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POSITIVITY OF HIT-AND-RUN AND RELATED
ALGORITHMS

DANIEL RUDOLF AND MARIO ULLRICH

ABSTRACT. We prove positivity of the Markov operators that cor-
respond to the hit-and-run algorithm, random scan Gibbs sampler,
slice sampler and an Metropolis algorithm with positive proposal.
In all of these cases the positivity is independent of the state space
and the stationary distribution. In particular, the results show that
it is not necessary to consider the lazy versions of these Markov
chains. The proof relies on a well known lemma which relates the
positivity of the product MTM*, for some operators M and T, to
the positivity of T. It remains to find that kind of representation
of the Markov operator with a positive operator 7.

1. INTRODUCTION

In many applications, for example volume computation [LS93] [KLS97,
LV06b] or integration of functions [LV06a, MNO7, Rud09, Rud12], it is
essential that one can approximately sample a distribution in a convex
body. The dimension d might be very large. One approach that is
feasible for a general class of problems is to run a Markov chain that
has the desired distribution as its limit distribution. In the following
let us explain why the positivity of the Markov operator is helpful to
prove efficiency results for such sampling procedures.

We assume that we have a Markov chain in K C R? which is reversible
with respect to (w.r.t.) the distribution w. Let P: Lo(m) — Lo(m) be
the corresponding Markov operator and let Lo(7w) be all (w.r.t. )
square integrable functions f: K — R. We assume that P is er-
godic, which means that Pf = f implies that f is constant. Then
let gap(P) = 1 — (B be the absolute spectral gap, where 5 denotes the
largest absolute value of the elements of the spectrum of P without 1.
In formulas = sup{|a| : « € spec(P)\ 1}, where spec(P) denotes the
spectrum of P. For example a lower bound for gap(P) implies an upper
bound of the total variation distance [LS93] and on the mean square
error of Markov chain Monte Carlo algorithms for the approximation
of expectations with respect to 7, see e.g. [Rud12).
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Maybe the most successful technique to bound gap(P) is the conduc-
tance technique [LS88| [LS93]. But, unfortunately, bounds on the con-
ductance allow only bounds on the second largest element of the spec-
trum of the Markov operator. This is known as Cheeger’s inequality
[LS88]. To handle variation distance and absolute spectral gap it is
necessary to consider also the smallest element of the spectrum, which
describes some kind of periodicity of the Markov chain. Usually, this
problem is avoided by considering a lazy version of the Markov chain.
That is, in each step, the Markov chain remains at the current state
with probability 1/2. Such a lazy version induces a Markov operator
with non-negative spectrum, which implies that the smallest element
of the spectrum does not matter. This strategy has almost no influence
on the computational cost, since, compared to the overall cost of one
step of the chain, one additional random number is mostly negligible.
However, it is desirable to omit any slowdown whenever possible.

In the following we present a technique to prove that the spectrum of a
Markov operator is positive, which is based on a simple and well known
lemma from functional analysis. This technique was already success-
fully applied in a discrete setting to prove positivity (and compari-
son results) for the Swendsen-Wang process from statistical physics,
see [Ull12a, [Ull12b]. Here, we show that the hit-and-run algorithm,
random scan Gibbs sampler, slice sampler and the Metropolis algo-
rithm with positive proposal are positive. In particular, it implies that
the independent Metropolis algorithm is positive. The result is new for
the hit-and-run algorithm and the Metropolis algorithm with positive
proposal, whereas for the random scan Gibbs sampler and the slice
sampler it is known [LWKO95, MT02].

2. THE PROCEDURE

We consider a time-homogeneous Markov chain (X;);en, where the X;
are random variables on a common probability space (€, F,P) that
map into R?, equipped with the Borel o-algebra B, and satisfy the
Markov property. Namely,

]P(Xn € An | X,_1€ An—h .., Xg € Ag) = ]P)(Xn S An | X1 € An—l)

for all n > 1 and any sequence of B-measurable sets Ay, Ay,... with
P(X, 1€ A, 1,....,Xo € Ag) > 0. We assume that the Markov chain
has a unique stationary distribution 7 and that it is reversible with
respect to this measure. For a more comprehensive introduction to the
theory of Markov chains we refer to [MT09, RR04].

