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Multilevel Monte Carlo Quadrature of Discontinuous Payoffs in the Generalized
Heston Model using Malliavin Integration by Parts

Martin Altmayer} Andreas Neuenkirchf

Abstract. In this manuscript, we establish an integration by parts formula for the quadrature of discontinuous
payoffs in a multidimensional Heston model. For its derivation we use Malliavin calculus techniques
and work under mild integrability conditions on the payoff and under the assumption of a strictly
positive volatility. Since the integration by parts procedure smoothes the original functional, our
formula in combination with a payoff-splitting allows to construct efficient multilevel Monte Carlo
estimators, which is illustrated by several numerical examples.
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1. Introduction. The Heston Model is a popular stochastic volatility model in mathe-
matical finance. It was introduced in [18] and further developed since then, see e.g. the recent
work [16] on the Heston model with stochastic interest rates or [15] on time-dependent co-
efficients. In its classical form the Heston model uses a Cox-Ingersoll-Ross process (CIR) as
volatility and is given by the SDEs

dS; = bSydt + /oSy (pdW} + /1 — p2dW}2), t€[0,7)]
dvy = k(X — vy)dt + 0/, dW}, t€[0,T]

with So,vo, K, A, 0 > 0, b € R, p € [~1,1] and independent Brownian motions W' W2, In
this article we will also consider a generalized Heston model (introduced in [5]) that uses a
mean-reverting constant elasticity of variance process (CEV) as volatility, i.e.

dvy = k(A — vp)dt + Ov] dW}

with v € (1/2,1).

An efficient method to compute expectations of (smooth) functionals of SDEs is the mul-
tilevel Monte Carlo method, see [17] and [13]. Combining approximations using different
step-sizes in a way that reduces the overall variance this method usually is significantly more
efficient than standard Monte Carlo. However, the method requires a good L?-convergence
rate for the approximations which is often not easy to achieve for discontinuous functionals,
see [6, 14].

In this article we are interested to compute
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for general, e.g. discontinuous, payoff functionals f : [0,00) — R by means of multilevel Monte
Carlo methods. For this, we will prove that under certain assumptions such an expected payoff
can be written as

F
Ef(ST):E’<(ST)-H> (1.1)
St
where F': [0,00) — R is an antiderivative of f and

T 1

1
V1-— ,02T 0o VUr
Thus even for discontinuous f the expectation on right hand side of (1.1) contains a continuous
functional of the price as well as a weight term independent of the functional. The proof of

this representation formula relies on a Malliavin integration by parts technique. Moreover, we
will show that this approach can be easily extended to multidimensional Heston models.

I dw? (1.2)

Based on the representation formula (1.1), which smoothes the original payoff functional,
we will then construct a multilevel estimator for p = Ef(S7) that uses a log-Euler method
for the Heston price, an Euler method for the Malliavin weight, and a drift-implicit Lamperti-
Euler method for the volatility (see e.g. [2, 9]). The latter method preserves the strict
positivity for the volatility, which is crucial for the discretization of the Malliavin weight
(1.2). Combined with a payoff-splitting to reduce the variance of the Malliavin weight, this
estimator outperforms the direct multilevel Monte Carlo estimator for £ f(S7) in our numer-
ical experiments. We strongly suppose that this a general feature of the presented Malliavin
integration by parts multilevel estimator and a complete error analysis will be carried out in
a forthcoming project to justify this conjecture.

The remainder of this manuscript is structured as follows: In the following three sections
we derive the required Malliavin regularity of the CIR- and CEV-processes and also of the
Heston price. Note that we could treat the CIR- and CEV-process simultaneously (using the
notation v € [1/2,1)), but in our opinion this would be less accessible to the reader. The
proofs for the CEV-process follow the same ideas as for the CIR-process, so in the analysis
of the CEV-process (which is a bit more technical) we only outline the differences. Formula
(1.1) is estalished in Section 5, while Section 6 studies the multidimensional case. Finally, in
Section 7 we present the used multilevel Monte Carlo method, while Section 8 contains our
numerical results. The appendix lists some required results from Malliavin calculus and other
stochastic analysis tools.

2. The CIR-process. The first volatility process considered in this paper is the well known
Cox-Ingersoll-Ross (CIR) process defined by the SDE

dvy = k(A — ve)dt + 0\/ve dWr, vg > 0 (2.1)

for k,\,0 > 0. A theorem of Yamada and Watanabe (see [22, Prop. 5.2.13]) implies that
this SDE possesses a unique strong solution. We will always work under the so called Feller
condition for the CIR-process:

Assumption 2.1.
26\ > 0>



It turns out that this assumption is necessary for our mathematical analysis and often met
in stock markets, see e.g. [10, 27, 1]. This condition in particular guarantees that

P(v; >0 Vt €[0,T]) =

for all T' > 0, see e.g. [21, Lemma 2.2], and the existence of inverse moments up to a certain
order:

Lemma 2.2. Assume that 26\ > ph? for some p € R. Then

sup E(v,?) < o0
te[0,7

Proof. This follows from [19, Thm. 3.1]. See also [9]. W
Moreover, all moments of the maximum of the CIR-process exist:

Lemma 2.3. We have E supyc(o v < oo forallp > 1.
Proof. See Lemma 3.2 in [9]. A

For a major part of this article we will consider the square root of the volatility, which we
denote o; := /v, instead of the volatility itself. The Ito formula shows that oy follows the

SDE ,
doy = ((”; - 98> L ”at> at + Zaw, (2.2)

The constant diffusion term is no surprise because the square root is up to the factor 2/6
the Lamperti transformation of the CIR-process. In the following we set Cy := k\/2 — 62/8,
which is positive by (2.1).

2.1. Approximation of the square root CIR-process. To prove that o; and vy are Malli-
avin differentiable, we will follow an article of Alos and Ewald [4] and approximate oy by a
process whose SDE has Lipschitz coefficients. This allows us to use standard results from
Malliavin calculus. Because we later want to show the differentiability of 1/0, and S; we
cannot use the results of [4] directly and have to choose a different function f. than Alos and
Ewald.

For each € > 0 let f. be a function that satisfies:

(i) f. € C(R;Rsq) with bounded derivative,

(ii) fo(z) =1 forallz > ¢,

(iii) f:is monotomcally decreasing,
(iv) fe(x ) <= for all z € Ry,

(v) |fi(z _— ’( )‘forallx€R>o.
Now define a process o; by the SDE

dos = (Cgfe(af) — af) dt + gth, a5 = /0o (2.3)

K
2
Because the coefficients satisfy the usual Lipschitz and linear growth conditions this SDE has
a unique strong solution.



Proposition 2.4. For almost all w € Q we have 0§ (w) = or(w) for all t € [0,T] and all
0 <e <eo(w) := infyeo ) or(w). In particular

sup |of —o — 0
t€[0,T]

holds almost surely for e — 0.

Proof. Comparing the SDEs in integral form yields for all € > 0 and almost all w € Q) that

0 () — oy(w)| < /O c,

fe(oz (W) —

1 1 E
o (w) ‘ d”/o 5 lor(w) —or(w)ldr,  te[0,T]

Fiz an w such that the path o.(w) is positive. Then for 0 < & < eo(w) the functions f. and
g : Rog — Ry, g(x) = 1/x coincide on the path o.(w), i.e. fo(o¢(w)) = g(ow(w)) for all
t € [0,T). Thus we have

¢ K
05 (W) — op(w)] < /0 <CgL€ + 5) 05 (w) — or(w)|d7,  te[0,T],

where L is a Lipschitz constant for f.. By Gronwall’s lemma it follows that oy(w) = of(w)
forallt €[0,7]. W

Note that the last proposition does not imply that ¢ has almost surely positive paths. In
fact, when o falls below &, the approximation ¢¢ might fall below 0, too.

