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Hit-and-run for numerical integration

Daniel Rudolf

Abstract We study the numerical computation of an expectation of anded
function f with respect to a measure given by a non-normalized density @on-
vex bodyK c RY. We assume that the density is log-concave, satisfies abilityia
condition and is not too narrow. In [19, 25, 26] it is requitkdtK is the Euclidean
unit ball. We consider general convex bodies or even the eRbland show that
the integration problem satisfies a refined form of tractigbiThe main tools are the
hit-and-run algorithm and an error bound of a multi run Markbain Monte Carlo
method.

1 Introduction and results

In many applications, for example in Bayesian inference,[5e8], or in statistical
physics, see [18, 27], it is desirable to compute an exgeataf the form

/Kf(x)rgo(dx):/Kf(x)cp(x)dx,

where the probability measure is given by the densitgp with ¢ > 0. The nor-
malizing constant of the density

L

is not known and hard to compute. We want to have algorithras dhe able to
compute the expectation without any precompution. of
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2 Daniel Rudolf

More precisely, lep:RY — R, be a possibly non-normalized density function,
letK = supf{p)  RY be a convex body and létK — R be integrable with respect
to 15,. For a tuple(f, p) we define the desired quantity

Jep(x)dx
In [19] a simple Monte Carlo method is considered which eatds the numerator
and denominater oA(f,p) on a common independent, uniformly distributed sam-
ple inK. There it must be assumed that one can sample the uniforribdigin in
K. The authors show that this algorithm is not able to use aditiadal structure,
such as log-concavity, of the density function. But thewskimat such structure can
be used by Markov chain Monte Carlo which then outperfornessiimple Monte
Carlo method.

Markov chain Monte Carlo algorithms for the integration lpieom of the form
(1) are considered in [19, 21, 25, 26]. Basically it is alwaysuassd thakK is the
Euclidean unit ball rather than a general convex body. Werekthe results to the
case wher& might even be the wholRY if the density satisfies some further prop-
erties. We do not assume that we can sample with respexg.tdhe idea is to
computeA(f,p) by using a Markov chain which approximatgs. We prove that
the integration problem (1) satisfies an extended type ofatality. Now let us in-
troduce the error criterion and the new notion of tractabili

Error criterion and algorithms. Lett:N x N — N be a function and lefn, be
a generic algorithm which usé&, ng) Markov chain steps. Intuitively, the number
no determines the number of steps to approxinmgteThe numben determines the
number of pieces of information df used by the algorithm. The error is measured
in mean square sense, for a tupfep) it is given by

e(An,nO(tp)) - (E|An’n0(f,p)_A(f7p)|2)l/2,

where E denotes the expectation with respect to the joittillision of the used
sequence of random variables determined by the Markov chain

For example the algorithm might be a single or multi run Markbain Monte
Carlo. More precisely, assume that we have a Markov chaim hmitit distribution
T, and letXy, ..., Xn4n, be the firsin+ ng steps. Then

1 n
Sing(F,p) = n Zlf(XHno)
=

is an approximation of(f,p) and the functiori(n,ng) = n+ no. In contrast to the
single run Markov chain Monte Carl&, n, one might consider a multi run Markov
chain Monte Carlo, salln ,, given as follows. Assume that we havindependent
Markov chains with the same transition kernel, the samalrtstribution and limit



Hit-and-run for numerical integration 3

distribution 11,. Let X,}O,...,X,?o be the sequence of thgth steps of the Markov
chains, then

Mn,no(f,p) = f(XAO)

Sl

M=

i
is an approximation oA(f, p). In this setting the functiot{n,ng) = n- ng.

