2.20)
' —exact error (2.18)
i - - -upper bound (2.19)
] n n n n n n
.

e 10

10
N=nyg+n

Fig. 1: Random walk on a circle: Exact error and error bounds, 7' = 999 and

_ 1 dog(r*-1) |
no = lrim] = 1396699.

In Figure[Ilthe different bounds of (Z.19), (Z20) and the exact error of (Z.I8) are plotted for T' = 999.
The curves start at N = ng, since the computational resources must be larger than the burn-in

no = 1396699. The lower error bound gives a non-trivial estimate if N > ng + 1617911 = 3014610,

since for n > % = 1617911 one obtains a lower bound larger as zero.

Random walk on the hypercube. Let d be a natural number. Let D = {0, 1}d be the state
space and |Z| = Z'Z:l |Z;| for & € {—1,0,1}". The 2¢ x 2¢ transition matrix is given by

1 —

29 r=1Y,
p(:v,y)z ﬁu |.’L'—y|:1,

0, otherwise.

The transition matrix is reversible with respect to 7(x) = 279 for x € D. Furthermore, it is aperiodic
and irreducible. We use a different notation for the index of the eigenvalues and orthonormal
eigenfunctions, for z € {0,1}* one has

B.=1-— %| and  u.(z) = (—1)2?:121'“, rzeD.
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Set [0] = (0,...,0) and set [1] = (1,0,...,0) so that
B[O] =1, and Ujo] (I) =1, ze€D,
1
= 1 —_ =
B 7
Obviously for all indizes z € {0, 1}d the eigenvalue . > 0 so that §j; = 3.

and upy(z) = (=1)", zeD.

Let us choose the initial state of the Markov chain deterministically in (0,...,0) € D, i.e. v = dq).
By (up1))? = ujg) one has for index z € {0, 1} that

(us, (up))?) = {

1, z = [0],
0, otherwise.
This implies

Li((up)?) =0, keN.

The error of S, if the initial state is chosen by m, obeys

xSy ) = 2471 2(d22—d) (1 - (1 - é)”) |

n n

Then by Corollary 216 it is

e (Snynos u1)) = €x(Sn,upy). (2.21)
The burn-in and the error bounds are determined by Theorem One obtains
- { 1log(2%¢ — 2%}

"2 log(1—2)~1
such that
2d  2d?
e (Sn.no»u1)) < o + 2 (2.22)
and
2d —1 442
) < ey (Snno» up1))- (2.23)

In Figure 2] for d = 50 the exact error (22I]), the upper error bound ([2:22)) and the lower error
bound ([223) are plotted. It can be seen that after the burn-in the curves are close to each other.
The error bounds are polynomial in d which is of the magnitude of log(|D|).

Random walk on the star. Let 7" > 2 be an even natural number. Let the state space D =
{0,1,...,T}. The (T'+ 1) x (T + 1) transition matrix is given by
0, z=9y=0,
#a x:O,yGD\{O},
, x e D\ {0}, y=0,

p :E, y -
0, 0‘ her \\ lse,
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10"

—

S

Sl

10” -
1
1
1
1
1
! + lower bound (2.23)
.I —exact error (2.21)
. - - -upper bound (2.22)
! ‘ it —
10°

10°
N=ng+n

Fig. 2: Random walk on the hypercube: Exact error and error bounds, d = 50 and
= |12 ] 4716
0= | 2hogi—py 1 | — 1716

with a parameter 6 € (0, 1). The transition graph is star shaped since every state is connected solely
with the center 0. The transition matrix is reversible with respect to m, for x € D given by

1 =
@) =170 =0
ooy otherwise.

One obtains By =1, 87 =6 — 1 and for x € D one has
1, z =0,

up(z) =1, ur(z) =v1-146
L otherwise.

0—-1>

The eigenvalue 5; = 0 for i € {1,...,T — 1} is of multiplicity T'— 1. Without loss of generality we

may assume that for any € D one has

0, z =0,
ui(x) = 20 x=1,...,T/2,
2-6 r=T/24+1,...,T.

\V 1-0°
.,up—1 are arbitrarily chosen such that we get an orthonormal

The remaining eigenvectors us, . .
.,ur}. One has an aperiodic and irreducible transition matrix where 57 = 0 and

basis {ug,u1, ..
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B8 = max{f1,|Br|} = 1—0. We consider the error for f = uy. The initial state is given as the center
of the star, i.e. 0. Then v = 6. From (u1)? = ug — ﬁ ur one gets

1, i =0,
<uia(u1)2> = _\/11an Z:Tv
0, otherwise.
By (2I0) this implies
T
Li((u1)®) = Y BF (ws, (w)?*) wi(0) = —BF = —(6 — D).
i=1

The error where the Markov chain is initialized by the stationary distribution obeys

1
eﬂ(Sn,Ul)z = E

Then by Corollary 216l it follows that

N (e 1>>” g (2.24)

ev(Sn,novul) - (ﬁ - (9 — 2)7’L2

Recall that 81 # 8. However, we only use the error bounds of Theorem 2.25] The burn-in is chosen
as
log((2 —6)T
ng=|———+=1.
2log(l —0)~1!

Then the upper bound is
2 2

ev(Sn,nm ul) S % W, (225)
and the lower bound is given as
1 4
E - W S eu(sn,noaul)- (226)

In Figure Bl for § = 0.1 and T = 10° the exact error (2.24), the upper error bound (225) and
the lower bound (ZZ6) are plotted. For n > 7 we get a non-trivial estimate by the lower bound.
The upper error bound is shifted down since 8 # (1. One could improve this by using ([2I3]) of
Theorem directly. In the present setting one looses asymptotically a factor of \/2/_9

Let us summarize the important facts of this section. The error was considered for the eigenfunction
uy corresponding to S1. If ng goes to infinity, then w; is the function which maximizes the error
for integrands f with | f||, < 1. The bound of Theorem applied in this setting gives tight
results if 1 = 8. Otherwise Theorem achieves the right asymptotic coefficient if 8 and £ are
known. For the considered examples one has the eigenvalues and the eigenfunctions explicitly. In
applications it is usually difficult to estimate 81 or g, but there are different auxiliary tools, e.g.
canonical path technique, conductance (see [JS89] and [DS91]), log-Sobolev inequalities and path
coupling, see [LPW0I]. However, if the eigenvalues 81 and f3p|—; are available, then the error can
be approximated by the lower and upper bound.
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10— ‘ R —
I + lower bound (2.26)
i —exact error (2.24)
i - - -upper bound (2.25)
10_35 3
2
L1077
3
2 i
Moo
107'f
10°
10° 10° 10*

N=nyg+n

Fig. 3: Random walk on the star: Exact error and error bounds, § = 0.1, T = 10° and

— | log((2=0)T) | _

2.5. Notes and remarks. Let us comment how the results fit into the published literature. An
elementary and powerful technique how to bound the error for S, ,, or S, is based on Doeblin’s
theory, see [Str03, pp. 27]. Let Ay = (ak(z,y))w,yep be the kth Cesaro sum given by

=
7=0
Assume that

dM e N\ {1},yo € Dandy >0 suchthat VYxe D: apn(z,y0)> 1. (2.27)

Then for any ng the error obeys

elI(Sn,noaf) ||f||io

Condition (227) states that there is a state yo where the expected value of visiting it, in average,
until M from every other state is uniformly bounded from below by rate . If the transition matrix
is irreducible then there exists an M such that Ay > 0 and one has that ([2.27) is satisfied (see for
example [Beh00, Lemma 7.3, p. 50]). It is difficult to obtain v and M. Let us state a toy example
where one can compute v and M explicitely. Let D = {0, 1}d. We consider a Markov chain, which
independently samples with respect to 7, with 7(x) = 2=¢ for # € D. This is Monte Carlo with an

2 ¢ 8(M —1)
ny



34 Daniel Rudolf

i.i.d. sample. Consequently we get as best possible parameters v = 27%~! and M = 2. The error
estimate behaves exponentially bad in terms of d. In contrast, the estimate of Theorem 2.20is inde-
pendent of d. In general, even if one can get v and M, then these constants are often exponentially
bad in terms of some other parameters. Usually + is close to zero and M is huge. However, with this
bound even the periodic case is covered and reversibility is not necessary. But on the other hand
the optimal coefficient HB n of the leading term of Corollary is not reached and the burn-in

cannot be used to tune the algorithm.

The approach to use the spectral representation of reversible transition matrices is not new. In
the result of Proposition [Z.11]is presented. By the same arguments a slightly worse bound
is shown in [AId87, Proposition 4.1, p. 40]. It applies if 51 > 0 and gives

2 QGXP{ n(l—p)} 2

Furthermore if the initial distribution v is not the stationary one, a different algorithm is considered.
Namely, the burn-in nf is randomly chosen, independent of (X, )nen, by the Poisson distribution
with parameter ng, and

n no Z f J+710

Then it is proven in [AId87, Proposition 4.2, p. 41] that

(S5m0 < extun £ (14 1| exp om0t

This bound applies also for periodic Markov chains and after applying ([2.28) it gives an estimate
with respect to ||-||,. The optimal coefficient Hﬁi of the leading term, see Corollary [2.22] is not
reached, also if Corollary 2. I3instead of (2.28)) is applied. The burn-in ng is randomly chosen rather

than deterministically, since then one can translate the discrete time Markov chain into a continu-

’ oo

ous time Markov chain and avoids discussions of negative eigenvalues. This technique is similar to
the idea of considering a lazy Markov chain.

In [NPO9| an explicit error bound is published which holds also for non-reversible Markov chains
with an absolute ¢3-spectral gap, i.e. 8 = ||P||ég_)g(2, < 1. In the proof of the error bound the
multiplicative reversibilization PP* of P is used, where P* is the adjoint operator of P acting on
ls. Tt follows from Corollary 4.2, p. 320] that

1+ no || _
(1+ﬁ) 1 2ﬁ)2 3 1715+ % (ﬁl)ﬁ_ﬁyr; 8 1 f oo LF1l2 -

One obtains an error bound uniformly with respect to || f||, by using || f|| | f]l5- The
spectral gap can be implied by aperiodicity and irreducibility of the Markov chaln see
Lemma 12.1, p. 153]. But it is remarkable that the chain can be non-reversible. If 8 = /51 then the
error bound has the right coefficient of the leading term. Then it is essentially the same bound as
in Theorem

1/( nnoaf) ||f||2

1/2
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Also confidence estimates of S,, ,,, are of interest. The goal is to achieve for given precision € € (0,1)
and confidence parameter « € (0,1) that

Pr([Snne (f) = S(f)l 2 €) < o (2.29)
Such approximations for confidence intervals can be implied by the mean square error.

LeEMMA 2.27. Let (Xp)nen be a Markov chain with transition matriz P and initial distribution v
and let € € (0,1). Then

QV(Sn,novf)2.

2

Pr([Snny(f) —S(f)] =€) <
Proof. The result is an application of the Markov inequality. m

Suppose that || f||, < 1. If one applies Lemma [2.27] and the burn-in is chosen as in Theorem 227

then it follows for
1 v
N R R
ny > and n>———
log(8~1) 1-p
that (229) is true. Note that the burn-in is chosen independently of «. In [LPW09, Theorem 12.19,
p. 165] a similar bound is deduced by coupling arguments. It implies a slightly worse result if the
initial state is deterministically chosen. If
log(2a~1 ||+ 4o 1e—2
ng > —g( T _g”Hw) and n > 7014 _aﬁ
then ([2:29) is true. The main difference is the dependence of « in the choice of the burn-in. One
can essentially boost this confidence level by using a median of independent runs of the Markov
chain Monte Carlo method. This is explained in [NP09].

However, both presented results are far away from well known Chernoff bounds. These exponential
inequalities for finite Markov chains are shown in [Gil98] for random walks on graphs. In [Lez98§],
this Chernoff bound was extended and refined for Markov chains on finite and general state spaces,
furthermore for discrete and continuous time. For irreducible and reversible Markov chains on finite
D and || f||,, <1 one obtains from [Lez98, Theorem 1.1, p. 850| that

Pr([Snno(f) = S(f)] =€) <3

’ v pno

2exp{—n(l _61)%}' (2.30)

In other words, if
log(||% -1 1221 -1
o 2 gt
log(B8~1) 1-5
then ([229) holds true. This is better than using Lemma 2.27 In [LP04] Hoeffding bounds for re-
versible Markov chains are presented.

Such exponential inequalities also imply an error bound of the mean square error by the following
well known formula, see for example [Kal02, Lemma 2.4, p. 26].
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LEMMA 2.28. Let (X,,)nen be a Markov chain with transition matriz P and initial distribution v.
Then

uSnngs 17 = [ Prl1Sun(F) = S| = VE e
0
By Lemma and by (230) one obtains the following error bound

36(14 ™ || —1]|,)
1% S’Il’ﬂ? 2_ . 2 M
||fsﬂip96 (Shno- f) n(l— B1)

The asymptotic coefficient as described in Corollary 213 and Corollary [2.22] is not reached. How-
ever, the error bound applies also for periodic Markov chains.

Let us provide a conclusion. Different explicit error bounds for finite state spaces are known. The
results presented in Section are not entirely new. In the literature one can find similar estimates
where some of the assumptions like aperiodicity or reversibility are weakened. The justification and
discussion of the burn-in in Section 23] and the lower bound of Theorem seem to be new. In
the following we will extend the results to general state spaces.

3. General state spaces

In the following we study the mean square error of Markov chain Monte Carlo methods on general
state spaces. The state space can be countable or uncountable. In Section 3.1l we provide the basic
definitions and properties of Markov chains on general state spaces. The estimates of the mean
square error are shown in Section We suggest and justify a recipe how to choose the burn-in in
Section [B3l Afterwards the error bound is applied to illustrating examples and finally we discuss
how the results fit into the published literature.

3.1. Markov chains. In this section facts and definitions of Markov chains on general state spaces
are stated. The paper of Rosenthal and Roberts surveys various results about Markov chains
on general state spaces. For further reading we refer to IMT09].

Let (D,®) be a measurable space. In most examples D is contained in R? and ® is given by B(D),
where B(D) denotes the Borel o-algebra over D. In the following we provide the definition of a
transition kernel and a Markov chain.

DEFINITION 3.1 (Markov kernel, transition kernel). The function K: D x ® — [0,1] is called a
Markov kernel or a transition kernel if

(i) for each z € D the mapping A € ® — K(z, A) is a probability measure on (D, D),
(ii) for each A € © the mapping = € D — K(z, A) is a D-measurable real-valued function.

DEFINITION 3.2 (Markov chain). A sequence of random variables (X,,),en on a probability space
(Q, F,Pr) mapping into (D, D) is called a Markov chain with transition kernel K if for all n € N
and A € © one has

Pr(X,41 € Al Xq,...,X,) =Pr(Xp41 € A] X)) = K(X,,, A) almost surely.
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The distribution
v(A)=Pr(X; € A), AeD

is called the initial distribution.

Suppose that we have a transition kernel K and a probability measure v. For simplicity let us assume
that D € R? and ® = B(D). For any transition kernel there exists a random mapping representation,
see for example Kallenberg [Kal02, Lemma 2.22, p. 34]. A random mapping representation is a
measurable function ®: D x [0,1] — D, which satisfies

Pr(®(z,Z) € A)=K(z,A), z€D,AeD,

where the random variable Z: (2, F, Pr) — ([0, 1], B([0, 1])) is uniformly distributed. Then a Markov
chain can be constructed as follows. Let (Z,)nen, with Z,, : (Q,F,Pr) — ([0,1],B([0,1])), be a
sequence of i.i.d. random variables with uniform distribution, and assume that X; has distribution
v, then one can see that (X,,),cn defined by

Xn=0(Xp-1,2Z,), n>2,
is a Markov chain with transition kernel KX and initial distribution v.

The transition kernel K of a Markov chain describes the probability of getting from state z € D to
A € D in one step, i.e. for all k£ € N one has

K(z,A) =Pr(Xp41 € A| X, = x).
The n step transition kernel is inductively given by

K"(I,A):/Danl(y,A)K(x,dy):/DK(y,A)anl(:E,dy).