To every Markov chain (X;);ey corresponds a Markov kernel P: R x
B — [0,1] such that for each x € R? P(z,-) is a probability measure
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on B and, for each A € B, P(-, A) is B-measurable. This Markov kernel
is given by

Pz, A) =P(X, 1 €A|X,=2), 2R AcB,neN

and describes the probability that the Markov chain reaches the set A
in one step from x. Using this Markov kernel we define the Markov

operator P (for notational convenience we use the same letter as for
the Markov kernel) by

P = [ W) Pady). e

for all functions f € Ly = Lo(w), where Ly is the Hilbert space of
functions on f: RY — R with inner product

() = [ f@)ala)ana)

By reversibility of the Markov chain we know that P is a self-adjoint
operator on Lo. A self-adjoint operator P is called positive, written
P >0, if

(Pf,[) >0, Vf€ L,
It is well known that positive operators have only non-negative spec-
trum, for further details see for example [Kre89].

Our aim is to show that several Markov chains that are used to sample
from distributions in R? induce positive Markov operators. In this case,
we say that the Markov chain is positive. We will basically utilize the
following lemma.

Lemma 1. Let H, and H, be Hilbert spaces and M: Hy — Hy be a
bounded, linear operator. Let M* be the adjoint operator of M and

let T: Hy — Hsy be a bounded, linear and positive operator. Then
MTM*: H — H; is also positive.

Proof. We denote the inner product of H; by (-, -); for i = 1,2. By the
definition of the adjoint operator and positivity of T,

(MTM*f, f)1 = (TM"f,M*f)2 > 0.
This proves the statement. Il

Suppose we have an operator P: H; — H; on a Hilbert space with the
property that it can be written as P = MTM*, where T: Hy — H,,
M: Hy — Hy and M* is the adjoint of M for some (other) Hilbert
space Hy. If we can show, additionally, that T is a positive operator,
we obtain by the lemma above that P is also positive. Thus, the
proof of positivity of the Markov chains under consideration is done
by a construction of a suitable second Hilbert space such that the
corresponding Markov operator can be written in the above mentioned
form.
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3. APPLICATIONS

Throughout this section we consider Markov chains in a bounded subset
K of R? with non-empty interior. Additionally, we denote by By the
d-dimensional unit ball and by S9! its boundary. Let p: K — [0, 00)
be a (not necessarily normalized) density, i.e. a non-negative Lebesgue-
integrable function. We define the measure with density p by

_ [y p(x) dz
[y p(z) dx

for all measurable sets A C K. For example, if p(z) = 1x(x) then 7
is simply the uniform distribution on K. In what follows we present
some Markov chains that can be used sample approximately from ,
that is, m is their stationary distribution. We will see that each of them
is positive, independent from the choice of the density p.

m(A)

We will define only the Markov operators for the corresponding Markov
chains, since the corresponding Markov kernel can be obtained by ap-
plying the operators to indicator functions.

3.1. Hit-and-run. The hit-and-run algorithm consists of two steps:
Starting from x € K, choose a random direction § € S% ! and then
choose the next state of the Markov chain with respect to the density
p restricted to the chord determined by x and 6.

For z € K and 6 € S9! we denote by L(x, ) the chord in K through
x and z + 6, ie.

L(z,0) ={z+ s € K | s € R}.

Additionally we write k4 for the volume of the (d — 1)-dimensional unit
sphere and

1) (i, 0) = / RLGLY

for the total weigth of the chord L(z, ). The Markov operator H that
corresponds to the hit-and-run chain is defined by

1 1
Hf(z) = H—d/sd_l 1.0) /L(x’a)f(y) p(y) dydo

for all f € Ly(m). To rewrite H in the desired form let u be the product
measure of 7 and the uniform distribution on S and Ly(u) be the
Hilbert space of functions g : K x S9! — R with inner-product

<91792>M = Kvid/K/sdl 91(55,9) gz(SE,Q) do dﬂ(x)
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for g1,9o € La(u). We define the operators M: Lo(u) — Lo(m) and
T: Ly(p) = La(p) by

Myta) = = [ atw.0)as

KRd

and
1

((x,0) /L(x,e) 9(y,0) py) dy.

