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Singular Behavior of the Solution to the Stochastic
Heat Equation on a Polygonal Domain *

Felix Lindner

Abstract

We study the stochastic heat equation with trace class noise and zero Dirichlet
boundary condition on a bounded polygonal domain @ C R2. It is shown that
the solution u can be decomposed into a regular part ur and a singular part ug
which incorporates the corner singularity functions for the Poisson problem. Due
to the temporal irregularity of the noise, both ur and ug have negative Lo-Sobolev
regularity of order s < —1/2 in time. The regular part ug admits spatial Sobolev
regularity of order » = 2, while the spatial Sobolev regularity of ug is restricted by
r < 1+ 7/7, where ~ is the largest interior angle at the boundary 00. We obtain
estimates for the Sobolev norm of ug and the Sobolev norms of the coefficients of
the singularity functions. The proof is based on a Laplace transform argument w.r.t.
the time variable. The result is of interest in the context of numerical methods for
stochastic PDEs.

Keywords: Corner singularity, Laplace transform, polygonal domain, Sobolev regularity,
stochastic heat equation, stochastic partial differential equation

MSC 2010: 60H15, 35B65; secondary: 35R60, 46E35

1 Introduction

Let O C R? be a (possibly non-convex) bounded polygonal domain, 7" € (0,00) and
let AD : D(AB) C Ly(O) — Ly(O) be the Laplace operator on O with zero Dirichlet
boundary condition. In this paper, we analyse the regularity and the singular behavior of
the Ly(O; R)-valued mild solution u = (u(t))cjo,r) to the stochastic heat equation

du(t) = [AQu(t) + F(u(t))]dt + G(u(t)dW (t), t € [0,T],

u(0) = 1o, (1.1)
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Program 1324, grants SCHI 419/5-1, SCHI 419/5-2).



where W = (W (t))icpo,r) is a Wiener process in some Hilbert space U, and the nonlinear
operators F' and G are assumed to satisfy appropriate global Lipschitz conditions.

We are in particular interested in an explicit bound for the Lo (O)-Sobolev regularity of
u, which is closely connected to the order of convergence that can be achieved by uniform
numerical approximation methods if the error is measured in Ls(Q). In this respect, our
result complements the Besov regularity results in [2], [3], which are related to the order
of convergence for non-uniform, adaptive approximation methods. We refer to [7] or [2,
Section 1] for details on the connection between regularity and approximation.

It is well known that the solutions to boundary value problems on non-smooth domains
may have singularities at the boundary. In the deterministic setting, the singular behavior
of the solutions has been analysed by many authors, e.g., by Borsuk and Kondratiev [1],
Dauge [5], Grisvard [10], [11], [12], [13], Jerison and Kenig [16], [17], Kozlov, Maz'ya and
Rofimann [21], [22], [30] and Kweon [28], just to mention a few. For piecewise smooth do-
mains, the singularities can be described more or less explicitly. In the stochastic parabolic
case, singularities at the boundary occur naturally even on smooth domains, cf. [8], [24,
Section 1]. The reason is the low regularity of the noise term in time, which is in general
incompatible with the boundary data unless the noise vanishes near the boundary. Thus,
there are (at least) two possible sources for singularites of the solution u = (u(t))ico,r to
Eq. (1.1): The corners of the boundary 0O (as in the deterministic case) and the irregu-
larity of the driving Wiener process W = (W (t))icpo,17-

The Dirichlet boundary value problem for stochastic parabolic equations has been stud-
ied with the help of weighted Sobolev spaces H] ,(O), r > 0, by N.V. Krylov and collabora-
tors; see, e.g., Krylov [24], Krylov and Lototsky [26], [27] and Kim [19], [20]. These spaces
are such that the higher order derivatives of functions belonging to them are allowed to ex-
plode at the boundary. They have been used in the first place to handle the influence of the
noise at the boundary for equations on smooth domains ([19], [24], [26], [27]), but they are
also well-suited to treat stochastic equations on non-smooth domains ([20]). However, the
regularity results in terms of weighted Sobolev spaces do not imply explicit bounds for the
regularity in scales of Sobolev spaces without weights. Moreover, the results in [20] are the
outcome of a worst-case analysis: the only assumption on the domain O is that the Hardy
inequality holds, but no specific geometric features of simple domains (such as polygonal
domains) are exploited to optimize the results for such domains. As a consequence, there
is no explicit description of the singularities of the solution that are due to the shape of
the domain. The situation is in a certain sense similar when considering regularity results
that have been obtained in the framework of other approaches to stochastic PDEs, such
as the semigroup approach; see, e.g., Da Prato and Zabzcyk [4], Jentzen and Rockner [15],
Kruse and Larsson [23], van Neerven, Veraar and Weis [37], [38]. There, the spatial reg-
ularity of the solution is typically measured in terms of the domains of fractional powers
of the governing linear operator; in our case, in tems of the spaces D((—AB)’"/Z), r = 0.
However, for non-smooth domains, the regularity of the solution in this scale differs from
the regularity in the Ly-Sobolev scale H"(Q), r > 0. For instance, for non-convex polygo-
nal domains, the functions in D(AD) are in general not in the Sobolev space H'*™/7(0O),
where v € (m,27) is the largest interior angle at a vertice of 0O, cf. [10]. Thus, if one
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applies the typical regularity results from the semigroup approach to SPDEs to equations
on non-smooth domains, the spatial singularities of the solution process induced by the
shape of the domain remain somewhat hidden behind the abstract framework.

We present a regularity result concerning the solution u = (u(t))icpo,r) to Eq. (1.1)
which, on the one hand, gives an explicit bound for the Ly(O)-Sobolev regularity of u
and, on the other hand, describes the singular behavior of u induced by the shape of the
domain. It is based on and improves in several directions the corresponding result in [29,
Chapter 4].

To give a first description of the result, assume for simplicity that, in a neighborhood
of zero, the domain O coincides with the sector

{:E € R?: 2 = (x1,29) = (rcosf,rsinf), r >0, 6 € (0,7)},

where v € (m,27). Also assume that all interior angles at vertices of 0O except the one
at zero are smaller than m. Set o := 7/y € (1/2,1) and consider the corner singularity
function for the Poisson problem

S(z) :=n(x)r*sin(ad), z = (rcosf,rsinf) € O,

where 7 is a smooth cut-off function that equals one near zero and vanishes in a neighbor-
hood of the sides of 9O which do not end at zero. Assume that u is continuous in Ly (O; R)
and that the noise term in (1.1) is regular enough for u to take values in Hj(O) and to
satisfy supep E||u(t)]|§{3(o) < 00, where H}(O) is the Ly(O)-Sobolev space of order one
with zero Dirichlet boundary condition. Denote by w. the extension of u by zero to the
whole time axis R and pick s > 1/2. Then, if (2, A, P) is the underlying probability space,
Theorem 3.3 below states that there exist

urr € Ly (U HH(R)®H*(O))  and @ € Ly(Q H7/275(R))
with supp ®(w) C [0, 00) for all w € €2, such that the decomposition
U4 :U+7R+¢*EOS (12)

holds as an equality in the space Lo(Q; H*(R)®HZ(O)). Here & denotes the Hilbert-
Schmidt tensor product, * is the convolution in time, and Ey : R x O — R is an auxiliary
kernel function with support in [0, 00) x O. Using a linear and bounded extension operator
from H*(0,T) to H*(R), we obtain in Corollary 3.5 a corresponding decomposition

U = UR + Ug (13)
in the space Lo(2; (H*(0,T))'®H(O)). The regular part ug satisfies
ur € Ly (4 (H*(0,T))®H?*(0))

and the singular part ug contains the corner singularity function S. The precise meaning of
the decompositions (1.2) and (1.3) is explained in Sections 2 and 3 below. We also derive
estimates for the norms of u, g, ugr and ®, and we show that

D(w)x By S ¢ H ¥ R)QH'™™(0), us(w) ¢ (H*(0,T))@H(O)
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whenever ®(w) is not zero. The random element ® € Ly(€2; H(1=%/2=5(R)) is determined
by u, F', G and W.

The fact that the components in the decompositions (1.2) and (1.3) have negative
regularity in time is owed to the low temporal regularity of the driving Wiener process
W = (W(t))wcpm- It is, so to speak, the price we pay for unveiling the structure of
that part of the spatial singular behavior of u = (u(t))sco,r] Which is due to the specific
geometry of O@. The decomposition (1.2) can be considered as a stochastic version of
Grisvard’s result for the deterministic heat equation; cf. [11, Section 5], [12, Section 5.2].
We follow Grisvard’s ansatz of using the Laplace transform w.r.t. the time variable ¢ in
order to turn the equation into an elliptic equation with parameter. The solution to the
elliptic equation can then be decomposed explicitly into a regular and a singular part.
In a last step, the Laplace transform is inverted. The main difficulty in the stochastic
case is to handle the irregularity of the noise and, connected with it, to handle the fact
that the stochastic integrals are not defined pathwise, but in an Ly(P)-sense. Besides, it
takes a careful analysis to keep track of the measurability in w € €2 of all random objects
appearing in the course of the calculations. We use It6’s formula to transform Eq. (1.1) into
a random elliptic equation with complex parameter. The main technical tool to derive the
necessary estimates for the regular and the singular part of the solution to the transformed
equation is Lemma 5.2, which describes the effect of the temporal irregularity of the noise
in an appropriate way. After choosing suitable versions of all random objects, the inverse
transform can be carried out w by w. We use a framework of tensor products of (duals
of) Sobolev spaces to make sense of the resulting objects, which are random generalized
functions in time when applied to spatial testfunctions.

The article is structured as follows. In Section 2 we describe the setting and all assump-
tions concering Eq. (1.1) (Subsection 2.1), the framework of tensor products of Sobolev
spaces and how the solution process u = (u(t))ico,r] is embedded into this framework
(Subsection 2.2). We follow the semigroup approach to SPDEs in Subsection 2.1, but we
note that this is not essential and that other approaches could be used to derive similar
results. Several supplementary details concerning tensor products of Sobolev spaces are
postponed to Appendix A. In Section 3 we formulate our main result for the case of polyg-
onal domains with exactly one non-convex corner in Theorem 3.3. Here, Corollary 3.5
is stated and proved, and the results are illustrated with conrete examples. The exten-
sions of Theorem 3.3 and Corollary 3.5 to the general case of arbitrary bounded polygonal
domains are stated Appendix B. Auxiliary results concerning the Laplace transform (Sub-
section 4.1) and the Helmholtz equation (Subsection 4.2) are collected in Section 4. The
proof of Theorem 3.3 is given in Section 5, which consists of three subsections concerning
the Laplace transform of Eq. (1.1) (Subsection 5.1), the decomposition of the transformed
equation (Subsection 5.2) and the inverse transform (Subsection 5.3).

Notation and Conventions. The Borel-o-algebra on a normed space X = (X, || - [|x)
w.r.t. the topology induced by the norm || -||x is denoted by B(X). If X is a Banach space,
(M, M, u) a o-finite measure space and 1 < p < oo, we write L,(M, M, u; X) for the space
of all (p-equivalence classes of) strongly measurable functions f : M — X with finite L,-



norm || f |z, mux) = ([y [1f]%dp) /P, If the context is clear, we also write L,(M;X)
instead of L,(M, M, u; X). For X = C we omit the notation of the image space, i.e.,
Ly(M, M, i) :== L,(M, M, u; C). If D is a subset of R? we set Ly(D) := Ly(D, B(D), \%; C)
and Ly(D; R) := Ly(D, B(D), A% R), where A\? denotes Lebesgue measure. The Ly-Sobolev-
Slobodeckij space of order s > 0 on a domain D C R% is denoted by H*(D); see Appendix A
for the definition. H§(D) is the closure of the space of compactly supported, smooth
testfunctions C§°(D) within H*(D). If M or D is the open interval (0,7"), we write
Ly(0,7;X), H*(0,T) and H§(0,T) instead of Lo((0,7"); X), H*((0,7)) and Hi((0,7)).
The spaces of rapidly decreasing, smooth functions and tempered distributions on R?
are denoted by S(RY) and &'(R?), respectively. All spaces of (generalized) functions are
understood as complex vector spaces of C-valued functions, unless explicitly indicated
otherwise, e.g., by writing Lo(D;R), H*(D;R) and H(D;R). By F : &'(RY) — S'(RY) we
denote the Fourier transform on S'(R?), normed according to (F f)(&) = [rae " f(z) dz,
€ e RY, f e Li(RY). All derivatives of (locally integrable) functions defined on domains in
R¢ are meant in the distributional sense. The duality form of a topological vector space
X and its (topological) dual X’ is denoted by (-, ) xxx/, i.e., {(z,2") xxx := 2'(x) for all
x € X, 2’ € X'. The (topological) dual H' of a Hilbert-space H is always endowed with the
strong dual topology and the respective norm |[|-|[3 := supy,, <1 [(h; )2x3|. The notation
X — Y means that a topological vector space X is linearly and continuously embedded into
another topological vector space Y. Inner products (-, -)3; of complex Hilbert spaces H are
assumed to be conjugate linear in the second argument. Composite expressions following
an expectation sign ‘I’ are evaluated prior to taking the expectation, e.g., E|...||}, =
E(]|...]j5). For separable Hilbert spaces # and G, we denote by Z(H;G), £ (H;G),
Z1(H;G) the spaces linear and bounded operators, Hilbert-Schmidt operators and nuclear
operators, respectively. If H = G, we write £ (H), £5(H) and 21 (H) instead of Z(H;H),
L5(H; H) and 2 (H;H). Throughout the paper, C' denotes a positive and finite constant
which may change its value with every new appearance.

2 Setting and assumptions

2.1 Stochastic heat equation

Throughout this paper, @ C R? denotes a simply connected and bounded open subset of
R? with polygonal boundary 0O such that O lies only on one side of 9O. The generic
element in R? is denoted by z = (z1,z3). Let

AP : D(AD) C Ly(0) — Ly(0)
be the Dirichlet-Laplacian with domain

2
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By (e ) =0 We denote the analytic semlgroup of contractions on Ly(O) generated by AQ.

Note that the operators AD and e'®o, ¢ > 0, map real-valued functions to real-valued
functions, i.e., they can also be considered as operators on Ls(O;R).

Let (2, A,P) be a complete probability space, T" € (0,00) and let (F;)icjor) be a
normal filtration of sub-o-algebras of A. On (2, A, P) let W = (W (t))¢cjo,r) be a U-valued
Wiener process w.r.t. (F;)icpo,r], U being a real and separable Hilbert space. The covariance
operator and the reproducing kernel Hilbert space of W are denoted by @ € £ (U) and
(Uo, (-, )vo) == (QYV2U(QY2- Q7% )y), respectively. Here Q~'/ is the pseudo-inverse
of Q2. Standard references for this setting are [4], [33], [34].

We are interested in the regularity of the mild solution u = (u(t)):co,1] to Eq. (1.1),
where F' and G are mappings from Ly(O; R) to La(O; R) and to Z(Uy; L2(O; R)), respec-
tively. We make the following assumptions on F', G and the initial condition wu.

Assumption 2.1. G takes values in the space Z5(Uy; L2(O; R)) of Hilbert-Schmidt oper-
ators; the mappings F': Ly(O;R) — Lo(O;R) and G : Ly(O; R) — £ (Uy; L2 (O; R)) are
globally Lipschitz continuous. The initial condition ug satisfies

up € Ly(Q, Fo, P; Hy(O; R)) N Ly (€, Fo, P; Lo(O; R))
for some p > 2.

By a mild solution to Eq. (1.1) we mean an (F;),cjo,r)-predictable Ly(O; R)-valued
stochastic process u = (u(t))icjor) on (2, A, P) such that supep 7 Ellu(t )||L ) < oo and
for every t € [0, 7] the equality

t t
u(t) = eSuq + / =98 F(u(s))ds + / =928 G (u(s))dW (s)
0 0

holds P-almost surely. It is well-known that in the described setting the concept of a
mild solution is equivalent to the concept of a so-called weak solution; see, e.g., [33, Theo-
rem 9.15]. The following existence and regularity result is a consequence of [4, Theorem 7.4]
and [23, Theorem 4.2], compare also [33, Theorem 11.8] and [15].

Theorem 2.2. Given Assumption 2.1, there exists a unique (up to modifications) mild
solution u = (u(t))iepo,r) to Eq. (1.1). It has a unique (up to indistinguishability) continuous
modification in Ly(O;R), i.e., a modification © = (u(t))epm such that for all w € Q the
trajectory

0, 7] 3t @(w,t) :=u(t)(w) € L2(O;R)

is continuous. This modification satisfies

E sup [[a()][}, om < C1+Eluoll},om)- (2.1)
t€[0,T

Moreover, for all t € [0,T] we have u(t) € Lo(; HH(O; R)) and t +— u(t) is continuous as
a mapping from [0,T] to Ly(Q; H(O; R)).



In the sequel we also write u(w, t) or u(w, t, -) instead of u(t)(w), and a trajectory [0, 7] €
t — u(w,t) € Ly(O; R) may be denoted by u(w) or u(w,-). This notation is motivated by
the viewpoint of considering the solution as a scalar function of (w,t,z) € Q x [0,7] x O,
which turns out to be convenient for our purpose.

Let us look at concrete examples for W, U, Uy and F, G.

Example 2.3. (i) (additive trace class noise) Let W be an Ly(O; R)-valued Wiener process
and set U := Ly(O; R). Define G : Ly(O; R) — £ (Uy; L2(O; R)) as the constant mapping
with value idz,o;r) € L (L2(O;R)) = Z5(Up; L2(O; R)). The embedding holds since the
reproducing kernel Hilbert space Uy of W is embedded into Ly(O; R) via a Hilbert-Schmidt
embedding. Let f be a real-valued function on O x R satisfiying the following condition:
There exist C' > 0 and b € Ly(O; R) such that, for all z € O and &,7 € R,

[f(2, )| < b(x) +Clel, [ f(x,8) = flz,n)] < Cl§—mnl.
Define F': Ly(O;R) — L2(O;R) by
(F(v))(z) := f(z,v(x)), veELy(O;R), z€O.

Then, the conditions on F' and G in Assumption 2.1 are fulfilled and Eq. (1.1) is an abstract
formulation of the problem

du(t,z) = [Au(t, ) + f(z,u(t,2))]dt +dW (t,z), (t,z)€[0,T] x O,
u(t,z) =0, (t,x) € [0,T] x 00, (2.2)
u(0, ) = ug(x), x e O.