Lemma 2.5. Let u; be an Ornstein-Uhlenbeck process given by the SDE
K 0
duy = fgutdt + Qth’ uy = 0p (2.4)

Then P(u; < of <oy Vt€[0,T]) = 1.

Proof. (This follows the proof of [4, Prop. 2.1], but with f. instead of A..)

(1) We first show ui(w) < of(w) uniformly in t and for almost all w. The diffusion
coefficients of (2.3) and (2.4) are the same while the drift coefficient of u; is smaller than the
one of of. By the Yamada-Watanabe comparison lemma (see Theorem 9.1 in the Appendiz)
we have P(uy < of Vte€[0,T]) =1.

(2) The comparison lemma cannot be used to prove the second inequality since the drift
term in the SDE for o is not continuous on R. But because o > 0 it suffices to show the
inequality vi := (05)? < 02 = v;. The SDE for v{ is

2
dv; = <2C’U\/vt‘5fg(\/vf) — KUy + i) dt + 0+/vidW4, Vg = Vo (2.5)

Now the drift and diffusion terms are continuous on R (set \/x = 0 for x < 0 to define
the drift and diffusion coefficients on R<g) and we can apply the comparison lemma after we
have verified its remaining conditions. Condition (ii) of the comparison lemma can be fulfilled
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choosing h(zx) = 0\/x because of \/|x —y| > |\/x — \/y| for all x,y > 0. Since we assumed
fe(z) < 1/x for all x > 0 and thus f-(v/x)v/x <1, condition (iv) follows from

2

/MZQ:é </<a)\—i2> (\/:E-fg(\/%))gm—%

2

icg(ﬁ-fa(ﬁ))—mx—l—%gﬂ()\—x)

For the final condition (v) it suffices if only one of the drift coefficients is Lipschitz-continuous,
which R 3 z — k(A —x) € R clearly is. B
Proposition 2.6. For each p > 1 we have supyco py lof — o] — 0 in LP.

Proof. From the previous lemma we obtain

sup |of — oy < sup |op —w| < sup |oy| + sup |w
t€[0,T7] t€[0,T] te[0,T] te[0,T7]

We have supyc(o 1) 0t € LP by Lemma 2.5 and it is a standard application of Doob’s martingale
inequality that an Ornstein-Uhlenbeck process uy satisfies supyejo 1) lut| € LP. Thus the claim
follows from Proposition 2.4 using dominated convergence. B

2.2. Malliavin differentiability of the CIR-process. Because the volatility depends on
only one Brownian motion, we will use one-dimensional Malliavin calculus in this section.
The underlying Hilbert space is thus given by H = L2([0, T]).

Proposition 2.7. We have o € D% and

. 0 Lok P 0
D,o; = 3 exp (—5 + Cgfs(as)> ds | - Loy (r) < B (2.6)
T

Proof. The claim of € DV and the form of the derivative follow from Theorem 9./. Note
that we can only apply this result because the coefficients of the SDE for o° are differentiable
with bounded derivatives on the whole of R. The 6/2-bound is clear because fL(x) <0 (this is
not true for the corresponding function Ac in [/]). B

Proposition 2.8. We have o; € DV and the derivative is given by
0 t kK Cy 0
Dro=gow ([ (-5 55) 1) toatr) <5 &0

Additionally the following uniform convergence holds true almost surely and in LP for all
p=>1:

sup |Dyo; — Dyo| — 0
r,t€[0,T]

0 /t K
Upg = = - €X - —
r,t 92 p i, 9

as e — 0.
Proof. Set

cnqw‘ 9

R



From Proposition 2.4 we know that for almost all w € Q we have eo(w) := inf (o 1) 0s(w) > 0
and o5(w) = os(w) for all 0 < & < go(w) and s € [0,T]. Hence comparing the integrals in
(2.6) and (2.7) and using the definition of f. we have

D,of(w) = vyr4(w)
forrt € [0,T] and all 0 < £ < gg(w). Since € does not depend on r,t € [0,T] this shows

sup |Dyof —vri| =0 a.s.
r,te[0,T)

as € = 0 and the LP(Q)-convergence follows by dominated convergence. Hence D.o§ — v.; in
LP(QY; H) and this implies D.oy = v.; due to the closedness of the Malliavin derivative. B

Theorem 2.9. The Heston volatility v; is in DV and has the derivative

Dyvy = 201 - Dy(0y) = 0 - exp (/t <—’; _ C") ds) T Lo (r) (2.8)

Proof. This follows from the Malliavin chain rule Theorem 9.2. B

Our quadrature rule will contain the inverse of the square root volatility. As a preparation
we prove now its differentiability.

Proposition 2.10. The inverse square root volatility oy ' is in D2 with derivative Dyo; ' =
—at_z - D,oy.

Proof. Fizt € [0,T). By the chain rule Theorem 9.2 we have f-(oy) € D2 with derivative
fl(ot) - Dyoy. This converges almost surely to —l/at2 - D,o; and its absolute value is bounded
by g 1/a? (see (2.7)) which is in LP(S) due to Lemma 2.2. This implies 1/oy € DY2 and the
given form of the derivative. B

3. The CEV-process. In this section we will prove the same results as in the previous
one for a new volatility process which differs from the CIR-process only in the exponent of
the diffusion term. For v € (1/2,1) and &, A, 6 > 0 define vt(v) by the SDE

do{” = k(A —v)dt + 6(v(") dW; (3.1)

Again [22, Prop. 5.2.13] guarantees the existence of a strong solution. In the literature this
process is denoted as mean-reverting constant elasticity of variance process (CEV), see e.g.
[21, 24]. In the following, we will usually omit the index + on each process.

In contrast to the CIR-process we do not need further restrictions on the parameters to
ensure that v; remains positive, i.e. we have

P(v >0 Vte[0,T]) =1

for all T' > 0, see [5, Prop. 2.1]. Also its moments of any order exist:

Lemma 3.1. Let p > 0. Then

E sup v} <
t€[0,T)



and
sup E(v,?) < o0
te[0,7

Proof. See Lemma 2.1 in [7]. A

As for the CIR-process we will use a scaled Lamperti’s transformation to replace the SDE
by one Wlth a constant diffusion coefficient. In this case the transformation takes the form
op 1= vt 7 and leads to the SDE

. 92
doy = (1—7) (mAat T koy — ’720t—1> dt + 6(1 — ~v)dW; (3.2)
Now set )
o 0
f(x) == r\z 5 — %xil
so that
doy = (1 —7) (f(or) — koy) dt 4+ (1 — v)dW,
Note that

sup f(z) =o0 and  sup f(z) =0,

2\,0 T—00

so there exists a C'y > 0 with

Finally, since

we have

3.1. Approximation of the CEV-volatility. Again we will modify (3.2), replace f by a
(C*°-function and approximate ¢ by the solution of this modified SDE. For each £ > 0 choose
a function f. with

() fe € C*°(R;R) with bounded derivative,

i) f. = f on [¢,00),

iii) fe is monotonically decreasing on (—oo, 0],
iv) .(z) < f(x) for z € Roo,

) f1(x) < 7/(z) for all z € Ro,

(vi) fe(x) > —Cyx for all x € Ryo.