The first equality of the previously stated equation is the definition and for a proof of the second
equality see [Rev84l, Proposition 1.6, p. 11] or [MT09, Theorem 3.4.2, p. 61]. The function K™ again
constitutes a transition kernel. The n step transition probability from state z € D to A € D is

Pr(Xpin € A| Xy =2) = K"(z, A).
This is seen by integrating over the conditional distribution of the previous step:

PI‘(XkJrl cA | X = :E) = K(I,A),

Pr(Xpi2€ A| Xy =2) = / Pr(Xii2 € A| Xiy1 =y, Xk = 2)Pr(Xp1 € dy | Xy = 2)
D

:/ Pr(Xpio € A| Xipp1 = y) K(z,dy) = K*(x, A),
D

Pr(Xk+n €A | X = .’L‘) = / Pr(Xk+n cA | Xk-i—n—l = y,Xk = .’L‘)
D
X Pr(Xk+n71 S dy | X = :E)

— [ PrXin € A Xins =) K™ ndy) = K (0, 4).
D
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In the following let us assume that we have a Markov chain (X, )neny with transition kernel K
and initial distribution v. The expectation E, g is taken with respect to the joint distribution of
(Xn)nen, say W, i, which is defined on (DY, o(A)) where
DN ={w=(xy,29,...) | xz; € Dforalli>1} and
A= U{Al XAQX---XAkXDX---|AiE©, izl,...,k},
keN

see [MT09, Theorem 3.4.1, p. 60] or [Rev84, Theorem 2.8, p. 17]. For k € N one has with Ay x -+ x
Ay, C D¥ that

Wl,ﬁK(A1><~~-><AkXDX--~):PI(X1€A1,...,Xk€Ak)

3.1
:/ / K(xg—1,Ap)K(xg—2,dxr—1) ... K(21,dze) v(dz1). (3.1)
Ay J Az Ap_1

Now we present properties of transition kernels. These properties have finite state space counter-
parts, see Section 211

By M(D) denote the set of real-valued signed measure on (D,D). For any v € M(D) let us
define

vP™(A) = / K™(z,A)v(dz), Ae®D, meN.
D
Note that the mapping v — vP™ defines a linear operator on M(D). If v is a probability measure

then vP™ is the distribution of X,,y1, where (X,,)nen is a Markov chain with transition kernel K
and initial distribution v.

DEFINITION 3.3 (stationarity). Let @ be a probability measure on (D,®). Then 7 is called a
stationary distribution of a transition kernel K if

7mP(A) =n(4), AeD.
Roughly spoken that means: Choosing the initial state with respect to a stationary distribution m,
then, after a single transitions the same distribution as before arises, i.e.
Pr(X; € A)=7(A) =7P(A) =Pr(X,€ A), AeD.

DEFINITION 3.4 (reversibility). Let 7 be a probability measure on (D, D). A transition kernel K is
called reversible with respect to m if

/K(x,A)w(dx)z/K(:E,B)w(dx), A,Be®.
B A

If a transition kernel K is reversible with respect to a distribution 7, then 7 is a stationary dis-
tribution of K. If the initial distribution of a Markov chain with transition kernel K is 7, then
reversibility with respect to m is equivalent to

PI‘(Xl EA,XQGB):PI“(Xl EB,XQGA), A, Be®.

(*) The set function p: ® — R is a real-valued signed measure if u(#) = 0 and for pairwise disjoint
A1, Ao, ..., with Ax €D for k € N, one has p(UpZ, Ax) = Y pey 1(Ax).
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A Markov chain is called reversible with respect to 7, if the corresponding transition kernel is
reversible with respect to .

DEFINITION 3.5 (lazy version). Let K be a transition kernel and let 1 4(z) be the indicator function
of Ae® for x € D. Then we call

~ 1
R(r,A) = 5(142) + K(x,4)), z€D, A€,
the lazy version of K.

If 7 is a stationary distribution of K, then 7 is also a stationary distribution of K.If K is reversible
with respect to w, then K is also reversible with respect to w. For a Markov chain with transition
kernel K and initial distribution v we may define a lazy Markov chain, a Markov chain with tran-
sition kernel K and initial distribution v.

Assume that 7 is a stationary distribution of a transition kernel K and let f: D — R be an
integrable function with respect to 7. Let us define

me(:t)z/Df(y)Km(:E,dy), xeD, meN.

We call P the Markov operator or the transition operator. If a Markov chain (X,,),en with tran-
sition kernel K and initial distribution d,, the point mass at « € D, is given, then P™ f(x) is the
expectation of f(Xp41).

Let us state some well known properties of the operator P acting on functions and on signed
measures.

LEMMA 3.6. Let 7 be a stationary distribution of the transition kernel K and let f: D — R be an
integrable function with respect to w. Then one obtains for v € M(D) that

/ f(z) (wP™)(dx) = / (P"f)(x)v(dz), meN, (3.2)
D D

whenever one of the integrals exist. In particular
s = [ s@s) = [ (PrH@ a(da) meN. (53
D D

Proof. Equation (3.3) is an immediate consequence of (3.2) and stationarity. Hence one has to prove
B2). The equality holds for indicator functions and for simple functions. Then by the standard
procedure of integration theory the equality can be extended to positive and afterwards to integrable
functions. m

Note that if a Markov chain (X, )nen with transition kernel K and initial distribution v is given,
then (B:2) can be rewritten as

E, k[f(Xm+1)] = By k [Ey k [f(Xmy1) | Xu]]-
The following result is well known, see for example [LS93] equation (1.2), p. 365].
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LEMMA 3.7. Let the transition kernel K be reversible with respect to m and let F: D x D — R.
Then

/ / F(z,y) K™(x,dy) m(dz) = / / F(y,z) K™(x,dy) n(dz), m €N, (3.4)
pJp pJD
whenever one of the integrals exist.

Proof. The reversibility of the transition kernel K implies reversibility of the m step transition
kernel K™. Hence it is sufficient to show the assertion for m = 1. By using the reversibility one has

//1A><B(£L',y)K(:C,dy)7T(d,’E)=//1A><B(y,$)K($,dy)7T(d:E), A Be®.
DJD DJD

The equality of the integrals can be extended to arbitrary sets C € ® ® ©, where ® ® © is the
product o-algebra of ® with itself. This is an application of the Dynkin’s Theorem. Then it is
straightforward to consider the cases where F' is a simple function, a positive function and finally
an integrable one. m

For p € [1,0) let us define

Ly=1(D7) = {1 D S RIS = [ 1@ wlae) <.
For p = oo the essential-supremum norm with respect to 7 is defined by

Iflloc = esssup[f(y)[ = | _ inf sup | f(y)l,
yeD

m(N)=0 ye D\N
such that
Lo =Leo(D,m)={f: D= R fll, <oo}.

Sometimes it is convenient to consider bounded functions on D, not m-a.e. bounded ones, thus we
define

Lo = La(D) = {1 D R 7] = sup |7(0)] < o0}
x€
The next result is standard, see for example [BR95|, Lemma 1, p. 334].

LeEMMA 3.8. Let p € [1,00|. For any transition kernel K with a stationary distribution m it follows
that
I1Pfll, < Ifl, and [Pl . =1

Proof. 1f p < oo, then by Jensen inequality (J) and (B3] one obtains

[ipswrsan < [ ([ i |dey>) r(d)
J)//If I Kady)n(da) = [ |7 n(da).

Since 7 is a stationary distribution of the transition kernel one has for N € © that
m(N)=0 <= K(,N)=0 m-ae.

Null sets with respect to 7 are the same as null sets with respect to K (z,-) for almost all € D.
Hence

Pf(2)] < /D O K (e dy) < |fll. mae.
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and we have [|[Pf[|, < [|f||, for p € [1,00]. Let u(x) =1 for all z € D. Then Pu = u with [lu[[, =1
and we obtain [|[P|l, _,;, =1. =

The closed subspace
Ly={feL,|S(f)=0}

of L, is important. Note that Ly and L9 are Hilbert spaces with inner product

()= [ f@te)n(da).
Then
Ly = LY@ (LYY, where (L)t ={fecLs|f=c ccR}.
On the Hilbert spaces Lo and LY there exists the adjoint operator P* such that
(Pf,g)=(f,P"g).

Furthermore

1Plpgrg = 1P Mlgyrg and [P =S|y, 0, =IP"=5Sl,,0,-
The following facts about adjoint operators are helpful. Let T' : L, — L,, with p € [1,00), be a
linear bounded operator. Then the adjoint operator T : Ly — Ly, with ¢ € (1,00], is defined as
follows. Suppose that p and ¢ are chosen such that p=' + ¢~ = 1. It is well known that L, is
isometrically isomorphic to the dual space (L,)’, where the isomorphism is given by

A: Ly — (L)', Alg)(f)=(f.9), [e€L,

Then there exists the dual operator T*: (L,)" — (L,)" and the adjoint operator acting on L, can
be defined as T* = A~1T* A. Figure [ illustrates the construction by a diagram.

L,—" .1,
e
(L) —= (L)

Fig. 1: [llustration of the definition of the adjoint operator T*: Ly — Ly of T': L, = L,,.

Furthermore, for all f € L, and for all g € L, one has
(f,T"g) = (f, AT T* Ag) = A(A™'T* Ag)(f)
= (T A)(9)(f) = Ag)Tf)=(Tf9)-

(dual operator)

Then

HT”LP—’LP - HTXH(LP)/—»(LP)/ N I\Aqliup) <1 HTXAgH(LP)/
£ Lp >

= ATIT* Ag|| = ||T* .
”;IEI;IH all, = 1T~
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If T=P— S, then it follows that

1P~ Slly, ., = 1P =Sl

—Ly —Lg°

Let v € M(D). If there exists a density of v with respect to 7 then we denote it by Z—Z and for
q € [1,00] let

O
a 0, otherwise.

My = My (D, 7) = {u e M(D) | |Ivll, < oo} .

Set

The function space L, is isometrically isomorphic to the space of signed measures My, in symbols
L, = M,. The space of singed measures Mo is a Hilbert space and the inner product is the inner
product of L, of the densities, one has

[ e
<V,,u>—/Dd7T(33) dﬂ(x)ﬂ(dx)_<dﬂ',dﬂ'>, v, b € M.

Furthermore set
M) ={veM,|v(D)=0}.
Then
My = MYD (M, where (M)DT={veMy|v=c-m, ccR}.
Clearly, M9 is also a Hilbert space. We have L = M$ and (L9)* = (M3)+. Let us recall that the
transition kernel applies to signed measures v € M, as

vP(A) = /DK(x,A) v(dz), AeD.

LeMMA 3.9. Let K be a transition kernel and let m be a stationary distribution of K.
(i) Let q € (1,00] and v € M. Then

dwP), . . dv
e (x)=P (d_w)(x) -a.e.

and
1PNl 19—y = 1Pl pag— g -
(ii) Reversibility with respect to 7 is equivalent to P being self-adjoint acting on Lo and Ma, i.e.
(Pf.g)={f,Pg) and (vPpu)=(v,uP).
Proof. First, let us prove assertion ({). For all f € L, with p chosen such that p~! 4+ ¢~! = 1 one

has
(182~ [ s wrian) 5 [ enwan = (Pre) = (1),

Hence we have m-a.e.
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By using the previous equation one obtains

d(uP) dp
1Pl ag - pag = sup | = sup ()
[l l,=1 n(D)=0 2 [l ll=1 s(E=0 2
= 1PNy ng = 1Pl g g -

Let us turn to assertion (). It is clear that self-adjointness implies reversibility. The other direction
follows by

ro)= [ [ fe@r@den) = [ [ fo) K ris) = (7. Pg).
DJD Bd JpJp
The result with respect to My is shown by using () and the self-adjointness of P on Lo. m

In the following we introduce several convergence properties of a Markov chain (X,,)nen with
transition kernel K and initial distribution v. We assume that 7 is a stationary distribution of K.
The goal is to quantify the speed of convergence of vP™ to w for increasing m € N. For further
details let us refer to [RR97a], [RR04] or [Che05].

DEFINITION 3.10 (Lo-spectral gap). Let P be the Markov operator with corresponding transition
kernel K. Then there exists an (absolute) Lo-spectral gap, if

B =Py < 1.
where the Lo-spectral gap is given by 1 — 3.

Let us briefly explain what this means for reversible transition kernel. If the transition kernel K
is reversible with respect to 7, then let spec(P|Lz) be the spectrum of the self-adjoint operator P
acting on Ly and spec(P|L3) be the spectrum of P acting on LY. Since ||P||__,, < 1 the spectrum
spec(P|Ls) is contained in [—1,1]. Let us define

A=inf{a | o €spec(P|LY)} and A =sup{a|a € spec(P|Ly)}.

Since P is self-adjoint, it is well known that

in (Pg,g) and A= sup (Pg,g).
”9“2:1>96L[2) ”9”2:1>96L[2)

Then we have
spec(P|Lg) C[MNA] and B = ||P||L(2,_)L(2, = max{A, [A|}.

The existence of an Le-spectral gap implies that —1 < A < A < 1, consequently there is a gap
between 1 € spec (P|Lz2) and f3, the second largest absolute value of spec(P|L3).

DEFINITION 3.11 (Lg-geometric ergodicity). A transition kernel K with stationary distribution =
is called Lo-geometrically ergodic, if for all probability measures v € My there exists an « € [0, 1)
and C, < oo such that

lvP" — 7|, < Cya™, mneNlN.

An Lo-spectral gap implies Lo-geometric ergodicity.

PROPOSITION 3.12. Let K be a transition kernel with stationary distribution 7. Assume that the
Markov operator P has an Lo-spectral gap, i.e. 1 — 3 > 0. Then the transition kernel K is Lo-
geometrically ergodic.
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Proof. If v € M3 and v(D) = 1, then one obtains (v — 7)(D) = 0 and the proof is completed by
[P = 7lly = (v = m)P"[ly < 1Pl jgnag IV = 7lly = B" v — 7l . m
If the transition kernel is reversible with respect to m, then Lo-geometric ergodicity and the existence

of an Lo-spectral gap are equivalent. This result is shown in [RR97a].

PROPOSITION 3.13. Let the transition kernel K be reversible with respect to w. Then the following
statements are equivalent:

(i) The transition kernel is Lo-geometrically ergodic.
(ii) The Markov operator P has an Lo-spectral gap.

Proof. See [RR974, Theorem 2.1, p. 17]. m

For further details and even more equivalences of La-geometric ergodicity, see [RR97a), [RT01]. The
next definition is similar to Ly-exponential convergence in [Che05].

DEFINITION 3.14 (Ly,-exponential convergence). Let p € [1,00], let a € [0,1) and M < oco. Then
the transition kernel K with stationary distribution 7 is called L, -exponentially convergent with
(o, M) if

1P =S|, ~p, <Ma™, neN.

The transition kernel is called L,-ezponentially convergent if there exist an M < co and an « € [0,1)
such that it is L,-exponentially convergent with (o, M).

The Markov chain is called Lp-geometrically ergodic or L,-exponentially convergent if the corre-
sponding transition kernel K is Lo-geometrically ergodic or Ljy-exponentially convergent.
Let p and g be chosen such that p~'+¢~! = 1. The condition of L,-exponential convergence implies

convergence of vP" to the stationary distribution 7 for increasing n € N in M.

COROLLARY 3.15. Letp € [1,00) and v € M, with p~' + ¢~ = 1. Let the transition kernel K with
stationary distribution m be Ly-exponentially convergent with (o, M). Then

|vP" — x|, <M |lv—x|,a", neN.

Proof. The assertion is proven by

n _ n . d((V - W)Pn) . n Y * dv
o = xl, = -, = | AEZDE =y (1)
dv dv
= P™* — — -1 < ||(P™ - S)* — -1
[y -s) (% )q_n( 9l |71,
<IP" =S5l -1, %—1 qSMHV—W”qOé - .

In the following we consider relations between the existence of an La-spectral gap and L,-exponential
convergence. First, let us add some helpful inequalities.

LeEMMA 3.16. Let 7 be a stationary distribution of the transition kernel K. Then

HPnHLg—)Lg = HPn - S||Lg—>L2 <pg", mneN (3.5)
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If p e [l,00] then
1Pl g < 12" = Sl o, <201y gy, mEN. (56)

Proof. Note that if P is a normal operator, i.e. PP* = P*P, then ||P"||L34Lg = ", otherwise one
has 1Pl 1g g < 1P}y 00 = B By

IP" = Slpyss = s I(P" = S)fly = swp [[P"(f = S(F)

Ifll,<1 ll£ll.<1
< s [Pl = P g
llgll,<1, S(g)=0
and
1P™ [l Loy o = sup 1P"gll, = sup P9 — S(9)ll,
PP gll, <1, S(g)=0 llgll, <1, S(g)=0

< sup (P = S)fll, = I1P" =Sl

—Ly
I, <

claim [B.3) and the first part of [B.6) are shown. Furthermore one obtains

n n n 1
1P" =Sy, p, = sw [P =Sfll,=2 sup |[P"(5(/— 51))
ILfll,<1 <1 p
<2 sup ||Pn9||p =2 ||Pn||LgﬁL2 )

llgll, <1, S(g)=0
which finishes the proof. m
In a general setting it follows that an Lo-spectral gap implies L,-exponential convergence for all
p € (1,00).

PROPOSITION 3.17. Let p € (1,00). Let w be a stationary distribution of the transition kernel K
and n € N. The ezistence of an Lo-spectral gap, 1 — 3 > 0, implies Ly-exponential convergence. We
obtain .