(ii) (multiplicative noise with sufficient smoothness) Let W be an H*(O; R)-valued
Wiener process for some s > 1 and set U := H*(O; R). Such a process can be obtained, e.g.,
by applying an integral operator on Ly(O;R) with sufficiently smooth kernel k € Ly(O X
O;R) to a cylindrical Wiener process on Ly(O;R). Let g be a real-valued function on
O x R satisfying the same condition as formulated for the function f in (i). Define G :
Ly(O;R) = Z(H*(O;R); La(O; R)) = Zo(Up; Lo(O; R)) by

(Go)w)(z) == g(z,v(z))w(z), ve Ly(O;R), we H*(O;R), z €O,

and let F' be defined as in (i). Then, the conditions on F' and G in Assumption 2.1 are
fulfilled (note that we have the Sobolev embedding H*(O;R) — C,(O;R)) and Eq. (1.1)
is an abstract formulation of Problem (2.2) if the first line in (2.2) is replaced by

du(t,z) = [Au(t,z) + f(z,u(t,2))]dt + g(z, u(t, 2))dW (¢, z), (t,z) € [0,T] x O.

(iii) (multiplicative finite-dimensional noise) Let W = (W7, ..., W,) be a d-dimensional
Wiener process and set U := U, := R?. Let gy, ..., gq be real-valued functions on O x R



satisfying the same condition as formulated for the function f in (i). Define G : Ly(O; R) —
2,(Us; L2(O; R)) by

(Go)w)(z) == ng(x,v(x))wk, v E Ly(O;R), w=(wy,...,wy) €RY, x €O,

and let F' be defined as in (i). Then, the conditions on F' and G in Assumption 2.1 are
fulfilled and Eq. (1.1) is an abstract formulation of Problem (2.2) if the first line in (2.2)
is replaced by
d
du(t,z) = [Au(t,z) + f(z,u(t,2))]dt + > gi(w,ult,z))dWi(t), (t,x) €[0,T] x O.
k=1
Remark 2.4. All the noise terms in Example 2.3 can be rewritten in the general form
>rey gk (@, u(t, ©))dWy(t), where the g;’s are suitably chosen functions on O x R and the
Wy's are independent one-dimensional Wiener processes; compare, e.g., [25, Section 8.2].

2.2 The solution process as a tensor product-valued random vari-
able

Our main result, Theorem 3.3, and Corollary 3.5 are formulated in terms of tensor products
of Sobolev spaces of possibly negative order. In the present subsection we define the tensor
product spaces, point out their natural embeddings and describe how the mild solution
u = (u(t))eepo,m to Eq. (1.1) can be considered as a tensor product-valued random variable.
Since the tensor product spaces we consider are rather non-standard in the context of
stochastic evolution equations, we collect several supplementary details and references in
Appendix A.

With regard to the natural embeddings of tensor products of Sobolev spaces, it is
convenient to define the (Hilbert-Schmidt) tensor product of two Hilbert spaces as the
space of Hilbert-Schmidt functionals on the cartesian product of the duals of these spaces.
The connection to alternative definitions in the literature is described in Appendix A.
Let ‘H and G be separable complex Hilbert spaces with orthonormal bases (h;);en and
(gr)renw, respectively. Following [18, Section 2.6] we call a Hilbert-Schmidt functional
on H x G a bounded bilinear functional f : H x G — C, (h,g9) — f(h,g) such that

Zj,ke]N }f(hj,gk)}z < 00. The infinite sum does not depend on the specific choice of the
orthonormal bases, and its square root defines a norm that makes the space of Hilbert-
Schmidt functionals into a separable Hilbert space; see [18, Section 2.6]. Here, boundedness
of f means sup,, g10<1 1.f (7 9)| < 00

Definition 2.5. The Hilbert-Schmidt tensor product H&G of two separable complex
Hilbert spaces H and G is defined as the space of Hilbert-Schmidt functionals on ‘H' x G’
with norm given by

1/2
[ fllneg = <Z If(hQ-,gff)IQ) , [ e,

J,keN



(P})jer and (g, )ren being arbitrary orthonormal bases of H' and G'. For h € Hand g € G
we denote by h ® g € H®G the functional defined by

h@g(h',g") = (h, N )axw 9,9 )oxg =W (h)g'(g9), HWeH, ¢eg.

Given an arbitrary domain D C R%, we denote by H*(D) the Ly(D)-Sobolev-Slobodeckij
space of order s > 0; see Appendix A for the definition. It is well known that for 0 < s; < s
the space H*?(D) is densely embedded into H*'(D) via the identity operator.

Convention 2.6. We identify Ly(D) with its (topological) dual space (Lo(D))’ via the
isometric isomorphism Ly(D) 3 v+ (-, 0)1,(p) € (L2(D))". Thus, by duality, we obtain a
chain of continuous and dense (linear) embeddings

H*(D) — H*(D) < Lo(D) = (La(D)) — (H** (D))" — (H**(D)), 0< s1 < so.
(2.3)
Moreover, for s > 0 we identify H*(D) with its bidual (H*(D))" := ((HS(D))’)/ via
the canonical isometric isomorphism 1 : H*(D) — (H*(D))"” given by (1(f))(g9) = g(f)
for f € H*(D), g € (H*(D)). We also write (,-)s)yxmsp) for the duality form
Gy e oy

As usual, for s > 0 we denote by H§(D) the closure of C§°(D) in H*(D) and by
H=5(D) := (H3(D)) its dual space. If D = R% we have H *(R%) = (H*(R%))" with equal
norms, and (2.3) reads

H2(RY) — H*'(R?Y) — Ly(RY) = (Ly(RY)) — H**(R?) — H*2(R%), 0< s, < so.

Theorem 3.3 and Corollary 3.5 are formulated in terms of tensor product spaces of the
form (H*(I))'®H"(O) and (H*(I))'®HL(O), r,s > 0, where I = (0,T) or [ = R. By
Definition 2.5 and Convention 2.6, the elements of (H*(I))®H"(O) are Hilbert-Schmidt
functionals on H*(I) x (H"(0))" = (H*(I))" x (H"(O))'; the elements of (H*(I))®H}(O)
are Hilbert-Schmidt functionals on H*(I) x H='(O) = (H*(I))” x (H3(O))'. According to
Proposition A.2 in Appendix A, we have natural embeddings

(H ()Y QH™(0) — (H>(I))QH™(0), 0< s <89, 0<r <120 (2.4)

given by the tenor products 1®) of the embeddings 1 : (H* (1)) — (H*2(I))" and j :
H™(O) = H™(O) as in (2.3). The image 1@ (f) € (H*2(I))®H"(O) of some f €
(H*(I))®@H"™(0) is nothing but the restriction of the bilinear functional f : H*(I) x
(H™(0O)) — C to the smaller domain H**(I) x (H™(O))". Also by Proposition A.2, we
have natural embeddings

(H* (1)) ®H)(O) = (H*(I))@H)(O) — (H=2(I))®H'(0), 0< s < s (2.5)

Note, however, that the second embedding in (2.5) is not dense.

Let us describe in which sense the mild solution u = (u(t)):c0,7] to Eq. (1.1) will be
considered as a tensor-product valued random variable. To this end, take an arbitrary (pre-
dictable) version of u. We know from Theorem 2.2 that u(t) € H}(O;R) P-almost surely

9



for all ¢ € [0,T]. By the Kuratowski-Suslin theorem we have H}(O;R) € B(Ly(O; R)), so
that P := {(w,t) € Q2 x [0,T] : u(w,t) & H}(O)} belongs to P, the predictable o-algebra
w.r.t. the filtration (F;)cjo,r). Consequently, by redefining u(w,t) := 0 for all (w,t) € P
we obtain a predictable (P/B(L2(O;R))-measurable) modification of our original solu-
tion such that u(w,t) € H}(O;R) for all (w,t) € Q x [0,T]. We fix this modification
u = (u(t))icpo,r) from now on. From the P/B(Ly(O; R))-measurability of v and a standard
approximation argument we obtain the P/B(H}(O;R))-measurability of u. Moreover,
since sup,e .7y Bllw(t)] g1 om) < 00 by Theorem 2.2 and Hy(O; R) — Hy(O), we have

u€ Ly(Qx[0,T],P,Pdt; Hy(O)). (2.6)

By uy = (us(t))er we denote the extension of u by zero to the whole real line. We will
consider v and uy as random variables with values in the spaces Lo(0,T)®HE(O) and
Ly(R)®HE(O), respectively.

Proposition 2.7. After possibly redefining u on a P-null set, the definitions of the map-
pings
i:Q — Ly(0, T)OHO), w s t(w),
iy Q= Ly(R)QH(0), w1y (w)

u(w) (¢, p) == u(w, ¢, p) = /OTW(WJ), ©) Hi(0)x H-1(0)P(t)dL,
¢ € Ly(0,T), p € H(O).
and
s @)(009) = 0 0.9) = [ (.0 ngopenr 010
¢ € Ly(R), p € H'(0)
are meaningful, and @ and @, belong to the spaces Ly(Q, Fr,P; Ly(0, T)&Hj(O)) and
Lo (Q, Fr, P; Ly(R)®H} (O)), respectively.
Proof. By (2.6) and the theorems of Tonelli and Fubini, we know that all trajectories
u(w) = u(w,-): [0,T] = HY(O), t s u(w,t), w e Q,

are B([0,T])/B(Hj(O))-measurable and that u(w) € Lo(0,T; H(O)) for P-almost all
w € Q. After redefining u(w) := 0 for all w € Q such that u(w) ¢ Ly(0,T; H(O)),
another application of the theorems of Tonelli and Fubini shows that the mapping €2 >
w — u(w) € Ly(0,T; Hy(0)) is Fr/B(L2(0,T; H}(O)))-measurable; compare [4, Proposi-
tion 3.18]. Moreover, one has |, ||u(w)||%2(0’T;H3(O))P(dw) = ||u||2LQ(QX[O’TLP’PMHH&(O)). The
assertion concerning @ now follows from the fact that the operator J : Ly(0,T; H(O)) —

Ly(0, T)Y®H}(O), which maps f € Ly(0,T; H}(O)) to the bilinear functional
T
(J)(@,9) - La(0,T) x HHO) = C, (¢,¢) = / (f(), )10y« 10 P(t)dL,
0

10



is an isometric isomorphism. The assertion concerning . follows analogously. O

We will always take for granted the redefinition of w on a P-null set mentioned in
Proposition 2.7. This means that all trajectories [0,7] 3 t — u(w,t) € H}(O) and R >
t = uy(w,t) € HY(O), w € Q, belong to Ly(0,T; H(O)) and Lo(R; H}(O)), respectively;
the mappings Q 3 w — w(w) € Ly(0,T; H}(O)) and Q 3 w +— uy(w) € Lo(R; H(O)) are
Fr/B(Lz(0,T; Hj(O)))-measurable and Fr/B(Ly(R; Hj(O)))-measurable, respectively.

Convention 2.8. We identify the mild solution u to Eq. (1.1) and its extension by zero
to the whole real line v, with the mappings u and u, described in Proposition 2.7. We set

uw, ¢, ¢) = (w, ¢, ) and uy (w, ¢, ) =t (w, ¢, p) forw € Q, p € H(O), ¢ € Ly(0,T)
and ¢ € Ly(R), respectively. In this sense we have

u € Ly(, Fr,P; Ly(0, T)®H)(0)), s € Ly(Q, Fr, P; Ly(R)®H; (O)).
Note that, due to the embedding (2.5), we have in particular
u € Ly(Q, Fr, Py (H(0, T)Y@HHO)),  uy € Ly(, Fr, Py H(R)SHL(O))

for all s > 0.

3 Main result

Before formulating the main result we need to introduce some further notation. In order
to keep the notational complexity at a reasonable level we make the following additional
assumption on the domain O C R?. We remark, however, that our results readily generalize
to arbitrary bounded polygonal domains as defined in Subsection 2.1; see Appendix B for
the formulation of the results in the general case.

Assumption 3.1. The domain O has exactly one non-convexr corner. The correspond-
ing vertex is zero and the corresponding interior angle is denoted by ~ € (m,27). In a
neighborhood of zero, O coincides with the sector

{z €R*: 2= (rcos,rsind), r >0, 6 € (0,7)}.

Let n € C*°(O;R) be a smooth cut-off function that depends only on r = /a? + 22,
equals one in a neighborhood of zero and vanishes in a neighborhood of the sides of 0O
which do not end at zero. Set a :=7/v € (1/2,1) and define S € H}(O) by

S(z) :=n(z)r*sin(ad), = = (x1,x9) = (rcosé,rsinf) e O. (3.1)

The function S belongs to H*(O) if, and only if, s < 1+ «; see [10, Theorem 1.4.5.3]. It
represents the corner singularity for the Poisson problem on O with zero-Dirichlet boundary
condition; see [10], [12]. That is, given g € Ly(O) and w € H}(O) with —Aw = g, there
exist a unique function wg € H%(O) N Hy(O) and a unique constant ¢ € C such that
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w = wg + ¢S. It follows from [12, Proposition 2.5.6] (compare also [11, Section 2]) that
¢ = (9, Vo) Ly(0), Where vy € Lo(O; R) is defined as vg = (1/7) (1o — o) with

Po(x) :=n(x)r~“sin(af), x = (x1,72) = (rcosh,rsinf) e O,

and g € D(AB) being the unique solution in HJ(O) to the problem Ay = Aty. (Note
that 1 does not belong to H'(QO), but it satisfies Ay € Ly(O) since it is harmonic near
0.) For z € C\ 0(AD) we define v(z) € Ly(O) by

v(2) i= vy — 2(21dL,0) —Ag)_lvo

. . D)1 1 (32)

= |:1sz((9) _Z(Zlsz(O) —Ao) ] ;(wo — %0),

where (zidp, (o) —AB)_I € Z(Ly(0)) is the z-resolvent of AD.
Further, we define a kernel function £y : R x O — R by

Ey(t,z) = 11(0700)(t)(2\/7_T)_lt_3/2re_r2/(4t), teR, = (x1,29) = (rcosb,rsinf) € O.
(3.3)
For fixed x € O the function t — Ey(t, ) is the inverse Laplace transform of (0, 00)+iR >
z > e7™VZ € C; see [9, Section 8.4] or [14, Exercise 3A/3).
Finally, let Assumption 2.1 hold, let u = (u(t)).c[o,r] be the mild solution to Eq. (1.1)
and define

H(z):= /0 e # F(u(t))dt +/0 e G(ut)) AW (t) — e Tu(T) +ug, 2z€C. (3.4)

The first integral in (3.4) is an w-wise Bochner integral in Ly(QO). For every w € €, all
integrals fOT e *'F(u(w,t))dt, z € C, exist since we have fOT e " F(u(w, t)) || Looydt <
C [ e Re(1 4 [lu(w, )| £y(0))dt < 00. Moreover,

2

EH /0 Te_ZtF(u(t))dt (< CE /0 THe_ZtF(u(t))Hiz(o)dt

L2(O

T
< CE/ e 2Rt (14 ||u(t)||%2(o;]R)) dt < o0.
0

The second integral in (3.4) is an Lo(O)-valued stochastic integral; for fixed w and ¢,
e *'G(u(w,t)) is the operator in Z(L2(O;R); L2(0)) that maps w € Lo(O;R) to
e G (u(w,t))w € Ly(O). By Itd’s isometry and the Lipschitz property of G,

9 T
. —zt 2
L(©) = E/O He G(u(t))H,%(LQ(O;R);LQ(O))dt

T
< CIE/ e 2R (14 [lu(t)|2, 0m) df < o0,
0

T
0

]EH / e~ G (u(t))dW (1)
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so that we obtain
H(z) € Ly(Q, Fr, P; Ly(0)), z € C. (3.5)

We will later show (Lemma 5.5) that the Ls(O)-valued random field (H(z)).c¢ has a
holomorphic modification, i.e., a modification such that for all w € 2 the mapping C >
2+ H(w,z):= H(z)(w) € Ly(O) is holomorphic. We fix such a modification once and for
all.

Remark 3.2. The Hilbert-space theory of infinite-dimensional stochastic integrals is usu-
ally developed in terms of real Hilbert-spaces, cf. [4], [31], [32], [33], [34]. In the context of
stochastic integrals such as in (3.4) we will in general consider C-valued functions as R2-
valued functions, and we will in general understand the stochastic integrals in terms of the
respective real Hilbert-spaces of R?-valued functions. We do not indicate this explicitly,
but we will point out this identification whenever it is needed.

Here is our main result.

Theorem 3.3. Let Assumptions 2.1 and 3.1 hold, let w = (u(t))ico,r) be the mild solution
to Eq. (1.1) and let uy be its extension by zero to the whole real line, considered as an
element of Ly (Q, Fr,P; Ly(R)®H(O)) as described in Subsection 2.2. Let s > 1/2 and
set o= 1/7.

There exist

uyr € Lo (Q, Fr, P; H_S(R)®H2(O)) N Ly (Qa Fr, P; H_S(R)@’H(%(O))

and
® € Ly(Q, Fr,P; HI275(R))

with supp ®(w) C [0,00) for allw € Q (in the sense of distributions) such that the equality
Uy IU+7R+®*EOS

holds in Lo (Q,fT,]P; H‘%]R)@H&(O)). Here ® x Ey S denotes the element of the space
Lo (Q, Fp,P; H*(R)QH(O)) that acts on test functions (¢,¢) € H*(R) x Ly(O)
(— H*(R) x HY0O)) via

(@ Eo S)(w)(@, ) = (P Ey S)(w, 9, ¢)
= <(I>(w) * /OEO(-,:);)S(x)cp(x)dz, ¢>H , w e,

—s(R)x H*(R)

(3.6)

where S and Ey are given by (3.1) and (3.3), [, Eo(:,x)S(z)p(x)dz denotes the (locally
integrable) function R 3t — [, Ey(t, 2)S(x)p(x)dz € C, and  is the usual convolution of
Schwartz distributions.

We have

(@ ES)(w) ¢ | JHTR)GH'(0) on {we Q: d(w) # 0} (3.7)

r=0
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and ® is determined P-almost surely in terms of its Fourier transform w.r.t. the time
variable t € R as follows: For P-almost every w € €2,

[Fime (@(w))](€) = <H(w, i§),m> o for A-almost every £ € R, (3.8)

Lo

where v and H are defined by (3.2) and (3.4).
Moreover,

o] (T A ) A

<mﬂm&@m+muwa@+l»wwwm;@w+swuaww>

t€[0,T]

2

ffz(Uo;Lz(O))> ’
(3.9)

where C' > 0 depends only on s, T, O and the cut-off function n in (3.1), and where

@ = (U(t))icpo,m) denotes the modification of u = (u(t))icjo,r) that is continuous in Ly(O; R).