Tractability. In [19, 21] a notion of tractability for the integration pilein (1) is
introduced. It is assumed thit ||, < 1 and that the density function satisfies

[

SURek P(X) _

infyek P(X) — v,

for somey > 3. Lets; y(n,ng) be the minimal number of function values(df, p) to
guarantee ag-approximation with respect to the error above. Then thegiration
problem is called tractable with respectydf s; ,(n,ng) depends polylogarithmi-
cally ony and depends polynomially a1?, d. We extend this notion of tractability.
We study a class of tuplé$, p) which satisfy|| f ||, < 1 and we assume that for any

p there exists a s& C K such that fox > 3 holds

Jx P(X) dx
volg(G) infxeg p(X) —

K, (2)

where vo}j(G) denotes thel-dimensional volume o&. Then we call the integra-
tion problem tractable with respect koif the minimal number of function values
te x (N, Ng) of (f,p) to guarantee ap-approximation satisfies for some non-negative
numbersp;, p2 andps that

tek(n,no) = O(ePdP2[logk]™), €>0,deN, k > 3.

Hence we permit only polylogarithmical dependence on thealver k, since it
might be very large (e.g. 28or 10*0). The extended notion of tractability allows us
to consideiK = supgp) = RY.

The structure of the work and the main results are as follMes.use the hit-
and-run algorithm to approximatg,. An explicit estimate of the total variation
distance of the hit-and-run algorithm, proven by Lovasd ¥ampala in [15, 16],
and an error bound of the mean square errdvigf, are essential. In Section 2 we
provide the basics on Markov chains and prove an error botiNtl ). In Section 3
we define the class of density functions. Roughly we assumelie densities are
log-concave, that for ang there exists a séb C K such that conditiori2) holds
for k > 3 and that the densities are not too narrow. Namely, we astuahdevel
sets ofp of measure larger than/& contain a ball with radius. We distinguish
two settings which guarantee that the densities are notgosad out. Either the
convex bodyK = supgp) is bounded by a ball with raditRaround 0, then we say
P € % Rk, or the support op is bounded in average sense,
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/ Ix—%p|? 11 (dlx) < 4R,
K

wherex, = [, X7, (dx) € RY is the centroid. Then we say € % r«. For precise
definitions see Section 3. In Section 4 we provide the hitamdalgorithm and
state convergence properties of the algorithm for demssitiem % g« and # r.
Then we show that the integration problem (1) is tractablih wespect t, see
Section 5. Fop € % r« We obtain in Theorem 4 that

te.x(n,No) = €(d” logd]* ¢~ loge~*]*[log k). (3)
Forp € % r« we find in Theorem 5 a slightly worse bound of the form
tex(n,ng) = O(d?[logd)? £ 2 [loge1]° [logk]°). (4)

Here thed notation hides the polynomial dependence amdR.
In[19, 21, 25, 26] it is proven that the problem (1) is trad¢abith respect toy
for K = By, whereBy denotes the Euclidean unit ball. Note that®¢ By we have

Jxp(X)dx  _ SUBek P(X)
volg(G) infyeg p(X) ~ infxek p(X)

<y.

Furthermore it is assumed thatBy — R is log-concave and log is Lipschitz.
Then the Metropolis algorithm with a ball walk proposal iedso approximater,.
For || f||, < 1 with p > 2 the algorithn®, 5, is considered for the approximation of
A(f,p). Itis proven that

Se.y(n,ng) = O (dmax{log?(y),d} (e 2+ logy)). (5)

In open problem 84 of [21] it is asked whether one can extersdrésult to other
families of convex sets. The complexity bound of (5) is betten the results of
(3) and (4) in terms of the dimension, the precision gn®n the one hand the
assumption thak = By is very restrictive but on the other hand the estimates of (3)
and (4) seem to be pessimistic. However, with our resultsamribute to problem

84 in the sense that tractability with respecytoan be shown for arbitrary convex
bodies or even the wholR? if the density functions satisfy certain properties.

2 Markov chainsand an error bound

Let (Xn)nen be a Markov chain with transition kern(-, -) and initial distributiorv

on a measurable spafi¢, Z(K)), whereK ¢ RY and#(K) is the Borelo-algebra.
We assume that the transition ker#l, -) is reversible with respect ta,. For
p € [1,] we denote by, = L(71,) the class of function$: K — R with
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itl= ([ 100P moia0) <o

Similarly we denote by#, the class of measureswhich are absolutely continuous
with respect tat, and where the densitﬁ% € Lp. The transition kernel induces an
operatoiP:Lp — Lp given by

/f P(x,dy), xeK,

and it induces an operatBr.#, — .# given by

uP(C):/KP(x,C)u(dx), Ce B(K).