22/7 525 pe(1,2),

. 3.7
22"5" B2/p, pe[2,00). 30

1P =S, -, < {

Proof. Let p € (1,2). Lemma B.10 gives
1P =Sl p, < 6" and  [[P" =Sy, ., <2

We apply Proposition [A4] (Interpolation Theorem of Riesz-Thorin), where T = P" — S and ¢; = 2,
g2 = 1 such that 0 = 2%7”. The case where p € (2,00) follows by the same interpolation argument,
since by Lemma [3.16] one has

1P* = Sl,p, <B" and |[P" =S|, ,;, <2 =

From Proposition BI7 and actually already from B3 it follows that an Lo-spectral gap implies
Ls-exponential convergence. With the additional assumption of normality of P one can prove the
reverse direction.

PRroprOSITION 3.18. Let 7 be a stationary distribution of the transition kernel K. Let the Markov
operator P be normal, i.e. PP* = P*P. Then the following statements are equivalent:

(i) There exists an Lo-spectral gap, i.e. 1 — 3 > 0.
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(ii) There exist an o € [0,1) and M < oo such that the transition kernel K is Lo-ezponentially
convergent with (o, M).

In particular (@) implies
B=IP=5p,50, <o

so that

B =min{a |3 M < oo with |P" =S|, _,, <Ma" neN}.
Proof. By (83) of Lemma[3.16l one has that ({ll) implies (i) with (o, M) = (8, 1). Now we show that
() implies (@). One has

I1PIIZg— g = IPP" [l g g -
where PP* is self-adjoint and (P*)™ = (P™)* for all n € N. Then
n 2 n||2 n n\ *
”P - S||L2AL2 = HP ||Lg~>Lg = HP (P") ||Lg~>Lg

= HPn(P*)nHLgﬁLg = (PP*)nHLgﬂLg

(normality) ||
such that
IP" = Sl < Ma® =[PPl < M0 59)

By the spectral radius formula and the self-adjointness (s-a) of PP* one obtains

2 * *
P2y g = IPP* [l 19— g o) r[PP]

n—oo

- nlinéo(||(PP*)n||L8aL3)l/n (13%'.[) o® lim (M?)'/" < o,

Hence the proof is completed. m

By an interpolation argument we get that L..-exponential convergence or L;-exponential conver-
gence imply an Lo-spectral gap if the Markov operator is normal.

ProprosITION 3.19. Let w be a stationary distribution of the transition kernel K. Let K be Lq-
exponentially convergent or Loo-exponentially convergent with («a, M). Suppose that the Markov
operator P is normal, i.e. PP* = P*P. Then there exists an Lo-spectral gap, in particular one
obtains

B=P—-Sl,p, <V (3.9)

Proof. We show that L;-exponential convergence with («, M) implies 8 < y/a. For Lo-exponentially
convergent Markov chains the claim follows by the same arguments, where the roles of Lo, and Ly
are interchanged.

By the assumptions of the proposition and Lemma one has

[P" =S, S@"M, and |[P" =S|, _, <2

By Proposition[A.4] (Interpolation Theorem of Riesz-Thorin), where T'= P"—S and q; = 1, g2 = o0,
0= % one obtains Ly-exponential convergence with (y/a, 23/2M'/?). Then Proposition B.I8 implies
B < y/a and the proof is completed. m

Another way to measure the convergence of ¥ P" to « for increasing n € N is provided by using the
total variation distance, defined as follows.
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DEFINITION 3.20 (total variation distance). The total variation distance between two probability
measures v, i € M(D) is defined by

v = ull, = sup [v(A) — pu(A)].
AED
The total variation distance can be considered as an Li-norm.

LEMMA 3.21. Let v,u € M(D) be probability measures. Then

— p(dz))], (3.10)

lv = pllyy, = 5 sup

2|\

whore f] = 3pee (8 T4 € M, thn [ =l = 11 =l
Proof. See [RR04, Proposition 3, p. 28|. =

Now we can define uniform ergodicity of a transition kernel K.

DEFINITION 3.22 (uniform ergodicity, 7-a.e. uniform ergodicity). Let M < oo and « € [0,1). Then
the transition kernel K with stationary distribution = is called uniformly ergodic with (o, M) if one
has for all x € D that

|K"(z,-) — 7, < Ma", neN. (3.11)
If the inequality of (BI1I)) holds m-a.e, rather than for all x € D, then the transition kernel K
is called 7-a.e uniformly ergodic with («, M). A Markov chain with transition kernel K is called
uniformly ergodic or m-a.e uniformly ergodic if there exist an M < oo and an « € [0,1) such that
K is uniformly ergodic or w-a.e uniformly ergodic with (a, M).

Obviously, if the transition kernel is uniformly ergodic then it is also 7-a.e. uniformly ergodic. Note
that in other references, e.g. [Che05], uniform ergodicity is called strong ergodicity.

Uniform ergodicity is closely related to Loo.-exponential convergence. An important relation is pre-
sented in the following proposition. Recall that Lg = Lp(D) denotes the class of bounded functions
on D.

PROPOSITION 3.23. Let « € [0,1) and M < oo. Let w be a stationary distribution of the transition
kernel K. Then the following statements are equivalent:

(i’) The transition kernel K is uniformly ergodic with (o, M).
(i5’) The transition operator P satisfies

I1P" = Slp,op, <2Ma™, neN
Furthermore [@’) and ({@d’) imply the following equivalent statements:

(i) The transition kernel K is w-a.e. uniformly ergodic with (o, M).
(i) The transition kernel K is Loo-exponentially convergent with (c,2M).

Proof. By Lemma [B:21] the equivalence of ') and (i) holds true. The equivalence of ({l) and ()
remains to prove. First, let us show that m-a.e.

sup |P"f(z) = S(f)| = sup |[P"f(z) = S(f)].
171l <1 fl<1
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Note that
7(N)=0 <= K"(wN)=0 m-ae.

for all N € ® and n € N, since 7 is the stationary distribution. Suppose that f € L... Obviously,
it N €® and 7(N) = 0 then 7-a.e.

[P f(x) = S(f)] = [P"(Anef)(x) = S(Inef)]-
Let || fll, < 1,ie. w({x € D: f(x) > 1}) = 0. Define
o= [0 @<,
1, f(z) > 1,
such that f(z) = g(z) holds 7-a.e. and |g| < 1. Thus, 7-a.e.
[P f(x) = S(f)l = [P"g(x) = S(g)| < sup [P"g(x) = S(g)|,

lg|<1

so that m-a.e.

sup [P"f(z) = S(f)| < sup [P"g(z) — S(g)].
£l o<1 lgl<1

The inequality in the other direction is clearly also correct, i.e. w-a.e.

sup [P"f(z) = S(f)| = sup [P"g(z) — S(g)].
£l o<1 lgl<1

By applying the essential-supremum on both sides of the previous equation and (3:10) one obtains

[P =Sl p. =2esssup||[K"(z,) — 7, -
zeD

Hence the proof is completed. m

It is known that there are transition kernels where the Markov operators have an Ls-spectral gap
and the transition kernels are not uniformly ergodic, see [MT96]. Furthermore, uniform ergodicity
implies an Lo-spectral gap, see [RR97al. In this sense uniform ergodicity is a stronger property than
the existence of an La-spectral gap.

PROPOSITION 3.24. Let a € [0,1) and M < oo. Let the transition kernel K be reversible with
respect to w. Then the following statements are equivalent:

(i) The transition kernel K is Li-exponentially convergent with («,2M).
(i) The transition kernel K is Loo-exponentially convergent with («, 2M).
(i1i) The transition kernel K is w-a.e. uniformly ergodic with (a, M).

Each of the conditions imply that the Markov operator has an Lo-spectral gap. We have
B = ||P||L(2’—>L(2’ < a

Proof. First we prove the equivalence of (i) and (). By reversibility one can see for f € L; and
h € Lo that

P"—-S)f,h) = ,(P™" = S)h).
( )fih) o (f.( h)
The adjoint operator of P™ — S acting on Ly is P™ — S acting on L. Then, one has

”Pn - ‘S’HLl_)L1 = ||Pn - S”Loo_)Loo
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and the equivalence is obvious.

By Proposition 323l one has that (i) is equivalent to ().

The last implication follows by an interpolation argument. Proposition [A4] (Interpolation Theorem
of Riesz-Thorin) with ¢; = 0o, g2 = 1 and 6 = 1/2 is applied. Then,

HPnHLgﬂLg @ HPn - S||L2AL2 <4Ma", neN. (3.12)

Because of the self-adjointness (s-a) of P one can apply the spectral radius formula and one obtains

B =Py (s-a) Pl = nlgrolo(HPnHLgﬂLg)l/n < o lim (4M)V" =a. =

S-a n—r oo

In Figure [2] we present a survey of the discussed relations between the terms of convergence and

ergodicity.

Lo-geometric

ergodicity
T
uniform :
ergodicity :
Lo-spectral | _ _ _ _ | Lo-exp.
gap convergence
1
|
|
m-a.e. uniform | Loo-exp. — — Ly-exp.
ergodicity convergence convergence

Fig. 2: Ergodicity terms and their relations are illustrated. A solid line represents the implication
without any assumption of reversibility. A dashed line represents the implication under the
assumption of reversibility.

3.2. Error bounds. In this section we prove error bounds on general state spaces. We assume
that we have a Markov chain (X,,)nen with transition kernel K and initial distribution v, where 7
is a stationary distribution, and compute

n

S (f) = % Z F(Xjno)

j=1
as approximation for S(f) = [}, f(x) m(dz). The error is measured in the mean square sense, i.e.

1/2

eu(Snnas £) = (Buric [Snno (1) = SN

Now let us present a helpful result.
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LEMMA 3.25. Let (X,,)nen be a Markov chain with transition kernel K and initial distribution v.
Then for i,j € N with j <1 it follows that

B lF(X)SO0) = [ PP @) vida), (313)
Moreover, if w is a stationary distribution and v = w then

Proof. The calculation

EV7K[f(Xi)f(Xj)]=/ / F@) @) K (w1, das) ... K (21, dws) v(der)
:/ / f($j)Pi7jf($j)K(Ij,17d$j)...K(.Il,dIQ)V(d{El)
D D
j-times

= [ PP pa)viao)
proves (B.13) and by B3] one can see (B.14). =

First we assume that the initial distribution of the Markov chain is a stationary one. Hence it is
not necessary to do any burn-in, i.e. ng = 0. The resulting method is denoted by .S,, instead of S, ¢.
Afterwards we turn to the general method S, ,, where the initial distribution might differ from a
stationary one.

In the next statement we assume that the transition kernel is reversible with respect to . Then we
can apply the Spectral Theorem for linear, bounded and self-adjoint operators, see Theorem [A.2]

PROPOSITION 3.26. Let f € Ly and g = f — S(f). Let (X,)nen be a Markov chain with transition
kernel K and initial distribution w, let K be reversible with respect to ™ and let

A =inf {a | o € spec(P|LY)}, A =sup{a|a € spec(P|LI)}.

Suppose that A < 1. Then

A
xS )P = =5 [ W(n.0)d(Biayg.0) = =5 (Win. Pla.g). (3.15)

where E denotes the spectral measur which corresponds to P: LY — LY and recall that

n(l —a?) —2a(l — a™)

W(n,a) = 1—a) ,

a€e[-1,1).

(?) The definition of a spectral measure and the Spectral Theorem for linear, bounded self-adjoint
operators are stated in Section [A.1]
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Proof. Since f € Ly we have g € LY. The error obeys

n 2 2

ex(Sns f)? Z
1 & 2 '«
:n—; niclg n—g

For i,5 € N with j < ¢ we obtain

i |2, 90X

A
Er x[9(X:)g(X;)] & (9,P" ) :A o' d(E{a19,9)

where the last equality is an application of Theorem [A2] Altogether this gives

1 A n—1 n o
err(Snvf)2:_ \ TL—I—2Z Z ™! d<E{o¢}gag>

)
j=1 i=j+1
1A (n—1)a —na?+antt
“a | et e

1M 1

By the Spectral Theorem we have a representation of the error depending on the Markov operator
P. In this setting one can show a relation between the operator norm of W(n, P): LY — L3 and the
maximal error of S, for integrands f which satisfy ||f||, < 1. This is stated in the next corollary.

COROLLARY 3.27. Let (X, )nen be a Markov chain with transition kernel K and initial distribution
w, let K be reversible with respect to m and suppose that A < 1. Then

1 1+A  2A(1—A") 2
sup e, (Sn, 2= = Wn, P)||l;o_70 = — < .
Hfllgl (S 1) n? W Pllagng n(l—A) n?(1-A)?2 = n(l-A)

Proof. The last inequality of the assertion follows by Lemma 2121 The mapping o — W(n, «) of
Proposition B.26) is increasing, see also Lemma 212 For g = f — S(f) we have

1A 1 A
ex(Sn, f)? = F/A W(n,a)d(Efayg,9) < EW("’A)/A d(E{a}9,9)
1 _ 1+A 2A(1—A™) 9
The assertion is proven by

W(n,A) = max |[W(n,a)|=[W(n,P)l,o= suwp (W P)g,g)

agspec(P|L3) lgll,<1, g€ LY

= sup n? - ex(Sn,g)? <n? sup ex(Sn, f)? =
llgll.<1, gL ILf1l<1
If the transition kernel K is reversible with respect to 7 and the Markov operator has an Lo-spectral
gap, then
B=1Pllg g = max{A, A} < 1.
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Note that Proposition .26l holds already if A < 1. Hence an Ls-spectral gap is not necessary. If the
transition kernel K is not reversible but one has an Lo-spectral gap, then the following error bound
can be shown.

PROPOSITION 3.28. Let (X, )nen be a Markov chain with transition kernel K and initial distribution
. Let w be a stationary distribution of K. Let f € Ly and assume that there exists an Lo-spectral
gap 1 — 3> 0. Then

eﬂ(Smf)2

Proof. Let g = f — S(f). The error obeys

ex(Su D)2 = > Bela()] + 23 Y Boda(X))g(X,)]

j=1i=j+1

2
< (=8 115 - (3.16)

For ¢,j € N with j <4 we have by the Cauchy-Schwarz inequality (CS) that
i—j i—j 2
Eﬂ,K[g(Xi)g(Xj)] = <gaP J9> (CSS) ||P JHL%—)L% ||g||2
Then, with W (n, 8) from Proposition .26 one has
2 2
— . n
— 5 1712

W(?’L,ﬂ) 2
<=2l )

ex(Sn, f )2 >

The estimates of the error under the assumption that the initial distribution is a stationary one seem
to be restrictive. If we could sample 7 directly we would approximate S(f) by Monte Carlo with an
i.i.d. sample. However, even if it is possible it might happen that the direct sampling procedure is
computationally expensive, such that it is reasonable to generate only the initial state by sampling
from 7 and afterwards run a Markov chain with stationary distribution 7.

The error of a Markov chain Monte Carlo method with stationary initial distribution is related to
the error with not necessarily stationary initial distribution.

PROPOSITION 3.29. Let r € [1,2], let f € Lo, and let v € M, _1) be a probability measure.
Let (X,)nen be a Markov chain with transition kernel K and initial distribution v and let © be a
stationary distribution of K. Then

n

eV(Sn,nmf) = ex(Sn, f)? Z j+no (9 32 Z Z j+no gP 7g), (3.17)

where g = f — S(f) and

Li(h) = <(Pi — S)h, (Z—V - 1)> , helL.i€eN.
U
Proof. The proof is adapted from [Rud09 Lemma 6, p. 17]. One has
Evk [S(f) = Snmo(f n2 Z Z E, klg no+J) (Xng+i)]
j=11i=1

:%Z/Dpnoﬂ'(f) i Z /Pno+J Pk J )() (dx)

=1 k=j+1
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For h € L, and v € M, 1) we have for all : € N that g—; - P'h is integrable with respect to 7.
Then the following transformation holds true

/D(Pih)(x) v(dz) = <Pih, Z—Z> = (P'h,1) + <Pih, (Z—Z - 1)>

_<wmw+<ﬁmgg—m>—<ms€§_n>
= (P'h,1) + <(Pi — S)h, (Z_Z - 1)>
jL@%W%@@+«P—SWﬁ%—D>

Formula, (3:I7) is shown by using the previous calculation for h = g% and h = gP*Jg. m

Equation (17 is still an exact error formula. The next lemma provides an estimate of the functional
Lk() for k € N.