The proof of Theorem 3.3 is given is Section 5. Some remarks concerning Theorem 3.3
seem to be in order.

Remark 3.4. (i) It is a common convention not to distinguish explicitly between functions
and equivalence classes of functions. The existence of ® € L, (Q,]—"T,]P; HO=a)/ 2_3(13))
stated in Theorem 3.3 is meant as the existence of an Fr/B(H(1~%/2=5(R))-measurable,
square integrable function ® : Q — HU=*/275(R) such that, for all w € Q, supp ®(w) C
[0,00) and the mapping (P * Ey S)(w) : H¥(R) x Ly(O) — C defined by (3.6) extends to
a Hilbert-Schmidt mapping on H*(R) x H~1(0O), i.e., to an element of H*(R)QH(O).
(In Subsection 5.3.2 we will show implicity that the convolution W [, Eo(-, 2)S(z)¢(x)dx
belongs to H*(R) for all ¥ € H~*(R) and ¢ € Ly(0O).) The resulting mapping ® * Ey S :
QO — H*(R)®H(O) is Fr/B(H*(R)®HZ(O))-measurable and represents an element of
the space Ly (Q, Fr, P; H(R)®Hj(0)).

(ii) The assertion ‘®(w) # 07 in (3.7) means that there exists ¢ € H~(1=%/2+s(R) such
that <<I>(w), ¢>H(l—a)/2fs(R)XHf(lfa)/2+s(R) 75 0.

(iii) For z € C\ (—00,0), an alternative representation of the functions v(z) € Ly(O),
defined by (3.2) and appearing in (3.8), is described in Remark 4.4 below.

(iv) Note that the expectation on the right hand side of (3.9) is finite due to Theo-
rem 2.2 and the linear growth property of F' and G, which follows from the global Lipschitz

property.

The following corollary describes a corresponding decomposition of u within the space
Lo (Q, Fr,P; (H*(0,T))®H}(O)). For the construction of a linear and bounded extension
operator £ : H*(0,T) — H*(R) we refer to [36, Section 4.2].

Corollary 3.5. Let the setting of Theorem 3.3 be given and consider the mild solution
u = (u(t))iepr to Eq. (1.1) as an element of Ly(Q, Fr,P; Ly(0, T)&H(O)) as described
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in Subsection 2.2. Let £ : H*(0,T) — H*(R) be a linear and bounded extension operator.
Forwe Q, ¢ € H*(0,T) and ¢ € H'(O) define

UR(W, ¢a ()0) = u+7R(w> E,'QS, S0)7 US(W’ ¢a ()0) = ((I) * EO S) (w> E,'QS, S0)7

where uy g and ® x Ey S are as in Theorem 3.3.

Then,
ur € Ly (Q, Fr, P; (H*(0,T))©H*(0)) N Ly (2, Fr, P; (H*(0,T)) ®Hy (0)), (3.10)
us € LQ(QaFTa]P7(HS(O?T))/®H(:)[(O))a .
and the decomposition
U = UR + Ug (311)

holds as an equality in Ly (Q, Fr,P; (H*(0,T))®H}(O)). For P-almost every w € Q,

ug(w) & | JH (0, T))RH™(0) = ug(w)#0 <<= d(w)Z0. (3.12)
r=0
Moreover, there exists a constant C' > 0, depending only on s, T, O and the cut-off
function n in (3.1), such that
Elun 0 mysror < CB( ol i) + (Dl o

+/OTHF(u(t))H2L2(O>dt+ sup [|G(a(t))

te[0,7

2
ffz(Uo;Lz(O))>’

(3.13)
where @ = (u(t))ejo,r) denotes the modification of u = (u(t))icjo,m that is continuous in

The assertion ‘ug(w) # 0’ in (3.12) means that there exist ¢ € H*(0,T) and ¢ € H~*(O)
with ug(w, ¢, ¢) # 0.

Proof of Corollary 3.5. Assertions (3.10), (3.11) and Estimate (3.13) follow from the bound-
edness of £ and the corresponding properties of uy g and ® x Ey S.

Let us verify (3.12). The implications in direction “=" are obvious, so it remains to
prove that the implication

Qw)Z0 = us(w) & | JH(0,7))&H"(0) (3.14)

r=0

holds for P-almost every w € Q. Let R € Z(H*(R); H*(0,T)) be the restriction of
functions in H*(R) to (0,7), i.e., R¢ = ¢|1) for ¢ € H*(R). For w € Q, ¢ € H*(R) and
© € HYO) we set

’LL,]}:%((A), ¢7 @) = UR(M, R¢7 80)7 U?(Wa ¢7 @) = uS(wv R¢7 @)
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Due to (3.10) and the boundedness of R we have uff € Ly(€(H*(0,T))®H*(O)) N
Lo (Q; (H*(0,T))®H(0)) and uf € Ly (€ (H*(0,T))®H(O)). Since R|pyrw) belongs
to Z(H"(R); H(0,T)) for all r > s, the implication

u§w) ¢ |JHTRSHT(0) = us(w) ¢ [JH(0,T))0H**(0)

r=0 r=0

holds, so that (3.14) follows if we can show

Pw)£0 = ufw)¢|JHTR)SHT(0) (3.15)

r=0

for P-almost all w € €.

Assume that (3.15) was not true and let A € A with P(A) > 0 such that, for allw € A,
®(w) £ 0 and u¥(w) € H"(R)QH*™/7(O) for some r = r(w) > s. Then, since u, g(w) ¢
H"(R)®H™(O) by Theorem 3.3, we have u(w) — ui s(w) ¢ H"(R)QH™**(O) for all
w € A. Therefore, the P-almost sure equality u, = u; g+ uy g = ul + u implies

urr(w) —ui (W) = ug (W) —uss(w) ¢ H(R)QHT(0)

for w e A\ N, where N C A has P-measure zero. But this is a contradiction to the fact
that both u, g and uk take values in H*(R)@H?*(0) — H"(R)®H'**(0). O

Next, we give two concrete examples for applications of Theorem 3.3 and Corollary 3.5,
respectively, to equations of the type (1.1). In the first example we have ug # 0 with
probability one.

Example 3.6. Let the Wiener process W = (W (t)):cjo,r] be L2(O; R)-valued, i.e., U =
Ly(O; R), and assume that the range of its covariance operator @) € £, (LQ(O; ]R)) is dense
in Ly(O; R). For ug € Ly(Q, Fo, P; Hy(O; R)) N Ly, (2, Fo, P; Ly(O; R)) with p > 2 consider
the equation

du(t) = AQu(t)dt +dW (t), u(0) =uq, t € [0,T],

which fits into our abstract setting with F(v) := 0 and G(v) := idp,or) for all v €
Ly(O; R), cf. Example 2.3 (i). (Let us remark that, since we are considering an equation
with additive noise, the assumption uy € L, (Q, Fo, P; Ly(O; IR)) is not really needed here
to obtain the results of Theorem 3.3 and Corollary 3.5; we do not go into details.) Fix
s > 1/2 and let uy g, @, ug and ug be as in Theorem 3.3 and Corollary 3.5. Using It6’s
isometry, one sees that in this setting the estimates (3.9) and (3.13) simplify to

E<||U+’R||§{,S(R)®H2(O) + ||uR||?HS(O,T))’®H2(O) + ||¢||§{(1*a)/2*5(ﬁ)>
< C(Blluol o) + 110"z, 0m )

with C' > 0 depending only on s, T and O.
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Let us show that u, ¢ and ug are non-zero P-almost-surely. To this end, we have to
show that ® defined by (3.8) is non-zero P-almost-surely. Recall that we have fixed a
holomorphic modification of the Ly(O)-valued random field (H(2)),ec. The resolvent map
C\o(AB) 3 uwrr (zidpy 0 —AD)_I € Z(Ly(0)) is holomorphic too, so that the function
R3¢ <H (w,i&),v(i€) > L2(0) € C is infinitely smooth for all w € €. Thus, the Fourier
transform R 3 & — []-"Hgtb( )} (&) € C has an infinitely smooth, hence continuous version
for P-almost all w € €2; we consider these continuous versions from now on. Consequently,
it is enough to show that [F_,¢®(w)](0) = <H(w,0),v(0)>L2(O) = (H(w,0),v0) ,(0:r) 18
non-zero for almost all w € Q.

Observe that

T
(H(0),vo) Lo (0sr) = < / (idrom) —e(T_t)AO)dW(t)v”0>
0

. L2(OR) (3.16)
+ <u0 —e Ouo,vo>

L(OR)

Setting ¥ (t)w := ((idp,om) — T4 )w U0>L (o:R) for w E Ly(O; R), we obtain

“(( /OT (idnsiom T 08)aw (), w) )

L2(O;R)

(| woawee])
I/fuw Q" aiormym i

= / HQ1/2 ( idL2(0§R) _6(T_t)Ag ) Yo Hig(@;]R) dt
0

due to Ito’s isometry, Parseval’s identity and the symmetry of Q2. Clearly, the ker-
nel of idz,o;r) —e(T=DA8 s zero for all t < T. Since the kernel of QY2 = (QV2)* is
zero too (due to our assumption that the range of @ is dense in Ly(O;R)) and since
vg # 0, the last integral is strictly positive. This means that the Gaussian random vari-
able ( fo (idr,0m) — T AD)dVV ), o) La(O:R) 15 DOt degenerate and thus its probability

distribution has a density w.r.t. Lebesgue measure. Note that <u0 — eTAguo, vo> Lo(OR) in
(3.16) is Fo-measurable and thus independent of fOT (idz,om) —e(T_t)Ag)dW(t). It follows
that the probability distribution of (H(0), vo) 1,(0;r) has a density w.r.t. Lebesgue measure,

hence (H(0),vo)1,(0;r) is non-zero P-almost surely.

We end this section with a toy example which shows that it may happen that ug # 0
with probability greater than zero and less than one.

Example 3.7. Let the Wiener process W = (W (t))cjo,r] be one-dimensional, i.e., U =
Up = R, and consider the domain O = (—1,1)%\ (-1, 0]> C R2. Define uq € H*(O)NH;(O)
by

up(z) = sin(mxy) sin(wxy), x = (x1,29) € O,
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so that —Aug = 27%ug. Let vg = v(0) = (1/7)(¥o — o) be as in (3.2) and define G :
Ly(O;R) = La(O;R) = Z(R; Lo(O; R)) = Z5(R; L2(O; R)) by

G(’U) = UO_'_Q(HUHLQ(O;R))UOa NS LQ(O;R),

where g : R — R is Lipschitz-continuous with supp g = [¢, 00) for some ¢ > 0. Then the
equation
du(t) = Agu(t)dt + G(u(t))dW (t), u(0) = ue, t € [0,T],

fits into the setting of Theorem 3.3 and Corollary 3.5, and we have 0 < P(ug # 0) < 1.
To prove the latter assertion, we fix a continuous version of the Fourier transform
R3¢ [Fioe®(W)](€) € C for P-almost all w € Q as in Example 3.6. Then

P ((H(0), v0) Lo(o:r) 7 0) = P([Fise®](0) # 0) < P(® # 0) = P(us # 0)

. _ D
+9(lw®)] Loor)) <(1dL2<o;R> —e t’Ao)vo,vo>L2(O;R)] AW (t)

2
(T=0AB) 12, AW (t).

o
(idryom) —e L2(O;R)

T

= [ a(lu®lom)
The last step is due to the fact that (w,vo)r,) = 0 for all w € A(H*(O)N H(O)),
a consequence of Green’s formula; see [12, Theorem 2.3.3 and Lemma 2.5.4]. By Itd’s
isometry,

T 4
2 . _ D\1/2
E ((H(0),v0)},0m) = F / () aomy)*|| (dLaomy —eT-48) dt
0 L2(OsR)
and therefore we know that P(ug # 0) > 0 if
P dt ({(w,t) e Q% [0,7]: g(lu(w, )| aom) > o}) > 0. (3.17)

Note that g(||u(w,t)||Loo:r)) > 0 if, and only if, ||u(w,t)||,:r) > ¢. Due to the orthogo-
nality of ug and vy,

2

t
—$)AD
) B om = ol o X2+ | [ guls) asiom)e® P Bw )|,
0 L2(O;R)
where we have set X (¢) := e~" + [ e~=*)27"qW (s). Thus,
P ® dt({(w,t) € Qx[0,7] : [ulw, )| Laom > c})
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SPodt|{(wt)eQx[0,T]: | X(wt)]>— %] >0
||U0||L2(O;1R)

by standard properties of the one-dimensional Ornstein-Uhlenbeck process X = (X ())¢cjo,r)-
This proves (3.17), hence P(ug # 0) > 0. To see that P(ug # 0) < 1, we fix a continuous
modification of X and estimate

P(us = 0) > IP(u € Lo(0,T; HX(0)) = L2(O,T)®H2((’))>

>IP< sup | X (t)] < ¥> > 0.
)

te[0,7) ||U0||L2(O;R
The penultimate estimate holds because % = ((t)):cjo,r) defined by

ﬁ(t) = }X(t)uo + ]l{ }u(t)

1
{supoci X () Sup<; | X(s)

< —0c > ¢
< Ty om P Ty om)

is a predictable modification of u (due to the uniqueness of the solution to Eq. (1.1)) so
that the equality u(w, ) = @(w,-) holds in Ly(0,T; H}(O)) for P-almost all w € .

4 Auxiliary results

4.1 A Paley-Wiener type theorem

As mentioned in the introduction, Theorem 3.3 will be proved with the help of a Laplace
transform argument. If we used only the Fourier transform instead, we would run into
technical troubles when carrying out the inverse transform leading to the singular part
® x EyS. Moreover, we would not be able to show that the support of ®(w) €
H—s+1/20=2)(R), defined for P-almost every w € Q by (3.8), is contained in [0, o). The
latter is a consequence of a Paley-Wiener type result, which we present in this subsection.
Its proof is similar to the ones of Theorems 8.2-3 and 8.4-1 in [40]. However, since our
assertion is slightly different, we present it here for the sake of completetness.

The Laplace transform of a tempered distribution ¢ € §’'(R) with supp ¢ C [0, c0) can
be defined, at least for all z € (0, 00) 4 iR, by setting

(Lo)(2) == (Ae*C (4.1)

v¢>s(1a )xS'(R) ?
cf. [40, Chapter 8]. Here, A is a C*°(R)-function with support bounded on the left, which
equals one in a neighborhood of [0, 00), and e~*() denotes the function R > t + e~* € C.
The right hand side in (4.1) makes sense since A e™*() € S(R) and the definition obviously
does not depend on the specific choice of the function A. If ¢ is a regular distribution,
then ( = [;7e*¢(t)dt. Remember that we use the normalization (F¢)(§) =
f]R e_lﬁtqﬁ dt ¢ € Li(R), 5 € R for the Fourier transform with its usual generalization
to S'(R).
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Theorem 4.1. Let f : [0,00) X iR — C be continuous on [0,00) x iR and holomorphic on
(0,00) x iR. Assume that there exists a polynomial P such that

[f(2)] < P(lz]), 2 €0,00) +iR.
Then, the inverse Fourier transform
¢:=F '(f(i-)) € S'(R)
of the boundary function f(i-): R — C, € — f(i€) satisfies
supp ¢ C [0, 00).
Moreover, (L&)(z) = f(2) for all z € (0, 00) + iR.

The following well-known facts concerning the Laplace transform will be used in the
proof of Theorem 4.1 (statements (i), (ii)) and in Subsection 5.3 (statement (iii)); for proofs
see [40, Sections 5.4, 8.3, 8.5].

Lemma 4.2. Let ¢, n € S'(R) such that supp ¢, suppn C [0,00). The following statements
hold:

(i) (Lo)(c+i-)=F(e=Vg), ¢>0,
(it) [L(L-¢)](z) = 2"(Ld)(z), =z € (0,00)+ iR, n € Ny.
(#ii) The convolution ¢ = n is also an element of S'(R), supp(¢ *n) C [0,00), and

[L(¢xn)](2) = (Lo)(2) - (Ln)(2), 2 € (0,00) +1R.

In the first statement of Theorem 4.2, the expressions (£¢)(c+-) and e=°0) denote the
functions R 3 ¢ + (L¢)(c+i¢) € C and R > ¢t — e~ € R, respectively. The term e=¢)¢
is understood as the product of a C*°(R)-function and a distribution in D’(R). Using
that ¢ belongs to S'(R) and that the support of ¢ is bounded on the left, it is easy to
show that e*()¢ is continuous w.r.t. the topology on S(R), i.e. e )¢ € S’'(R). One has
(n, e‘c(')qﬁ)g(R)Xg/(]R) = (e U, P)smyxs'w) for n € S(R), where A € C*°(R) has support
bounded on the left and equals one in a neighborhood of [0, co).

Proof of Theorem 4.1. Due to the polynomial boundedness of f, the boundary function
f(i-) belongs to S'(R) and ¢ = F~'(f(i-)) defines an element in S'(R). Let N € N be
such that f : [0,00) + iR — C defined by

- f ]
f(z) = ﬁ, z € [0,00) x iR
satisfies o
/()] < e z € 10,00) x iRR. (4.2)
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Set ¢ = .F_l(f(i~)), where f(i-) denotes the function f(i-): R — C, £ — f(i€). Then
o = (idsl(R) +%)NQ~S by the analogue of Lemma 4.2(ii) for the Fourier transform. We
also have supp ¢ C supp ¢ and, if suppp C [0,00), (Lo)(z) = (1 + 2)N(L)(z) for all
z € (0,00) + iR by Lemma 4.2(ii). Therefore it suffices to show

suppd C [0,00) and  (L£9)(2) = f(z), z € (0,00) +iR. (4.3)

For ¢,b > 0 let I'.;, be the closed, rectangular path of integration with vertices —ib,
¢ — b, ¢+ ib, ib and counterclockwise orientation. By Cauchy’s integral theorem we know

f e f(z)dz = 0, teR, (4.4)
e+ley

for all ¢ > 0. Since f is uniformly continuous on bounded subsets of [0, 00) + iR, (4.4)
remains true for € = 0. Considering the limit b — oo and using (4.2) we obtain

/ i€ (i€ = / O fle 4 i€)dE, tER,
R R

and therefore

. 1 -
o(t) = —/ et fc+ig)de, teR, (4.5)
21 Jr
for all ¢ > 0. Note that ¢ can be assumed to be continuous since F¢ = f(i-) € Li(R) due

to (4.2).