Forn e N and a probability measune note that P{X, € C) = vP"(C), whereC €
A(K). We define the total variation distance betwe®? andr, as

|[vP"— 1|, = sup \VP” C)-m(C)|.
ce#(K

Under suitable assumptions on the Markov chain one obthat§ vP" — 1, ||, —
0 asn— oo,

Now we consider the multi run Markov chain Monte Carlo methad prove an
error bound. This bound is not new, see for example [4].

Theorem 1. Assume that we have ng independent Markov chains with transition
kernel P(-,-) and initial distribution v € .#1. Let 1, be a stationary distribution of
P(-,-). Let ano, ..., Xpy, be the sequence of the noth steps of the Markov chains and
let

Mo (f,0) = Zf

Then
(Mnno(f p _HfHoo—i_ZHfHWHVPn antV

Proof. With an abuse of notation let us denote
/ f(x) p(dx) and vPY(f / f(x) vP" (dx).
We decompose the error into variance and bias. Then
eMany(1,0))2 = 1 [ 106) — VP(1) P vPRo(c) + [vPo(1) — A()

= %(VP”O(fZ)—vP”O(f)Z) + [vPO(f) —A(f)[?

IN

SR+ [ 1002 |vP™o(@0) — ()]
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The last inequality follows by a well known characterizatiof the total variation
distance, see for example [24, Proposition 3].

Very often there exists a numbgre [0,1) and a numbe€, < o such that
IVP" =T [y < Cu"™

For example, if3 = [P—Al|,,, < 1 andC, = 3||v — ||, see [23] for more
details. Let us define the,-spectral gap as

gaqp) = 1_ ||P_A||L2~>L2 :

This is a significant quantity, see for instance [2, 26, 27,228. In [26] it is shown
that

There are several Markov chains where itis possible to geg¥or certain classes of
density functions, a lower bound of g&) which grows polynomially with respect
to the dimension, see for example [16, 19]. Then, the errand®f the single run
Markov chain Monte Carlo method might imply that the integma problem(1) is
tractable with respect to some

Note that there are also other possible approximation seb@md other bounds
of the error ofS, n, which depend on different assumptions to the Markov chain (e
Ricci curvature condition, drift condition, small set)eder instance [9, 11, 12, 13].
For example one might consider a multi run Markov chain Mob&lo method
where function values of a trajectory of each Markov chatarad sufficiently large
np are used. But all known error bounds of such methods includatities such as
theL,-spectral gap or the conductance.

Itis not an easy task to prove that a Markov chain satisfiedifferent assump-
tions stated above and it is also not an easy task to prove er lbaund of the
Lo-spectral gap. It might be easier to estimate the total trarialistance ofvP™
andr, directly. Then one can use Theorem 1 to show that the iniegrptoblem
(1) is tractable with respect to some

3 Densitieswith additional structure

Let us assume that the densities have some additionalwsteuéior O< r < Rand
Kk > 3 a density functiorp:K — R4 is in %Rk if the following properties are
satisfied:
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(a) pislog-concave, i.e. for alt,y € K andA € [0,1] one has

PAX+(L=A)y) = p() p(y)t .

(b) pis strictly positive, i.eK = supgp) and we assume thtC RBy, whereRBy
is the Euclidean ball with radiuR around 0.
(c) There exists a s& C K such that

Jx P(X) dx
volg(G) infyeg p(X) —

)

and we can sample the uniform distribution@n
(d) Fors> 0letK(s) = {xe€ K| p(x) >t} be the level set op and letB(zr) be
the Euclidean ball with radiusaroundz. Then

m(K(s)) > % = JzeK B(zr)CcK(s).

The log-concavity ofp implies that the maximal value is attained on a convex
set, that the function is continuous and that one has aniigoggic inequality, see
[16]. Assumption (b) gives th& is bounded.