Now define of by the modified SDE

do§ = (1= 3)(f:(07) — rof)dt + 6(1 — 7)dTs, o5 = o (3.3)



Proposition 3.2. For almost all w €  we have 0§ (w) = o4(w) for allt € [0,T] and 0 < e <
eo(w) := infyejo,m or(w). In particular we have

sup |of —o =0
t€[0,T]

almost surely for e — 0.
Proof. This can be shown completely analogously to Proposition 2.4. B
Lemma 3.3. Let u; be the solution of the SDE

duy = —(1 =) (Cy + K)uydt + (1 —7)dWy,  ug = o (3.4)

Then P(u; < o7 <op YVt €[0,T]) =1 for alle > 0.

Proof. (1) We first show us < of. The diffusion coefficients of (3.3) and (3.4) are the
same while the drift coefficient of u; is smaller than that of of. So Theorem 9.1 gives P(u; <
of Ytel0,T]) =1.

(2) The comparison lemma cannot be used to prove of < oy directly because the drift
term in the SDE for o, is not continuous on R. But because o, > 0 it suffices to show the
corresponding inequality after the back transformation v == (o5)/(1-7) < atl/(l_w = . The
SDE for vi is

— IS 02 151 - € €
dof = |V fo(0))' ) = v o+ - )7 A+ 0 AW =0 (35)

Now the drift and diffusion terms are continuous on R, if we set z* =0 for o € (0,1) and z <
0, and it remains to verify the conditions (ii)-(v) of the comparison lemma. Condition (i) can
be fulfilled choosing h(x) = 6 -7 since this function is concave and satisfies fOE r~dr = 0.
For condition (iv) note that the drift coefficient of v is

2
0% 271

e 2V fo(2') — kx + 5

for x > 0, while for x <0 it is
T —KX

Due to assumption (iv) for f. we have

62 62
27 fo(z! ) + 779527‘1 <aVf(a'7) + 773327_1 = KA

for x > 0, while for x < 0 we clearly have —kx < k(A — x). For the final condition (v) it
suffices that the drift coefficient of vy is Lipschitz-continuous. B

The following Proposition can be shown again identically as its analogon for the square
root CIR-process.

Proposition 3.4. For each p > 1 we have supycpoq |of — o¢| = 0 in LP as e — 0.



3.2. Differentiability of the CEV-volatility. As in Proposition 2.7 we use Theorem 9.4 to
obtain of € D> and to compute the derivative as

Dyof =0(1—7) - exp (/:(1 — ) (fi(o5) — &) dS) “Ljo,9(r)

Note that this derivative is not necessarily bounded by 6(1—+) as it was with the CIR-process.
However, it is bounded by (1 — ) - exp (T(1 — ) - sup,er_, f'(2)) because fl(z) < f'(x) for
x>0 and fl(x) <0 for  <0. Using this bound and the previous approximation results one
can prove the following proposition exactly as Proposition 2.8.

Proposition 3.5. We have o; € DV and the derivative is given by

Dot =001 =) e [ (1= 2)((02) = r)as) - 100 (3.6)

Additionally the following uniform convergence holds true almost surely and in LP for all
p=1:

sup |Dyo; — Dyo| — 0
rt€[0,T

as e — 0.
The chain rule Theorem 9.2 shows:

Theorem 3.6. The volatility process v; is in DY and has the derivative

0

(O't) 1= . Do (37)

Dyvy = 11—~

t KNy 0%2~4(1 —~
= 6v] - exp (/ (— " + 0l 0(2(1_7)) —k(l—7)|ds]- Lo (r)
T s s

Later on we need:

Proposition 3.7. The inverse square root volatility 1/\/v; is in DY2 with derivative

1 1 —34
D |—)=———v,2""-D
" <f) 2(1—7) " rot

Proof. By the chain rule Theorem 9.2 we have \/f-(v;) € DY2 with
ey L fi(w) 1 filo) 25
Dr( f(vt)):*' = - Dyvp = - £ sl - Dyoy
] 2 Vfe(w) 20=7) V)

where fe is the approximation of Rsg > = +— 1/x € Rsqg from Section 2. By dominated

convergence +/ fe(ve) = 1/y/v¢ in LP(2) and

1 _ e
D, (\/ fe(vr)) — T Y, 3/2 o} - Doy

in LP(Q; H). Because the Malliavin derivative is a closed operator, the last term must be the
derivative D,(1/\/vy). W
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4. The Price Process. This section deals with the price process S; given by
dS; = bSydt + /v:S;d By (4.1)

Here v is either the CIR- or the CEV-process and By = p - th ++/1—p?- I/Vt2 is a Brownian
motion composed of two indepedent Brownian motions, with W' being the Brownian motion
driving v;. To calculate the derivative of the price we will concentrate on the log-price X; :=
In S;. 1t6’s formula shows that X; can be given explicitly in terms of the volatility:

1

We will again use an approximation by an SDE with Lipschitz coefficients. For ¢ > 0 let .
be a function such that

(i) - : R — R is bounded and continuously differentiable,
(ii) |¢e(z)| < |z| for all z € R,

(iii) ¥<(x) =z on [0,1/¢],
(iv) |¢l(z)] <1 for all z € R.

Denote by ¢¢ the approximation to the transformed volatility o; = vtl ~7 of Section 2 (with
v =1/2) or Section 3. To obtain the derivative we define X by

t 1 1 t
X =Xo+ [ <b‘2wév<a§>> ds+ [ 6 (oh)aB,
0 0

Lemma 4.1. For each p,q > 1 we have

E sup |of — ¢2(of)F =0
te[0,T]

as well as
E sup |of —¢2(o7) - ¢L(o7)|" =0
t€[0,T]

Proof. By Propositions 2.4 and 3.2 for almost all w there exists an eo(w) > 0 such that
e < op(w) =0f(w) <1/e forallt € [0,T] and 0 < € < g9(w). For such w and € we have

sup |of (w) — Yd(of(w))| = sup |of(w) — Yi(of(w)) - YL(of(w))] =0
te[0,T] te[0,T]

Also, both suprema are bounded by 2 supc(o 1) |o¢|?. Since this is LP-integrable, the assertion
follows by dominated convergence. M

Proposition 4.2. We have supyc ) | X7 — Xt| — 0 in LP for all p > 1.

Proof. From the SDEs we obtain the following inequality for some constant ¢ > 0:

/t (af - ?v(ag))ds
0

t 1 1
/ <0827<1—w> _ 2D (ai))st
0

P
E sup | X —XiP <c-E sup
te[0,T] t€[0,T]

p

+c-FE sup
te[0,7
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The first term converges to zero by the previous lemma. For the second iterm we use the
Burkholder-Davis-Gundy inequality as well as |x — y|? < |22 — 42| for x,y > 0: There is a

constant ¢ such that
P T p/2
<c¢-F </ ds)
0

t 1 1
/ (Uﬁu—w) _ 20 (ai))st
0

which converges to zero again by the previous lemma. B
Theorem 4.3. The log-price X; is in DP for all p > 1 and its derivative is given by

1 1

E sup os 7 =7 (0F)

te[0,7)

1 ¢ 1 b ol
D%Xt:p\/a_Q(l—’y)/O\ 0'51 ’YDTUSdS—i_Q(l—’)/)./O 052(1 & DTO'SdBS
D2X; = /1 — p2\ /v,

forr <t and D}X; = D?>X; = 0 else. Moreover for eachr € [0,T] and i € {1,2} the uniform

convergence ‘ '
sup |D; Xy — D X;| —0
t€[0,T

holds in LP(€2).