LeMMA 3.30. Letr € [1,2], v € M, r—1) and h € L,. Recall that § = ||P||L3—>Lg'
(i) If r € (1,2], then

r—1 || dv
Li(h)| < 2%/7p2k=+ |22 1
|Li(h)| < 27778 -

IAll,., keN. (3.18)
=

(ii) If r = 1 and the transition kernel is Lqi-exponentially convergent with (o, M), then
dv

1

|Li(h)| < Ma*

Ihll,, keN. (3.19)

Proof. After applying Holder’s inequality (HI) with conjugate parameter r and s = -5 to Ly(h) =
((P* — S)h, (% — 1)) one has

< ||

S

L.(R)| < |l(P* =8k
| L ( )I(ﬁl) ( Al Ly—L,

dv
— -1
dm

dv
— -1 hl,. .
s

By equation (87 the claim of () is proven and by the L;-exponential convergence the inequality
of () holds. m

Note that if 7 = 2 then one has |Li(h)| < 8" || % — 1H2 |R]],, see (B3). This is by a factor of two
better than ([BI]), but not essentially different.

In Lemma we have seen that under suitable assumptions one can ensure an exponential decay
of Ly(-) for increasing k € N. This fact is used to show for reversible Markov chains which are
Li-exponentially ergodic with (o, M) that there exists a constant C, o ar, which is independent of
n and ng, such that

a"o
|EV(Sn,novf)2 - e,T(Sn,f)z‘ <Cyam ||f||§ e

An immediate consequence of the inequality is an explicit error bound. The following lemma and
remark imply such an inequality and provide C, o, explicitly.
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LEmMMA 3.31. Let (X,,)nen be a Markov chain with transition kernel K and initial distribution v,
where v € M. Let K be reversible with respect to m and L1 -exponentially convergent with (o, M).
Let f € Lo and

Yy Y

Jj=1k=j5+1
Then

|€V(Sn,n07 f)2 - eﬂ'(S’ﬂ7 f)z‘ S U(n

Proof. Let g = f — S(f). The equation ([BI7) implies
I 2 «— i
‘eu(sn,noaf)2_67r(snuf)2’ < EZ‘Lj-i-no( _QZ Z ‘Lj-‘rno(gpk ]g)"
j=1 J=1 k=j+1

By (B19) of Lemma [3.30] one obtains

m| =] amuriz. (3.20)

o0

|Ljtno (97)] < Mad*mo

2
- 1H gl
o0

| Ljny (gP" 7 g)| < MaT*re

1| ol

By the reversibility and L;-exponential convergence of K we get from Proposition B.24] that 5 =
||P||L3%Lg < a. Then by applying the Cauchy-Schwarz inequality (CS) one has

laP*glly < lalls 1P*sll, <l [P g1 < 0 gl

Let g = a™ M ||g—; — 1HOO. Then

n n—1 n
> | Lisno @] 2D Y |Ljtne (9P g)]
=

Jj=1 k=j+1

< 5 lg2 Zaﬂ+2ao ||9||QZ > ot

J=1 k=j+1
n n—1 n
=collgly [ D ol +2) Y af
Jj=1 Jj=1 k=j+1

2 2
=¢o-Ula,n) - llgly <eo-Ula,n)-[If]3-
Thus the proof is completed. m

REMARK 3.32. The function U(a,n) is already studied in Lemma [2.T9 Let us repeat the result.

For all n € N we have

2
U(a,n) < m

Then, from Lemma [B.31]it follows that
2M || — 1] o™

EV(Sn,nO;f)Z S eﬂ'(Snvf)2+ TL2(1 —04)2 ||f||2
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If the initial distribution v is 7 then one has the error formula of Proposition [3.20

REMARK 3.33. Note that in Lemma [B.3T] reversibility of K was essentially used to apply Propo-
sition If the Markov operator is normal, i.e. PP* = P*P, then one has by Proposition B.19]
that 8 = ||P||L3HL3 < V/a. By this observation we get a very similar estimate as in Lemma B.37]
for normal Markov operators which are not necessarily reversible. The only difference to ([3.20) is
that « has to be substituted by v/a. Then

U(Va,n) < 2 i

< .
(1-va) = (1-a)p?
The last inequality is implied by 1—a” > r(1—a) for r € [0, 1] which is a conclusion of the Bernoulli
inequality with real ewponen .

The next theorem summarizes the main result for a Markov chain with a reversible and Lq-
exponentially convergent transition kernel.

THEOREM 3.34. Let (X,)nen be a Markov chain with transition kernel K and initial distribution
v. Let K be reversible with respect to m and Li-exponentially convergent with (v, M). Let f € Lo
and assume that the probability measure v € My,. Then

(S ) < g2+ 2 = e (3.21)
(&% n,M09 ( ) 2 n2(1 —05)2 2 ’
and for g = f — S(f) we have
nlgr;on ceu(Snmg, f)? = nlgr;on ex(Sn, [)?={(I+P)I-P) 'g,9). (3.22)

Proof. By Lemma [3.31] and Lemma [2.19] the first equality of ([3.22]) holds true. By the reversibility
of the transition kernel Proposition B.26 applies, so that

1
i . 2 _ 7 - — _ -1
nlgréon ex(Sn,y f) nlgrgo - (W(n, P)g,g) <(I+P)(I P) g,g>.
The rest follows via Lemma B.31] Corollary B.27 and Lemma 2,19 =

REMARK 3.35. Under the assumptions of Theorem [3.34] one has by Proposition [3.24 that m-a.e.
uniform ergodicity with (o, M ) is equivalent to Lq-exponential convergence with (o, 2M ) Hence
one can restate Theorem [3.34] for uniformly ergodic Markov chains and obtains the same result
with M = 2M. This is the general state space counterpart to Theorem 2200 where M is of the
magnitude of H%HOO and = a.

Furthermore note that if the Markov operator is normal and not necessarily reversible, then one
can get a similar error bound by using Remark B33

REMARK 3.36. The error bound of (8.21I) might be interpreted as follows: The burn-in ng is reason-
able to eliminate the influence of the initial distribution, while n has to decrease e, (Sy, f). For large
n the error behaves exactly as the error where one started by the stationary distribution. Hence
the bias of the initial distribution disappears after sufficiently many steps. If the initial distribution
falls together with the stationary one, then the bias of the initial part vanishes completely.

(®) The Bernoulli inequality with real exponent r € [0,1] states for any real number z > —1 that
1+2) <1l+4rz.
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Another consequence of Lemma [3.3Tand Lemma [2.19]is the following result concerning the asymp-
totic error for || f||, < 1.

COROLLARY 3.37. Under the same assumptions as in Theorem [3.34] it follows that

1+A
lim n- sup ey(Sn,n 7f)2 =T A
nTOO || f|l,<1 ’ 1-A

and

i 1+A  20(1-A")
lim  sup e,(Snng, f)? = _ '
000 £l <1 ( orf) n(l—A) n2(1—A)2
Proof. Let us define
n dv
C :2a 0]\4H%_1Hoo
e el ap
One has limy, o 1+ ¢nne = 0 and limng o0 €nne = 0- For [[f]l; < 1 we obtain by Lemma .31 and
Lemma 219 that

|€V(S7l,noa f)2 - eTr(Sna f)z‘ < Cn,ng-
Hence

sup eﬂ(Sn,f)2 — Cnny < SUD el,(S’n7n0,f)2 < sup ex(Sp, f)2 + Cnong- (3.23)
Ifll;<1 Ifll,<1 Ifll,<1

Recall that A = sup {« | o € spec(P|L9)}. Then by Corollary B.27 we have

1+A  2A(1-A")
sup ex(Sn, f)? = _ '
anf; (S, f) n(l1—A) n2(1—A)2

By taking the limits in ([B.23) the assertions are proven. m

In many examples it is known that the transition kernel is L;-exponentially convergent or m-a.e.
uniformly ergodic, but it is difficult to obtain reasonable values of (a, M) explicitly. Then at least
the asymptotic result can be used. This is similar to results of [Sok97, Bré99, Mat99].

REMARK 3.38. Observe that we have a lower and an upper bound of the error of S, ,,,. Exactly as
in Remark 224] one obtains by ([3:23) that

1+A 2 ) 2
- — Cp ng S su €y Sn,nm S
n(l - A) TL2(1 - A)2 ’ ||fH2I;1 ( f) n(l - A)

+ Cn,ng -

We showed an error bound of S,, ,,, with respect to [|-||, for Markov chains which are reversible and
Ly-exponentially convergent. The condition of the L;-exponential convergence is rather restrictive.
This motivates the study of Markov chains which satisfy a weaker convergence property, namely
we assume that there is an Lo-spectral gap, i.e. 1 — 8 > 0. This is enough to obtain error bounds
for integrands f € L, with p € (2,00]. The following lemmas lead to the fact that there exists a
constant C, g p, independent of ng and n, such that

g
[0 (Snnor )7 = ex(Sns 2] < Cupp IF1l; —

Note that it is not assumed that the Markov chain is reversible with respect to .
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LEMMA 3.39. Let (X,,)nen be a Markov chain with transition kernel K and initial distribution v.
Let 7 be a stationary distribution of K. Let f € Ly, let v € Mmax{Q,%} with p € (2,00] and

n jp—2 3p+2 n—1 p—3 n
V(8,n,p) — 4 {24/p ijl Jil :+2+ 2 i B2 ijﬂ B2lv pe (2,4),
230, iyl prEe Y L B b e 1,00,

(i) If p € (2,4), then

|6V(Sn,nmf)2_e'rr(8naf)2| < Wﬁzn ’ H ||f||127
(i1) If p € [4,00], then
|ew (Snnes £)2 = ex(Sn, )] < MB"U 1H I£1I2 -
2

Proof. First, let g = f — S(f) and observe that for p > 1 one obtains

lgll, < Wf1l, + ISCHE< I, + 11l < 211, - (3.24)
The equation (BI7) implies

2 n—1 n )
‘eu(Sn,noa f)2 (Sna f = 2 Z ‘Lngno + F Z Z ‘LjJrno (ng_Jg)‘ . (325)

j=1 k=j+1

Let p € (2,4). Then it follows by (BjEl) with » = £ and 7“/(7‘ — 1) = ;%5 that

|Ljine(97)] < 297855 B

2

- 1H 91l
P
p—2

|Ljno (9P 7 g)| < 24/P8%75

o] el
-2

By applying the Cauchy-Schwarz inequality (CS) and (B.7) one obtains

loP*al, 0 & ol 1P*sll, < Il 1Py g £ 27 5% Nl

Let eo(p) = g% || & — 1HL Then
p—2

n n—1 n
> 1 Ljno (@] 42" > |Ljino (9P g)]
j=1

=1 k=j+1
n ) 3pia n—1 3

2 jp—_2 2pte 2 j 25
< 2rzofp) lglly - 475 + 2" cow) lglly 3o 49T DS 4

= =1 k=j+1

3pia n—1 3 n
p—2 .p jP—9
~ o) ||9|| 24/pzﬁzj 2 Zﬁ% = Z 32K/
j=1 k=j+1

< V(Banvp) ! Eo(p) ||f||p :
G290
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Thus, claim () is shown.
Let us turn to (), i.e. p € [4, ). Equation (B18) with r = 2 is used to get

Lysnala?)] < 287570 |2 =1 ol
|Ljno (9P 7 g)| < 287470 ng>k—jguz.
By Holder’s inequality (HI) with conjugate parameters 2 and one obtains
loP*ally = ol 1P, < APy g ol 2
HP’“ gty 10l 2 27 847 Nl

Note that in the third inequality of the last estimation it was essential that p € [4, 00] for using
||g||2_p2 < llgll, - Thus, for e = g™ || % — 1”2 one has
=

n n—1 n
S Lo @) +2) Y | Lisn, (9P )]
g=1 j=1 k=j+1
n n—1
<eollgli2 " A7 +eollgl 2?5 Zﬂ%/p Z ghEs2

j=1 k=j+1

< eollgl? 2Zﬁﬂ+2”“zﬁw z B < V() -elfI

k=j+1
Finally by substituting this in equation (B:?H) everything is shown. m

Let us consider V(8,n,p). lf p € (2,00] and 1—4 > 0, then we show that the mapping n — V (5, n, p)
is bounded.

LEMMA 3.40. Letp € (2,00] and 1 — 8 > 0. For all n € N we obtain

64p
N TR

Proof. The inequalities indicated by (x) follow from 1 — 8" > r(1 — ) for r» € [0, 1]. First, let
€ (2,4). By the geometric series one can estimate

n—1 n
(ﬂ’”p 24/1’2623_ 23”522623"’773 > B

(3.26)

k=j+1
n—j—1
Y Y
j=1
n 3p+2
p—2 2 v 32 b2
4/ 27 2]
SZ pzlﬁ P 62/17 Z P
J:

24/P 4 52/Po4/P(23-2/P _ 1)\ 23— 23+2/p n g% p=2
< DY T 2
j=1
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16 4p? < 16p

ea) (p—2)(1-p)*

<

peiay (L BE)(1— F2o277) (5 (p—2)(1— B

For p € [4, o], again by the geometric series, we can estimate

5’”1’ QZBJ 3”“2523/pzﬂw
k=j+1
n—j—1
ZQZBJ‘
=1
<i ) (e )
1 1-

Zﬂj > o
Jj=

—-—pr ﬁ j=1

8v2 8v/2p
< J < < .
pe,o0] 1—5 " Zﬂ 1-8)1-8") & (P—2(1—p)?

This completes the proof. m

The main error bound of S, , for Markov chains with an Ly-spectral gap is presented in the next
theorem.

THEOREM 3.41. Let (X, )nen be a Markov chain with transition kernel K and initial distribution
v. Let 7 be a stationary distribution of K. Forp € (2,00] let f € L, and v € Mmdx{2 ne Suppose

that the Markov operator has an Lo-spectral gap, i.e. 1 — 3 > 0. Then we have

eV(Sn,noaf)2 < eﬂ—(Sn,f)2+ 5 5 117 - || prz
n?(p —2)(1-5) Bno HE—ngv p€[4700]7
where
(Snaf)2 < {ﬁ ||f||p, if K is reversible with respect to ,

ﬁ ||f||p , otherwise.

Furthermore
m 7 e, (Spng, )2 = lim n-ex(S,, f)? (3.27)

=00 n—o0

and if K is reversible with respect to w then (327) is equal to
<(I—|—P)(I—P)71 gy, where g=f—5S(f).

Proof. By Lemma [3.39 and Lemma ] the equality of (B27)) is true. If the transition kernel is
reversible, then by Proposmon the asymptotic result holds since

i - ex(Si, f)? = Tm ~ (W(n, P)g,g) = (I + P)(T ~ P)"'g,9).

By Lemma B39 and Lemma [B.40 one obtains the estimate of e, (S ny, f)?. The estimate of
ex(Sn, f)? follows by Proposition [3.28 and for a reversible transition kernel by Corollary B.27 =

REMARK 3.42. A large burn-in ny guarantees that the influence of the initial distribution disappears
and a large n makes e, (Sy, f) small. The condition of the L;-exponential convergence could be
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substituted by the existence of an Lo-spectral gap by paying the price of considering error bounds
in terms of L,-norms of the integrand for p € (2,c]. If p converges to 2, then the bound goes to
infinity. However, for p > 2 one has an explicit error bound. If the initial and stationary distribution
is the same, then the influence of the initial part vanishes for all p € (2, o0].

REMARK 3.43. Let

61p gl =1 . pe 24,

Cnno (D) =
e G TRl pe 400

)

For || f||, <1 we have by Lemma .39 and Lemma [3.40 that

‘el/(S’ﬂ,n()7 f)2 - eﬂ'(sna f)z‘ S C"yno(p)'

Observe that this implies a lower error bound for S, ,,. We do not use it because of the lack of a
general lower bound of supj s <1 ex (S, f)* for p € (2, 00].
Fll,<

REMARK 3.44. Let K be a transition kernel which is reversible with respect to w. We use the
notation Sk = 8 and Ax = A to indicate the transition kernel. The lazy version of K is given by
K. Then one has
1
ﬂf( = Af( = 5(1 + Axk).
If one has an estimate of Af, then one also has an estimate of 3z and one can apply Theorem B.41l
There are some techniques, e.g. canonical paths (see [Yue00]) and the conductance concept (see
|LS88|, ILS93| and [JS89, [DSO91]) which are helpful to estimate Ax. However, in general it is a
challenging task.

3.3. Burn-in. Assume that computational resources for N = n+ng steps of the Markov chain are
available. The burn-in ny and the sample size n should be chosen such that the error bound is as
small as possible. One encounters the same trade-off as for finite state spaces. In the next statement
the error bound for an explicit burn-in is stated.

THEOREM 3.45.

(i) Suppose that we have a Markov chain which is reversible with respect to m and L -exponentially
convergent with (o, M). Let

[ esou ] 1]
np = max Togla 1) , .

2 n 2
n?(1 — a)?

Then

SU.p €y Sn,nouf 2 S
I£1,<1 ( ) n(1—p)

< 2 n 2
“n(l-a) n2(l-a)?

(ii) Suppose that we have a Markov chain with Markov operator P which has an La-spectral gap
1 =8> 0. For p € (2,00] let no(p) be the smallest natural number (including zero) which is
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greater than or equal to

_ 2(pp—2) log(% HZ_Z_lH#» p € (2,4),
og(571) | 10g (64|22 — 1], . p €[4,
Then
2 2 2

v Sn no(p)s > .
||fS|tI;1€ (Snmow): £)° < n(l—p) - n?(1 — f)?