To prove the first assertion in (4.3) we denote further by A., the closed, rectangular
path of integration with vertices ¢ —ib, (c+0b) —ib, (c+0b) +ib, ¢+ ib and counterclockwise
orientation, ¢,b > 0. Fix t < 0 and ¢ > 0 and observe that

0= % e f(2)dz — —/ O fe 4 i€)dE, b — oo,
A R

by Cauchy’s integral theorem and (4.2). Thus ¢(t) = 0 for all t < 0 by (4.5).
The second assertion in (4.3) now follows by multiplying both sides of (4.5) with e~
applying the Fourier transform and using Lemma 4.2(i). O

4.2 Estimates for the Helmholtz equation

The application of the Laplace transform w.r.t. the time variable to Eq. (1.1) will lead to a
Helmholtz equation on O with zero Dirichlet boundary condition and stochastic right hand
side, cf. Lemma 5.1. In this subsection we consider the same equation with deterministic
right hand side. We derive a decomposition of its solution into a regular and a singular part
(based on the decomposition of the solution to the Poisson problem) and state estimates
from [11], [13] for the H*(O)-norm of the regular part and the coefficient of the singular
part. In Subsection 5.2, this decomposition and these estimates will be applied to the
solution to the random Helmholtz equation resulting from Eq. (1.1).
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Given g € Ly(O) and z € C\ 0(A), we are interested in the unique solution w in
H}(O) to the problem
—Aw + zw = g. (4.6)

We may rewrite (4.6) in the form of a Poisson equation,

~Aw =g = [id10) ~2(id1y0) ~AB) ] 4.

By what has been said at the beginning of Section 3, there exists a unique ¢ € C, given
by ¢ = (g, v0) 1,(0), such that w — ¢S belongs to H*(O) N Hy(O). In what follows we write
w = w(z) and ¢ = ¢(z) to indicate the dependence on z. Thus,

w(z) — c(2)S € H*(O) N Hy(O). (4.7)

Note that we can rewrite ¢(z) in the form

c(z) = <g,v(z)>L2(O) (4.8)

with v(z) € Ly(O) as in (3.2).
For z € C\ (—00,0) we have S — e~ "VZS € H*(O) N HL(O), and consequently

w(z) —c(2)e”™VZS € HA(O) N HL(O) (4.9)

with the same constant ¢(z) € C as in (4.7). Here and below we make slight abuse of
notation and write e™"V* for the function

O3 a=(x1,25) = (rcosh,rsinf) — e "™V* € C.

By /z we mean the complex root of z € C\ (—o0,0) whose real part is nonnegative. It
turns out that defining the regular part wg(z) of w(z) as the function in (4.9) instead of
the one in (4.7), i.e., setting wg(z) = w(z) — c¢(z)e™"V=S, leads to a faster asymptotic
decay of the H?(O)-norm of wg(z) in dependence of z. For this reason we define wg(z) as
above, so that

w(z) = wr(2) + c(2)e VS, (4.10)

The following result is taken from [11, Section 2]; compare also [12, Section 2.5.2], [13,
Theorem 5.1]. Recall that we have set a = 7/, where v € (7, 27) is the interior angle of
00 at zero.

Theorem 4.3. Consider the decomposition (4.10) of the solution w = w(z) € H}(O) to
Eq. (4.6). Given any angle 6y € (0,7), there exists a constant C' > 0, depending only on
0o, O and the cut-off function n in (3.1), such that

|lwr (2) || m2(0) + (1 + 12)) 072 |e(2)] < Cllgl a0

for all g € Ly(O) and z € C with | arg z| < 6.
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Remark 4.4. (i) The proof of Theorem 4.3 is based on an alternative representation of
the function v(z) € Lo(O) in (4.8) that we have defined in (3.2). For t € (0,00) + iR, let
¥(2) € Ly(O) be given by

V() () == (2, 2) == n(x)e ™V r%sin(ah), x = (x1,x3) = (rcosb,rsinf) e O,

with n € C*(O;R) as in (3.1). One can show that ( — A + zid, ) )Y (2) € H(O),
cf. [11, Lemma 2.3|, [12, Lemma 2.5.4]. Let ¢(z) be the unique solution in H}(O) to the
problem ( — A+ zidp, ) )ap(z) = ( — A+ zidg, o )¢(z) Then, the arguments in [11,
Section 2| and [12, Section 2.5.2] imply

Note that this representation of v(z) is slightly different from the one derived in [11,
Section 2[; its proof follows along the lines of [12, Section 2.5.2].

(ii) In the course of the proof of Theorem 3.3 it will be convenient to make use of
the fact that A(H?(O) N H(O)) is a closed subspace of Ly(O). This follows from [12,
Theorem 2.2.3]. In particular, the orthogonal projection Py to the orthogonal complement

N = [A(H*(O)NH}(0))] " in Ly(O) is well defined. Using this notation, it is not difficult
to see that N = C-v(0) = C - vy and
_ Py(AS)

IAS]?

v(0) = vy = :
L2(0)

5 Proof of the main result

In this section we present the proof of Theorem 3.3. We suppose that all assumptions of
Sections 2 and 3 are fulfilled.

5.1 Laplace transform of the stochastic heat equation

Let us denote the w-wise, vector-valued Laplace transform w.r.t. ¢ of the mild solution
u = (u(t))icpo,m to Eq. (1.1) by

U(z) = /0 Cetu(dt, e C. (5.1)

The integral in (5.1) is an w-wise Bochner integral in H}(O). Recall from Subsection 2.2
that we have fixed a modification of u such that all trajectories [0,7] 3 t — u(w,t) €
H}(O) belong to Ly(0,T; HY(O)) and the mapping Q 3 w — u(w) € Lo(0,T; H}(O)) is
Fr/B(Ly(0,T; Hj(O)))-measurable. We have

U(z) € Ly(Q, Fr,P; Hy(0)), z€C, (5.2)
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as a direct consequence of (2.6). Also recall from Section 3 the definition (3.4) of H(z),
T T
H(z) = / e *F (u(t))dt +/ e G (u(t))dW (t) — e Tu(T) +ug, z€C,
0 0

and the assertion (3.5),
H(Z) € LQ(Q,,FT,]P;LQ(O)), z € C.

The following lemma describes how the Laplace transform w.r.t. ¢ turns Eq. (1.1) into
a random Helmholtz equation.

Lemma 5.1. For all z € C we have, P-almost surely,
(VU(z), V¢>L2(O;CZ) + (2U(z), <p>L2(O) = (H(z), <p>L2(O) forall ¢ € Hy(O).  (5.3)
Thus, for all z € C the equality
—AU(z) + 2U(z) = H(2)
holds as an equality in Lo (Q,fT, P; LQ(O)).

Proof. Because of the separability of H}(O) it suffices to show that, for all z € C and
{2S H&(O)> the equahty <VU(Z)>V90>L2(O;CQ) + <ZU(Z)a90>L2((9) = <H(Z)>Q0>L2((9) holds
P-almost surely.

Since the mild solution u to Eq. (1.1) is also a weak solution (cf. [33, Theorem 9.15]),
we have, for all ¢ € [0, 7] and all real-valued ¢ € D(AD),

() =0 )0y = [ (00618890, + (F(09): ) 0] 5

t (5.4)
=[G 1), W

P-almost surely. Here, for fixed w € Q, <G(u(w,s))[-],gp>L2(O) denotes the operator in
% (Up; C) = 2,(Up; R?) defined by (G (u(w, s))[-], ¢>L2(o)w =(G(u(w, s))w, <p>L2(O) for
w € Uy. Obviously, (5.4) extends to complex-valued test functions ¢ € D(AD).

As a consequence of (5.4), for all ¢ € D(AR) the process (<u(t)’90>L2((9))te[o,T] has a
modification that is a continuous semimartingale in C = R?. For this modification, (5.4)
holds P-almost surely for all ¢t € [0, 7] simultaneously. Let us fix a ¢ and this modification
and apply It6’s formula (see [31], [32]) to the C2-valued continuous semimartingale

((e_Zt, (u(t), @)m(@))

te[0,T

and the function f: C? — C, (21, 22) > f(21,22) = 21 - 25. We identify these objects in the
usual way with the corresponding R*-valued semimartingale and the function f : R* —
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R?, (21,41, T2, y2) = f(@1,91,%2,92) = (2122 — Y1y2, T1Y2 + Y172), compare Remark 3.2.
For clarity we indicate multiplications of two complex numbers by dots in the following
calculations. 1to’s formula gives

{e7" u(T) — uo, 90>L2((9)

- [ w0, Qa0 a7+ / e dul®: @) (5.5)
%Tr / D2F (e, (u(t), ©) 1a(0)) [ (70, (u(-), @) 1a(0))]

where the last integral equals zero since the cross-variation of a process with bounded
variation and a continuous process is zero, and 896?(293;1 f= 8w28y2 f = 0. (Actually, this
application of It6’s formula is nothing but integration by parts, compare [31, Section 26.9].)

A common monotone class argument yields that the C = R%-valued semimartingale
integral f0T<u(t), ©) L,(0)-de”*" is an w-wise Lebesgue-Stieltjes integral for almost all w € €,
so that we obtain

/O<U(t)=<ﬂ>Lz(0)'d€_Zt=/0 (u(t), P)rao) - (—2) e dt

T
=—(z- e u(t) dt, > ,
< /0 ( ) 4 L2 (0)

fo e *tu(t) dt being an w-wise Bochner integral in H}(O). (To be more precise, since we are
dealing Wlth complex multiplication, each component of the C = R?-valued semimartingale
integral fOT<u(t), ©) o0y - de™* is a sum of w-wise Lebesgue-Stieltjes integrals for almost
all w € Q.) By (5.4) and a standard rule from stochastic calculus (see [31, Section 26.4])
we have

/0 e d(ult), ) 1) = / [ (ut), A89) ) + (F(u®)0) 0]
+/0 e . <G(U(t))[']v90>L2(0)dw(t>’

Due to the construction of the stochastic integral,

[, e GO o0 ={ [ G D), 69

and due to the construction of the Bochner integral and the fact that U(z) = fOT e u(t) dt
takes values in H}(O),

/OT o=t [<u Ag‘P>L o) T (F(u(t)), ¢>L2(0)] dt

={ /0 et ) dt AB¢>L2(O) +( /0 "ot P () ¢>L2(O) (5.9)
- _<VU(Z)’ V¢>L2(O;02) * </o o F(u(t)) 4 g0>L2(O)'
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The combination of (5.5), (5.6), (5.7), (5.8) and (5.9) finishes the proof. O

If we find a continuous modification of the Ly(O)-valued random field (H(z)).ec, then
for this modification Lemma 5.1 will immediately be strengthened: The assertion

<VU(Z)’V¢>L2(O;CZ) + (2U(z), <p>L2(O) = (H(z), <p>L2(O) for all p € HY(O), z € C,
will hold IP-almost surely. In other words: P-almost surely,
—AU(z) + zU(z) = H(z) forall z € C.

In order to be able to apply Theorem 4.1 in a later step of our proof, we are going to show
that the Ly(O)-valued random field (H(z)).cc has a holomorphic modification. One way
to do this is with the help of the next lemma, which, above all, will play a crucial role in
Subsections 5.2 and 5.3.

Lemma 5.2. Consider the linear and continuous mapping
X : Ly(0,T) = Ly(Q, Fr, P; Ly(0)), ¢ — X()

defined by

X(¢) = /OT P(t)F (u(t))dt + /OT o(t)G (u(t)) AW (t), ¢ € Ly(0,T), (5.10)
and let s > 1/2. There exists an operator-valued random variable
X € Ly(Q, Fr,P; Z(H*(0,T); Ly(O)))
such that the assertion
X (6)(w) = X (w)(¢) for P-almost all w € Q (5.11)

holds for all » € H*(0,T).

Moreover, we have

" T
EHXHiﬂz(Hs(o,T);Lz(O)) S C<E/O HF(u(t))Hig(O)dt+Et:[‘épﬂ HG(a(t))H?%(UO;LQ(O))>’

(5.12)
where C' > 0 depends only on s and T, and where @ = (U(t))icpo,m denotes the modification
of u = (u(t))co,1) that is continuous in Ly(O;R), cf. Theorem 2.2.

Proof. Let (¢r)rew be an orthonormal basis of H%(0,T") and let (¢7,)rew := ((, ®k) 12(0,7)) ke
be the respective dual orthonormal basis of (H*(0,7"))". As described in Appendix A, we
identify ¢, ® X(¢x)(w) € (H*(0,T))®Ly(O) with the element in Z(H*(0,T); Ly(O))
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that maps ¢ € H°(0,T) to (¢, @) s (0.m)yxmrs(0,) X (9r) (W) = G1(9) X (dn)(w) € L2(O). It
is determined P-almost surely by (5.10). For n, N € IN we have

- ZEHX(@)HQLQ(O)

2

 ® X (o)

L(H$(0,T);L2(0))

< 2 IO, o+ s a0

(UoiLa(O ) > loxlZa0m)-

(5.13)
Here we have used Holder’s inequality and Ito’s isometry. Note that E||X (¢)[? To(0) and

E fo 1 F (u(t)]l7, (0ydt do not depend on the specific choice of a (measurable) modification

of u. Moreover, both E fOT 1E(w(t)|17,0ydt and Esupieo 7 |G (@(t)) 2, 0p:10(0y) ave finite
due to Assumption 2.1 and Theorem 2.2.

Since for s > 1/2 the embedding map H*(0,T) < Ly(0,T) is a Hilbert-Schmidt oper-
ator — see Theorem 4.10.2 and Remark 4.10.2/4 in [36] — the right hand side of (5.13)
tends to zero as n, N — oo. This means that the limit

N
X = LQ(Q,fT,]P;%(HS(o,T);L2(O)))-Nligcl>02¢2®X(¢>k)
k=1

exists, and (5.12) holds with a constant C' > 0 that depends only on s and 7.

Next, note that the evaluation at some ¢ € H*(0,7T) is a continuous mapping from
L, (Q, Fr,P; % (HS(O, T); LQ(O))) to Lo(82, Fr, P; Ly(O)) and that the mapping H*(0,7) >
o X(¢) € La(Q, Fr,P; Ly(O)) is continuous. We obtain

X(-)(9) = La(, Fr, P; L(0))- lim > 43(9) X

N

= X{H°(0,7)- lim ;@5 s Q) e (0,1 ¢k)

= X(¢)
for all ¢ € H*(0,T), where X(-)(¢) denotes the random variable Q 3 w — X (w)(¢) €
Ly(0). O

Remark 5.3. The restriction of the mapping X in Lemma 5.2 to the domain C§°((0,77)) C
Ly(0,7) is an Lo(O)-valued, generalized stochastic process on (0,77). It can be interpreted
as the distributional time-derivative of the Lo(O)-valued stochastic process

(/OtF(u(s))ds + /OtG(u(s))dW(s)> _ (5.14)

te(0,T)
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Since the embedding H§(0,7") — H*(0,7') is isometric, hence continuous, the w-wise re-
striction of the mapping X in Lemma 5.2 to the domain HE(0,T) belongs to
Ly (Q, Fr,P; £ (H§(0,T); Ly(0O))).  Thus, (5.11) asserts that the distributional time-
derivative of (5.14) has a modification that extends to an element in
Lo (Q, Fr,P; £5(H§(0,T); Lo(0))).  Identifying the spaces % (H(0,T); Ly(O)) and
H=*((0,T))®Ls(0) as described in Appendix A, we have, in a formal sense,

AW ()

F(u) + G(u) g

€ Ly (Q, Fr,P; H*((0,T))& Lo (0)) .

Remark 5.4. For the sake of clarity we have distinguished notationally between the eval-
uation X (¢)(w) of the Ly(Q, Fr, P; Ly(O))-valued operator X and the evaluation X (w)(¢)

of the operator-valued random variable X in the formulation and the proof of Lemma 5.2.
In what follows it will be more convenient to write X (w, ¢) instead of X(w)(¢) and to
denote the mapping w +— )?(w, ¢) by )?( -, ¢) or )?(gb) instead of )?( )(¢). This is coher-
ent with our notation for evaluations of the solution u € Lo(S2, Fr, P; Ly(0, T)QHL(O)) at
w € Q and test functions ¢ € Ly(0,T), ¢ € H~(O) introduced in Subsection 2.2. We will
use similar notation for all other operator-valued random variables to appear below and
explain its precise meaning whenever need be.

Lemma 5.2 implies in particular the existence of a holomorphic modification of (H(2)).ec.

Lemma 5.5. The Ly(O)-valued random field (H(z)).cc defined by (3.4) has a holomorphic
modification.

Proof. For fixed z,w € C consider the function

e—(z—l—w)t — 7t
(0, T)>t eC (5.15)
w

By a straightforward calculation, as w — 0, this function converges in C'((0,7T)) —
H*(0,T) to the function (0,7) > t — —te* € C. By Lemma 5.2 we know that
(X (e_z(.)|(07T)))zec is a modification of

(X (e 0m)).q = ( /0 " e (u(t))dt + /0 ' e_ZtG(u(t))dW(t))

and that the mapping H*(0,T) 3 ¢ — X(w,¢) € Ly(©) is linear and continuous for all
w € Q. Here e=*0)| 1) denotes the function (0,7) 3 t — e~*' € C. It follows that the
mapping C 3 z — )z(w, e_z(')|(07T)) € Ly(0O) is holomorphic for all w € Q. Consequently, a
holomorphic modification of (G(2)).ec is given by ()? (e7*Y0m) — e u(T) +u0)zec for
arbitrary fixed versions of ug, u(7T") € Ly(2; Ly(O)). O

zeC

For w-wise argumentations concerning the random field (H(z)).cc we always refer to a
fixed holomorphic modification from now on.
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Remark 5.6. Alternatively to using Lemma 5.2, one can prove Lemma 5.5 with the help
of Itd’s formula, which implies the equality

T T T t
/ G (u(s)) AW (t) = e / G (u(s))dW (8) + = / e / G (u(s)dW (s) )i
0 0 0 0
(5.16)
holding P-almost surely for every fixed z € C. Here one takes a continuous version of the
Ly(O)-valued process (f(f G(u(s))dW(s))te[O 7+ 1t can be shown that the right hand side

of (5.16) defines a holomorphic modification of (fOT e_ZtG(u(s))dW(t))ZeC.