Proof. Because the system of SDEs for X; and o; has globally Lipschitz coefficients, we
can use Theorem 9./ to calculate the derivatives: For r <t we have

DIXE = oI T (07) = gt [0 Rtukion) Dl
e /W”) (750405 DSt dB,
Mﬁ=¢bﬂ%”Wﬁ

The second derivative and the first term of the first one converge to p\/v, and \/1 — p%\/v,,
respectively, using Lemma 4.1. Now consider the second term of the first derivative:

[ (47 @t(opios — 0T Dl )

sup
t€[0,7]
L
<T- sup (57 (09)0L(0%) — ol 7| - sup [Dlos
s€[0,T7] s€[0,T
Jiie
+T- sup |os 7| sup ‘Diai—Dias‘
s€[0,T] s€[0,7)

This converges to 0 in LP(2) using Lemma 4.1, Lemma 2.2/3.1 and Proposition 2.8/3.5. Con-
vergence of the third term of the first derivative can be shown analogously, using additionally
the Burkholder-Davis-Gundy inequality. B

It is well known that in the generalized Heston model moment explosions may appear, see
e.g. [5]. For the existence of the moments for all 7' > 0, one has the following result (see [12]):
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Theorem 4.4. Let u € [1,00) and define
T*(u) =inf{t > 0: ES} = oo}
(1) For the Heston model with the CIR-process (v = %) as volatility process we have

u—1 K

T*(u) = < -
(W =coeps U Ou

(2) For the Heston model with the CEV-process (v € (3,1)) as volatility process we have

Based on the following result one can check the Malliavin smoothness of S;:
Theorem 4.5. Assume Sy € LPT¢(Q) for some p > 1 and € > 0. Then the Heston price Sy
is in DYP and its derivative is DSy = Sy - DX;.

Proof. Because X; € DV we have S; - DXy € LP(Q; H). Now the claim follows directly
from the chain rule Theorem 9.2. B

5. Quadrature. Now we can turn to the derivation of our quadrature formula. We will
make the following assumption on the payoff function f:

Assumption 5.1. Assume that f: R>9 — R is a measurable function bounded by a polyno-
mial p and that F': R>g — R is an antiderivative of f given by F(z) = fo‘r f(z)dz. Furthermore
assume that there is an & > 0 such that Sp € [™ax{2; degp}+te

The following Lemma is a final technical preparation.

Lemma 5.2. For all p > 0 we have

T 1 p
E / ds> < 00
( 0 Vs
Proof. If v is the CIR-process this is [9, Lemma 8.1]. In the CEV-case the claim follows
from Lemma 3.1. A

Theorem 5.3. If Assumption 5.1 holds true and if in the case v = 1/2 Assumption 2.1 is
satisfied, then we have

Y B U S L G
E(f(ST))—E< Sr (1+ 1—p2T Jo \/@dWT>>

Proof. (1) First assume that f is bounded and that there exists an e > 0 such that f(z) =0
for all x < 3e. Moreover, let ¥ = ¥ be a function such that

(1) ¥: Rsog — Rxq is continuously differentiable,

(i1) Y(x) =1 for x > 2e,
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(ii) Y(x) =0 for x <e.
Under our assumptions Theorem 9.2 together with Theorem 9.3 prove that F(St) belongs

to DY2 with derivative DF(St) = f(St) - DSt. Thus

Now we can use the integration by parts rule of Malliavin calculus and Theorems 4.3 and 4.5

QR D)
(F(5T>- 11_p2 ¥ (wf,fTT) . %))

where the Skorohod integral integrates over v and with respect to W2. In order to calculate
this integral, we use Proposition 1.3.3 from [26], whose prerequisites we will check now (see
Lemma 9.5 in the appendiz of this manuscript):
(i) Due to our assumptions we have Sy € DY2. Since R>o >z — wi) € R s bounded
with bounded first derivative, the chain rule implies that %TT) e D2,
(ii) Proposition 2.10 or 3.7 and the discussion of LY? in [26, p. 42] imply that 1/\/v. €
dom §.
(iii) Y(St)/(Sr\/v-) € L*(S; H): Here we have

71
E e 2. E —
/ <STW> = </0 Uy dr) =
by Lemma 5.2.

(iv) ¥ (ST)/St - 5(1/3/v) € L3(Q) follows similarly using the Ito-isometry because the Sko-
rohod integral equals fOT 1/\/or AW2.

Since moreover

) 7w, ) e ),
V=2 (Vv = ) - Vi 2 (M )

=V1-pT- (W(ST) - 1/1(5;)) :

to obtain

E(f(Sr)) =

H\H 'ﬂ\'ﬂ
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which is square-integrable by our assumptions, we have
W) 1\ _w(Sr) [T 1 o : Y(St)
0 . = . dW? — /1 — p?T - Sr) — ———=
< ST \/’lT ST 0 \/E T p 1/} ( T) ST
Hence we have shown that

T
E(f(ST»:E(F(sT)- il | \/%dm?)

- (Fsn)- (wisn - 50
T
But since F(x) =0 for x < 3¢ and (x) =1 for x > 2 we have

FisnUgr) = E30 — pis) - (Y90 - (o)

and the assertion follows.
(2) Now let f be bounded. Then there exists functions f, such that |fn(z)| < |f(x)| for
x € R>g, fu(z) =0 forz < 1/n and f, — f Lebesque-almost everywhere. From (1) we have
E,(S
B(fu(sr)) = £ (220 1)

T
where Fy(x) := [ fa(2)dz and the weight

T
M:i=1+(v/1— pZT)—l/ Vs w2
0

is in LY(QY) for all ¢ > 0 by the Burkholder-Davis-Gundy inequality and Lemma 5.2. Since
fn — f almost everywhere and |f,| < |f|, we have F,, — F almost everywhere due to domi-
nated convergence. Moreover, sup,cg.  |Fn(z)/x| is uniformly bounded in n € N.

Using that St is absolute continuous with respect to the Lebesque measure by Theorem 9.3
we have by dominated convergence

E(f(Sr)) = lim E(fa(Sr)) = lim B <F"$T) 'H> - <F§T) 'H)

(3) Now consider the general case. Choose bounded functions f, such that |f,| < |f|
and fn — f almost everywhere. Define F,,(z) := [y fu(2)dz and P(z) := [ p(z)dz. Then
F, — F almost everywhere due to dominated convergence. By our assumptions we have
|fn(ST)| < |f(ST)| < |p(ST)| € LY(Q) and, because P(x)/x is a polynomial of degree deg p,
F.(S7) F(St) P(Sr)

St St St
Since the weight 11 is in LY(Q2) for all ¢ > 0 we obtain
F(S7)

St

Again the assertion follows by dominated convergence. B

c Ll—i—a/ degp(Q)

S ‘

é ‘

e LY(Q)
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6. Multidimensional Heston Models. In this section we will extend our quadrature for-
mula of Theorem 5.3 to functionals in the multidimensional Heston model, i.e. to (S%,v%),
1=1,...,d, given by the SDEs

ng _ (b S Var+ Vi 0 de. (6.1)
do} 0 Ki(A —)) 0 0;(v})vi ) \dW¢

with b; € R, ki, A\i,0; > 0 and v; € [1/2,1) for i = 1,...,d. Here B, W', i = 1,...,d, are
(possibly) correlated Brownian motions.
It remains to specify the covariance matrix of (B, W), i.e.