Proof. Assertion () follows from Theorem B.34] and Proposition Claim () is an application
of Theorem BA41l w

Note that log(8~") = (1 - 8) + 272, (1;!B)j and log(8~!) > 1 — 3. This can be used to estimate
the suggestion of the burn-in. Now we justify the choice of the burn-in.
For simplicity we assume that o = 3. Let us define

Mg -1, p=2
Co) =15 % -1l e, pe9),
64[| —1ll,,  pef o0l

We consider numerical experiments under the following conditions. Suppose that

e the computational resources are either N = 10° or N = 106.
e 3=0.90r §=0.99 or §=0.999.
e C =C(p) =10%), independent of p.
Then the suggestion of the burn-in of Theorem for p =2 and p € [4, c] has the form
{2}U[4,00) _ [ log(C) w
g = |7 a-n |
log(5~1)
whereas for p € (2,4) it still depends on p, such that
A2 _ [ p_ log(C) W
’ 2(p — 2) log(5~1)
The error for [|f||, < 1 where p € {2} U [4,00) is bounded by

2 203"
est{2}ul4,00) (1, n0) = \/n(l - B) - n2(1 - B)?

whereas for p € (2,4) we have the upper estimate

2 2082055
est(2,4)(n,n0) = = B) + 2157

With the restriction N = n + ng one can numerically compute a burn-in, which approximates the

minimal upper error bound. This is a 1-dimensional minimization problem with different parame-

ters. Let us denote the numerically computed values of the burn-in by niiiUHm) forp € {2}U[4, x0)
and ngi’f ) for p € (2,4) respectively.
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N B nirﬂuum) ”éZ}UH’OO) = [1;;%91)—‘ nﬁi’f) ”(()2’4) = ’72(;)1)72) 1012%91)}
(by Maple) (suggested above) (by Maple) (suggested above, p = 2.1)

10° 0.9 656 656 6655 6885

10° 0.9 656 656 6655 6885

10° | 0.99 6873 6874 69642 72169

106 0.99 6874 6874 69715 72169

10° | 0.999 68977 69043 79011 724952

10° | 0.999 69041 69043 699520 724952

Table 1: For C = 10%° and p = 2.1. The numerically computed value ”g;l)tt which approximately

minimizes the mapping ng — esty (N — 1o, no), either Int = {2} U [4, 00) or Int = (2,4).

Table[dl gives a collection of nii% Vi) g)’é ) where p = 2.1. The suggested no of Theorem [3.43]

is close to the numerically computed values of the burn-in, which approximately minimize the error
bound. For N = 10° and 3 = 0.999 the difference between nl()i’é) and n82’4) is large. In this situation
Theorem [3.41] gives for no choice of n and ng with N = 10 an error smaller than 1. The available

resources N = n + ng are too small, such that the suggested burn-in cannot be reached. If the

and n

computational resources are large enough, then the computed values niiiUHm) and n((,if ) are of
the same magnitude as the suggested néz}u[4’°°) and né2’4).

If an error of at most € € (0, 1) is desired, then the suggested choice né2}u[4’°°) or ng2’4), depending

on p, of the burn-in is independent of the precision €. We choose ng as suggested in Theorem [3.43]

and
14+ V1 +4e2
n> — ———
T (1-p)e?

to achieve ev(Sn,ngs f)<e.

Let the Markov chain be reversible with respect to m and let A = . For different fixed values ng a
plot of

est{o}u,00) (N —10,m0) and  sup er(Sn, f) =
llfll,<1

is presented in Figure Bl Roughly spoken one can see that if the burn-in is chosen too small a
vertical shifting takes place and if the burn-in is chosen too large a horizontal shifting takes place.
Summarized one can say, if 8, C' and p are given, then choose the burn-in as suggested above. If
there is an estimate of log(C')/log(37!), then one should ensure that it is not smaller than the real
quotient. As seen in Figure[dif it is slightly smaller there is already a strong influence. By choosing
the burn-in too large the influence is less heavy.

1+A  2A(1-—AN)
N(1—A) N2(1-A)?

If there is nothing known about 8 or C another strategy is to choose n = ng = N/2 for even N.
This has the advantage that no information about 8 or C' is needed. In Figure @ we plotted

€8t 2)u(4,00 (V/2, N/2), esta)uia,ce) (N — ndE) nH1029) ang ||fS|Tlp ex(Sn, f)
fllo<1
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10

log (C'
— "= 102%-%

- = =ng = 0.88 250
- = 3

oo ng = 0, init by =

Error bound

10° ¢ -

10* 10°

N=ng+n

Fig. 3: For 3 = A = 0.99 and C = 10%° the mapping N > est{2}u4,00) (N — 10, 10) is plotted for
different values of ng. The dotted curve is a plot of the mapping N +— SUp| £, <1 ex(Sn, f).

where N € [10%,10°]. Asymptotically the price of a factor of v/2 is paid, i.e. asymptotically the error
is v/2 times worse than sup| sy, <1 €= (SN, f), see Figure ll This strategy works well and reaches the
same rate of convergence as in Theorem [3.47]

3.4. Examples. For the examples in Section[2.4lone can provide all eigenfunctions and eigenvalues.
Usually it is a challenging task to obtain the necessary information of the spectral structure of the
Markov operator, in particular on general state spaces. This section contains examples to illustrate
the error bounds. The literature provides some tools which can be applied to estimate the quantities
of interest, e.g. A, 5. These tools are briefly introduced. For further details we refer to the literature.
Note that the initial distributions of the Markov chains of the following examples are chosen to
demonstrate the error bounds and not chosen to minimize the burn-in.

Bounded state spaces. Suppose that the state space D is a measurable subset of R%. The o-
algebra D is given by B(D). We say a transition kernel K has a transition density with respect to
a positive measure p if there is a non-negative function k: D x D — [0, o], such that

K(x,A):/Ak(x,y),u(dy), x €D, AeB(D).

We write k™ for the transition density of K™.
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10 52 (0)
_ _log
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Error bound
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Fig. 4: For 3 = A = 0.99 and C = 10%° the mapping N > est{2}u4,00) (N — 10, 10) is plotted for
different values of ng. The dotted curve is the plot of the mapping N — sup; o<1 ex(Sn, f)-

Let D be a bounded set and let the function g: D — [0,00] be integrable with respect to the
Lebesgue measure, with [}, o(x)dz > 0. Then

d
mo(d) = Ja2@ AT gy
/ b o(z)dx
is a probability measure on (D,B(D)). We say g is an unnormalized density with respect to the
Lebesgue measure if fD o(z)dx # 1. Let K be a transition kernel with transition density k with

respect to the Lebesgue measure and assume that 7, is a stationary distribution of K. Furthermore,
let s € [0,1] and let us define

Ko(x,A) = (1—s)K(x,A)+s1la(z), z€D,AecB(D).
The transition kernel K is called the s-modified transition kernel of K. If s = % then the lazy

version of K is given and if s = 0 then one has K. For all s € [0,1] we have that 7, is a stationary
distribution of K. The goal is to approximate

S(f) = /D f(2) 7p(da).
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One obtains for n € N that

n

KMz, A) =Y s" ' (1-s) (’Z) Kz, A) +s"14(z), ze€D,AeB(D). (3.28)
i=1
The case s = 0 is reasonable if we define 0° = 1. The following lemma determines a condition which

implies L-exponential convergence of the s-modified transition kernel. For simplicity let us assume
that [, o(z)dz = 1.

LEMMA 3.46. If there exist an o € [0,1) and M < oo such that
2s”+/esssup s (1 — Z<> —(1-=3s")

D yeD ; i) oly)
then the transition kernel K, is Li-exponentially convergent with (c, M).

Proof. The Markov operator of K, is denoted by Ps. Then

o(z)de <a"M, neN,

ez =51l = [ | / f(y)(izn;s"‘i(l—s)i<?>ki(x,y)dy)+s"f(x)—S(f) ofa)
<[ [15w Zs“%l—s)i(’}) ) () o) dy o)
45" [ 1f@) = S(1)| o) da
<17l [ essup Z - ()L ) i
P IF - SO,
<l @5+ [ s is”-iu—s)i (") L) ) oty an

proves the assertion. m

For n =1 and s = 0 one has a criterion for L;-exponential convergence with («, 1) for the transition
kernel K.

COROLLARY 3.47. If there exists an « € [0,1) such that
k
(2.9) _ 1’ o(z)dz < «,

/ ess sup
D yeD o(y)

then the transition kernel K is L1-exponentially convergent with (o, 1).

Ezxample 1. Let us present an easy example borrowed from |[Ros95, p. 402]. Let D = [0,1] and
© = B([0,1]). The transition kernel is defined by

1

K(x, A) = / Lfgy dy, ze[0,1], AeB(0,1)).
A T+

The stationary distribution is given by

(A) = %/A(H g)dx, A e B(0,1)).
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The transition kernel K is reversible with respect to m. These properties can be checked straight-

forward. We have
1 1 1
k ty—2ay—1
/ ess sup (@.9) _ 1‘ o(z)dx :/ ess sup o+ 5 Y 32’ o(z)dx
o weo,1] | o) o yelo,1 2w+3)(r+3)

B 1 |3:—|—y—233y—%‘ 1 !
= €ess sup = dz = - T
0 yeo,1] 4y +3) 6 Jo

Hence Corollary B.47] gives that the transition kernel is L;-exponentially convergent with (1/24,1).
Because of the reversibility one can apply Proposition and has that the transition kernel is
m-a.e. uniformly ergodic with (1/24,1/2). Furthermore there exists an Lo-spectral gap, one has
B<a=1/24.

Let ¢ € (0,2/3) and let the initial distribution v be given by

1
v(4) = 5/ Ljos(z)dz, A€ B([0,1]).
A
Hence the initial state is chosen uniformly distributed in [0, ¢]. Then

— 1

= esssup
dm,

2€[0,1] 36

dv H

4lpgl) |_4
52z +3) '

Theorem BA45I({) suggests the choice
e 1og(3% -1
0 log(24)
such that

48 1152 5

v (Snnos [P S o o < =
||fS|EI;1€( mas ) = %80 T 520m2 <

Ezample 2. It is taken from [Ros03, p. 172]. Let D = [—1,1] and ® = B([—1,1]). The transition
kernel is defined by

K(x, A) = /A 1 10/(@)1om @) + Lo (@1 1) dy, e [~1,1], A€ B(-1,1).

For x € [—1,0] the next state is uniformly distributed in (0, 1] and for = € (0, 1] the next state
is uniformly distributed in [—1,0]. The transition kernel is reversible with respect to the uniform
distribution on D, thus 7, is given by o(x) = 1/2 for € D. For n € N we have

K(z,A), mnodd,

K"z, A) =
(@, 4) {KQ(:E,A), n even,

where

K*(z,A) = /A 1_1,0(@)L—1,00(y) + Lo,(x) L0y (¥) dy, =z € [-1,1],A € B([-1,1]).
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The spectrum of P is completely known, one has spec(P|Ls) = {1,0,—1} with
Eig(P,1) = {f € L2 | f =¢, c € R} = (LY,

0 1
Eig(P,0) = {f € L | / f(z)de = / f(z)de = 0},

Eig(P,—1) ={f € L2 | f(z) = c(L_1,0/(z) — L(0,(®)), c € R},

where Eig(P, \) denotes the eigenspace of the eigenvalue \. Clearly spec(P|L3) = {0, —1}. To apply
the error bounds one has to pass over to IN(, the lazy version of K. Let P be the transition operator
which corresponds to K. We denote B = B and A = A to indicate the transition kernel K. We
have spec P|L2 {1, 2,0} and spec(P|L0 {%, O}. The operator P has an Ls-spectral gap, one
obtains

L9—1y 2’

i

Note that K = K%. By the special structure of K™ one obtains for xz,y € D that

1 & <n>ki<x,y> 1 {z_— G k() + 08 (2K (z,y),  nodd,
i 1
=1

n T 9on— F—1 n =1 /p
A o(y) 2 2o Git)k@,y) + 22 (5)k* (x,y), neven,
k2 (z,y k2 (x,y
= (bay) + R(ay)) - o) oy K0

It follows that

1 n ;
1 n\ k' (z,y) 1
esssup |— ) — 1+ 5~ o(z)dz
/_1 yel-1,1]| 2 ; (l> o(y) 2
1 2
1 k 1 1
:/ esssup | ~— — Ef_’ly)‘—dx_—n.
—1ye[-1,1]]2 2 2 2

By Lemma 346 we get with s = 1/2 that the kernel K is L;-exponentially convergent with (1/2,3),
ie.

H]B"—S‘ n € N.

Li—L; ~ 27

The parameter o = 1/2 of the L;-exponential convergence is optimal, since Sz = 1/2 and in general
for reversible, Li-exponentially convergent transition kernel with («, M) one has § < «.

Let 6 € (0,1). Assume that the initial distribution is given by

1
=5 [ toa@dz, A€ B(-1.1),
A
i.e. the initial state is chosen with respect to the uniform distribution in [0, d]. Then
‘ du H 2. 1[075] (I) 2

Theorem BA45({) suggests the choice

dr, 5
o [

= esssup
z€[—1,1]
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such that for S, ,,, which uses a Markov chain with transition kernel K and initial distribution v,

one has
Sup ey (S ) < 1)+ 4 S (3.29)
up €p(On,ng, = — —- .
I£l,<1 ’ n o n?

By Remark B.38 by the Li-exponential convergence of K with (1/2,3) and Az = B one obtains

the lower bound
3 16
2 _ " <« (Snong, f). 3.30
Vo n2_|\j$||1§;16( oy f) (3.30)

By Corollary B:37 one has for all u € Eig(P, 3) = Eig(P,0) with |Ju|, = 1 that

eﬂ(Sn,u)zz sup eﬁ(Sn,f)2: lim sup e,,(Sn,no,f)2.
Ifll,<1 oo f,<1

This motivates the comparism of the lower error bound, the upper error bound and the exact error
for a specific u € Eig(P, %) Namely, let

By u? =1 we get

1 .
Li(u®*) =0 and L;(uP*u)= ﬁLj(zﬂ) =0, forjkeN.
Hence by Proposition B.29] one has
3 4(1-27n)
ev(Snongs U) = €x(Sp,u) = P (3.31)

In Figure B for § = 1073 the exact error (3.31)), the upper error bound ([329) and the lower bound
B30) are plotted. The lower bound leads to a non-trivial estimate if N > ng+6 = 19. The curve of
the upper error estimate is shifted down, because the coefficient of the leading term is worse than
the coefficient of the leading term of the exact error e, (Sy n,, u)-

Lemma [3.46] provides a tool which can be used to show Lj-exponential convergence for several
examples. Unfortunately it is rather difficult to apply for more sophisticated applications. Next let
us present the Metropolis-Hastings algorithm.

Metropolis-Hastings algorithm. The Metropolis-Hastings algorithm, suggested in m
and extended in [Has70|, is widely used in applications. The following introduction is based on
Mengersen and Tweedie [MT96]. Suppose that the state space D is contained in R¢ and equipped
with B(D). Let 7, be a probability measure on (D, B(D)) given by a possibly unnormalized density
o with respect to the Lebesgue measure, one has

_ Jaol@)da

TrQ(A) - fD Q(-I) d$7

A€ B(D).



Explicit error bounds for Markov chain Monte Carlo 69

100
g
b
3
,/ + lower bound (3.30)
, —exact error (3.31)
i ! - - -upper bound (3.29)
10° & — | Ly
10 10
N = ng +n

log(3(3-1))] _
ol ] ~13.

Fig. 5: Example 2: Exact error and error bounds, § = 1073 and ng = {

Let g: D x D — [0,00] be a function which satisfies that g(x,-) is integrable with respect to the
Lebesgue measure for all z € D and assume that

Q) = [ awndn+ 14 (1- [ atwnay). ze b aeBD)

is a transition kernel. It might happen that for some xz € D one has Q(z, {z}) > 0. If Q(z,{z}) =0
for all x € D then ¢ is a transition density of Q). The question is how to modify @ to get a transition
kernel with stationary distribution m,. For z,y € D let

oy — L { B 1] elatay) >0,
1’ Q(.I)q(il?,y) :Ov
be the acceptance probability. Then the Metropolis-Hastings transition kernel K, is defined by

Koo ) = [ 0 Qo) + 1ao) ([ (1= 0000 Qo)
= [ oeate.)ay+ 14 ( [ (1= 0t ay + Qe (o).

where x € D and A € B(D). In this setting @ is called the proposal transition kernel of K,.
If q(z,y) = q(y,x) for all z,y € D, then we call K, the Metropolis transition kernel. By the
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construction one can see that the transition kernel K, is reversible with respect to m,, thus one has
the desired stationary distribution.