5.2 Decomposition of the transformed equation
The results of Subsection 5.1 imply that there exists Qy € Fr with P(€y) = 1 such that,
forall w € Qg and all z € C, U(w, 2) = fOT e *tu(w, t)dt € D(AD) satisfies
—AU(w, 2) 4+ 2U(w, z) = H(w, 2). (5.17)
Here and in the sequel we write U(w, z) and H(w, z) instead of U(z)(w) and H(z)(w).
We apply the results of Subsection 4.2. For w € Q and z € C \ 6(AJ) define
clw,2) = (H(w,2),5C)),, 0

- <[idL2(O) —z(7idy(0) _Ag)_l] Hw, Z)’UO>L2(O) ’

(5.18)

where v(z) € Ly(O) and vy = v(0) € Ly(O;R) are as in (3.2); compare (4.8). Also, for
weQand z € C\ (—o0,0) we set

Ur(w, 2) = (zidp, (0 —Ag)_lH(w, 2) — c(w, z)e VS, (5.19)

compare (4.9). Then Ugr(w,z) € H*(O) N HL(O) for all w € Q, and for all w € Q and
z € C\ (—00,0) we have a decomposition of U(w, z) of the type (4.10),

Ulw, 2) = Ur(w, 2) + c(w, 2)e V=8, (5.20)
Let us collect some properties of ¢(w, z) and Ug(w, 2).

Lemma 5.7. (i) Forw € Q and z € C\ D(AD), let c(w, 2) € C be defined by (5.18). The
mappings
c(z2) : Q= C, wr c(2)(w) = c(w, 2), z€ C\ D(AY),

are Fr/B(C)-measurable. All trajectories
c(w,-): C\ D(AS) — C, 2+ c(w, 2), w e Q,

are holomorphic.
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(ii) Forw € Q and z € C\ (—00,0), let Ur(w, z) € H*(O)NH(O) be defined by (5.19).
The mappings

Ur(2) : Q — H*(O), w Ur(2)(w) = Ur(w, 2), z€C\ (—0,0),
are Fr/B(H?*(O))-measurable. All trajectories
Ur(w,-): C\ (—00,0) = H*(O), 2z + Ugr(w, 2), w € ),
are continuous on C\ (—o0,0) and holomorphic on C\ (—o0, 0].

Proof. (i) The measurability property is obvious. The holomorphy property follows from
the holomorphy of the resolvent map C \ o(AB) 3 z — (zidry0) —AB)_I € Z(L(0))
and the holomorpy of C 3 z — H(w, z) € Ls(O) for all w € Q.

(ii) Since [|w||g2(0) < C||Aw]| 1,0 for all w € H*(O) N Hy(O) with a constant C' > 0
that does not depend w (see, e.g., [12, Theorem 2.2.3]), it suffices to verify the assertions
with Ug(w, z) replaced by AUg(w, z) and with H?(O) replaced by Lo(O). For all w € Q
and z € C\ (—00,0),

AUg(w, z) = A(zidp,(0) —Ag)_lﬂ(w, 2) — c(w, 2)A(eVES)
= |:Z(Z idLQ(o) —Ag)_l — idLQ(o)] H(w, Z) — c(w, z)A(e‘r\/ES).

Now the measurability property is obvious. As in (i) one sees that the mapping
C\o(AD) 5 2 — [z(z idp,0) —AD) ' — idh(@)} H(w,2) € Ly(O)

is holomorphic for all w € Q. A direct calculation and an application of the dominated
convergence theorem shows that the mapping

C\ (—00,0)3 2z A(e_“/zS) € Ly (0)
is continuous on C\ (—o0,0) and holomorphic on C\ (—o0, 0]. O

As a direct consequence of Theorem 4.3 we have

Lemma 5.8. Consider the decomposition (5.20) of U(w, z) = fOT e *tu(w, t)dt € H}(O),
which holds for all w € Qo and all z € C\ (—00,0), where P(Qy) = 1. Given any angle
0o € (0,7), there ezists a constant C' > 0, depending only on 6y, O and the cut-off function
n in (3.1), such that

[ 2o + (112D el 2)] < ClH @, 2) 0
for allw € Qg and z € C with |arg z| < 6y. In particular,
(1-a)/
108 | gguirzion + (4 12D e ey < CIH O Laisaion

for all z € C with |arg z| < 6.
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In combination with Lemma 5.8, the following result will enable us to derive assertions
concerning the Sobolev regularity and the supports of the inverse Fourier transforms of
¢ — Ur(w,i€) and & — c(w, i&).

Lemma 5.9. Let s > 1/2 and let
X € Ly(Q. Fr, P Zo(H(0,T); L»(0)))

be as in Lemma 5.2. There exists a constant C' > 0, depending only on s, such that,
P-almost surely,

|+ f?)‘suHuoH; 1€

2 2 (5.21)
< (X smommaacon + MO0 + ol )
and
1) o) < MMM TDNXY L r0myzaon 1+ 12D (5.22)
+ el Re=Tcoen(Re2) (T ‘LQ(O) + HUOHLQ(O)’ 2el

Proof. Fix a version of the random variable X € Ly(Q; 2 (H®(0,T); Ly(©))) from Lemma 5.2
and observe that, for IP-almost all w € €2, we have

H(w,z) = )?(w, e_z(')|(07T)) — e u(w, T) + up(w) for all z € C,

where e=*0)|o7) denotes the function (0,7) 3 t — e * € C. (Recall that we consider
a fixed holomorphic, hence continuous, modification of the Ly(O)-valued random field

(H(2))zec)

Assertion (5.22) follows from

2T

HH HL2(<9 H)Z'(e‘z(')koj)) HLQ(O) + H“O —€ HL2((9

+ HU(] — € —=T

< HXH,%(HS(O,T);LQ(O)) He_z(')‘(O,T)} H#(0,T) HLQ(O)

together with

He_z(')|(0,T)} o) S THQ_Z( )|(0,T)Hcl((o,T)) < elfesltemnfen (] 4 2)
and
HUO —e >HL2(O) S H“OHLQ( el Rertteen e Hu HLz(O)'
In order to prove (5.21) we write
—s . =s || v/ _—i&(- 2
[ a7 oae <2 [ (1467 [T Olam)|, a6
R R 2(0)

| ) (5.23)
+ 2/]R (1+&) " Juo — e—lfTu(T)HLQ(O)dg

31



and estimate each term separately. Clearly,

/}R (14+&%) " ||uo — e—ifTu(T)HiQ(O)dg < C (luoll ooy + 14(T) | Lao))” (5.24)

where C'= 2 [, (1 + £2)7"d¢ is finite since s > 1/2.
To estimate the first term on the right hand side of the inequality (5.23), we extend X €
Ly(2; L5(H*(0,T); Ly(O)) to an L (H*(R); Ly(O))-valued random-variable by setting

Xext(w, 9) = X (w,dlom), w€EQ, ¢ € H(R).

This definition makes sense since ||¢|,7)]
and we have

me0,1) < ||@] mom) according to Definition A.1,

[ Xext () a0y < X (@) oriiao)y W E L (5.25)
Moreover, for all w € Q and £ € R,
Kext (w, )\(-)e_ig(')) = )?(w, e_’f(')|(07T)). (5.26)

Here and below A(+) is a C§°(R)-function which equals one in a neighborhood of [0, 7).
Next, let (or)renw be an orthonormal basis of Ly(O) and, for k& € N, define X €
LZ(Q7 fTa ]P7 H_S(IR‘)) by

<5€k(w)7¢>H*S(R)XH5(R) = <5(:ext(wa ¢)a 9019>L2(O)> w e Qa ¢ € HS(R)

V\Eth the natural embedding of H*(R) into S’(R) the identity <)?k(w), ¢>H,S(R)XHS(R) =
<Xk(w), ¢>S’(]R)><S(IR) holds for ¢ € S(R). Also, for all w € Q and k € IN, we have

[Fise ()?k(w))} &) = <)?k(w), A(.)e_if(.)>8’(R)xS(]R) for A-almost all £ € R, (5.27)

see, e.g., [40, Theorem 7.4-3]. Using (5.26), Parseval’s identity, (5.27) and the norm equiv-
alence mentioned subsequent to (A.4), we obtain

~ 2
2)~* —i€()
| e[S lom)|) e

= /}R (1+&5)°

_Z/ 14¢%)

k€N

_Z/ 14¢?%)

k€N

= CZ HX’CHH*S(]R)

keN

2

Xout (A(.)e—ii(-)) d¢

L2(0)

is(->>
AC)e S'(R)xS(R)
’2

Y] (6)] de

2
€ (5.28)
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For fixed w € Q, let X7, (w) = X2, (w, -) € L(Ls(O); H*(R)) be the adjoint operator
of Xewt(w) = Xew(w, - ) € L (H*(R); Lg(O)) in the Hilbert space sense. Then

“X’f(w)“H*S(R) - se S;%R <X‘3Xt w, §), S0k>L2 - oe SII;}?R <¢’ ext (W, Pk >HS

H*(R)

and

= szext(w

H ext ( )H.i”z(L2(O)§HS(]R)) )H,%(HS(JR);LQ(O))’

Together with (5.25) and (5.28) this yields

2
27N X (w. o0 X (w)]|
/}R(1 + &%) HX(w,e \(O,T))HLZ(O)dg <ONX @, eomymaoy @ €2 (5.29)
The combination of (5.23), (5.24) and (5.29) yields (5.21). O

5.3 Inverse transform

We are now ready to invert the vector-valued Laplace transform of u = (u(t)):ejo,r) in terms
of the decomposition (5.20),

Ulw, z) = Up(w, 2) + c(w, 2)e™™V?S, 2z e C\ (—o0,0),
which holds for P-almost all w € Q. It will be convenient to introduce the notation

M) = | X W)

H,?,”Q(HS(O,T);LQ(O)) + H“(WvT)HiQ(O) + HUO(@HZ(O)’ w €, (5.30)

so that M € Ly (€, Fr, P). Here we consider again an arbitrary fixed version of the random
variable X € Ly(Q; % (H*(0,T); L2(0))) introduced in Lemma 5.2.

5.3.1 Inverse transform of Up

Lemma 5.8 and Lemma 5.9 imply that, for IP-almost all w € €,

/}R (14 &) [ Un(@,86) |32 d€ < OM(w) (5.31)
and
|Ur (w, z)Hsz) <VBM(W)(1+|2]), z€[0,00)+iR, (5.32)

where the constant C' > 0 depends only on s, O and the cut-off function 7 in (3.1). For
convenience, let us redefine Ug(w, z) := 0 € H*(O) for z € [0,00) 4+ iR and all w € Q such
that (5.31) and (5.32) does not hold.

For ¢ € (H*(0)) and w € Q we define

ui,R(w) = f5_—1>t<UR(w7 i )7 S0>H2((9)><(H2((9))” (533)
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where (Ug(w,i-) denotes the function

a‘P>H2(o X (H2(0))
R>¢ <UR w, i§), 90>H2 O)x(H2(0)y € C.

By Theorem 4.1, Lemma 5.7, (5.31), (5.32) and (A.4), we have uf z(w) € H™*(R) and
supp uf, (w) C [0,00). Moreover, for all w € Q and all ¢ € (H*(0)),

2

Huf-,R(wMﬁ{*S(]R) S C/R (1 + 52)_S‘<UR(in5)v ‘P>H2(0)x(1{2(0))f
M (W)l

where C' > 0 depends only on s, O and 7.
For all w € Q the linear and bounded mapping ui)R( ) (H?(0)) — H*(R), ¢ —
/

u g(w) is a Hilbert-Schmidt operator: If (x)rew is an orthonormal basis of (H*(O))’,
then

k@) oo = > ) ey

kelN

CZ/ 1+&) " (Ur(w,ig), 90k>H2 O)x (H2(O))

keN

2

B C/IR (14 &) | Un(@, 8€)[ |32 0

< CM(w).
(5.34)

We define
u+,R(w)(¢a 90) = u-i—,R(wa ¢a 90) = <uf-,R(w)> ¢>H*S(R)><HS(IR)’

(5.35)
weQ, ¢ € HR), v (H}O)),

ie, uyr(w)=L" (uﬁr)R(w)) where L is the canonical isomorphism from H~*(R)®H?(O)
to L ((H*(0)); H*(R)) described in Appendix A; compare (A.3). Thus, for all w € Q,
2 2
HX 0.7):La(0)) T HU(W’T)HLQ(O) + H“O(W)HL2(O)>
(5.36)

with a constant C' > 0 that depends only on s, O and the cut-off function 7 in (3.1).

Let us check that uy r(w) belongs to H*(R)QHI(O) for all w € Q. For w € (,
¢ € H*(R) and ¢ € H'(O), set

[ HH (RGH2(0) S (

ﬁi7R(w) = ‘FE_—1>t<UR(wa i )> S0>H6(O)><H*1(O)

and
Uy r(w)(0,9) == U4 r(w, 9, p) <u+ rW ¢>H R)x H*(R)"

In analogy to the argument above, we obtain

HaJFvR(w)Hirs(R)@Hg(O) SOM(w), we
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Now let j be the natural embedding of H}(O) into H?*(O) and let idy-smw) &) be the
corresponding embedding of H~*(R)®H(O) into H*(R)®H?(0O). Then, the identity
idg-sr) ®J (44,r(w)) = uyr(w) holds for all w € €, ie., upr(w) € H*(R)QH(O).
Indeed, by Proposition A.2,

i) 1 (i1 () (6,0) = 11 (0,6,7(9)) = (@0 (@) )y ey

forweQ, ¢ € H*(R) and ¢ € (H*(O)), and

ﬂﬂr(’ﬁ) (w) = ./_'Z_1>t<UR(w7 i )’J/(¢)>H3(O)><H*1(O) = -7:5_—1>t<J(UR(W7 i ))7 S0>H2((9)><(H2((9))’

= uf z(w).
In order to verify the Fr/B(H *(R)®H?(0))-measurability of uypr, we note that

the continuity of the mapping R 3 ¢ — Ur(w,i€) € H*(O) for all w € Q implies the
Fr/B(La(R, (1 + £%)~*d&; H*(O)))-measurability of

Q3w Ur(w,i-) € Ly(R, (1 + &) 7°d¢; HX(0)).

Now the measurability of ugr follows from the continuity of the inverse Fourier transform
]-"g_lﬁ t Ly(R, (1 + £2)72d¢; C) — H*(R) and the fact that

N
wen(@) = HORSHO) lim 37 (whw)ol) o 600

N—oo
jk=1

for all w € Q, where (¢;)jew and (pr)kew are orthonormal bases of H*(R) and H*(O)
and where (¢})jen and (), )rew are the respective dual orthonormal bases of H*(R) and

(H*(0))"

5.3.2 Inverse transform of ce "VZS

By Lemma 5.8 and Lemma 5.9 we have, for IP-almost all w € ,
2\ (1—a)/2—s . 2
/ (1+¢%) le(w, i€)|*d¢ < CM(w) (5.37)
R

and
le(w, 2)| < V3M(w)(1 + |2))1F2 ) 2 €[0,00) + iR, (5.38)

where the constant C' > 0 depends only on s, O and the cut-off function 7 in (3.1), and
where M (w) is defined by (5.30). We redefine c¢(w, z) := 0 for z € [0,00)+iR and all w €
such that (5.37) and (5.38) does not hold.

We set

—t

P(w) = F i, (c(w,i+)), weQ, (5.39)
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where c¢(w,i-) denotes the function R 5 { — ¢(w,i€) € C. Theorem 4.1, Lemma 5.7,
(5.37), (5.38) and (A.4) imply ®(w) € HI=*/275(R),

supp ¢(w) C [0, c0), (5.40)
and
o 9 <ol 2 2 2
1) [a-a2-5 () < (H (W>H52(HS(O,T);L2(0)) T HU(W7T>HL2(0) T HUO(W)HLQ(O)) (5.41)
for all w € €, where C' > 0 depends only on s, O and n. Moreover,
[L(@(w))](2) = c(w, 2), weQ, z€(0,00)+iR. (5.42)

Next, fix ¢ € Ly(O) and consider the function R > ¢t — [, Eo(t, z)S(z)¢(x)dz € C,
where Ej is defined by (3.3); we denote it by [, Eo(-,2)S(z)p(2)dz. A direct calculation

gives
1/2
| [ Bt a)s@stara < / Boft,2)S(@)dz) " elzao
@
2 O ) g0,

where C' > 0 does not depend on ¢. In particular, the right sided function [, Eo(-, 2)S(z)¢(x)dz
belongs to S’'(R). For z € (0,00) 4 iR, its Laplace transform is

/000 e_Zt[/OEO(taSC)S(x)w(:c)dx]dt:/O[/OOO e—ZtEO(t,x)dt} S(2)p(x)de
= [ e Estptais

where, as in Section 4.2, e7"V# denotes the function O > x = (rcos#,rsinf) — e "V* € C.
The second step in (5.43) is due to the identity

(5.43)

r R —3/2_—r2/(4t) 14 _ —rv/Z :
t dt = , >0, z € (0, R,
Qﬁ/o e e e r z € (0,00) 41

a proof of which can be found in [9, Section 8.4], compare also [14, Exercise 3A/3]. The
application of Fubini’s theorem in the first step in (5.43) is possible since

/ / e~ Byt 2)S(2)p(x)|dt dz = /O [ / T e e g (1, 2)dt] S () (o) o

= / e_’"@S(x)|g0(:B)|dx < 00.
o

By Lemma 4.2(iii), (5.42) and (5.43) we obtain
[c(cp(w) % /O EO(-,x)S(x)<p(x)dx)] (2) = e(w, ) /O e VES(2)p(x)dx
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for all w € Q and z € (0,00) +¢R. This, together with Theorem 4.1 and the uniqueness of
the Fourier and the Laplace transform, implies the equality in S’(R)

}"(@(w)*/OEO(-,at)S(x)gp(:B)dx) :/(Qc(w,z'-)e_r\/i(_')S(:z)ap(x)dz, weQ, (544)

where the right hand side denotes the function R 3 £ — [, ¢(w, i€)e VS (z)p(z)dx € C.
Thus, for ¢ € Ly(O) = (Ly(O))" and w € Q2 we may set, in analogy to (5.33),

u? g(w) = .7-"§__1>t<c(w, i-)e"ViI)g, g0>
’ LZ(O)X(LQ(O)), (5 45)

= B(w) * /O Bo(-,2)S(x)p(x)da.