S(BW) _ (<EB{B{)i7j1,...,d (EB%Wf')i,jl,...,d)

-----

Assumption 6.1.
(a) Assume 2";—5)‘1 >1orvy >1/2 foralli=1,...,d.
(b) Assume that XBW) s positive definite.
Under assumption (b), we can find an upper 2d x 2d-triangular matrix R with positive
values on the diagonal such that
B
Z:=R!
(w)

is a standard 2d-dimensional Brownian motion, i.e. the components of Z are independent
Brownian motions. For this define the linear transformation

g: R¥2d _y R2d:2d. 9(A)ij = Agqr1—i 2d+1—j> i,j=1,...,2d

Then g(¥) := g(XBW)) is the covariance matrix of (W,,, ..., Wi, Bp,...,B1), and let LLT =
g(X) be its Cholesky decomposition. Then R = g(L) is an upper triangular matrix and fulfills
RRT = ©2(BW),

Lemma 6.2. Let Z be defined as above and Sie L**¢ i=1,...,d. The Brownian motion
Z' is independent of (Sg)tE[O,T] if and only if 7 # 1. Using the partial Malliavin derivative

D% defined in the appendix we have in particular

. . 1, | —
DTZIX,? _ Ri1 - y/vp - 1o g(7) J 1 (6.2)
0 j#1
and
. SRy -+/ul-1 =1
DTZng _ t 11 Uy [0,¢] (T’) ] (63)
0 j#1

Proof. By construction we have that Z' and B?, W', j = 2,...,d,i = 1,...,d, are inde-
pendent, which implies the first claim.
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These independence relations allow us to easily calculate Malliavin derivatives with respect
to Z' (see the appendiz for this type of derivative).

2d
1 1
DTZ Bt1 = g Ry - DTZ Ztk = Ri1 - 1jgq(r)
k=1

Similarly we obtain
D7 (BIy=0 forj+#1
DX (Wi =0 fori=1,....d

Now we can easiliy calculate the derivatives of the price processes. B

An application of Theorem 4.5 and Theorem 9.3 shows that for fixed i = 1,...,d the
Heston price S} is absolute continuous with respect to the Lebesgue measure if S} € L*¢(Q).
For our multidimensional quadrature formula we also need the existence of a joint density.

Theorem 6.3. Lett € [0,T] and S{ € L*>™5(Q2), i = 1,...,d. Then the law of the random
vector Sy is absolutely continuous with respect to the Lebesque measure on RY.

Proof. It suffices to prove that the law of X is absolutely continuous. This assertion
follows from [26, Lemma 2.1.1], if we can show that

1
[E@ip(Xe))l < e 5 - llell
for all p € C{,’O(Rd;R) and each i =1,...,d for some constant ¢ > 0.

Case 1: i = 1. Applying the standard chain rule (o is differentiable) and writing D* for DZ'
and 8* for 521, we have

[E(O10(Xy))] =

@L\H S

By (6.2) we have (D!X})™t = (Ry10)™1. As seen in the proof of Theorem 5.3, this
is in the domain of 6% and thus we can apply the integration by parts rule.

J# (sea-# (o))
ot (o)

Case 2: i # 1. This can be shown analogously to the first case by using a reordering of the
Brownian motions so that B* is the first one.

SN

< - lleplleo -

Now we will extend the quadrature formula to the multidimensional setting. For notational
convenience we restrict ourselves to the smoothing of the first component.
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Assumption 6.4. Assume that f: (R>9)" — R is a measurable function, which is almost
everywhere continuous and is bounded by a polynomial p. Furthermore let F': (R>9)™ — R be
given by F(x) = 0501 f(& xa, ..., xn)dE for all x € (R>0)™. Finally assume that there is an
e > 0 such that Sk € L% degptte for qll j=1,...,d.

Theorem 6.5. If Assumptions 6.1 and 6.4 hold true, we have

[ F(S7) 1 T
R = (R ).

Proof. First assume again that f is bounded and that there exists an € > 0 such that
f(x) =0 for all |x| < 3e. Moreover, let 1 = 1. be again the smooth localizing function with
P(x) =0 for x < e and P(x) = 0 for x > 2e from the proof of Theorem 5.3. By Lemma 6.2
the first Brownian motion Z' is independent of all price processes but the first. To simplify
notation we will write D for the partial derivative DZ" and § for 62", The previous theorem
allows us to apply the chain rule Proposition 9.6 to F'(St). Using the integration by parts rule
of Malliavin calculus and formula (6.3) we obtain

E(/Tf(ST)-DTS}-l;ydr>
(/D (S7) w(i1>d)

1 P(SE) 1
(<ST> (S% W))

where the Skorohod integral integrates over r. To compute the Skorohod integral we can use
the same proof as in Theorem 5.3 but using DZ" instead of D? and

Y(SH\ (Y (St ¥(St)
p(Yg) = (Y - o

E(f(57)) =

ﬂ\l—‘ Nl = H\H N[ =

)) - ps}

The extension to general f is exactly the same as in Theorem 5.5. A

In the case of a so called basket option

d
£(Sr) =g (z al-s;>
i=1

with g: Rsg — R and a; >0, i = 1,...,d, the function F: (R>¢)? — R is given by

-2 o) ()
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with an arbitrary antiderivative G of g. For options of the form
f(Sr) = g(ST)M(ST, -, S¢)
with h: (R>0)4"! — R we get
F(z) = G(z1)h(2?, ..., 2%

for G(z fo ¢)d¢. Turning to log-coordinates again, i.e. X% = log(Sh), we have the
followmg smoothness result:

Proposition 6.6. If f: (R>0)? — R is bounded by C > 0, then

G:R—R G(z) ::eil./oe F(€, za, ... 2q)dE

is bounded by C' and globally Lipschitz-continuous.
Proof. Clearly G(z) < e=*1Ce® = C. For z,y € (R>0)? with x1 < y1 we have

1 eyl
@yl'/exl f(g,xz,...,xd)dg—l-(eyl—em) / f(& xa, ..., xqg)d

eﬁ(eyl _ 6961) + (eyl _ erl)em

|G(e) = G(e™)] =

<

erieyt
—20(1 - i)
<201-(1+z1 —y1))
=2C(y1 — x1)

7. Multilevel Monte Carlo. Multilevel Monte Carlo is a powerful method for variance
reduction introduced by S. Heinrich [17] for parametric integration and by M. Giles [13] for
the quadrature of SDEs.

Assume we want to compute

p=Ef(Sr),

where f : (R>g)? — R and Sr is given by the d-dimensional generalized Heston model (6.1).
While in the one-dimensional case PDE methods, see e.g. [20], or FFT methods [8] can be
applied, one has to rely on Monte Carlo methods in higherdimensional settings. The standard

Monte Carlo approach uses a simulatable approximation S;h) of St based on a discretization
of the driving Brownian motions with stepsize h and an average of N independent copies of

S(Th) to estimate p, i.e.
N
S PC

The multilevel Monte Carlo method instead relies on approximations Sgphl) to S with
different stepsizes hy = M~'T, 1 = 0,...,L, with M € N, M > 2. TIts idea is to use the
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telescoping sum

L
Bf(SI™) = BA(SP) + 3B (£(5) - £(57)

=1

to estimate the expectations on the right hand side using independent standard Monte Carlo

estimators

No
N 1 ;
Ef(S;ho)) ~ Py = o 2 f(S:(FhO)’( ))’
=1

N,
~ 1 i _1),(@
Ef(Sé—vhl)) %-Pl — Nl 2 <f(S§—‘hl)v( )) _f(ngﬂhl 1)s( )))7 | = 17“"L7
=1

and to balance the variance and the computational cost of the summands, i.e. the number of
random variables, arithmetic operations and function evaluations, in an optimal way. Here

the Sého)’(i) are independent copies of S}ho) and the (Sgphl)’(i), Sg,,hl_l)’(i)) are independent copies
of (S(Thl) Séﬂhl’l)), which use the same sample paths of the Brownian motion. The multilevel

?