LEMMA 3.48. The Metropolis-Hastings transition kernel K, is reversible with respect to ,.

Proof. It is enough to show that

/A K, (z, B) m,(dz) = /B K, (z, A) m,(dz)

for disjoint A, B € B(D). Then the assertion follows by the symmetry 0(z, y)q(z, y)o(z) = 0(y, z)q(y, z)o(y)
and Fubini’s Theorem. m

The Metropolis-Hastings algorithm, which simulates a transition of the Metropolis-
Hastings transition kernel, works as follows: Let x € D be the current state. Choose a proposal
state y with respect to Q(x,-). Toss a coin, whose probability that “head” occurs is 0(z,y). If it
is “head” then accept the proposal state, i.e. return y. Otherwise reject the proposal, i.e. return
x. Schematically, a single step of the Metropolis-Hastings algorithm is presented in the Procedure

Metropols-Step| . Q. o).

Procedure Metropolis-Step(z,Q,0)

input : current state x, proposal kernel @), unnormalized density o.
output: next state y.

Choose y with respect to Q(z, -);
Compute
O(z,y) = min {% 1} ,o(x)q(z,y) >0,
L o(z)q(z,y) = 0;

if rand() > 0(x,y) then

| y=
end
Return y.

If G(y) = q(z,y) for all 2,y € D then the proposal transition kernel samples independently of z. In
this situation one can apply the following result.

THEOREM 3.49. Let G: D — [0,00] be a function with [, q(z)dx = 1. Let the proposal transition
kernel of the Metropolis-Hastings transition kernel K, be Q(x,A) = fA G(y)dy for x € D and
A € B(D). If there exists a v > 0 such that

—>F)/a y€D7

then K, is uniformly ergodic. We obtain

Ky (z, ) ==, < (1=, r €D, neN.
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Proof. See [MT96, Theorem 2.1, p. 105]. =

REMARK 3.50. The proof is based on the well known equivalence that a transition kernel K is
uniformly ergodic iff the whole state space D is a small set. A set R € B(D) is called small if there
exists a v > 0, an m € N and a probability measure ¢ such that

K™(z,A) >vY(A), z€R, AeB(D).
The result of Theorem will be demonstrated for a toy example, stated in [MT96, p. 107].

Let D = R and ® = B(R). Note that the state space is unbounded. The desired distribution is
given by the density
(4) = —= exp( y2) €R
= XP{—7= ) 9
VA SR

i.e. m, is an N(0,1) distribution. By N(u,&?) we denote the normal distribution with mean p and
variance £2. Furthermore, assume that the proposal transition kernel samples independently from
N(0,&?) so that

. 1 2
1) = 7= exp<—2y—§2>,

y€R.

Let €2 > 1. Then
(z)
o(x

Q

£,

~

Y%

which implies that
| KG (z,) =7, < (1 —¢7H)", reD, neN.

By the reversibility with respect to m, of the Metropolis-Hastings transition kernel an immediate
consequence is that uniform ergodicity implies Li-exponential convergence, since m-a.e. uniform
ergodicity is equivalent to L;-exponential convergence. Hence we have a transition kernel which
is Li-exponentially convergent with (1 — £~1,1). This implies that the Markov operator P which
corresponds to the transition kernel K, has an Lo-spectral gap, we have 1 — 3 > £71.

Let 6 € (0,1) and z( € [0,00). The initial state is chosen uniformly distributed in [z¢ — §, z¢ + ].

Then (2) )
dv _ Q 1[m075,10+5] x x
d_ﬂ'(x)_ 5'#8){13 7 s x € D.

| [ﬁlfﬁ
dm - 2 5 : ;

The method S, n, uses a Markov chain with transition kernel K, and initial distribution v. The
burn-in is almost chosen as suggested in Theorem B.45]{). We use log(1 — £71) > ¢! to estimate
the burn-in, such that we set

ng = [g <1og(51) + M + 0.23)} .

We obtain

Then )
2 2

sup €, (Snng, f)? < % + iz

I£1l.<1 n.on
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Contracting Normals. The next example is described in [Bax05], see also [RR97bl, [RT99|. Let
D =R, D =B(R) and § € (—1,1). Note that the state space is unbounded. The transition kernel
is given by
1 0z —y)?
S S / exp G%
V2r(1—62) Ja 2(1-02)
so that K (z,-) is an N(fz,1 — 6?) distribution. By some elementary calculation one can see that a
stationary distribution is

K(xz,A) )dy, x € R, A € B(R),

(A) = \/%_F/Aexp (-%) dy, AeB(R),

i.e. wis an N(0,1) distribution. The transition kernel K is reversible with respect to 7. Suppose
that 8 € (0,1). Then the Markov operator is positive semi-definite, i.e. (Pf, f) > 0, for all f € L.
The next result is an application of [Bax05, Theorem 1.3, p. 702] where the Markov operator is self-
adjoint and positive semi-definite. The same example is considered in [Bax05l p. 728] and [EN11],
p. 33].

LEMMA 3.51. Let § € (0,1), c € (1,00) and set

2(1 — 6?)

1+¢2

K=2+6%c*-1),

B=2 {cp (M) By (Lﬂ  where B(2) = —— / exp(— L)y,

A =0?%+

)

V1 — 62 V1 — 62 V2r J s 2
].Og K:B
a=1+ (1 B>

log(A—1) ’
5= max{/\, (1- B)l/“} <1.
Then
B=Plg_ g <B.
Proof. See |Bax05, Theorem 1.3, p. 702 and p. 728|. =

Let us illustrate the last lemma. For any fixed 6 one can numerically minimize the upper estimate
B of 3, depending on c. For example let § = 0.5. Then, one gets § = 0.8946 for ¢ = 1.6041.

It exists an Lo-spectral gap, thus we can apply Theorem BA4H for p € (2,00]. Let 6 € (0,1) and
Zo € [0,00). The initial state is chosen uniformly distributed on [xg — d, zg + 0]. The density of the
initial distribution with respect to 7 is given by

dv, [T Lge—smete(T) <$2>
—(x) =)= ————— L exp|—|.

dm 2 0 2
Then for all ¢ € [1, o0] it follows that
X 2 X 2
dv dv w ©XP (( 0;6) ) w ©XP (( 0;6) )
T <Ea =2 g i = 7
dm g dm - 2 ] 2 ]
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The burn-in is chosen as suggested in Theorem [3.43] where we use the previously stated estimate of
Hg—; - 1Hq. Suppose that the burn-in no(p) is the smallest natural number (including zero) which
is greater than or equal to

2
1) gt [log(25) +log(v2mo~t) + Lol p e (2,4),
log(B~1) |log(6~ )—I—(IOH) +4.39, p € [4,00].
Then

2 2
1% Sn no» 2 — ~ ~ .
Hfﬁﬁle (Brmr f)° < n(l—p) i n%(1— )2

In Table 2] one can see how much resources N are sufficient to obtain an error less than ¢ = 0.01.

0 c B no n N
(for p = 2.1) (for precision ¢ = 0.01)
0.91 | 1.12845 | 0.999664 | 2.82241 -10° 5.94614 - 107 5.97437 - 107
0.92 | 1.11691 | 0.999816 | 5.16275 - 10° 1.08759 - 108 1.09275 - 108
0.93 | 1.10499 | 0.999912 | 1.08257 - 106 2.28043 - 108 2.29126 - 108
0.94 | 1.09260 | 0.999966 | 2.76738 - 106 5.82923 - 108 5.85690 - 108
0.95 | 1.07964 | 0.999990 | 9.60536 - 106 2.02337 - 10° 2.03297 - 10°
0.96 | 1.06599 | 0.999998 | 5.58578 - 107 1.17624 - 100 1.18183 - 1010

Table 2: Contracting Normals: The initial distribution v is chosen with g =0 and § = 0.1. The
burn-in of Theorem [B.43]is computed for p = 2.1 and n is computed such that one obtains an
error less than € = 0.01. The estimate g8 of § is computed by a minimizing procedure of Maple for
c¢>1.01.

3.5. Notes and remarks. In the last decades explicit error bounds and confidence estimates of
Markov chain Monte Carlo methods on general state spaces attracted more and more attention. In
the following let us present how the results fit into the published literature.

In the seminal work of Lovasz and Simonovits [LS93] an estimate of e (Sy, f)? is shown. The paper
deals with the computation of the volume of a convex body by a randomized algorithm based on
Markov chains. Let us explain the result of [LS93l, Theorem 1.9, p. 375] in detail. Let (X, )nen be
a Markov chain with transition kernel K and initial distribution v and let K be reversible with
respect to a probability measure 7. Then let us define the conductance as

K(z, A% 7(d
o(K,7) = inf ‘[A (z, A%) m(de) .
0<n(A)<} m(A)

Assume that the Markov operator is positive semi-definite, i.e. (Pf, f) > 0 for all f € Lo. Then

en(Sn, f)? < W Hfl@ (3.32)
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The result is slightly worse than the result of Proposition .26l In Proposition [3.26] one has an
exact error formula for e, (S,, f)2. Mainly the spectral structure of the Markov operator is used. In
Corollary B.27 this exact error formula is further estimated and one obtains

er(Sn, f)? < ﬁ ||f||§, where A =sup {« | a € spec(P|L9)}. (3.33)
The Cheeger inequalit, given by 1 —A > “"(KT’TF)Q, provides a relation between A and ¢(K,7), so
that (8:33) implies (8332). Note that in PropositionB:26land Corollary B:27it is not assumed that the
Markov operator is positive semi-definite, such that the assumptions are slightly less restrictive. But
if one has a transition kernel K which determines a not necessarily positive semi-definite transition
operator, then one can pass over to the lazy version of K and obtains positive semi-definiteness.
However, the estimate of ([B.32) covers the important facts and it seems that the refinement of
Proposition is well known.

The paper of Mathé [Mat99] contains results concerning the asymptotic integration error for uni-
formly ergodic Markov chains which are reversible with respect to 7. For example it is shown that
for any initial distribution v € M, one has

1+A
lim n- sup ey(Sn,n 7f)2 = A
nTOO || f|l,<1 ’ 1-A

and for f € Lo it is proven that
m n - e,(Spny, f)* = (I = P)""(I+ P)g,g), whereg= f—S5(f).

n—00

The same result is part of Corollary [3.37 and for individual f part of Theorem B.34l In [Mat04] the
asymptotic integration error is studied for not necessarily reversible and not necessarily uniformly
ergodic Markov chains. It is assumed that the transition kernel is V-uniformly ergodic, see (8.36]).
For further details let us refer to [Mat04].

In [Rud09, Theorem 8, p. 19] an explicit upper error bound of e, (S, n,, f)? for general state spaces
is provided. The result is based on |[LS93, Theorem 1.9, p. 375] and the assumptions are the same.
Namely, the transition kernel K is reversible with respect to 7 and the transition operator P is
positive semi-definite. After a burn-in
log(||#1..) , 100 ,

no Z W the error Obeys ey(Sn1n07 f) S W ||f||oo . (334)

The proof of the result is based on Proposition which provides the crucial relation between
ev(Sn.ngs f)? and ex(Sp.no, f)?- By Theorem 341 and Theorem B.45 one obtains a refined error esti-
mate and a refined recipe for the choice of ng. Note that positive semi-definiteness and reversibility
is not needed in Theorem B4l It is enough that there exists an Lo-spectral gap, i.e. 1 — 5 > 0.

Independently of [Rud09, Theorem 8, p. 19| in the work of Belloni and Chernozhukov [BC09,
Theorem 3, p. 2031] a similar error bound for Sy, ,,,, is proven. It is also based on [LS93, Theorem 1.9,

(*) The Cheeger inequality is stated in Section A3
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p. 375] such that again the transition kernel is assumed to be reversible with respect to 7 and the
Markov operator must be positive semi-definite. Then it is shown that

ev(Snnor /) < ex(Sn, )7 + 815 IIP™ = 7, -
Let the initial distribution v be R-warm, i.e. SUp sen r(4)>0 % < R. Then one obtains by [LS93]
Corollary 1.5, p. 372] that

K,m)2\"™
lvP™ — x|, < VR <1 - M) .

Hence by [LS93|, Theorem 1.9, p. 375] one has

2\ "o
Snn V< e 1+ VR (1- 2T ) g (3.35)
The result of an explicit error bound for S, ,,, when the initial distribution is not the stationary
one, is the same as in [Rud09, Theorem 8, p. 19]. Note that the burn-in depends on the desired
precision. We can choose R = Hg—z Hoo and if one uses || f|, < || f|,, then the upper bound of (3:35)
can be further estimated and one obtains an estimate with respect to ||-|| -

Another result due to Latuszynski and Niemiro is presented in [EN11]. The integration error for
V-uniformly ergodic Markov chains is estimated, where V: D — [1,00) is a drift function. The
weighted class of functions
|f ()|
Ly=Ly(D)=<f:D—>R = <
v=1v0) = {r: D= 171y = sup Tl <o

is studied. Let € [0,1) and M < oco. A transition kernel K is called V-uniformly ergodic with
(o, M) if

1P = S|l n, < Ma™, neN. (3.36)

One can substitute the drift function V' by V/" for all 7 > 1. Then there exist an a(r) € [0,1) and
an M(r) < oo such that

< M(r)a(r)®, neN.

n
1P~ Slly

This is justified by an interpolation argument in [Mat04] and by different assumptions stated in
[Bax05]. Now let us state a less general version of the main result of [EN11) Theorem 3.1, p. 28|.
For r =2 and g = f — S(f) one has

2 " lly —
(S 12 < 110 (14 ZIOROYY (M 2le) g,

where [lv — ([, = supig < |[p 9(z)(v(dz) — m(dz))|. This seems to be the first explicit error
bound of S, ,, for integrands f which belong to Ly . If the transition kernel is reversible, then
V-uniform ergodicity with («, M) is equivalent to the existence of an Lo-spectral gap, see [RR97al
[RT01]. Furthermore if V' € L,, for some p > 2 then Ly C L, and the error bound of Theorem [3.41]
can also be applied. However, in general Theorem B.41] cannot be used in this setting.

vi/r

The paper of Joulin and Ollivier [JO10] based on [OII09] follows a new idea. Let (D, dist) be a metric,
complete, separable state space, with metric dist, and let K be a transition kernel with stationary



76 Daniel Rudolf

distribution 7 on (D, B(D)). Let Paist(D) be the set of probability measures p on (D, B(D)) for
which there exists an 29 € D such that [}, dist(xo, y) #(dy) < co. Then let us define the Wasserstein
distance between 1, 2 € Paist (D) by

Wi(p1,pe) = inf / / dist(z, y) {(dz, dy),
EET(p1,p2)

where IT(u1, u2) is the set of probability measures £ on (D?, B(D?)) with marginals p; and ps. If
there exists a x > 0 such that

Wl(K(xv)vK(yv)) < (1—/1)d18t($,y), T,y € D, (338)
then we say that the transition kernel K has positive Ricci curvature k. Let the function f: D — R
be integrable with respect to 7 and let

||f|| = sup |f($) _f(y)l
Lip z,yED, x#y diSt(Ia y)

The coarse diffusion constant o(x) for x € D of the transition kernel is defined by

//dlst y, 2)? K (z, dy) K (z, d2),

and the local dimension n, for x € D is defined by
2 2
inf U(;:) .
||fHLip:1 fD fD |f(y) - f(Z)| K(Ia dZ)K(Ia dy)
If the transition kernel has positive Ricci curvature, then by [JO10, Proposition 1, p. 2423, and
Theorem 2, p. 2424] one obtains that

1 o(z)?
. (Snnos 1) = (g + s ) 11 s 22

(1 — g)2(motD)

I Gl ||f||iip ( / dist(x,y>K<w,dy>>2.

Kkin?

Ny =

The estimate is reasonable for any deterministic initial state x € D, the initial distribution is J,.
For further estimates and details let us refer to [JO10]. Let p € (2,00], let || f|l;, < oo and assume
that there exists an zo € D such that ||dist(-, zo)||, < co then one obtains f € Ly, in particular

p=1 .
11, <277 (1 fllp ldist(, zo)ll, + |f (zo)])-
If the transition kernel is reversible with respect to 7 and |||, < oo, then one can show that a
positive Ricci curvature x > 0 of K implies an Lo-spectral gap of P, it follows that 1 — 8 > &,
see [OlI09, Proposition 30, p. 831]. In this setting Theorem B:41] can be applied when the initial
distribution v belongs to M_ {2,.2,}
e

A regenerative Markov chain Monte Carlo algorithm for the approximation of S(f) is studied in
[EMNOQ9]. Roughly spoken, if one has certain information of a small set, then one can explicitly es-
timate the mean square error of this regenerative estimator for uniformly and V-uniformly ergodic
Markov chains, see [EMNO9] for details.
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The literature provides also confidence estimates for Sy, ,,. One can apply Lemma 227 if an upper
bound of e, (S n,, f)? is available. These estimates can be boosted by a median trick explained
in [NP09| and applied in [ENTI]. However, exponential inequalities such as Hoeffding or Chernoff
bounds for Markov chain Monte Carlo are better, see [Krii98, [Lez01l [GO02, [TO10, [Mial0]. Asymp-

totic confidence estimates are discussed in [FJLI].