Similar to the argument for u? g (w) above, using (5.37) and 1e™VES | a0y < 1S 220
one sees that for all w € €2 the mapping ¢ — uﬁ’s(w) is a Hilbert-Schmidt operator from
Ly(0) to H1=2)/2=5(R). It follows in particular that (® x EyS)(w) defined by

(@ % EyS)(w) (e, ¢) == (P * EyS)(w, d, ¢)
= (3@ [ Bola)S(e)e(onte. o)

= <uﬁ,s(w), ¢>H*S(R)><HS(IR)’

weQ, ¢ H'(R), ¢ € Ly(0),

H=*(R)x H* (R) (5.46)

belongs to H™*(R)®Ly(O) for all w € .
Now we verify the assertion (3.7), i.e.,

(@ EoS)(w) ¢ | JHT(R)GHT(0) on {we Q:d(w) £ 0}
r=0
It suffices to show that, for all w € Q such that ®(w) # 0, the linear mapping Lo(O) 3 ¢ +—
uf g(w) € HU=*27(R) can not be extended to an element of £ ((H'*(0)); H"(R))
for any r > 0. (Recall that we have Ly(O) = (Ly(0)) — (H'™*(0))’ by Convention 2.6.)
Due to (5.45) and the norm equivalence mentioned subsequent to (A.4),

4 @y > € [ (1 16) " fewni) [ S @ptardal ds.

By the definition (5.39) of ®(w) we know that ®(w) # 0 if, and only if, c(w,i-) # 0.
In this case there exists a bounded set B = B(w) € B(R) of positive Lebesgue measure
and dyp = Jp(w) > 0 such that |c(w,i§)| = o for all £ € B. W.l.o.g. we can assume that
B C [0,00); the case B C (—o0, 0] is treated similarly. Let ¢ € Lo(O) = (L2(O))’ be real-
valued with supp ¢ C O, where O, := ON{x = (rcosf,rsinf) : r < e} withe = &(B) > 0
such that cos ( — rsin(m/4)y/€) = 0; > 0 for all £ € B and r < e. Then, for all £ € B,

‘/Oe—r\/ﬁS(IﬁP(SL’)dx‘ > C‘ /(9COS ( — rsin(ﬂ/él)\/g)S(x)(p(x)dx‘
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> O

; S(x)p(x)de|,

where C' > 0 depends on O and B. Since the restriction of S to O. does not belong to
H*(O.) (see [10, Theorem 1.4.5.3]), one can find a sequence (pp)reny C L2(OgR) C
Ly(0.) = (Ly(0.)) which is bounded in (H'**(0.))" and satisfies

k—o00

lim ‘/OE S(x)pr(zr)dz| = oco.

Identifying each ¢, with its extension by zero to O, the sequence (@i)reny C L2(O) =
(L2(0))" is bounded in (H'**(0))" and we have limy_,o ||uf"s(w)||z—r®) = oo, which
implies the assertion.

5.3.3 Combining the results
We know that, for P-almost all w € €2, the decomposition
Ulw,i€) = Up(w, i€) + c(w,i€)e VS, € eR,
takes place in D(AR), cf. (5.20). In particular, for P-almost all w € Q,
<U(w,z’§), <p> = <UR(w,i§),gp> + <c(w,i§)e_7ﬁ5, <p>, EER, ¢ € Ly(0), (5.47)

where we abbreviate (-, -) = (-, *),0)x(12(0)y- By the definition (5.1) of U and the
embedding Ly(O) — H~(O), the left hand side in (5.47) can be rewritten as

T
<U(w7 7'5)7 S0>H3((9)><H*1((9) = /0 e—zﬁt <u(w7 t)a @)H&(O)xH*l(O)dt

- []:t—>£(<u+(w)a80>H5(0)xH—1(o))](5).

(5.48)

Similarly, by the definition (5.33) of u?  and the embedding Ly(O) < (H?*(0))', the first
term on the right hand side in (5.47) equals

<UR(w> 25), (‘0>H2(O)X(H2(O))’ = [ft—>§ (Ui7R(W))] (5)) (549)
and the second term on the right hand side in (5.47) is
<C(w7 i£>€_r\/257 (‘0>L2((9)><(L2((9))’ = [‘Ft—>5 (Uﬁ,s (w))} (5) (55())

due to (5.45).
The combination of (5.47), (5.48), (5.49), (5.50), together with the definitions (5.33),
(5.46) and the uniqueness of the Fourier transform, implies that, for P-almost all w € €2,

u-i-(wa ¢a 90) = u-i-,R(wa ¢> QO) + (@ * EOS) (wa ¢a 90)’ ¢ € HS(]R)> p e L2(O)a (551)
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where we use the notation introduced in Convention 2.8. It has been shown in Subsec-
tions 2.2 and 5.3.1 that both u (w) and u, g(w) belong to H*(R)®HZ(O) for all w € Q.
As a consequence, the bilinear mapping

(@ % EyS)(w) : H(R) x Ly(0) — €

extends for P-almost all w € Q continuously to the domain H*(R) x H~'(0). This
extension also belongs to H—*(R)®H}(O). For all w € Q such that (5.51) does not hold
we redefine ®(w) := 0, so that (¢ * EyS)(w) belongs to H*(R)®H}(O) for all w € €.

Estimates (2.1), (5.12), (5.36) and the measurability of v, g proved at the end of Subsec-
tion 5.3.1 imply that u, g is an element of Ly (Q, Fr, P; H‘S(R)®H2(O)). The embedding
H#(R)QH*(O) — H*(R)QH'(O) yields uyr € Lo (2, Fr,P; H*(R)®QH(0)). Since
uy also belongs to Lo (Q, Fr, P; H*(R)®H{(0)), so does ® x EyS. Moreover, from the
definition (5.39) of @, the estimates (2.1), (5.12), (5.38), Lemma 5.7(i) and the continuity
of the inverse Fourier transform F_3, : Ly(R, (1 +&2)179/272dg; €) — HU-*/275(R), one
can derive the Fp/B(H(~®/275(R))-measurability of ®. This, together with the estimates
(2.1), (5.12) and (5.38), yields ® € Ly(Q2, Fr, P; H!=2)/2=5(R)). Together with (5.40), this
finishes the proof of the first assertion of Theorem 3.3

The assertion (3.7) has been verified at the end of Subsection 5.3.2. The assertion (3.8)
is a consequence of (5.18) and (5.39). Finally, the estimate (3.9) follows from (5.12), (5.36)
and (5.41). Theorem 3.3 is proved.

A Tensor products of Sobolev spaces

In this section we present several supplementary details concerning tensor products of
Sobolev spaces as introduced in Subsection 2.2. Let us first look at the connection to
altenative definitions and at further properties of tensor products of Hilbert spaces; our
references for the described setting are Defant and Floret [6, Sections 2 and 26], Kadison
and Ringrose [18, Section 2.6], Treves [35, Part I1I] and Weidmann [39, Section 3.4].

Tensor products of Hilbert spaces

Let H and G be separable complex Hilbert spaces. The (Hilbert-Schmidt) tensor product
H®G is often introduced as an abstract completion of the algebraic tensor product H ®G.

As in Subsection 2.2, for h € H and g € G we denote by h® g : H' x G — C the
bilinear functional defined by

h@g(h,g) = (h, M) uxw (9.9 )oxg =P (R)g'(g), N eH ¢ €g.

Then, (a realization of) the algebraic tensor product H @ G of H and G is given by the
vector space of all bilinear functionals on H’ x G’ of the form

N
> hi®g; (A1)
j=1
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where hj € H,g; € G,j=1,...,N and N € N, endowed with the natural vector addition
and scalar multiplication; compare [6, Section 2.2] or [35, Chapter 42]. The algebraic tensor
product is often alternatively introduced via the ‘universal property’ (see [6, Section 2.2] or
[35, Chapter 39]) and thus uniquely determined up to an isomorphism, or it is defined as a
quotient space of formal expansions of the form (A.1), cf. [39, Section 3.4]. We choose here
the specific realization of the algebraic tensor product as a space of bilinear functionals on
the product of the dual spaces to be coherent with Definition 2.5.
By setting

~

= > Ahy h)udes G (A.2)

N M
<Zhj ®9j72hk ®§k>

Jj=1 k=1 HEG j=1 k=1
where hjjzk eH, 9,00€6G, j=1,...,N, k=1,....,M and N,M € NN, one defines a
scalar product on H®G. The Hilbert-Schmidt tensor product H&G is often defined as the
abstract completion of H ® G w.r.t. this scalar product, cf. [39, Section 3.4]. Let us show
that this definition and Definition 2.5 are equivalent in the sense that they yield isometric

isomorphic spaces. We note that the family of functionals
hi @ gy H x G — C, (K, g") = (hy, K )xa(gr, 9')oxa, 3.k €N,

is an orthonormal basis of the space of Hilberts-Schmidt functionals on H'x G’ (as defined in
Subsection 2.2) whenever (h;);en and (gx)ken are orthonormal bases of H and G. This fol-
lows from [18, Proposition 2.6.2], the fact that ((-, h;)#);en and ({-, gx)g)ren are orthonor-
mal bases of /' and G’, and the identities (I, (-, hj)u)w = (hj, Ruh')u = (hj, B )wuxa,
(g, 91)g)g = (9, Rgq')g = (gr, 9" )gxg- Here Ry and Rg denote the conjugate linear
Riesz mappings from H’ to H and from G’ to G, respectively. As a consequence, the al-
gebraic tensor product H ® G is dense in the space H®G as introduced in Definition 2.5.
Therefore, in order to verify that both definitions of H®G are equivalent, it is sufficient
to check that the norm || - [|3,.; corresponding to the scalar product (A.2) and the norm
||| &g in Definition 2.5 coincide on H®G. To this end, consider a finite linear combination
of simple tensors as in (A.1), let (A} )ren and (g))iew be orthonormal bases of H' and G',
and observe that

N 2 N 2
Y by, = > <Zhj®gj)( 1 91)
=1 j=1

neg  kIEN

N 2

= D (hy B (95, G axar

k,leIN j—l

= Z Z hi(h hi)g1(9:)91(9;)

k,leIN,5=1
N

- Z(hi, hi) 9, 95)c

ij=1
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N
Z hj ® g;
j=1

~ 2
< H®Q>
by Parseval’s equality.

In the course of the proof of Theorem 3.3 we make use of the fact that the defini-
tion of H®G as the space of Hilbert-Schmidt functionals on H’ x G’ entails the isometric
isomorphisms to spaces of Hilbert-Schmidt operators

K : H®G — L(H;G) and L:HRG — L(G:H)
given by
f(h/7g/> = <(Kf)h/7g/>g><g’ = <(Lf>g/7 h/>7'[><7'l’7 f € %®g7 h'/ € Hla g/ S g/' (AB)
We may therefore consider elements f € H®G as operators Kf € %(H';G) or Lf €
Z(G'; H) whenever this point of view appears to be convenient. In doing so, we omit the
explicit notation of the mappings K and L if no confusion is possible.

Embeddings of tensor products of Sobolev spaces

The Sobolev-Slobodeckij spaces of order s > 0 on an arbitrary domain D C R? can be
defined as follows, cf. [10].

Definition A.1. Let D be an open subset of RY (d € IN) and s > 0. The Sobolev-
Slobodeckij space H*(D) is the space of all square integrable, complex-valued functions
f € Ly(D) such that

(i) Df € Lo(D) for |a| < s, a € N4 if s € N,
(ii) f € H(D) and

[ [Df@) = DSWT

|z — yPG—lsh+d
for |a| = |s], a € N?, if s ¢ INy.

Here, |a| = Z?:l o], D* = 9lel /(91 ... 9%), and |s| € N is the largest integer smaller
than or equal to s. The space H*(D) is endowed with the norm

> »»Daf>>;w>)m

la|<s

1f1

in case (i), and with the norm

1/2
|Df(z) — D*f(y)[
Hs(D) *— (”f”?{tsj(p) + Z |x _ y|2(s—\_8J)+d dz dy

lal=s) " P /P

/]

in case (ii).
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Recall from Subsection 2.2 that we put H *(D) := (H§(D)), s > 0. In particular,
H=#(RY) = (H§(RY)) = (H*(RY))". In the proof of Theorem 3.3 we use the following well-
known characterization of the spaces H*(R%), s € R, in terms of the Fourier transform:
One has

H'(RY) = {f € SRY : [ F 1+ |- PV 2F |y gy < 00 (A4)

for all s € R and [|[F~H(1 + |- [*)*2F - || e is an equivalent norm for H*(R?); see, e.g.,
[36] (Definition 2.3.1, the last identity in Theorem 2.3.2(d), Theorem 2.3.3, Theorem 2.5.1,
Remarks 2.5.1/3, 2.5.1/4 and Theorem 2.6.1(a) therein).

Also recall from Subsection 2.2 that we identify Lo (D) with its (topological) dual space
(La(D))" via the isometric isomorphism Lo(D) 3 v+ (-,0)1,p) € (L2(D))’, so that we
obtain a chain of continuous and dense (linear) embeddings

H*(D) < H(D) < Ly(D) = (Ly(D)) < (H* (D)) = (H*(D)), 0< s < sa,

see Convention 2.6. The next proposition leads to a useful characterization of the re-
spective embeddings of tensor products of Sobolev spaces, which will be used in the
proof of Theorem 3.3, too. For Hilbert spaces Hi, Ha, Gi, Go and bounded linear op-
erators S € L(Hy;Ha), T € £(G1;Go), we denote by SRT € .;2”(7-[1@91;7{2@92) the
bounded linear extension of the tensor product S ® T' : H; ® G — Ho ® Gy given by
ST (h®g):=(Sh)® (Tg), h € Hi, g € Gy.

Proposition A.2. Let Hi, Hs, Gi, Go be separable complex Hilbert spaces and let 1 :
Hi — Ha, J : G — G5 be continous linear embeddings. Then, the tensor product map
107 1 H1®0G; — Ha®Gs is a continous linear embedding that acts on elements f € Hi®G,
via

(& () (W, g") = FI'(W),)(g)), N €My ¢ €,
where 1" : Hy, — H and j' : G — G} are the dual operators to 1 and J.
Proof. Let (bg)ren and (e;)iew be orthonormal bases of H; and Gy, respectively, with
dual orthonormalAbases (b} )ken = (<"bk>”1)kelN and (e))en = (<'a€l>gl)l§1N of H) and
G;. Fix f € H1®G;. Since (b ® e;)rien is an orthonormal basis of H;®G; and since
(f,br ® €1)y,006, = [(by,€]), we have the expansion

f= Zf €) by ® e

k,leIN

in the space H1®G;. The tensor product 1©) maps f to
191 (f) = Y F(b ) r(be) @ (e,

k1N

where the infinite sum converges unconditionally in H,®G,. Therefore, for all b’ € H), and
g € Hb,

(12 (f Zf w€l) bk)’h/>Hsz’2<J(el)’gl>92Xgé

k,lelN
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= > FOhel) (0t (1)), (€70 ) gy g

where the infinite sum converges unconditionally in C. The injectivity of 18] follows from
the injectivity of 1 and j and the bilinear structure of the tensor product spaces. O

For an arbitrary domain D C R?% and smoothness parameters 0 < sy < 55, the dual
embbedding V' : (H**(D))" < (H**(D))’ to the natural embedding 1 : H*2(D) — H*'(D)
is the restriction of functionals on H*'(D) to the smaller domain H*?(D). Therefore, with
respect to the tensor product spaces (H*(I))®H"(0O), r,s > 0, where I = (0,T) or I = R,
Proposition A.2 states the following: For 0 < s; < s5 and 0 < r; < ry the embedding

(H(1)©H™(0) = (H*(I))©H"™(0), (A.5)

given by the tenor product 1®) of the natural embeddings 1: (H*(I))" < (H**(I))" and
] H™2(O) — H™(0O), acts on an element f € (H*(I))®H"(O) by restricting the
bilinear functional f : H**(I) x (H™(O))’ to the smaller domain H**(I) x (H™(O))’. Iden-
tifying (H*(I))'®H"(O) with the spaces of Hilbert-Schmidt operators % (H*(I); H"(O))
and % ((H"(O))’; (H*(I))') according to (A.3), it is clear that the embedding (A.5) be-
comes the restriction of operators T' € % (H*'(I); H(O)) to the domain H*>(I) and the
restriction of operators % ((H™(0))’; (H*(I))’) to the domain (H"(0))’, respectively.

B General bounded polygonal domains

In this section we state the extension of our main result to general bounded polygonal
domains. It can be verified by following the lines of Secion 5, using instead of the results
of Subsection 4.2 their generalization to the Helmholtz equation on arbitrary bounded
polygonal domains; see [12, Chapter 2].

Let O C R? be a general bounded polygonal domain as specified at the beginning
of Subsection 2.1. By V; € R?, j € {1,...,n}, we denote the vertices of the boundary
00, numbered according to their order within O in counter-clockwise orientation. The
respective interior angles of 0O at these vertices are denoted by 7; € (0,27). With each
vertex V; we associate a system of polar coordinates (r;,6;) € [0,00) x [0,27) with origin
at V;. For any point P in the plane, the r;-coordinate is the distance from P to V; and the
¢;-coordinate is the angle between the line segments V;V;,, and V;P; see Figure 1 below.

In analogy to (3.1), we set «; := 7w/, and define corner singularity functions S; : O —
R associated to every vertex V; such that v; > 7 by

Sj(rjjej) = nj(rj,ej)r;‘j sin(ajej). (Bl)

Here n; € C*° (O; R) is a truncation function which does not depend on the ¢;-coordinate,
equals one near V; and vanishes in a neighborhood of the sides of O which do not end at
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Vit
Figure 1: General bounded polygonal domain O C R?

Vj. We choose these truncation functions in such a way that their supports are disjoint.
Further, for all j € {1,...,n} such that v; > 7 we define ¢); € Ly(O) by

®;i(ry, 0;) == n;(ry, 0;)r; ™ sin(e0;),

and ¢; € D(AD) is the unique solution in H}(O) to the problem Ayp; = At);. In analogy
to (3.2), we define functions vj(z) € Lo(O) for all z € C\ ¢(AD) and j € {1,...,n} such
that v; > m by

1
—(W5 =), (B.2)

where (zidz,(0) —Ag)_l € £ (Ly(0)) is the z-resolvent of AD. In analogy to (3.3), we
define kernel functions E; : R x O — R for all j € {1,...,n} such that 7; > 7 by

vi(z) = [isz(O) —2(zidLy0) —AB)_I]

E;(t,z) = ]1(0700)@)(2ﬁ)—lt—s/zrje—rf/(u)’ teR, x=(rjcosb;,r;sinf;) € O. (B.3)
Now we can formulate the generalization of Theorem 3.3.