Monte Carlo estimator of the quantity p is then given by

where the estimators ]31, [=0,...,L, of the different levels have to be independent.
Based on estimates for the weak error

|EF(SY) = p| < co-h®

and the strong error
h 2
B|f(SP) = f(S1)|* < c5 - h?

with ¢4, cg,a, 8 > 0, the number of levels L and the number of repetitions IV;, [ = 1,...

can be chosen such that the mean square error satisfies
Elp— P|? < ¢?
with
g2 if g>1
computational cost < ¢, 54 (log(e))?e™> if =1
1-8 .
e if <1

7L7

for a given accuracy € > 0. Here the constant c, g depends only on «, 3, ¢4, cg. In particular,
the multilevel Monte Carlo estimator outperforms the standard estimator for moderate and

high accuracies € > 0.

The above multilevel estimator has two drawbacks if applied to the generalized Heston
model with general payoffs. It relies on good strong convergence properties, i.e. § > 1,
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and also on the knowledge of ¢4, cg,a and . However for discontinuous functionals f the
strong convergence rates of approximations schemes deteriorate: In [6, 14] it is shown that a
discontinuity leads to a halving of the strong convergence rate of the approximation scheme.
Also, sharp weak convergence rates for the generalized Heston model have not been established
so far up to the best of our knowledge.

Our integration by parts result, i.e. Theorem 6.5, circumvents one of theses problem. Here
we have shown that

T
T (F(;;T) , (1 ) RlllT, 0 \;EdZTl)) (7.1)

and for several types of functionals f, the arising functional

F
(RiO)BmHﬂéR
)

is locally or globally Lipschitz, see Section 6. Clearly, in the globally Lipschitz case the strong
convergence rate of the approximation scheme for St is retained when applied to F(S7)/Sk.

Concerning the problem of knowing cq, cg, & and 3, M. Giles presented in [13] a heuristic
algorithm, which chooses the N;’s adaptively and can be used without knowledge of c., cg, o
and [, see Algorithm 1.

Input: error tolerance e, initial samples N;,;
Output: estimation for E(f(Sr))

1 L:=0

2 Generate N, = N;,; samples for level L

3 Estimate the variance Vi, from these samples

L
4 Compute N; for [ =0,..., L using the formula N; := {2 . 6_2\/‘/2hl (Z \/V}/hl>—‘
=0

5 If an IV} surpasses the number of samples generated on level [ so far, generate
additional samples

6 For [ =0,...,L set 131 to the mean of the samples on level [

~ ~ 1
7 if L > 2 and the convergence condition max {M_llPL_ll, \PL\} < E(M — 1)e holds

L
8 then return Z P
=0
9 else L := L + 1 and goto step 2

Algorithm 1: Adaptive Multilevel Monte Carlo

We will use this algorithm with M = 2 and N;,; = 500.
Before we can finally apply this adaptive multilevel estimator together with a suitable
approximation scheme for

F(Sr) 1 C | .
E A1+ . dz!
( S%v ( RllT 0 A /’Ué
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we need to take care of the fact that the variance of the weight
1 T
RiuT Jo /vl

is typically very high, because it contains the inverse of the typically low volatility. When
applied directly, our multilevel estimator would benefit from the smoothing of the func-
tional only for very small error tolerances €. To solve this problem we split the payoff in
a Lipschitz continuous part g and a discontinuous part h with small support and apply the
quadrature formula only to the latter part. To be precise, given f = g + h and H with
H(xz) = 09:1 h(&, 2, ..., 24)dE, where f,g,h, H : (R>0)? — R, we apply the multilevel estima-
tor to the functional

M=1+ dz!

H(57)
St

8. Numerical Results. It remains to specify the numerical methods for the approximation
of the Heston prices and the weight II. As pointed out the diffusion coefficients of the volatility
processes do not satisfy the usual global Lipschitz assumption, so the standard theory for the
approximation of SDEs (see e.g. [23]) cannot be applied. However, recently ([2, 9, 3, 25]) it
has been shown that the discretization of the Lamperti-transformed volatility process with a
backward Euler-scheme leads to a positivity preserving scheme that also attains the standard
convergence rates from the global Lipschitz case.

So we consider the transformed volatility processes of = (v{)!™7 and price processes
X{ =log(S}), ie.

(3nf) = o=t e ) 2+ (3 0020 ()

_ i .02
fl(z) = K‘l)\z'x 1—72- _ %721;'_1

g(St) +

i (7.2)

with

Recall that the Brownian motions B, W' are given as (5/) = R - Z where Z is a 2d-

dimensional Brownian motion and R € R?"*2" is an invertible upper triangular matrix. Using
these notations we finally set

H(eXr, ... Xt
P =g, ... X+ (e T,X1 ,eT) 1 (8.1)
eT
with
1 1
m=1 . —dz! 8.2
+ RllT /0 O_g S ( )

As already mentioned, we discretize the transformed volatility processes with the backward
Euler scheme with step size A > 0, i.e.

Gy =0+ (L= %) (fi(6hi1) — Kibher) A
+ (1 =7)0i(Wiina — Wia), k=0,1...
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where 6% = 0. Under Assumption 6.1(a) this scheme is positivity-preserving, i.e.
PG>0, k=0,1,...)=1 (8.3)

Moreover, in the case v = 1/2 the above implicit equation has the explicit solution

~i o 0; i i ~io b i i V)2 2
o ot s (Whina = Wia) @+ FWhina = Wia))™ (s — %)A
Tht1 = 2+ K,Z'A + (2 —+ IQZ‘A)2 + 2+ IiiA ’

while in the general case it can be solved using standard zero-finding methods. We discretize
then the log-price X7 and the weight II using the Euler scheme, which yields

N-1 N-1
. , 1 v o .
Xy =log(Sp) + 0T = 5 > 61°A+ D 6k (Bl s — Bia)
k=0 k=0
and
1
=1+ —(Z} — 7!
BT kzo U;@A( (et 1)A — Zka)

where N € N with NA = T. Note that our approximation of II is well defined due to (8.3)
and that the results of [9, 3] imply the strong error estimate

2K\ : _
I<p< R if =3

Elxi - XV <K, VA :
( | T N’) - va o {1§p<oo else

with K,; > 0. Furthermore set Si := exp(X4), Yo = 324 | Si. and Yy = ¢ | St

As prototype examples for options with discontinuous payoffs we will consider digital op-
tions in the one-dimension (extended) Heston model as well as digital basket options in a
three-dimensional model. More precisely, we will consider the functional 1}y 4.5, and approx-
imate p = E(1g,4.5,](YT)) in the following models:

(a) One-dimensional Heston model. Here the parameters are taken from [1]:
T=2 b=0, k=5.07, A=0.0457, 6 =0.48, p = —0.767, vo = A, So = 100
Note that this choice of parameters ensures that S; € L?>T¢ for some ¢ > 0 due to
Theorem 4.4.
(b) One-dimensional extended Heston model. We use T' = 2, b = 0, and again parameters
from [1]:
k =4.1031, A = 0.0451, 8 = 0.8583, v = 0.6545, p = —0.760, vg = A, Sop = 100

The correlation is again sufficiently negative to ensure that Sy € L?*¢.



23

(¢) Three-dimensional Heston model. Again we set T = 2, by = by = by = 0. Here
the parameters are taken from [10]. However, we modified p1,p2 to avoid negative
correlations close to —1.

k1 = 1.0121, \; = 0.2874, 6; = 0.7627, p; = —0.7137, vj = 0.2723, S§ = 100,
Ko = 0.5217, Ay = 0.2038, 6y = 0.4611, py = —0.8322, v3 = 0.2536, S§ = 100,
k3 = 0.5764, A3 = 0.1211, 03 = 0.3736, p3 = —0.4835, v5 = 0.1539, S§ = 100

The different volatility processes are independent while the different price processes
are correlated according to the following correlation matrix

1 0.0246 0.0598
»S = [ 0.0246 1 0.6465
0.0598 0.6465 1

Again all prices belong to L?*.