Let us provide a conclusion. There are different explicit error bounds of the mean square error for
Sn,no On general state spaces. In some situations these estimates could be improved. It seems that
the error bound with respect to |||, is not known so far. Let us recall that we assumed that the used
Markov chain is Lj-exponentially convergent and reversible with respect to 7. If we only assume
that the Markov chain has an Le-spectral gap, then we showed an estimate of the error uniformly
with respect to ||-[|, for p € (2,00]. Upper error bounds with respect to ||-[|, are known but with
respect to ||-[|, seem to be new. In this setting it is not assumed that the Markov chain is reversible
with respect to m, we require hat 7 is the stationary distribution. The suggestion of the burn-in ng
of Theorem performs well and also appears to be new. All error bounds hold for bounded and
unbounded state spaces whenever estimates of the crucial parameters, for example A, 5 or (o, M),
are available.

4. Applications

In numerous applications one wants to compute for D C R? an integral of the form

/ f(x) - co(z)dz, (4.1)
D

with density co, where the number ¢ is unknown. Of course ¢ can be defined by

%:/DQ(;v)dx.

However, it is desirable to have algorithms that are able to compute (@I) without any pre-
computation of ¢. Let F(D) be a class of tuples of the form (f,p), where o: D — [0,00) is a
possibly unnormalized density with [ p o(x)dz > 0 and for f we assume that f- o is integrable with
respect to the Lebesgue measure. Then the goal is to compute

_ Jp f(@)o(z)dz
S(faQ)— W,

The solution operator S is linear in f but not in ¢. Hence S is a nonlinear functional.

for (f,0) € F(D). (4.2)

We assume that there are two procedures, Ory and Or,, which provide information of f and g, re-
spectively. These procedures are considered as “black boxes” and we call them oracles. Let the oracle
Ory be a procedure which returns for an input = € D the function value f(z), i.e. Ory(x) = f(z).
Unless stated otherwise we also assume that the oracle Or, provides for x € D the function value
of o(x), i.e. Ory(z) = p(x). We assume that the cost of an oracle call is much more expensive than
the cost of arithmetic operations. Hence we count the total number of oracle calls which are needed



78 Daniel Rudolf

to approximate S(f, o).

Let Alg, be the class of all randomized algorithms which at most use n calls of the oracle Ory
and n calls of the oracle Or,. More precisely A,, € Alg, is a mapping described by a function
Pan R2?” — R such that

An(f, 0) = pan(Orf(X1),...,0r(X,), Ore(X1), ..., Or,(Xy)).

The sample (X1,...,X,) € D™ is determined as follows: Let w = (w1, . ..,wy) be a random element
with some distribution W. Then
X1 = Xi(w),

Xl' = XZ(OI‘j(Xl), ey OI‘f(Xifl), OI‘Q(Xl), ceey OI‘Q(Xifl),wi), = 2, L.y

The individual error of A,, € Alg, applied to (f, 0) € F(D) is, as in the previous chapters, measured
in the mean square sense, such that

e(A7“ (fu Q)) = (E |S(f7 Q) - An(fu Q)|2)1/27

where the expectation is taken with respect to W. The overall error on F(D) is

e(An, F(D)) = sup e(An, (f,0))-
(f,0)eF(D)

The complexity of the problem ([@2) on F(D) is given by
comp(e,d, F(D)) = min {n | there exists A,, € Alg, with e(A,,F(D)) <e}.

Note that d is the dimension of the domain D. We want to quantify the complexity of a problem with
respect to the dimension d. The integration problem (2] for the class F(D) is called polynomially
tractable if there exist non-negative numbers ¢, ¢; and g2 such that

comp(e,d, F(D)) < ce @d® forallde N, e € (0,1).

Roughly spoken it says that the complexity for computing (42)) increases at most polynomially in
the precision e ! and the dimension d. For details of the concept of tractability let us refer to Novak
and Wozniakowski [NWO08, NW10].

Let us provide a result which motivates an additional term of tractability. We consider the following

class of functions
sup o

Fo(D) ={(£.0) | 1flle <1,

<C).

In some applications C' can be very large, such as C = 10%°. Observe that always S(Fc (D)) =
[—1,1], hence the problem is scaled properly. In [MNO7| Mathé and Novak proved a lower error
bound, see [MNOT7, Theorem 1, p. 678].

THEOREM 4.1. For any A, € Alg, one obtains

£ 2n>C—1
oAy Fo(D) 2 L Vi 220l

3C



Explicit error bounds for Markov chain Monte Carlo 79

For an upper error bound Mathé and Novak consider the simple Monte Carlo algorithm: Evalu-
ate the numerator and denominator on a common independent sample according to the uniform
distribution, say (X1, Xo,...,X,) € D™, and compute

e F(X)e(X;)
Z?:l o(X;)
Note that every X is uniformly distributed. It is essential that one can sample with respect to the

uniform distribution on D. This might be a restrictive assumption. In [MNO7, Theorem 2, p. 680]
the following upper error bound is proven.

AR (£, ) =

THEOREM 4.2. For all n € N we have

. 2
e(Asimele 70(D)) < 2min {1, \/ —C} .
n

From Theorem 1] and Theorem [4.2] one obtains that the complexity comp(e, d, Fo (D)) of ([@2) is
linear in C' and A$™P'® is almost optimal, for all € € (0, ﬁ) it follows that

0.02 Ce™ % < comp(e, d, Fo (D)) < 8Ce™ 2.

Hence all algorithms are bad if C' = 10?°. Mathé and Novak suggest to consider a smaller class of
densities. The main goal is to have also tractability with respect to C' on a class of functions, say
]EC(D), where the possibly unnormalized densities satisfy b;‘n{’g < C'. More precisely, the integration
problem ([@32) is called tractable also with respect to C if there exist non-negative numbers ¢, q1, g2
and g3 such that

comp(e, d, Fo (D)) < ce~%d% [log C]% (4.3)
forall e € (0,1),d € N and C > 1, see [NW10, p. 541].

With Markov chain Monte Carlo algorithms one can achieve this goal on certain classes of functions.
Let (X,)nen be a Markov chain with transition kernel K and initial distribution v. Assume that
the transition kernel has stationary distribution m,, where

_ fA o(x)dx
fD o(z)dx’

Under suitable assumption on the Markov chain and on (f, o) € Fo (D) one has that the algorithm

7o (A) A€ B(D), so that S(f,g):/Df(x)ﬂ'g(dx).

f (Xj+n0 )
1

1
n

SnJlO (fv Q) =

J:
is an approximation of S(f, 0). Suppose that for each step of the Markov chain we use a single
oracle call of Or,. Then it follows that Sy, », needs n + ng oracle calls of Or, and n oracle calls of

Ory. Consequently Sy, n, € Alg, ., -

4.1. Integration with respect to log-concave densities. Let r > 0 and let B(z,r) be the
d-dimensional Euclidean ball with radius r around z € R¢. Furthermore let B = B(0,1) and
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rB? = B(0,r). The goal is to compute

Jypa f(@)o(x) dw

[ipae(@)da
for (f, 0) which belong to a certain class of functions. Let us define the class of functions on a convex
body D C R? rather than on rB%. We assume that the state space D is equipped with the Borel
o-algebra B(D). We consider functions (f, ¢) with the following properties:

S(f,0) =

(4.4)

e Let o be strictly positive and log-concave, i.e. for all z,y € D and 0 < A < 1 one has
oz + (1= Ny) > o(x)* - o(y) .

e The logarithm of p is Lipschitz continuous, i.e. there exists an L > 0 such that

llog o(7) —logo(y)| <Lz —yllg, =yeD,

where ||-|| denotes the Euclidean norm.
o The integrand f satisfies || ||, < 1.

For D = rB% one obtains that % < e2L7 Hence C = €2 and to have tractability also with
respect to C, see ([@3]), the goal is to show an error bound which depends polynomial on L. In
general one has the following classes of functions

Fp0)={(f,0) e € RH(D), |If], <1},
where
RL(D) = {0> 0] pis log-concave, |logo(x) —log o(y)| < L ||z —y||g}-

The idea is to apply the Metropolis algorithm to obtain a Markov chain with stationary distribu-
tion 7,, see Section B.4l The proposal transition kernel on (D, B(D)) is given by the ball walk. This
random walk is used in [MNO7, [Rud09] and studied in different references of volume computation,
see e.g. [LS93, Vem05].

The transition kernel of the § ball walk is given by
voly(B(z,d) N A) voly(B(z,d) N D)
A) = 1-—

Qs 4) voly (6 BY) + voly (6 BY)
where 6 > 0 and vol;(A) denotes the d-dimensional Lebesgue measure of A € B(D). Schematically,
a single step of the § ball walk from state  may be viewed as in the procedure [Bal-Walk|z, §).
Let us state some well known properties.

> 1a(x), xz€ D, AeB(D),

LEMMA 4.3. The transition kernel Qs is reversible with respect to the uniform distribution on D.
Proof. See [MNO7, Proposition 1, p. 685]. =
The local conductance of the ball walk is defined by
ly(B(x,0) N D
)  YulBLz.5) 1 D)
VOld(5Bd)
We call | a lower bound of the local conductance, if [(x) > [ for all € D. Note that [ might be
very small. For D = [0, 1]%, the d-dimensional unit cube, one obtains even for small § that [ = 279,

eD.
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Procedure Ball-Walk(z, §)

input : current state x, radius 6.
output: next state y.

Choose y uniformly distributed in B(z, d);
if y € D then
| Return y;
else
| Return z;
end

However, one can show for D = rB% and § < r/+v/d+ 1 that | = 0.3 is a lower bound of the local
conductance.

LEMMA 4.4. Let Qs be the transition kernel of the ball walk on D = rB? forr > 0. If 6 < r/v/d+1,
then I = 0.3 is a lower bound of the local conductance of the ball walk.

Proof. The assertion follows by the same arguments as in [MNO7, Lemma 7, p. 687], see also [Rud07].
The only difference is that B¢ is a ball with radius r instead of being the unit ball. m

The Metropolis transition kernel based on the § ball walk is
Koo ) = [ 0, Qstoay) + 1) [ (0= 0000 Qste)).

where the acceptance probability is (x,y) = min {1 E ;} for x,y € D and A € B(D). The lazy

version of K, s is denoted by KQ 5. The transition kernel KQ s is reversible with respect to m,. In
Algorithm [l we present the integration algorithm S° no Which uses the lazy version of the Metropolis
transition kernel with proposal transition kernel Q5.

It is convenient to use the notation Px = P, 8k = 8 and Ax = A to indicate the transition kernel
K. The following lemma provides a lower bound of the Ls-spectral gap of P~g The lemma follows
from a result of Mathé and Novak presented in [MNOT, Theorem 4, p. 690], where an estimate of

the conductance of K, s is shown.
PROPOSITION 4.5. Forr >0 let D C R? be a convex body with
diam(D) = sup {||z — y||p | =,y € D} < 2r.
Let | be a lower bound of the local conductance of the & ball walk. Then, for all o € R¥(D) one has

for the lazy version of the Metropolis transition kernel based on a § ball walk, given by K, 5, that
12672L6 T 1252
1— LR A AL |
PRus = 256 mm{sr2(d+1)’ }
Proof. One has Sz =~ =Ag 2(1+ Ak, ;). The conductance of K, s is defined by

. fA 0,6(;, A®) mo(dz)
K,5.m,) = £
Koo me) 0<my(4)<} o(A)
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Algorithm 1: S?

n,no

input : n, ng, J, (f,0).
output: Sﬁ)no(f, 0)-

Choose X uniformly distributed in D;
for k=1 to n+ng do

if rand() > 0.5 then
| Xiy1 = Xy
else
Y :—BalEWalk( Xy, 6):
if o(Y )/g( ;) > rand() then
| Xip1 =Y
else
| Xip1 = X5
end
end
end
Compute

3

1 n
S2 —
n no . 1+n0

One can use the Cheeger inequality, see Proposition [A.7] It states that

1—-Ax 7900{9;7 71'9)2 .

2,6 —
Altogether one obtains

T 2
B, = 5= Ax,) > PHen T (4.5)

In [MNOT, Theorem 4, p. 690] it is shown that

oKy m) = i {ﬁ VZES }

This lower bound is plugged into (43]) and the assertion is proven. m

In the previous result one can see that the lower bound of the local conductance is crucial. This
motivates that we consider D = rB?%, since by Lemma A4 a lower bound of the local conductance
is provided. An immediate consequence of the last proposition follows.

COROLLARY 4.6. Forr >0 let D = rB?, assume that o € R*(rB?) and set §* = min{%, ﬁ}
Then we have .
1. -10™ 1 1
1-8% 69- 10 min{ } .

v T AT 1 212 d+1
Proof. The assertion is implied by Proposition and Lemma 44 =
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In particular one obtains that the lazy version of the ball walk has an Ls-spectral gap, since one
can consider constant densities where L = 0.

COROLLARY 4.7. For r > 0 let D = rB? and let § = \/;_4-1' Then the lazy version @5 of the
transition kernel of the ball walk obeys
1.69-1076

1_BQ5ZW.

Now we can apply the error bounds of Section The next theorem states an error bound for

59" (f,0) where (f,0) € ]-'ZI;(TBd).

n,no

THEOREM 4.8. For r > 0 let D = rB? and let v be the uniform distribution on rB®. Let o €
RY(rB?) and 6* = min{%, \/;Jr—l} Let (Xp)nen be a Markov chain with transition kernel K, s-

and initial distribution v. The approzimation of S(f, o) is

Sz ng Z f 1+n0
For p € (2,00] recall that

FewBY) = {(f.0) | e € R*(rB"), |Ifl,, < 1}

Let no(p) be the smallest natural number (including zero) greater than or equal to

L7+ 0.5log 222
5-92'106(d+1)max{r2L27d+1}.{(:D 2)( r+ 08, 5);

p )
2Lr +4.16, peld

Then

’ﬂ’ll()

(ST s FE(rBY) < 1\0/8_9\/d+ T max{rL, V1)

.38-10°
+ %(M 1) max{r? L2, (d + 1)}.

Proof. The initial distribution obeys

_wvolg(4) 1 oy) (e g
v(4) = volg(rB4) — volg(rBd) /A/TBd o(x) dy mo(dz), A € B(rB*).

Since log ¢ is Lipschitz continuous with Lipschitz constant L we obtain

e~ < o(y) < 62Lr, 2,y € TBd7
o(x)
so that
d d
@ < _”_1H < max {1,¢27} = 2L,
dm, » dm, -

By Corollary [4.6] we have the crucial lower bound for the spectral gap 1 — 85 o and consequently
o,
Theorem B45() can be applied which proves the assertion. m

Note that p € (2, 00] is necessary to apply Theorem B45|([). An essential consequence of the last
theorem is the following result concerning the tractability of (4.
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THEOREM 4.9. For the integration problem S(f, o) defined over ]:ZI;(T‘Bd) with r >0 and p > 2 we
have

comp(e,d, Fy (rB%) < (d+ 1) max {r*L? d + 1}

D 32p
s 105e2 4 12108 d oo (LT H 0808 555), p e (2,4)
2Lr +4.16, p € [4, 0]

for all e € (0,1) and d € N.

The last theorem states that the problem ([@.4) is polynomially tractable. Roughly spoken, for fixed
p one obtains
comp(e, d, fII;(TBd)) < dmax {r?L% d} (72 +Lr),

so that the dependence on L, on the precision €, dimension d and r is polynomial. We have tractabil-
ity also with respect to C' = e?*, inequality (@3) holds with ¢; = 2, ¢o = 2 and ¢3 = 3. For
p € [4,00] the complexity can be bounded independently of p. If p converges to 2 the result is
restrictive. However, for fixed p € (2,00] we showed that the integration problem on F (rB?) is
polynomially tractable in the sense of (4.3]).

4.2. Integration over a convex body. The goal is to compute

S(.4) = 5o [ S@)a (46)

with A C R?. In other words, S(f, A) is the expectation of f with respect to the uniform distribu-
tion, say pa, on A C R? The domain A and the function f are the input quantities. It fits in the
class of problems described by (£2) if we assume that A C D. Then ps might be considered as
given by a density which is an indicator function.

For some domains A it is indeed simple to generate uniformly distributed random points, e.g. the
Euclidean unit ball or the unit cube. Then one can approximate S(f, A) by Monte Carlo methods
with an i.i.d. sample. However, here A is part of the input to the algorithm, thus the problem
S(f,A) shall be solved uniformly for a class of state spaces, where we cannot assume that sampling
with respect to the uniform distribution is possible.