By (c) we can sample the uniform distribution @1 We can choose it as initial
distribution for a Markov chain, where the numbeprovides an estimate of the
influence of this initial distribution.

The condition on the level s&(s) guarantees that the peak is not too narrow.
Roughly speaking, if the, measure of a level set is not too smalll, then the Lebesgue
measure is also not too small. Note tiats bounded from below, since condition
(d) implies thatB(z,r) C K.

Now we enlarge the class of densities. Let us define the faligywroperty:

(b") pis strictly positive, i.eK = supp) andx, = [, X 1, (dx) € RY is the centroid
of 1. Then

/K\x—xpyzrg)(dx) < 4R

We havep € 7 r if the densityp satisfies (a), (b"), (c) and (d). We substituted the
boundedness condition (b) by (b"). Note that (b) implie.(BlenceZ rx C ¥ r«-
Condition (b’) provides a boundedness criterion in avessgese. Namely, it implies
that

I [ 1x= P () () < 8.

Example of a Gaussian function in % rx. Let > be a symmetric and positive
definited x d matrix. We consider the non-normalized density

d(x) = exp(—% x"'>71x), xeRY
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The target distributiong is a normal distribution with mearg = 0 € RY and
covariance matrixz. There exists an orthogonal matik= (v1,...,vq), where
vy,...,Vq are the eigenvectors af. Then

VsV = A,

whereA = diagA1,...,Aq) andAg,...,Aq with A; > 0 fori € {1,...,d} are the
corresponding eigenvalues bf Recall that the trace and the determinanEafre

tr(X) = 'ii)\i and det>) = ﬁ Ai.

We show that if, Randk are appropriately chosen, thére % g «.

To (a): The density is obviously log-concave.
To (b’): Sincexy = 0 we obtain

/ |x7x¢|2r@(dx) S S
K (2m)9/2, /de(2)

Hence we seR= 3/tr(Z).
To(c): LetAmin = mini=1. qAj and letvyin be the corresponding eigenvector.

Note thatx = ~Ix < A1 x|? and that equality holds fot = Viyin. With G = By
we obtain

IX|% ¢ (X) dx = tr().
Rd

Jra ¢ (x) dX

volg(By) infyes, ¢ (X)

= exXp(3 A [ (d/2+1) 29,/ Get3),
whererl (d) = [5’t9Yexp(—t)dt is the gamma function. Hence we set

K= exp(} Aoy (d/2+1) 292,/ det(Z).
To (d): The level sets op are ellipsoids
K(s) = {xeR¥|x"="Ix < 2log(s})}, se][0,1].
In general one has

(K(9) = Jo volg(K(s)nK(t)) dt  svoly(K(s)) + fs volg(K(t))dt
B = T vk Jo vola(K (D) o

By the well known formula of the volume of an ellipsoid we dbta

volg(K(t)) = 292 log?/?(t 1) /detZ) volg(By), t < [0,1]

and
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_ slog?(s7!) + fglog"2(t?) ot
Jlog?/2(t-1) it

T (K(s)) , s€[0,1].

Hence

1
m(k(e) = LB se o,

wherey(r,d) = [5t9~texp(—t)dt is the lower incomplete gamma function. Let
us define a function* : N — R by

r*(d) =inf{r € [0,00): y(r,d/2) > =T (d/2)}.

~ olk

If we substitute 18 by 1/2 in the definition ofr*(d) we have the median of the
gamma distribution with parametdy2 and 1. It is known that the median is in
O(d), see [1]. Figure 1 suggests thaf{d) behaves also linearly id.

500

400

300

200

100

| | | | |
0 200 400 600 800 1,000

dimension d

Fig. 1 Plot of an approximation af*(d) with a Newton method and an appropriately chosen initial
value.