(d) Three-dimensional extended Heston model. Because we did not find parameters for
this model in the literature, we took the same as in (c¢), but with v3 = 0.63, 2 = 0.68,
Y3 = 0.71.

Figures 1 show a comparison of the following three algorithms at different error tolerances
¢ in these models.
(i) Standard Monte Carlo (using [¢~2] iterations and a stepsize of [T/<])
(ii) Adaptivg Multilevel Monte Carlo using the discontinuous payoff directly, i.e. simulating
Ljo,a.50) (Y1)
(iii) Adaptive Multilevel Monte Carlo using the quadrature formula and payoff splitting.
For a § € (0,1) we use the splitting

1 r<(1-90)K
g(z)={ —%(x—K)+05 z€[(1-0)K,(1+0)K]
0 z>(1+0)K
and h = 1y gj—g, H(z) = [; h(z)dz. As discussed before the algorithm then simulates
o H(Yr) -
o(¥r) + 207

Si
For each algorithm a series of error tolerances was chosen and the algorithm was executed 500
times for each tolerance. The figures plot the the mean cost against the relative mean-square
error, both on logarithmic scale (base 2). Since we the exact value of p is unknown, the
reference value pyr has been computed using algorithm (iii) with a very small error tolerance.
For each algorithm the figures contain a least squares line that has been fitted to the data
points to estimate the convergence rates.

The (random) cost of the multilevel algorithms was measured by the total number of
discretization steps, i.e.

L
cost :==d - (Ng +) N (M MH)) (8.4)

=1
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where d is the dimension of the model. Note that we account for the additional cost of
computing two approximations for each level [ > 1. The mean cost is then given by the
average over 500 repetitions of the algorithm. Analogously, the cost of the standard Monte
Carlo is also measured by the total number of discretization steps, i.e. [e72] - [T/e]. Finally,
the empirical relative root mean-square error is given by

500 | (4
1 ’P(]) _pref|2
rmsq error = - -5
500 ]-Zzl P2

Figure 8.1 shows that algorithm (iii) is between 2 and 4 times faster than algorithm (ii),
i.e. acchieves the same accuracy with between one half and one fourth of the computational
cost, and both are much faster than the standard Monte Carlo algorithm (i). However, further
numerical tests have shown that it is important to choose a good splitting parameter: For the
figures the parameter § which governs the payoff-splitting was set to values between 0.1 and
0.4. Higher values of ¢ lead in fact to an algorithm worse than algorithm (ii).

Table 8.1 contains the estimated convergence rates. As already mentioned, a detailed error
analysis will be carried out in a forthcoming project.

Algorithm | Model (a) | Model (b) | Model (c) | Model (d)
(i) Monte Carlo 0.333 0.327 0.335 0.334
(ii) Adaptive MLMC 0.379 0.370 0.353 0.355
(iii) Ad. MLMC+Malliavin Quadrature |  0.392 0.385 0.381 0.388

Table 8.1: Estimated convergence rates

Table 8.2 contains the measured running times for a single run (averaged over 100 runs)
using error tolerance ¢ = 278 for algorithms (ii) and (iii) and ¢ = 277 for algorithm (i).
Using these tolerances all three algorithms given an empirical relative mean-square error of
approximately 277 and the running times are thus comparable.

Algorithm ‘ Model (a) ‘ Model (b) ‘ Model (c) ‘ Model (d)
(i) Monte Carlo 0.91 5.27 7.84 28.85
(ii) Adaptive MLMC 0.32 1.20 1.47 5.68
(iii) Ad. MLMC+Malliavin Quadrature 0.11 0.62 0.96 2.03

Table 8.2: Measured running times in seconds
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Figure 8.1

(a)d=1,v=0.56=0.3

(b)d=3,7=05,6=0.1
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9.1. Comparison Theorem. The following theorem from [22] allows to compare two diffu-
sions with the same diffusion coefficient but different drifts. In Lemma 2.5 and 3.4 we applied
it with h(x) = 27 with v € [1/2,1).

Theorem 9.1 (Prop. 5.2.18 in [22]). For j € {1,2} let X7 be a continuous adapted process

such that

. . t . t .
X7 =Xg+/ bj(s,Xg)ds—i-/ o(s, X)dW,,
0 0

Assume that the following conditions hold:

t € Rxp

(i) the coefficients o(t,x) and b;(t,x) are continuous functions on R>q x R,
(ii) o(t,x) satisfies |o(t,z) — o(t,y)| < h(lx —y|) for every t > 0 and all z,y € R and a
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strictly increasing function h: R>g — R>¢ with h(0) =0 and

/OE h™2(u)du = oo

for all e > 0,
(iii) X} < X2 almost surely,
() bi(t,z) <bs(t,x) for allt >0, z € R,
(v) either by or by is Lipschitz continuous, i.e. for j = 1 or j = 2 there exists a K > 0
such that |bj(t,x) — bj(t,y)| < K - |z —y| for all z,y € R
Then P(X} < XZVt>0)=1.

9.2. Malliavin Calculus. The Malliavin calculus extends stochastic analysis by adding
a derivative operator, which can be interpreted to measure the influence of the underlying
Brownian motion at a specific time on the differentiated random variable.

Let W = (W' ...,W) be a d-dimensional Brownian motion on a probability space
(©2,F, P) and fix an endtime 7' > 0. Denote by Cpg)(R™;R) the functions f: R™ — R which
are infinitely often differentiable such that f and all of its partial derivatives of any order are
bounded by polynomials. We call a random variable X smooth, if it can be written as

X=7 (/OT by (s)dW,, .. /OT hn(s)dWs>

with f € C55(R™;R) and h; € H := L?([0,T];R?) for i = 1,...,n. The set of smooth random
variables is denoted by S.
For this class of random variables the Malliavin derivative is defined by the H-valued

random variable

n T T
px =S5, hi($)AWo, ... | ho(s)dWe ) - B
> f( [ m) [ )

In particular DW{ = 1j4(:) - €; where ¢; is the i-th unit vector in R?. It can be shown
that this definition is independent of the representation of X in terms of the used function
f and the Wiener integrals fOT h(s)dWs. Furthermore, the above operator is closable from
S C LP(Q,F,P) to LP(Q,F,P;H) for every p > 1 and the final Malliavin derivative is
defined as the closure of the above operator. The class of differentiable random variables D'?
is then given by

1 p
DY = {X € 1P(9) : HXoew C S, Y € LP(Q H) st n = X i L2(Q) }

" DX, — Y in LP(Q; H)

and the derivative DX € LP(Q; H) is defined as the limit Y = lim,_,», DX, for any ap-
proximating sequence X, (the closability of the operator precisely guarantees that this is
well-defined). The derivative is a d-dimensional random function and we write D:X for the
i-th component evaluated at r € [0,T]. Note that while the set of differentiable random vari-
ables depends on the chosen LP-norm, the actual derivative does not depend on it. In any



27

case only random variables which are measurable with respect to the underlying Brownian
motions can be treated in Malliavin calculus. We denote by DL := M,»DI? the set of
random variables differentiable w.r.t. all p > 1.

A main tool for the derivation of the quadrature rule is the chain rule. Because we apply
it to the antiderivative of a discontinuous function, it is important that the chain rule does
not require the function to be differentiable.