Let r > 1 and let
Sa(r) = {A c R? convex | B* ¢ Ac rB?}.

If A € Sy(r) then A is a convex bounded set with non-empty interior which contains the origin.
The class of input parameters is given by

Folrd) = {(FA) 1], €1, A€ Salr)} -
We assume that for any A € Sy(r) there exists an oracle Or4(¢) which returns for an arbitrary line

£ a uniformly distributed random point on A N 4.

Let us comment this assumption. Assume that we have a membership oracle of A € Sq(r) which
is given by Ora(z) = 14(z) for any z € rB?. The oracle Ors can be implemented by using the
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membership oracle. Let [z,y] = {z +ty |t € [0,1]} be the segment of z,y € R? with Euclidean
distance ||z — y||r. By the convexity of A it follows that AN¢ is a single segment, hence there exist
a1,az € R% such that [a1,a2] = AN L. Suppose that ¢ = {Z + tdir | t € R} with # € A and assume
that there is a positive number ¢ such that ||a; — az||p > 0. We use that A € Sg(r) and € A.
By a bisection method one can find with at most 310g(§—g) + 2 calls of the membership oracle Or A,
a segment [by, by] with by, by € R? and [ay, as] C [b1, be] such that

1
G 101 — ballg < llax — azllg < [|b1 — b2|lg -

Then, choose a uniformly distributed random point in [b1,b2] and accept it, if it is in A, otherwise
reject it and repeat the acceptance rejection procedure. This procedure gives a uniformly distributed
random point in AN¢ and works reasonably fast, since the acceptance probability is 1/6. Altogether
an oracle call of Or 4 requires at most an expected number of 310g(§—;) + 8 oracle calls of (A)}A. In
the analysis of the error we count the calls of the oracle Ory and the function evaluations of f, i.e.
the calls of the oracle Ory.

Now let us provide a Markov chain on the measurable space (A, B(A)) with stationary distribu-
tion 4. We consider the hit-and-run algorithm, also called hypersphere directions algorithm, see
[Smi84]. The algorithm is studied and analyzed in [Lov99, [LV06]. The work of Vempala [Vem03|
provides an introduction to geometric random walks.

The algorithm is as follows. Suppose that the current position is X; € A with ¢ € N. Then
choose a uniformly distributed direction, say dir;, and consider the line which is defined by ¢ =
{X; +tdir; | t € R}. Apply Ora(¢)), which gives the next state X;,1 chosen uniformly distributed
in /() N A. Then, again, a uniformly distributed direction, say dir;, 1, is generated and the next
state is chosen uniformly distributed on ¢G+Y N A by Ory (£¢+)). Two consecutive steps of the
hit-and-run algorithm are illustrated in Figure[Ill Recall that the Euclidean unit ball is denoted by

Fig. 1: Illustration of the generation of X3 and X, by the hit-and-run algorithm given state Xj.

B¢ and its boundary is denoted by dB?. Schematically, a single step of the hit-and-run algorithm
from = € A is presented in the Procedure [Hit-and-Runix).
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Procedure Hit-and-Run(x)

input : current state x.
output: next state y.

Choose a direction dir uniformly distributed on 9B
Choose y uniformly distributed on
An{z+tdir |t e R};

Return y.

The transition kernel of the hit-and-run algorithm follows. For any z,y € R? let

Int(z,y) = {)\ eR| v AL GA}
ly —llg
Since A is convex, Int(z,y) is an interval. Let
M(z,y) =min{a | a € Int(z,y)} and Aa(z,y) = max{a | a € Int(z,y)},

which implies that Int(x,y) = [M(z,y), A2(z,y)]. The length of the chord Int(x,y) is given by
Lz, y) = Xa(z,y) — M (z,y). Let U(x,y) be a uniformly distributed random variable in the interval
Int(z,y). Then the hit-and-run transition kernel H of the hit-and-run algorithm is

Jopa Prlz + U(z,z+60)0 € C]do
VOld 1 8Bd

A2 (z,z+0) 1 A6
- / / C Loz +29) 45 4
volg_1( (9B o8¢ I, (z,zv0) (w2 +0)
_ / / 1c £C+/\9) d\do
VOld 1 8B 8B J A (z,z4+0) é ZZT x + 9)

Ao (z,2+0)
/ / ]_c x + )\9) d)\de
VOld 1 (9B 9Bd —|—9)

1dy
_ , 4.7
voldfl(aBd) /C Lz, y) |z — de ' "

where x € A and C € B(A). The last equality follows by the integral transformation formula

/ dy_/ / NALdNde
oBd

1c(y)
h —
W = o — gl

and either g(\,0) =z + A0 or g(\,0) = x — \.

H(z,C) =

with

LeEMMA 4.10. The hit-and-run transition kernel H, given by (&1), is reversible with respect to pa
on A.

Proof. Let k(z,y) be a symmetric transition density of a transition kernel K, i.e. k(z,y) = k(y, x)
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for all z,y € A. Then it follows by Fubini’s theorem that
/ K(z,C) pa(dz) = / / k(z,y) pa(dy) pa(de) = / / k(z,y) pa(de) pa(dy)
B BJC cJB

— [ [ oo natde) watdy) = [ Ko B)patae), B.C € B(a).
CJB C

Hence the transition kernel K is reversible with respect to p4. Since ¢(z,y) = {(y, z), one obtains
that the transition kernel H has a symmetric density and this implies that it is reversible with
respect to 4. =

The lazy version of H is denoted by H.In Algorithm 2 we present the integration algorithm Shar

n,no
which uses the lazy version of the hit-and-run transition kernel. We use the notation Px = P,

Algorithm 2: Shar

7,10

input : n, ng, (f, A).
output: Shar (f A).

n,no

choose X uniformly distributed in B¢,
for k=1ton+ngdo
if rand() > 0.5 then

| Xpt1 = Xy
else
| Xy =Hit-and-Run( Xy );
end
end
Compute

S A) = 3 F (i)

Bk = B and A = A to indicate the transition kernel K. The following lemma provides a lower
bound of the La-spectral gap of Pz. The lemma is a straightforward implication of a result of Lovasz
and Vempala presented in [LV06, Theorem 4.2, p. 993]. Lovasz and Vempala show an estimate of
the conductance of H.

PROPOSITION 4.11. Let r > 1. Then, for all A € S4(r) one has for the lazy version of the hit-and-
run transition kernel, given by H, that

1—B5>2""(dr)%
Proof. In [LV06l, Theorem 4.2, p. 993] it is proven that
O(H,pa) >272%(dr)".
Then the proof follows by the same arguments as the proof of Lemma .5 u

Now we can apply the error bounds of Section and obtain the following.



88 Daniel Rudolf

THEOREM 4.12. Let v be the uniform distribution on B®, Let (Xn)nen be a Markov chain with
transition kernel H and initial distribution v. The approzimation of S(f, A) is

Sgarrm Z f z+no
Forr >1 and p > 2 recall that

Folryd) = { (£ A LIF1, <1, A€ Salr)}-

Let no(p) be the smallest natural number (including zero) greater than or equal to
32
4511015 2,2 . J 2o (dlogr +log 575), p € (2,4),
dlogr +4.16, p € 4,00
Then
r dr d2 r?
(S Folr ) £ 95107 22 +6.4-10%

Proof. Note that the initial distribution v is well defined, since for A € S4(r) one has B¢ C A C rB.
Furthermore, it follows that

. 1 - 1 VOld(A)
v(C) = W/Cled(x)dx = m/cle(x)W dz, C € B(A).

One obtains

volg(rB%) d
=re

o YAV Z )
H dpa Hoo refT,o0) Volg(B9)

By Lemma [A.IT] we have the crucial lower bound for the spectral gap 1 — 85 and consequently
Theorem [B.43] () can be applied. Hence the assertion is proven. m

Note that p > 2 is necessary to apply Theorem BA5I(). A consequence of the last theorem is the
following result concerning the tractability of the integration problem (4.0).

THEOREM 4.13. For the integration problem S(f, A) defined over F,(r,d) withr > 1 and p > 2 we
have

363y (dlogr + log 32p) p € (2,4)

comp(e, Fp(r,d)) < d*r? [4-10%c72 +5.10"°
dlogr + 4.16, p € [4, 0]

for alle € (0,1) and d € N.
The last theorem states that ([A.6]) is polynomially tractable. Roughly spoken for fixed p one obtains

comp(e, Fp(r,d)) < d*r*(e=% + dlogr),

so that the dependence on the precision e, dimension d and r is polynomial. For p € [4,00] the
complexity can be bounded independently of p. If p converges to 2 the result is restrictive. However,
for fixed p > 2 we showed that the integration problem is polynomially tractable on F4(r, p).
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4.3. Notes and remarks. Let us briefly summarize the features of the last sections and provide
additional results of the literature. In Section [4.]] elementary state spaces were considered, namely
balls, and the distribution 7, determined by o could be complicated. In Section the distribution
of interest was simple, namely the uniform one, and the state space was possibly complicated.

The problem of integration (@), stated in the form

_ Jpf@)o(x)dx
S0 = ar

is formulated as in the work of Mathé and Novak [MNO7]. There the authors also proved an asymp-
totic error bound of the Metropolis algorithm based on the ball walk on F¥(B?). They studied the
algorithm S¢ ) and for 6* = min {(d + 1)~/2,L~'} it is shown in [MNO7, Theorem 5, p. 693| that

lim n - e(S?
n—oo ( n

The first non-asymptotic error bound is proven in [Rud09] for the class F% (B?). It states that for
ng > 1.28-10% - L(d + 1) max {d + 1,L*} the error obeys

0, F5(B)? < 594700 (d + 1) max {d + 1,1} .

e(SZ*no,fgo(Bd)) < &\/O—Ovd—i- lmax{\/d—i— l,L} )
’ n

Theorem (.8 extends the result. The integrands f belong to L, for p > 2 and we considered the
domain rB?. The constants in the error bound are of the same magnitude and the dependence on
the dimension d, the Lipschitz constant L and the precision ¢ is the same. The problem is tractable
in the sense of (4.3).

Apart of the asymptotic result of [MNO7, Theorem 5, p. 693] it is always assumed that the integrand
f belongs to L, for p > 2. The case of f € Ly is not covered so far. To apply Theorem [3:34 it is
sufficient to have a transition kernel which is reversible with respect to the desired distribution and
uniformly ergodic with (a, M). It is well known that the ball walk, the Metropolis algorithm based
on the ball walk and the hit-and-run algorithm are uniformly ergodic, see [KS98, [MNO7].
However, as far as we know there is no estimate of the numbers o € [0,1) and M < oo, of the
uniform ergodicity with («, M), to obtain polynomial tractability. We get polynomial tractability if
there exist non-negative numbers c and g, such that (1 —a)~! < c¢d?. One can prove the following.
Let D = B? and 6 = 2/y/d + 1. Then the ball walk Qs is uniformly ergodic with («, M), where

0.15
=1- and M = 100.
VA +1((d+ 1)201) Vi
Unfortunately the crucial quantity (1 — «)~! is exponentially bad in d. Hence, this is not enough

to prove polynomial tractability. It is not clear if one can get a significantly better a.

The hit-and-run algorithm is studied in different references of volume computation and optimiza-
tion. However, as far as we know it was not yet applied to integration problems of the form of (Z.86]).
There is an immediate generalization of the hit-and-run algorithm which can be used to sample a
distribution given by a log-concave density, see for example [LVO6, p. 987]. This might be used to
obtain further error bounds for other classes of functions.
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A. Appendix

Some aspects of Functional Analysis are fundamental for the understanding of the error of Markov
chain Monte Carlo. We present the Spectral Theorem for linear, bounded and self-adjoint operators.
Then we state the Interpolation Theorem of Riesz-Thorin for operators acting on L,. Afterwards
the conductance and the Cheeger inequality is introduced.

A.1. Spectral Theorem. We state the Spectral Theorem for linear, self-adjoint and bounded
operators. For further reading, proofs and details we refer to [KG82, [Rud91], [Tri92|. For an intro-
duction see [Kre89|.

Let H be a real or complex Hilbert space and let £(H) be the space of all linear and bounded
operators mapping from H to H. Let B(R) be the Borel o-algebra over R.

DEFINITION A.l (spectral measure). A spectral measure or a projection-valued measure is a map-
ping F: B(R) — L(H) with the following properties:

(i) for all A € B(R) the operator E4 is an orthogonal projection,

(i) Ey =0, Eg = I, where I is the identity,
(iii) for pairwise disjoint A, As, -+ € B(R) we have for any g € H that

oo

Ex,(9) = By, 4,(9)-
=1

If there exists a compact set K € B(R) with Fx = I, then we say that the spectral measure has
compact support.

For f,g € H a signed measure is defined on (R, B(R)) by
w(A)=(Eaf,g9), A€ BR).

If f = g, then the measure w is non-negative. Let P € L£(H) be a self-adjoint operator and let us
denote the spectrum of P: H — H by spec(P|H). Furthermore let

A= inf (Pg,g) and A= sup (Pg,9).
llgll=1 llgll=1

The spectrum of P is closed and spec(P|H) C [A, A]. Additionally one has A\, A € spec(P|H), thus
A=inf{a| o €spec(P|H)} and A=sup{a|« € spec(P|H)}.

Now we state the Spectral Theorem for linear bounded self-adjoint operators. It is an analogon to
the finite dimensional Spectral Theorem for matrices.

PROPOSITION A.2 (Spectral Theorem). Let P € L(H) be self-adjoint and k € N. Then there exists
a uniquely determined spectral measure E with compact support spec(P|H) such that

A
(P"f,9) :A o d(Egarf.9), f.g€H. (A1)
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Let F': [\,A] — R be a continuous function. Then one has by the continuous functional calculus a
self-adjoint operator F(P) € L(H) with

A
(F(P)f.q) = A F(o) d(Epyfrg) fog € H, (A.2)

and

F(P = F .
1Py = s [F(a)

REMARK A.3. Mostly in the literature the case where H is a complex Hilbert space is considered.

In [KG&2| they handle both, real and complex Hilbert spaces. Note that the integral in (A1) and
(A2) is defined with respect to a signed measure.

A.2. Interpolation Theorem. We state a version of the Theorem of Riesz-Thorin. For a proof
and further details let us refer to [BL76, BS88|. Let L, = L,(D, ) for a probability measure 7 on
a measurable space (D, D).

PRrROPOSITION A.4 (Theorem of Riesz-Thorin). Let 1 < p,q1,q2 < oco. We assume that 0 € (0,1)

and

1 1-0 0
+ .
p q1 q2

Further let T be a linear operator from Ly, to Lg, and at the same time from Ly, to Ly, with

”THqu%qu <M, and ”T”Lm%Lq2 < Mo.

Then
”T”LP—»Lp S 2‘]\411_‘9]\42‘9'

REMARK A.5. We can substitute the function spaces L, Lg,, Lg, in the last proposition by the
sequence spaces p, {4, , {q, and the result remains the same.

REMARK A.6. Note that we consider real-valued functions. If we would study functions which map
into the complex numbers, then the same result holds true. In particular, the additional factor of
two in the assertion is not needed.

A.3. Conductance and the Cheeger inequality. Let (D,®) be a measurable space. Assume
K is a transition kernel defined on (D, D) which is reversible with respect to a probability measure
7. The conductance of the transition kernel K is defined by
K(x, A°)m(d
o(K,7) = inf fA (z, A%) m(de)
0<n(A)<} m(A)
Let (Xp)nen be a Markov chain with transition kernel K and initial distribution 7. Then the

numerator of the ratio within the definition of the conductance is the probability of X; € A and
Xo € A°. Hence one has

K(z, A%) w(dx)

m(A)
The conductance of K is the infimum over sets A € D, with 0 < w(A) < 1/2, of the probability
that X5 € A€ under the condition that X; € A.

Pr(Xo € A°| X, € A) = Ja
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The Markov operator P, given by Pf(x) = [, f(y) K(z,dy), is self-adjoint on Ly = Ly(D, 7). For
f€Lylet S(f) = [, f(z)m(dz) and let

Ly={f €Ly | S(f)=0}.

Furthermore we define
A =sup{a | a € spec(P|LY)}.

The Cheeger inequality provides a relation between A and the conductance o(K, 7).

PRrOPOSITION A.7 (Cheeger inequality). Let the transition kernel K be reversible with respect to a
probability measure w. Then
p(K,m)?
5 .
For a proof of the inequality on finite state spaces we refer to Theorem 11.3, p. 93|. The
Cheeger inequality for general state spaces is proven by Lawler and Sokal in [LS88|, Theorem 3.5,
p. 570] and by Lovéasz and Simonovits in [LS93, Lemma 1.7, p. 374]|. Lawler and Sokal provide
different types of inequalities for Markov chains and Markov processes.

1-A> (A.3)
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