Recall that the adjoint operator of M is the unique operator M* that
satisfies (f, Mg) = (M*f,g),, for all f € Lo(m), g € Lo(p), see [Kre89,
Thm. 3.9-2]. Since

g = — [ [ @ gta0) a0 ana),

Tg(x,0) =

we obtain that, for all § € S4 ! and z € K,

M*f(x,0) = f(x).
This implies

1 1

M) = — [ [ ) dyas = Hi()
Ka Jgd-1 g(l‘, 9) L(z,0)

and thus, that M and T are the desired “building blocks” for Lemmal[l]

First of all, note that by Fubini’s Theorem the operator T is self-

adjoint in Ly(p). It remains to show that 7' is positive. We know that

L(z,0) = L(y,0) for all y € L(x,6). It follows that

, 1
T7g(x,0) = 0.0 /L(M) Tg(y,0) p(y) dy

1 1
- U(z,0) /L(:rﬁ) ((y.0) /L(y,&) 9(,60) plz) dz ply) dy
1

= w.oe /L (xye)g(%@)p(Z) dz /L - p(y) dy
= Tg(x,0).

Thus, T is a self-adjoint and idempotent operator on Ly(x), which
implies that T' is a projection and, in particular, that it is positive, see
e.g. [Kre89, Thm. 9.5-2]. Finally, Lemma shows that H is positive.

3.2. Gibbs sampler. The Gibbs sampler, or specifically the random
scan Gibbs sampler, is conceptually very similar to the hit-and-run
algorithm. In each step, we choose a direction and sample with respect
to p restricted to the chord in this direction. But, in contrast to the
hit-and-run, we choose the direction from the d possible directions of
the coordinate axes.
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Let e; = (1,0,...,0),...,eq4 = (0,...,0,1) be the Euclidean standard
basis in R? and £(-, ) be from (I). The Markov operator G of the Gibbs
sampler is given by

d
0= W / L)) ay

for all f € Lo(m). We follow almost the same lines as for the hit-
and-run chain. Let m be the product measure of 7 and the uniform
distribution on [d] = {1,...,d}. By Ly(m) we denote the Hilbert space
of functions g: K x [d] — R equipped with the inner product

(91, 92)m dZ/glxj 92(, j) dm ()

for g1, g2 € La(m). We define the operators M: Ly(m) — Lo(m) and
T: Ly(m) — Lo(m) by

1d
)= G2 9@d)

and .
Tolz. i) = ——— j .
g(x,7) Wwe) /L(mvej)g(y,‘?)p(y) dy

By the same calculations as in Subsection we obtain for all f €
Ly(m), z € K and j € [d], that M* f(x,j) = f(x) and that G = MTM*.
It is easily seen that T is self-adjoint and idempotent. Hence, T' is a
projection and thus, positive, which proves the assertion by Lemma [T}

3.3. Slice sampler. For any ¢ > 0 assume that R; is the transition
kernel of a Markov chain on the level set K (t) of p, i.e.

K(t) ={x e K| p(x) = t}.

Further let R; be reversible with respect to Uy, the uniform distribution
on K(t),i.e
VOld(A N K(t))

volg(K(t))
where vol; denotes the d-dimensional Lebesgue measure. The slice
sampler, starting from a state = works as follows: First choose a level ¢
uniformly distributed in [0, p(x)] and then sample the next state with
respect to Ry(x,-) in the level set K(t). If Ri(z,-) = U(-) then the
slice sampler is called simple slice sampler [MT02]. The corresponding
Markov operator is defined by

Rf(x)zﬁ/op(x)}%f dt = / / F(y) Ry(z, dy) dt

Ut(A): ACK,
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forall f € Lo(m). For any ¢ > 0 we assume that R; is a positive operator
on Ly(U;), which is the set of all square integrable real functions with
respect U on K (t), i.e.

(Buf fo. = [ Ruf@) f(o) Uda) = 0.
K(t)
To show that R is positive, let

K,={(z,t) |z € K, t € [0, p(x)]} C R

and let p be the uniform distribution in K,. Let Ly(x) be the Hilbert
space of functions g: K, — R with inner product

@wMZAm@MMﬁMWO

for g1,9o € Lao(u). We define the operators M: Lo(u) — Lo(m) and
T: Ly(p) — La(p) by

p(x)
Mg(x) = L)/o g(z,t) dt.

p(x
and

Tg(x,t) = /K(t)g(y,t) Ry(z,dy)

for g € La(p). The adjoint operator M*: Lo(m) — Lo(p) is M* f(z,t) =
f(x). The operator T is self-adjoint, since R, is reversible with respect
to U;. For the positivity define ¢;(z) = g(x,t), (x,t) € K,. We have

(Tf, fu = /OOO<Rtgtvgt)>Ut %

which implies positivity of T by the positivity of R;. By the fact that
R = MTM* and by Lemma [I] it is proven that R is positive.