Let log(s*(d)~1) = r*(d), such that*(d) = exp(—r*(d)). Then

my(K(s"(d))) = 5 and B(O, (Amint™"(d))*?) C K(s(d)).
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Hence we set = (Aminr*(d))Y/2.
Let us summarize. Far= (Aminr*(d))Y/2, R= 1,/tr(Z) and

K= exp(% ALy r(d/2+1)292,/dets)

we obtain thatp € #rr«. Note thatk depends exponentially on the dimensihn
However, if one has tractability with respectkothen the error depends polynomi-
ally on the dimension.

4 Hit-and-run algorithm

For p:K — R the hit-and-run algorithm is as follows. Letbe a probability mea-
sure on(K, #(K)) and letx; € K be chosen by. Fork € N suppose that the states
X1,...,X are already computed. Then

1. choose a direction uniformly distributed oroBg;
2. setxyr1 = X+ au, wherea € Iy = {a € R | xx+ au € K} is chosen with
respect to the distribution determined by the density

p(Xc+su)

=_DUKTS I.
Jpsrtua S

fk(S)

The second step might cause implementation issues. Howewerhave a log-
concave densitp then/y is also log-concave. In this setting one can use different
acceptance/rejection methods. For more details see fonged6, Section 2.4.2]
or [17]. In the following we assume that we can sample theitigion determined
by Uk

Other algorithms for the approximation af would be a Metropolis algorithm
with suitable proposal [19] or a combination of a hit-and-algorithm with uniform
stationary distribution and a Ratio-of-uniforms metho@][1Also hybrid samplers
are promising methods, especially whedecreases exponentially in the tails [7].

Now let us state the transition kernel, ddy, of the hit-and-run algorithm

2 p(y)dy
H,(x,C) = / , xeK,Ce %K),
p(x.C) volg_1(0BY) . cep(x,y)|xfy|d’l )

where

00

lp(x.Y) =/ PAX+(1=2A)y)Ik(Ax+ (1-A)y)dA.

—00

The transition kerndH, is reversible with respect t,, let us refer to [3] for further
details.
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In the following we state several results from Lovasz anchpela. This part is
based on [15]. We start with a special case of [15, Theorehahd sketch the proof
of this theorem.

Theorem 2. Let € € (0,1/2) and p € % r«. Let v beaninitial distribution with the
following property. Thereexistsa set S; K and a number D > 1 such that

dv

drq)( ) <D, XxeK\S&,

where v(&) < €. Then for
no > 107(dr*R)2log?(8Ddr*Re1)log(4D&~1)
the total variation distance between vH,° and 11, isless than 2¢.

Proof (Sketch).

1. Letus assume th& = 0:

Then it foIIowsH dd% <D, so thatv € .Z.. We use [14, Corollary 1.6] with

S= E and obtain

1
n_ - 2
Hva 7TthV§£/2+Dexp( 2n®%),

where® % is the;5-conductance dfl,. By Theorem 3.7 of [15] and the scaling
invariance of the hlt and-run algorithm we find a lower boohd % . Itis given

by

1013
g >
P4 = 2dr-1Rlog(4dr-1RD g-1)’ ©
This leads to
—1026n
VHD — <g/2+Dex ( ) 7
H P T&’Htv_ / P 8(dr-1R)2log?(4dr-1RD g-1) 7)

2. Now let us assume th&t # 0:
Let€:=v(S), sothatO< € < e <1/2 and forC € A(K) let

vens) v(CNS)
C)=—=t and p(C)=——c-2.
IJl( ) V(%) NZ( ) V(SE)
Then
v=(1-&)+Eu
anng—‘T‘é . < 2D. Furthermore for ang € #(K) we find

[VHR(C) ~,(C)| < (1-B) |imH}(C) - m(C)| + &



12 Daniel Rudolf

By using(7) we get

—10"26p )

Hp — <e&/2+2Dex
H“l p T["Htv— /2+ p<8(dr1R)2Iogz(8dr1RD£1)

and altogether

—10%6n
VHI — <3g/2+2Dex ( ) 8
H p T["Htv < 3¢/ P 8(dr-1R)2log?(8dr-1RD&-1) ®)
Choosingn so that the right hand side of the previous equation is lems tin
equal to 2 completes the proof.