Theorem 9.2. Let ¢p: R™ — R be a locally Lipschitz function. Assume X = (X1,...,Xm)
is a random vector with components in DVP. If

e (X) € LM(Q),
e 0;p(X)-DX; € LP(Q; H) for eachi=1,...,m,
e and the set of x € R™ where ¢ is not partially continuously differentiable is a Px-null
set,
then the chain rule holds: (X ) € DYP and its derivative is given by

Do(X) =Y dip(X) DX,
=1

Here we define 0;¢p := 0 on the set of points, where 0;p does not exist.

Note that by the Theorem of Rademacher [11, §5.8.3, Theorem 6] this set is a Lebesgue-null
set and hence the third assumption is always fulfilled, if the law of X is absolute continuous
with respect to the Lebesgue measure.

Proof. The derivative is a closed operator, so in order to prove the chain rule for a function
¢, it is sufficient to find functions ,, such that ¢, (X) — ¢(X) in LP(Q2), the chain rule holds
for all ¢, and 0;n(X) - DX; — 0jp(X) - DX; in LP(2; H) for alli =1,...,m.

In the first step assume that ¢ is globally Lipschitz and bounded. For each n € N choose
a function ¢, : R™ — R>( such that ¢, € C*, suppt,, C [~1/n,1/n]™ and [,dz =1 (see
for example [28, pp. 82-83]). Define ¢, := ¢ * 1,. It is easily shown that ¢,(X) — ¢(X) in
LP(Q2) and that 0;¢y, is bounded by the Lipschitz-constant of ¢. By Proposition 1.2.3 in [26]
the chain rule holds for functions which are continuously differentiable with bounded partial
derivatives and thus for all ¢,. Furthermore

000(X) = 0p(X) < [ 100p(0) = (X vnl(X = )iy
For all w € Q such that 0;p is continuous at X (w) this converges to zero. By dominated
convergence we have 0;¢,(X)-DX; — 0;p(X) - DX; in LP(2; H) and the chain rule is shown.

In the next step assume that ¢ is only locally Lipschitz, but bounded. Choose an increasing
sequence of natural numbers ny such that P(||X||c = nx) = 0 for all k£ € N. Define ¢i(z) :=
o(—ng V x Ang). Note that by construction the set of x € R™ where ¢y, is not differentiable,
is still a Px-null set. By the first part of the proof the chain rule holds for ¢. Because ¢ is
bounded we have ¢i(X) — ¢(X) in LP(Q2) and by dominated convergence 0;pr(X) - DX; —
O0ip(X) - DX; in LP(Q; H). This proves the chain rule for ¢.

To extend the chain rule finally to unbounded functions choose an increasing sequence
of natural numbers ny such that P(|p(X)| = ng) = 0 and use the approximation ¢i(x) :=
—n V () An in a similar way as above. W
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To check the third condition of the previous theorem, the following result is particularly
useful (Theorem 2.1.3 in [26]):

Theorem 9.3. Let X € DYP for some p > 1 and assume ||[DX||g > 0 almost surely. Then
X is absolutely continuous with respect to the Lebesgue measure on R.

Finally, we need a theorem to compute derivatives of stochastic processes given by SDEs.

Theorem 9.4. Let Wy, t € [0,T], be an m-dimensional Brownian motion and let X, t €
[0,T7], be given by the d-dimensional SDE

dXt = b(Xt)dt + O'(Xt)th

Assume that both b: R — R? and o: R* — R¥™™ are continuously differentiable with bounded
derivative. Then X'(t) € DY for allt € [0,T), i = 1,...,d. The derivative D} X (t) satisfies
almost everywhere the equation

d m
DIX'(t) = o (X(r) + ) _ > / ko (s)DIXF(s)dW!(s Z 8kb (s))DIX*(s)ds
k=1 1=1 k=17"

for r <t and the equation DgXi(t) =0 forr>t.
Proof. This is a simplified version of Theorem 2.2.1 in [26] together with the remark
following that theorem. W

The second important operator in Malliavin calculus is the divergence operator which in
the case of an underlying Brownian motion is called Skorohod integral. 1t is denoted by § and
defined as adjoint operator of the derivative on D2, i.e. the domain is given by

dom 6 := {u € L*(; H) : X — (DX, u)r2(0;) 1S continuous on ]D)LQ}

and on this set the Skorohod integral is defined (by Riesz’ representation theorem) as the
unique §(u) € L?(2) such that

(DX, u) 2 () = (X, 0(u)) o) VX €D

This is also known as the integration by parts rule of Malliavin calculus and can be written
as

T
E (/0 (Dy(X), u(r))ga dr> = FB(X-6(u)) VXeD"“¥ ucdomé

Further analysis shows that for an adapted process u the Skorohod integral §(u) coincides
with fo s)dWy and hence it can be viewed as an extension of the Ito-integral.
To compute Skorohod integrals of non-adapted integrands, the following lemma is useful:

Lemma 9.5 (Prop. 1.3.3in [26]). Let F € L*(Q) and u € L?(Q; H) such that the following
conditions hold:

(i) F € DY

(7i) u € domd,
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(iii) Fu e L*(Q; H),
(iv) F&(u) — (DF,u)y € L*(Q).
Then Fu € domé and §(Fu) = Fé(u) — (DF,u)p.

To derive the quadrature formula for a large class of multidimensional functionals in
Theorem 6.5, we will need a derivative operator that differentiates only with respect to one
specific Brownian motion. Let a € R? with |lall = 1. Then By := (W;,a)ga defines a
Brownian motion. For X € D' we define the derivative with respect to B as the L?([0, T])-
valued random variable given by

DEX = (D, X, a)ga, r€[0,T]

On random variables which are measurable w.r.t. to B this derivative coincides with the usual
derivative in the one-dimensional Malliavin calculus w.r.t. B. If X € LP(Q) is independent of
B, then DB = 0.

The adjoint of D? is defined for all u € LP(Q; L?([0,7])) such that u -a € dom§. For
such u it is given by 6%(u) = 6(u - a). The chain rule Theorem 9.2 and Lemma 9.5 are easily
extended to DP and §5.

The chain rule can even be extended to functions which are not locally Lipschitz continuous
in some directions, as long as the random variables in those directions are independent of B:

Proposition 9.6. Let B be a Brownian motion on (Q, F,P) and X = (X1,...,Xm) a ran-
dom wector with components in DYP and set A := {i = 1,...,m : DBX; # 0}. Assume
©: RY = R is continuous except on a Px-zero set and assume that ¢ is locally Lipschitz con-
tinuous in all directions e;, i € A: For alli € A, x € R? there exists a constant L;(z) and
€i(x) > 0 such that |p(x + he;) — p(x)] < L; - h for all 0 < h < ¢;(x). Then o(X) € D'P and
its derivative is given by

DPp(X) = dip(X) DX,
€A

Proof. First assume that ¢ is bounded and globally Lipschitz continuous in all directions
e, 1 € A. We will reuse the mollifier functions from the proof of Theorem 9.2. Because
the chain rule holds for ¢ * 1, we only have to prove ¢ * Pp(X) — w(X) in LP(Q) and
Oip * Yn(X) - DBX; — 0;0(X) - DBX; in LP(Q; L%([0,T))) for i € A. As in the proof of
Theorem 9.2 we have

6% Pn(X) — (X =0,

because ¢ 1is continuous Px-almost everywhere. Moreover, this expression is bounded by
2P sup,cpm |@(x) P, so we have also convergence to 0 in LP(SY). Furthermore

0+ ) (X) = 0p(X)) - DPXIN" < [ 100pla) = Dp(XOP - 6,(X = )+ |DP X,y

This converges to 0 for all w such that 0;¢ is continuous at X (w). By dominated convergence
we also have convergence in LP(Q; H) and the assertion is proven.

The extension to unbounded and locally Lipschitz functions is the same as in Theorem 9.2.
|
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