dt,

3.4. Metropolis algorithm. Assume we have a positive proposal ker-
nel B which is reversible with respect to Uy, the uniform distribution
in K. Then the Markov operator of the Metropolis algorithm is given
by

Mi@) = [ fwate B+ (1- [ awnbe.d) )

where a(z,y) = 1 A % and f € Lo(m). We interpret the Metropolis

algorithm as a slice sampler. For t > 0, 2 € K(t) and A C K define
Ry(z,A) = B(z, ANK(t)) + (1 — B(z, K(t))) La(x).
Recall that

1 p(x)
fmmzagl L@ﬂ@m@@ﬂu
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is the Markov operator of the slice sampler and that U, is the uniform
distribution in K (t).

Lemma 2. (1) If B is reversible with respect to Uy, then Ry is re-
versible with respect to U, for any t > 0.
(2) If B is positive on Lo(Uy), then Ry is positive on Lo(Uy) for any
t>0.
(3) The general slice sampler and the Metropolis algorithm coincide,

i.e. Rf =MFf for f € Ly(m).

Proof. We have for any f,g € Ly(U;) that

(Ref. g)u / / F(0)g(x) Ly (4) Blx, dy) Us(dz)
/K (t)u ~ Ble, K(8))f(x)g(x) Uy(da)
= (B(1kwf), kv 9)uvs %

i / (1 - B, K(£)))f(x)g(x) Uy(d).
K(t)

By using the self-adjointness of B on Ly(Uy) we obtain that R, is self-
adjoint on Ls(Uy) for any ¢ > 0, which proves . Assertion ([2)) follows
by similar arguments. One obtains

(Ref, v = Bk f): 1w Fue voly(K)

volg(K (1))
n / (1 - B, K(1)) f(x)? Us(da),
K(t)

which, by using the positivity of B, proves the positivity of R;. Note
that the Markov operator of the slice sampler can be written as

/ f(y) B(a.dy) dt
K(t)
p(x)
/ Ly (a) (1 - Bla, K(1)) dt
:(i// et (1) 1k () At £(y) B(x, dy)

| @) (1—m [ [ oo asean).

Then follows by

%/ooo g (@)1 (y) dt = afz,y).
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Note that, by the previous lemma all assumptions of Subsection
are satisfied if we additionally assume that B is positive. Hence, the
Metropolis algorithm defines a positive Markov operator if the proposal
is positive.

REFERENCES

[KLS97] R. Kannan, L. Lovész, and M. Simonovits, Random walks and an O*(n®)
volume algorithm for convex bodies, Random Structures Algorithms 11
(1997), no. 1, 1-50.

[Kre89] E. Kreyszig, Introductory functional analysis with applications, John Wi-
ley & Sons, Inc., 1989.

[LS88] G. Lawler and A. Sokal, Bounds on the L? spectrum for Markov chains
and Markov processes: a generalization of Cheeger’s inequality, Trans.
Amer. Math. Soc. 309 (1988), no. 2, 557-580.

[LS93] L. Lovész and M. Simonovits, Random walks in a convex body and an
improved volume algorithm, Random Structures and Algorithms 4 (1993),
no. 4, 359-412.

[LV06a] L. Lovdsz and S. Vempala, Fast algorithms for logconcave functions: sam-
pling, rounding, integration and optimization, Proceedings of the 47th
Annual IEEE Symposium on Foundations of Computer Science (Wash-
ington, DC, USA), FOCS ’06, IEEE Computer Society, 2006, pp. 57-68.

, Simulated annealing in convex bodies and an O*(n*) volume al-
gorithm, J. Comput. System Sci. 72 (2006), no. 2, 392-417.

[LWK95] J. Liu, W. Wong, and A. Kong, Covariance structure and convergence
rate of the Gibbs sampler with various scans, J. Roy. Statist. Soc. Ser. B
57 (1995), no. 1, 157-169.

[MNO7] P. Mathé and E. Novak, Simple Monte Carlo and the Metropolis algo-
rithm, J. Complexity 23 (2007), no. 4-6, 673-696.

[MT02] A. Mira and L. Tierney, Efficiency and convergence properties of slice
samplers, Scand. J. Statist. 29 (2002), no. 1, 1-12.

[MT09] S. Meyn and R. Tweedie, Markov chains and stochastic stability, second
ed., Cambridge University Press, 2009.

[RR04] G. Roberts and J. Rosenthal, General state space Markov chains and
MCMC algorithms, Probability Surveys 1 (2004), 20-71.