Theorem B.1. Let O C R? be a bounded polygonal domain with vertices V; € R?, j €
{1,...,n} and corresponding interior angles v; € (0,2m) as described above. Let Assump-
tion 2.1 hold, let u = (u(t)):co,1) be the mild solution to Eq. (1.1) and let uy. be its extension
by zero to the whole real line, considered as an element of Ly (Q,fT, P; LQ(R)@)H(}(O)) as
described in Subsection 2.2. Let s > 1/2 and set oj := m/7;.

There exist

uyr € Lo (Q, Fr, P; H_S(R)®H2(O)) N Ly (Q, Fr, P; H_S(R)@’H&(O))

and
®; € Ly(Q, Fr, Py HU)/27%(R)), j € {l,....n} such that v; > m,
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with supp @;(w) C [0, 00) for allw € Q (in the sense of distributions), such that the equality

u+IU+7R+Z(I)j*Eij

V>

holds in Ly (Q, Fr,P; H*(R)®H}(O)). Here ®;  E; S; denotes the element of the space
Lo (Q, Fr,P; H*(R)®H (0)) that acts on test functions (¢,¢) € H*(R) x Ly(O)
(— H*(R) x HY0O)) via

(@) % E;.5;) (W) (¢, ¢) := (@, % E; Sj) (w, ¢, )
= {2,() */OE]-(-,:L’)Sj(x)ap(x)dx, 6 weq,

—s(R)xHs(R)

where S; and E; are gwen by (B.1) and (B.3), [, E;(-,x)S;(x)¢(x)dx denotes the func-
tion R >t — [, E;(t,x)S;(z)p(x)de € C, and * is the usual convolution of Schwartz
distributions.

We have

(@)% E; ) (w) & | JHT(R)GH'T(0) on {we Q:;(w) # 0}

r=0

and ®; is determined in terms of its Fourier transform w.r.t. the time variable t € R as
follows: For P-almost every w € €,

[,Ft_>§ (q)j(w))] &) = <H(w,z’§), vj(i§)>L2(O) for X-almost every £ € R,

where v; and H are defined by (B.2) and (3.4).
Moreover,

]E<||U+7R||§rs(m)®H2(O) - Z ||(I)j||12H“*“j>/2’S(lR))

v >

T
< CE([luoll 0 + (D)3 0) + / P @) 5008+ 510 [1G @) o mai0n):

te[0,7

where C > 0 depends only on s, T, O and the cut-off functions n; in (B.1), and where
@ = (U(t))eepo,m denotes the modification of u = (u(t))ejo,r) that is continuous in Ly(O; R).

Similar to the proof of Corollary 3.5, using the disjointness of the supports of the
corner singularity functions S}, one obtains the following decomposition of u in the space
Ly(Q, Fr, P; (H*(0,T))®H(O)).

Corollary B.2. Let the setting of Theorem B.1 be given and consider the mild solution
u = (u(t))ep) to Eq. (1.1) as an element of Ly (2, Fr,P; Ly(0, T)®HJ(O)) as described
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in Subsection 2.2. Let £ : H*(0,T) — H*(R) be a linear and bounded extension operator.
ForweQ, ¢ € H(0,T), p € HYO) and j € {1,...,n} with v; > 7 define

uR(wv (bv @) = u+,R(w7 SQS’ @)7 uS,j(wu ¢7 (,0) = ((I)] * Ej SJ) (wv SQS’ @)7

where uy g and ®; x E; S; are as in Theorem B.1.
Then,

ur € Ly (0, Fr,P; (H*(0,T))®H*(0)) N Ly (Q, Fr, P; (H*(0,T)) ©Hy (O)),

us; € Ly(Q, Fr, P; (H¥(0,T))®H, (0))
for all j € {1,...,n} such that v; > m, and the decomposition

holds as an equality in L (2, Fr,P; (H*(0,T))®@H}(O)). For P-almost every w € €,
us, (@) ¢ [JUH(0,T)OHT(0) = us;(w) £0 <=  D;(w) £0.
r=0
Moreover, there exists a constant C' > 0, depending only on s, T, O and the cut-off
functions n; in (B.1), such that
Ellurlye o1y smeo) < CE (ol o) + (D0,

+/0 HF(“(w)HiQ(O)dtJF Sup HG(@(t))Hfsfﬂ%;@(@)))v

te[0,7

where @ = (u(t))eo,r) denotes the modification of u = (u(t))icjo,m that is continuous in
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References

[1] M. Borsuk, V. Kondratiev: FElliptic boundary value problems of second order on piece-
wise smooth domains. Elsevier, Amsterdam 2006.

[2] P.A. Cioica, S. Dahlke, S. Kinzel, F. Lindner, T. Raasch, K. Ritter, R.L. Schilling:
Spatial Besov regularity for stochastic partial differential equations on Lipschitz do-
mains. Studia Math. 207 (2011) 197-234.

46



3]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

P.A. Cioica, K.-H. Kim, K. Lee, F. Lindner: On the L,(L,)-regularity and
Besov smoothness of stochastic parabolic equations on bounded Lipschitz domains
(Preprint). DFG-SPP 1324 Preprint 130 (2012) http://www.dfg-sppl1324.de/
download/preprints/preprint130.pdf.

G. Da Prato, J. Zabczyk: Stochastic equations in infinite dimensions. Cambridge
University Press, Cambridge 1992.

M. Dauge: FElliptic boundary value problems on corner domains: smoothness and
asymptotics of solutions. Springer, Lecture Notes in Mathematics 1341, Berlin 1988.

A. Defant, K. Floret: Tensor norms and operator ideals. North-Holland, Amsterdam
1993.

R.A. DeVore: Nonlinear approximation, Acta Numer. 7 (1998) 51-150.

F. Flandoli: Dirichlet boundary value problem for stochastic parabolic equations:
compatibility relations and regularity of solutions. Stochastics 29 (1990) 331-357.

O. Follinger: Laplace- und Fourier-Transformation. Hiithig, Heidelberg 1993.
P. Grisvard: Elliptic problems in nonsmooth domains. Pitman, Boston 1985.

P. Grisvard: Edge behavior of the solution of an elliptic problem. Math. Nachr. 132
(1987) 281-299.

P. Grisvard: Singularities in boundary value problems, Springer, Berlin 1992.

P. Grisvard: Singular behavior of elliptic problems in non Hilbertian Sobolev spaces.
J. Math. Pures Appl. 74 (1995) 3-33.

P.B. Guest: Laplace transforms and an introduction to distributions. Ellis Horwood,
London 1991.

A. Jentzen, M. Rockner: Regularity analysis for stochastic partial differential equa-
tions with nonlinear multiplicative trace class noise. J. Differential Equations 252
(2012) 114-136.

D. Jerison, C.E. Kenig: The Dirichlet problem on non-smooth domains. Ann. of
Math. (2) 113 (1981) 367-382.

D. Jerison, C.E. Kenig: The inhomogeneous dirichlet problem in Lipschitz domains.
J. Funct. Anal. 130 (1995) 161-219.

R.V. Kadison, J.R. Ringrose: Fundamentals of the theory of operator algebras. Vol-
ume I: Elementary theory. Academic Press, San Diego 1983.

47



[19]

[20]

[21]

[22]

[20]

[27]

28]

[29]

[30]

[31]

[32]
[33]

K.H. Kim, On stochastic partial differential equations with variable coefficients in C!
domains. Stochastic Process. Appl. 112 (2004) 261-283.

K.H. Kim, A weighted Sobolev space theory of parabolic stochastic PDEs on non-
smooth domains. J. Theoret. Probab., published online: 9 November 2012, DOI
201210.1007/s10959-012-0459-7.

V.A. Kozlov, V.G. Maz’ya, J. RoBmann: FElliptic boundary values problems in domains
with point singularities. American Mathematical Society, Providence, Rhode Island
1997.

V.A. Kozlov, V.G. Maz’ya, J. RoBmann: Spectral problems associated with corner
singularities of solutions to elliptic equations. American Mathematical Society, Prov-
idence, Rhode Island 2001.

R. Kruse, S. Larsson: Optimal regularity for semilinear stochastic partial differential
equations with multiplicative noise. Electron. J. Probab. 17 (2012) 1-19.

N.V. Krylov: A WJ-theory of the Dirichlet problem for SPDEs in general smooth
domains. Probab. Theory Relat. Fields 98 (1994) 389-421.

N.V. Krylov: An analytic approach to SPDEs. in: B.L. Rozovskii, R. Carmona (eds.):
Stochastic partial differential equations. Siz perspectives. American Mathematical So-
ciety, Providence, Rhode Island 1999, 185-242.

N.V. Krylov, S.V. Lototsky: A Sobolev space theory of SPDE with constant coeffi-
cients on a half line. STAM J. Math. Anal. 30 (1999) 298-325.

N.V. Krylov, S.V. Lototsky: A Sobolev space theory of SPDEs with constant coeffi-
cients in a half space. STAM J. Math. Anal. 31 (1999) 19-33.

J.R. Kweon: Edge singular behavior for the heat equation on polyhedral cylinders in
R3. Potential Anal. 38 (2013) 589-610.

F. Lindner: Approximation and regularity of stochastic PDEs (doctoral thesis). Shaker,
Aachen 2011.

V.G. Maz’ya, J. RoBmann: FElliptic equations in polyhedral domains. American Math-
ematical Society, Providence, Rhode Island 2010.

M. Métivier: Semimartingales. A course on stochastic processes. de Gruyter, Berlin
1982.

M. Métivier, J. Pellaumail: Stochastic integration. Academic Press, New York 1980.

S. Peszat, J. Zabczyk: Stochastic partial differential equations with Lévy noise. An
evolution equation approach. Cambridge University Press, Cambridge 2007.

48



[34] C. Prévot, M. Rockner: A concise course on stochastic partial differential equations.
Springer, Lecture Notes in Mathematics 1905, Berlin 2007.

[35] F. Treves: Topological vector spaces, distributions and kernels. Academic Press, New
York 1967.

[36] H. Triebel: Interpolation theory, function spaces, differential operators (2nd edn).
Johann Ambrosius Barth, Heidelberg 1995 .

[37] J.M.A.M. van Neerven, M.C. Veraar, L. Weis: Stochastic evolution equations in UMD
Banach spaces. J. Funct. Anal. 255 (2008) 940-993.

[38] J.M.A.M. van Neerven, M.C. Veraar, L. Weis: Maximal LP-regularity for stochastic
evolution equations. SIAM J. Math. Anal. 44 (2012) 1372-1414.

[39] J. Weidmann: Linear operators in Hilbert spaces. Springer, New York 1980.

[40] A.H. Zemanian: Distribution theory and transform analysis. Dover, New York 1987.

Felix Lindner

TU Dresden

Institut fir Mathematische Stochastik
01062 Dresden, Germany

Phone: 0049351463 32437

E-mail: felix.lindner@tu-dresden.de

49



Preprint Series DFG-SPP 1324

http://www.dfg-spp1324.de

Reports

1]

2]

[10]

[11]

R. Ramlau, G. Teschke, and M. Zhariy. A Compressive Landweber Iteration for
Solving I1l-Posed Inverse Problems. Preprint 1, DFG-SPP 1324, September 2008.

G. Plonka. The Easy Path Wavelet Transform: A New Adaptive Wavelet Trans-
form for Sparse Representation of Two-dimensional Data. Preprint 2, DFG-SPP
1324, September 2008.

E. Novak and H. Wozniakowski. Optimal Order of Convergence and (In-)
Tractability of Multivariate Approximation of Smooth Functions. Preprint 3,
DFG-SPP 1324, October 2008.

M. Espig, L. Grasedyck, and W. Hackbusch. Black Box Low Tensor Rank Ap-
proximation Using Fibre-Crosses. Preprint 4, DFG-SPP 1324, October 2008.

T. Bonesky, S. Dahlke, P. Maass, and T. Raasch. Adaptive Wavelet Methods
and Sparsity Reconstruction for Inverse Heat Conduction Problems. Preprint 5,
DFG-SPP 1324, January 2009.

E. Novak and H. Wozniakowski. Approximation of Infinitely Differentiable Mul-
tivariate Functions Is Intractable. Preprint 6, DFG-SPP 1324, January 2009.

J. Ma and G. Plonka. A Review of Curvelets and Recent Applications. Preprint 7,
DFG-SPP 1324, February 2009.

L. Denis, D. A. Lorenz, and D. Trede. Greedy Solution of Ill-Posed Problems:
Error Bounds and Exact Inversion. Preprint 8, DFG-SPP 1324, April 2009.

U. Friedrich. A Two Parameter Generalization of Lions’ Nonoverlapping Domain
Decomposition Method for Linear Elliptic PDEs. Preprint 9, DFG-SPP 1324,
April 2009.

K. Bredies and D. A. Lorenz. Minimization of Non-smooth, Non-convex Func-
tionals by Iterative Thresholding. Preprint 10, DFG-SPP 1324, April 2009.

K. Bredies and D. A. Lorenz. Regularization with Non-convex Separable Con-
straints. Preprint 11, DFG-SPP 1324, April 2009.



[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

M. Dohler, S. Kunis, and D. Potts. Nonequispaced Hyperbolic Cross Fast Fourier
Transform. Preprint 12, DFG-SPP 1324, April 2009.

C. Bender. Dual Pricing of Multi-Exercise Options under Volume Constraints.
Preprint 13, DFG-SPP 1324, April 20009.

T. Miiller-Gronbach and K. Ritter. Variable Subspace Sampling and Multi-level
Algorithms. Preprint 14, DFG-SPP 1324, May 2009.

G. Plonka, S. Tenorth, and A. Iske. Optimally Sparse Image Representation by
the Easy Path Wavelet Transform. Preprint 15, DFG-SPP 1324, May 2009.

S. Dahlke, E. Novak, and W. Sickel. Optimal Approximation of Elliptic Problems
by Linear and Nonlinear Mappings IV: Errors in Ly and Other Norms. Preprint 16,
DFG-SPP 1324, June 2009.

B. Jin, T. Khan, P. Maass, and M. Pidcock. Function Spaces and Optimal Currents
in Impedance Tomography. Preprint 17, DFG-SPP 1324, June 2009.

G. Plonka and J. Ma. Curvelet-Wavelet Regularized Split Bregman Iteration for
Compressed Sensing. Preprint 18, DFG-SPP 1324, June 2009.

G. Teschke and C. Borries. Accelerated Projected Steepest Descent Method for
Nonlinear Inverse Problems with Sparsity Constraints. Preprint 19, DFG-SPP
1324, July 2009.

L. Grasedyck. Hierarchical Singular Value Decomposition of Tensors. Preprint 20,
DFG-SPP 1324, July 2009.

D. Rudolf. Error Bounds for Computing the Expectation by Markov Chain Monte
Carlo. Preprint 21, DFG-SPP 1324, July 2009.

M. Hansen and W. Sickel. Best m-term Approximation and Lizorkin-Triebel
Spaces. Preprint 22, DFG-SPP 1324, August 20009.

F.J. Hickernell, T. Miiller-Gronbach, B. Niu, and K. Ritter. Multi-level Monte
Carlo Algorithms for Infinite-dimensional Integration on RY. Preprint 23, DFG-
SPP 1324, August 2009.

S. Dereich and F. Heidenreich. A Multilevel Monte Carlo Algorithm for Lévy
Driven Stochastic Differential Equations. Preprint 24, DFG-SPP 1324, August
2009.

S. Dahlke, M. Fornasier, and T. Raasch. Multilevel Preconditioning for Adaptive
Sparse Optimization. Preprint 25, DFG-SPP 1324, August 2009.



[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

S. Dereich. Multilevel Monte Carlo Algorithms for Lévy-driven SDEs with Gaus-
sian Correction. Preprint 26, DFG-SPP 1324, August 2009.

G. Plonka, S. Tenorth, and D. Rogca. A New Hybrid Method for Image Approx-
imation using the Easy Path Wavelet Transform. Preprint 27, DFG-SPP 1324,
October 20009.

O. Koch and C. Lubich. Dynamical Low-rank Approximation of Tensors.
Preprint 28, DFG-SPP 1324, November 2009.

E. Faou, V. Gradinaru, and C. Lubich. Computing Semi-classical Quantum Dy-
namics with Hagedorn Wavepackets. Preprint 29, DFG-SPP 1324, November
2009.

D. Conte and C. Lubich. An Error Analysis of the Multi-configuration Time-
dependent Hartree Method of Quantum Dynamics. Preprint 30, DFG-SPP 1324,
November 2009.

C. E. Powell and E. Ullmann. Preconditioning Stochastic Galerkin Saddle Point
Problems. Preprint 31, DFG-SPP 1324, November 2009.

O. G. Ernst and E. Ullmann. Stochastic Galerkin Matrices. Preprint 32, DFG-SPP
1324, November 2009.

F. Lindner and R. L. Schilling. Weak Order for the Discretization of the Stochastic
Heat Equation Driven by Impulsive Noise. Preprint 33, DFG-SPP 1324, November
20009.

L. Kammerer and S. Kunis. On the Stability of the Hyperbolic Cross Discrete
Fourier Transform. Preprint 34, DFG-SPP 1324, December 2009.

P. Cerejeiras, M. Ferreira, U. Kéahler, and G. Teschke. Inversion of the noisy Radon
transform on SO(3) by Gabor frames and sparse recovery principles. Preprint 35,
DFG-SPP 1324, January 2010.

T. Jahnke and T. Udrescu. Solving Chemical Master Equations by Adaptive
Wavelet Compression. Preprint 36, DFG-SPP 1324, January 2010.

P. Kittipoom, G. Kutyniok, and W.-Q Lim. Irregular Shearlet Frames: Geometry
and Approximation Properties. Preprint 37, DFG-SPP 1324, February 2010.

G. Kutyniok and W.-Q Lim. Compactly Supported Shearlets are Optimally
Sparse. Preprint 38, DFG-SPP 1324, February 2010.



[39]

[40]

[49]

[50]

[51]

[52]

M. Hansen and W. Sickel. Best m-Term Approximation and Tensor Products of
Sobolev and Besov Spaces — the Case of Non-compact Embeddings. Preprint 39,
DFG-SPP 1324, March 2010.

B. Niu, F.J. Hickernell, T. Miiller-Gronbach, and K. Ritter. Deterministic Multi-
level Algorithms for Infinite-dimensional Integration on RY. Preprint 40, DFG-
SPP 1324, March 2010.

P. Kittipoom, G. Kutyniok, and W.-Q Lim. Construction of Compactly Supported
Shearlet Frames. Preprint 41, DFG-SPP 1324, March 2010.