The next Corollary provides an explicit upper bound of thtalteariation distance.

Corollary 1. Under the assumptions of Theorem 2 with

—9

B:eXp(m) and C=12dr 'RD
one obtains

[vHE o, <CBET, e

Proof. Sete = 8dr—1RD exp(%) and us€g8) to complete the proof.
Note that the result of Theorem 2 is better than the resultasblfary 1. However,
Corollary 1 provides an explicit estimate of the total vaaa distance. One can see
that there is an almost exponential decay, namely the tat&@tion distance goes to
zero at least a8 ¥™ goes to zero for increasing.

In the previous results we assumed tpat 7% r«. It is essentially used that
(b) holds. Now let us assume thate 7rr . The next statement is proven in [15,
Theorem 1.1].

Theorem 3. Let € € (0,1/2), p € ¥ r«. Let v be an initial distribution with the
following property. Thereexistsa set S; C K and a number D > 1 such that

dv
H(x)gD, xe K\ &,

where v(&) < €. Then for
ng > 4-10%(dr1R)?log?(2 Ddr 1Re 1) log®(De™?)
the total variation distance between vHp® and 73, isless than 2¢.

Note that Theorem 2 and Theorem 3 can be applied if the indigttibution
is bounded, i.e. we can sBt= H(?_’;’ andS:. = 0. Furthermore ifv € .45, i.e.
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H‘j’—r‘; ) is bounded, then we can also apply Theorem 2 and Theorem 3Dwith
2
dv -1
H i 25 and

S = {x K| H

=

5 Main results

Now we are able to state and to prove the main results. To arpighathologies we
assume that 1Rd > 3.

Theorem 4. Let € € (0,1/2) and
Frre ={(f,0) | p € %Rk |fll <1}

(f p) € Frri let v be the uniform distribution on G C RY from (c). Let
., Xy, be a sequence of the noth steps of n independent hit-and-run Markov
chal nswith stationary distribution 77, and initial distribution v. Recall that

l

Mo (f,0) = Zf

Thenfor n> ¢2 and
ng > 10?7(dr*R)?log?(8dr 1Rk £72)log(4k £72)
we obtain

sup  e(Mnn(f,p)) < 3e.
(f.p)eFrRrK

Hence
tex(n,no) = O(d? (r R log?(dr *R) e 2 [loge 1|3 [logk]?).

Proof. ForC € #(K) we have

[ 1ay) fp(x)
VO = [ Sy )

It implies that%(x) < k for all x € K. Then the assertion follows by Theorem 1
and Theorem 2.

Now let us consider densities which belong/a k.

Theorem 5. Let € € (0,1/2) and
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Grx = {(1,0) 1P € Yiru: | ]l < 1.
Let Mn n, be given asin Theorem 4. Then for n > £ 2and
no > 4-10%%(dr~1R)?log?(2dr 1Rk £72)log®(k £72)

we obtain
sup  e(Mnny(f,p)) <3e.
(f.p)€% Rk

Hence
te.x (N, o) = 6(d? (r *R)? log?(dr*R) e 2 [loge~}|°[logk]®).

Proof. The assertion follows by the same steps as the proof of Thedrélote that
we use Theorem 3 instead of Theorem 2.

Note that in both theorems there is no hidden dependencetirefyparameters
in the & notation. However, the explicit constant might be very éargf the mag-
nitude of 18°. The theorems imply that the problem of integration (1) é&table
with respect tak on the classes/; rx and¥%; r-

Example of a Gaussian function revisited. In the Gaussian example of Section 3
we obtained

R/r = (2r*(d)¥?)~1. /tr(Z) /Amin,
K = exp(% ALy r(d/2+1) 292,/ dets).

If we assume that*(d) increases linearly inl (Figure 1), that,/tr(X)/Amin and
Iog(exp(% Agi}]),/ det%)) grows polynomially in the dimension, thep, (n,ng)
grows also polynomially in the dimension. This implies ttreg integration problem
with respect to the Gaussian function is polynomially tahde in the sense of Novak
and Wozniakowski [20, 21, 22].
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