C. Bender and J. Steiner. Error Criteria for Numerical Solutions of
Backward SDEs. Preprint 42, DFG-SPP 1324, April 2010.

L. Grasedyck. Polynomial Approximation in Hierarchical Tucker Format by
Vector-Tensorization. Preprint 43, DFG-SPP 1324, April 2010.

M. Hansen und W. Sickel. Best m-Term Approximation and Sobolev-Besov Spaces
of Dominating Mixed Smoothness - the Case of Compact Embeddings. Preprint 44,
DFG-SPP 1324, April 2010.

P. Binev, W. Dahmen, and P. Lamby. Fast High-Dimensional Approximation with
Sparse Occupancy Trees. Preprint 45, DFG-SPP 1324, May 2010.

J. Ballani and L. Grasedyck. A Projection Method to Solve Linear Systems in
Tensor Format. Preprint 46, DFG-SPP 1324, May 2010.

P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, and P. Wojtaszczyk.
Convergence Rates for Greedy Algorithms in Reduced Basis Methods. Preprint 47,
DFG-SPP 1324, May 2010.

S. Kestler and K. Urban. Adaptive Wavelet Methods on Unbounded Domains.
Preprint 48, DFG-SPP 1324, June 2010.

H. Yserentant. The Mixed Regularity of Electronic Wave Functions Multiplied by
Explicit Correlation Factors. Preprint 49, DFG-SPP 1324, June 2010.

H. Yserentant. On the Complexity of the Electronic Schrodinger Equation.
Preprint 50, DFG-SPP 1324, June 2010.

M. Guillemard and A. Iske. Curvature Analysis of Frequency Modulated Manifolds
in Dimensionality Reduction. Preprint 51, DFG-SPP 1324, June 2010.

E. Herrholz and G. Teschke. Compressive Sensing Principles and Iterative Sparse
Recovery for Inverse and Ill-Posed Problems. Preprint 52, DFG-SPP 1324, July
2010.



[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[65]

[66]

L. Kémmerer, S. Kunis, and D. Potts. Interpolation Lattices for Hyperbolic Cross
Trigonometric Polynomials. Preprint 53, DFG-SPP 1324, July 2010.

G. Kutyniok and W.-Q Lim. Shearlets on Bounded Domains. Preprint 54, DFG-
SPP 1324, July 2010.

A. Zeiser. Wavelet Approximation in Weighted Sobolev Spaces of Mixed Order
with Applications to the Electronic Schrédinger Equation. Preprint 55, DFG-SPP
1324, July 2010.

G. Kutyniok, J. Lemvig, and W.-Q Lim. Compactly Supported Shearlets.
Preprint 56, DFG-SPP 1324, July 2010.

A. Zeiser. On the Optimality of the Inexact Inverse Iteration Coupled with Adap-
tive Finite Element Methods. Preprint 57, DFG-SPP 1324, July 2010.

S. Jokar. Sparse Recovery and Kronecker Products. Preprint 58, DFG-SPP 1324,
August 2010.

T. Aboiyar, E. H. Georgoulis, and A. Iske. Adaptive ADER Methods Using Kernel-
Based Polyharmonic Spline WENO Reconstruction. Preprint 59, DFG-SPP 1324,
August 2010.

O. G. Ernst, A. Mugler, H.-J. Starkloff, and E. Ullmann. On the Convergence of
Generalized Polynomial Chaos Expansions. Preprint 60, DFG-SPP 1324, August
2010.

S. Holtz, T. Rohwedder, and R. Schneider. On Manifolds of Tensors of Fixed
TT-Rank. Preprint 61, DFG-SPP 1324, September 2010.

J. Ballani, L. Grasedyck, and M. Kluge. Black Box Approximation of Tensors in
Hierarchical Tucker Format. Preprint 62, DFG-SPP 1324, October 2010.

M. Hansen. On Tensor Products of Quasi-Banach Spaces. Preprint 63, DFG-SPP
1324, October 2010.

S. Dahlke, G. Steidl, and G. Teschke. Shearlet Coorbit Spaces: Compactly Sup-
ported Analyzing Shearlets, Traces and Embeddings. Preprint 64, DFG-SPP 1324,
October 2010.

W. Hackbusch. Tensorisation of Vectors and their Efficient Convolution.
Preprint 65, DFG-SPP 1324, November 2010.

P. A. Cioica, S. Dahlke, S. Kinzel, F. Lindner, T. Raasch, K. Ritter, and R. L.
Schilling. Spatial Besov Regularity for Stochastic Partial Differential Equations
on Lipschitz Domains. Preprint 66, DFG-SPP 1324, November 2010.



[67]

E. Novak and H. WozZniakowski. On the Power of Function Values for the Ap-
proximation Problem in Various Settings. Preprint 67, DFG-SPP 1324, November
2010.

A. Hinrichs, E. Novak, and H. Wozniakowski. The Curse of Dimensionality for
Monotone and Convex Functions of Many Variables. Preprint 68, DFG-SPP 1324,
November 2010.

G. Kutyniok and W.-Q Lim. Image Separation Using Shearlets. Preprint 69,
DFG-SPP 1324, November 2010.

B. Jin and P. Maass. An Analysis of Electrical Impedance Tomography with
Applications to Tikhonov Regularization. Preprint 70, DFG-SPP 1324, December
2010.

S. Holtz, T. Rohwedder, and R. Schneider. The Alternating Linear Scheme for
Tensor Optimisation in the T'T Format. Preprint 71, DFG-SPP 1324, December
2010.

T. Miiller-Gronbach and K. Ritter. A Local Refinement Strategy for Constructive
Quantization of Scalar SDEs. Preprint 72, DFG-SPP 1324, December 2010.

T. Rohwedder and R. Schneider. An Analysis for the DIIS Acceleration Method
used in Quantum Chemistry Calculations. Preprint 73, DFG-SPP 1324, December
2010.

C. Bender and J. Steiner. Least-Squares Monte Carlo for Backward SDEs.
Preprint 74, DFG-SPP 1324, December 2010.

C. Bender. Primal and Dual Pricing of Multiple Exercise Options in Continuous
Time. Preprint 75, DFG-SPP 1324, December 2010.

H. Harbrecht, M. Peters, and R. Schneider. On the Low-rank Approximation by
the Pivoted Cholesky Decomposition. Preprint 76, DFG-SPP 1324, December
2010.

P. A. Cioica, S. Dahlke, N. Dohring, S. Kinzel, F. Lindner, T. Raasch, K. Ritter,
and R. L. Schilling. Adaptive Wavelet Methods for Elliptic Stochastic Partial
Differential Equations. Preprint 77, DFG-SPP 1324, January 2011.

G. Plonka, S. Tenorth, and A. Iske. Optimal Representation of Piecewise Holder
Smooth Bivariate Functions by the Easy Path Wavelet Transform. Preprint 78,
DFG-SPP 1324, January 2011.



[79]

[80]

[31]

[91]

A. Mugler and H.-J. Starkloff. On Elliptic Partial Differential Equations with
Random Coefficients. Preprint 79, DFG-SPP 1324, January 2011.

T. Miller-Gronbach, K. Ritter, and L. Yaroslavtseva. A Derandomization of the
Euler Scheme for Scalar Stochastic Differential Equations. Preprint 80, DFG-SPP
1324, January 2011.

W. Dahmen, C. Huang, C. Schwab, and G. Welper. Adaptive Petrov-Galerkin
methods for first order transport equations. Preprint 81, DFG-SPP 1324, January
2011.

K. Grella and C. Schwab. Sparse Tensor Spherical Harmonics Approximation in
Radiative Transfer. Preprint 82, DFG-SPP 1324, January 2011.

D.A. Lorenz, S. Schiffler, and D. Trede. Beyond Convergence Rates: Exact In-
version With Tikhonov Regularization With Sparsity Constraints. Preprint 83,
DFG-SPP 1324, January 2011.

S. Dereich, M. Scheutzow, and R. Schottstedt. Constructive quantization: Ap-
proximation by empirical measures. Preprint 84, DFG-SPP 1324, January 2011.

S. Dahlke and W. Sickel. On Besov Regularity of Solutions to Nonlinear Elliptic
Partial Differential Equations. Preprint 85, DFG-SPP 1324, January 2011.

S. Dahlke, U. Friedrich, P. Maass, T. Raasch, and R.A. Ressel. An adaptive
wavelet method for parameter identification problems in parabolic partial differ-
ential equations. Preprint 86, DFG-SPP 1324, January 2011.

A. Cohen, W. Dahmen, and G. Welper. Adaptivity and Variational Stabilization
for Convection-Diffusion Equations. Preprint 87, DFG-SPP 1324, January 2011.

T. Jahnke. On Reduced Models for the Chemical Master Equation. Preprint 88,
DFG-SPP 1324, January 2011.

P. Binev, W. Dahmen, R. DeVore, P. Lamby, D. Savu, and R. Sharpley. Com-
pressed Sensing and Electron Microscopy. Preprint 89, DFG-SPP 1324, March
2011.

P. Binev, F. Blanco-Silva, D. Blom, W. Dahmen, P. Lamby, R. Sharpley, and
T. Vogt. High Quality Image Formation by Nonlocal Means Applied to High-
Angle Annular Dark Field Scanning Transmission Electron Microscopy (HAADF-
STEM). Preprint 90, DFG-SPP 1324, March 2011.

R. A. Ressel. A Parameter Identification Problem for a Nonlinear Parabolic Dif-
ferential Equation. Preprint 91, DFG-SPP 1324, May 2011.



[92]

[93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

G. Kutyniok. Data Separation by Sparse Representations. Preprint 92, DFG-SPP
1324, May 2011.

M. A. Davenport, M. F. Duarte, Y. C. Eldar, and G. Kutyniok. Introduction to
Compressed Sensing. Preprint 93, DFG-SPP 1324, May 2011.

H.-C. Kreusler and H. Yserentant. The Mixed Regularity of Electronic Wave
Functions in Fractional Order and Weighted Sobolev Spaces. Preprint 94, DFG-
SPP 1324, June 2011.

E. Ullmann, H. C. Elman, and O. G. Ernst. FEfficient Iterative Solvers for
Stochastic Galerkin Discretizations of Log-Transformed Random Diffusion Prob-
lems. Preprint 95, DFG-SPP 1324, June 2011.

S. Kunis and I. Melzer. On the Butterfly Sparse Fourier Transform. Preprint 96,
DFG-SPP 1324, June 2011.

T. Rohwedder. The Continuous Coupled Cluster Formulation for the Electronic
Schrodinger Equation. Preprint 97, DFG-SPP 1324, June 2011.

T. Rohwedder and R. Schneider. Error Estimates for the Coupled Cluster Method.
Preprint 98, DFG-SPP 1324, June 2011.

P. A. Cioica and S. Dahlke. Spatial Besov Regularity for Semilinear Stochastic
Partial Differential Equations on Bounded Lipschitz Domains. Preprint 99, DFG-
SPP 1324, July 2011.

L. Grasedyck and W. Hackbusch. An Introduction to Hierarchical (H-) Rank and
TT-Rank of Tensors with Examples. Preprint 100, DFG-SPP 1324, August 2011.

N. Chegini, S. Dahlke, U. Friedrich, and R. Stevenson. Piecewise Tensor Product
Wavelet Bases by Extensions and Approximation Rates. Preprint 101, DFG-SPP
1324, September 2011.

S. Dahlke, P. Oswald, and T. Raasch. A Note on Quarkonial Systems and Multi-
level Partition of Unity Methods. Preprint 102, DFG-SPP 1324, September 2011.

A. Uschmajew. Local Convergence of the Alternating Least Squares Algorithm
For Canonical Tensor Approximation. Preprint 103, DFG-SPP 1324, September
2011.

S. Kvaal. Multiconfigurational time-dependent Hartree method for describing par-
ticle loss due to absorbing boundary conditions. Preprint 104, DFG-SPP 1324,
September 2011.



[105]

[106]

[107]

108

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

M. Guillemard and A. Iske. On Groupoid C*-Algebras, Persistent Homology and
Time-Frequency Analysis. Preprint 105, DFG-SPP 1324, September 2011.

A. Hinrichs, E. Novak, and H. WozZniakowski. Discontinuous information in the
worst case and randomized settings. Preprint 106, DFG-SPP 1324, September
2011.

M. Espig, W. Hackbusch, A. Litvinenko, H. Matthies, and E. Zander. Efficient
Analysis of High Dimensional Data in Tensor Formats. Preprint 107, DFG-SPP
1324, September 2011.

M. Espig, W. Hackbusch, S. Handschuh, and R. Schneider. Optimization Problems
in Contracted Tensor Networks. Preprint 108, DFG-SPP 1324, October 2011.

S. Dereich, T. Miiller-Gronbach, and K. Ritter. On the Complexity of Computing
Quadrature Formulas for SDEs. Preprint 109, DFG-SPP 1324, October 2011.

D. Belomestny. Solving optimal stopping problems by empirical dual optimization
and penalization. Preprint 110, DFG-SPP 1324, November 2011.

D. Belomestny and J. Schoenmakers. Multilevel dual approach for pricing Amer-
ican style derivatives. Preprint 111, DFG-SPP 1324, November 2011.

T. Rohwedder and A. Uschmajew. Local convergence of alternating schemes for
optimization of convex problems in the T'T format. Preprint 112, DFG-SPP 1324,
December 2011.

T. Gorner, R. Hielscher, and S. Kunis. Efficient and accurate computation of
spherical mean values at scattered center points. Preprint 113, DFG-SPP 1324,
December 2011.

Y. Dong, T. Gorner, and S. Kunis. An iterative reconstruction scheme for pho-
toacoustic imaging. Preprint 114, DFG-SPP 1324, December 2011.

L. Kammerer. Reconstructing hyperbolic cross trigonometric polynomials by sam-
pling along generated sets. Preprint 115, DFG-SPP 1324, February 2012.

H. Chen and R. Schneider. Numerical analysis of augmented plane waves methods
for full-potential electronic structure calculations. Preprint 116, DFG-SPP 1324,
February 2012.

J. Ma, G. Plonka, and M.Y. Hussaini. Compressive Video Sampling with Ap-
proximate Message Passing Decoding. Preprint 117, DFG-SPP 1324, February
2012.



[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

D. Heinen and G. Plonka. Wavelet shrinkage on paths for scattered data denoising.
Preprint 118, DFG-SPP 1324, February 2012.

T. Jahnke and M. Kreim. Error bound for piecewise deterministic processes mod-
eling stochastic reaction systems. Preprint 119, DFG-SPP 1324, March 2012.

C. Bender and J. Steiner. A-posteriori estimates for backward SDEs. Preprint
120, DFG-SPP 1324, April 2012.

M. Espig, W. Hackbusch, A. Litvinenkoy, H.G. Matthiesy, and P. Wahnert. Eff-
cient low-rank approximation of the stochastic Galerkin matrix in tensor formats.
Preprint 121, DFG-SPP 1324, May 2012.

O. Bokanowski, J. Garcke, M. Griebel, and I. Klompmaker. An adaptive sparse
grid semi-Lagrangian scheme for first order Hamilton-Jacobi Bellman equations.
Preprint 122, DFG-SPP 1324, June 2012.

A. Mugler and H.-J. Starkloff. On the convergence of the stochastic Galerkin
method for random elliptic partial differential equations. Preprint 123, DFG-SPP
1324, June 2012.

P.A. Cioica, S. Dahlke, N. Dohring, U. Friedrich, S. Kinzel, F. Lindner, T. Raasch,
K. Ritter, and R.L. Schilling. On the convergence analysis of Rothe’s method.
Preprint 124, DFG-SPP 1324, July 2012.

P. Binev, A. Cohen, W. Dahmen, and R. DeVore. Classification Algorithms using
Adaptive Partitioning. Preprint 125, DFG-SPP 1324, July 2012.

C. Lubich, T. Rohwedder, R. Schneider, and B. Vandereycken. Dynamical approx-
imation of hierarchical Tucker and Tensor-Train tensors. Preprint 126, DFG-SPP
1324, July 2012.

M. Kovégcs, S. Larsson, and K. Urban. On Wavelet-Galerkin methods for semilinear
parabolic equations with additive noise. Preprint 127, DFG-SPP 1324, August
2012.

M. Bachmayr, H. Chen, and R. Schneider. Numerical analysis of Gaussian ap-
proximations in quantum chemistry. Preprint 128, DFG-SPP 1324, August 2012.

D. Rudolf. Explicit error bounds for Markov chain Monte Carlo. Preprint 129,
DFG-SPP 1324, August 2012.

P.A. Cioica, K.-H. Kim, K. Lee, and F. Lindner. On the L,(L,)-regularity and
Besov smoothness of stochastic parabolic equations on bounded Lipschitz domains.
Preprint 130, DFG-SPP 1324, December 2012.



[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

M. Hansen. n—term Approximation Rates and Besov Regularity for Elliptic PDEs
on Polyhedral Domains. Preprint 131, DFG-SPP 1324, December 2012.

R. E. Bank and H. Yserentant. On the H'! -stability of the L, -projection onto
finite element spaces. Preprint 132, DFG-SPP 1324, December 2012.

M. Gnewuch, S. Mayer, and K. Ritter. On Weighted Hilbert Spaces and Inte-
gration of Functions of Infinitely Many Variables. Preprint 133, DFG-SPP 1324,
December 2012.

D. Crisan, J. Diehl, P.K. Friz, and H. Oberhauser. Robust Filtering: Correlated
Noise and Multidimensional Observation. Preprint 134, DFG-SPP 1324, January
2013.

Wolfgang Dahmen, Christian Plesken, and Gerrit Welper. Double Greedy Algo-
rithms: Reduced Basis Methods for Transport Dominated Problems. Preprint
135, DFG-SPP 1324, February 2013.

Aicke Hinrichs, Erich Novak, Mario Ullrich, and Henryk Wozniakowski. The Curse
of Dimensionality for Numerical Integration of Smooth Functions. Preprint 136,
DFG-SPP 1324, February 2013.

Markus Bachmayr, Wolfgang Dahmen, Ronald DeVore, and Lars Grasedyck. Ap-
proximation of High-Dimensional Rank One Tensors. Preprint 137, DFG-SPP
1324, March 2013.

Markus Bachmayr and Wolfgang Dahmen. Adaptive Near-Optimal Rank Tensor
Approximation for High-Dimensional Operator Equations. Preprint 138, DFG-
SPP 1324, April 2013.

Felix Lindner. Singular Behavior of the Solution to the Stochastic Heat Equation
on a Polygonal Domain. Preprint 139, DFG-SPP 1324, May 2013.