[Rud09] D. Rudolf, Ezxplicit error bounds for lazy reversible Markov chain Monte
Carlo, J. Complexity 25 (2009), no. 1, 11-24.

, Explicit error bounds for Markov chain Monte Carlo, Disserta-
tiones Math. 485 (2012), 93 pp.

[Ull12a] M. Ullrich, Rapid mizing of Swendsen-Wang and single-bond dynamics
in two dimensions, ArXiv e-prints (2012).

[Ull12b] M. Ullrich, Rapid mizing of Swendsen- Wang dynamics in two dimensions,
Ph.D. thesis, Friedrich-Schiller-Universitdt Jena, Germany, 2012.

[LVO6b)]

[Rud12]




10 DANIEL RUDOLF AND MARIO ULLRICH

MATHEMATISCHES INSTITUT, UNIVERSITAT JENA
E-mail address: daniel.rudolf@uni-jena.de

URL: http://users.minet.uni-jena.de/"ruda/

DIPARTIMENTO DI MATEMATICA, UNIVERSITA ROMA TRE
E-mail address: ullrich.mario@gmail.com

URL: http://users.minet.uni-jena.de/ ullrich/



Preprint Series DFG-SPP 1324

http://www.dfg-spp1324.de

Reports

1]

2]

[10]

[11]

R. Ramlau, G. Teschke, and M. Zhariy. A Compressive Landweber Iteration for
Solving I1l-Posed Inverse Problems. Preprint 1, DFG-SPP 1324, September 2008.

G. Plonka. The Easy Path Wavelet Transform: A New Adaptive Wavelet Trans-
form for Sparse Representation of Two-dimensional Data. Preprint 2, DFG-SPP
1324, September 2008.

E. Novak and H. Wozniakowski. Optimal Order of Convergence and (In-)
Tractability of Multivariate Approximation of Smooth Functions. Preprint 3,
DFG-SPP 1324, October 2008.

M. Espig, L. Grasedyck, and W. Hackbusch. Black Box Low Tensor Rank Ap-
proximation Using Fibre-Crosses. Preprint 4, DFG-SPP 1324, October 2008.

T. Bonesky, S. Dahlke, P. Maass, and T. Raasch. Adaptive Wavelet Methods
and Sparsity Reconstruction for Inverse Heat Conduction Problems. Preprint 5,
DFG-SPP 1324, January 2009.

E. Novak and H. Wozniakowski. Approximation of Infinitely Differentiable Mul-
tivariate Functions Is Intractable. Preprint 6, DFG-SPP 1324, January 2009.

J. Ma and G. Plonka. A Review of Curvelets and Recent Applications. Preprint 7,
DFG-SPP 1324, February 2009.

L. Denis, D. A. Lorenz, and D. Trede. Greedy Solution of Ill-Posed Problems:
Error Bounds and Exact Inversion. Preprint 8, DFG-SPP 1324, April 2009.

U. Friedrich. A Two Parameter Generalization of Lions’ Nonoverlapping Domain
Decomposition Method for Linear Elliptic PDEs. Preprint 9, DFG-SPP 1324,
April 2009.

K. Bredies and D. A. Lorenz. Minimization of Non-smooth, Non-convex Func-
tionals by Iterative Thresholding. Preprint 10, DFG-SPP 1324, April 2009.

K. Bredies and D. A. Lorenz. Regularization with Non-convex Separable Con-
straints. Preprint 11, DFG-SPP 1324, April 2009.



[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

M. Dohler, S. Kunis, and D. Potts. Nonequispaced Hyperbolic Cross Fast Fourier
Transform. Preprint 12, DFG-SPP 1324, April 2009.

C. Bender. Dual Pricing of Multi-Exercise Options under Volume Constraints.
Preprint 13, DFG-SPP 1324, April 20009.

T. Miiller-Gronbach and K. Ritter. Variable Subspace Sampling and Multi-level
Algorithms. Preprint 14, DFG-SPP 1324, May 2009.

G. Plonka, S. Tenorth, and A. Iske. Optimally Sparse Image Representation by
the Easy Path Wavelet Transform. Preprint 15, DFG-SPP 1324, May 2009.

S. Dahlke, E. Novak, and W. Sickel. Optimal Approximation of Elliptic Problems
by Linear and Nonlinear Mappings IV: Errors in Ly and Other Norms. Preprint 16,
DFG-SPP 1324, June 2009.

B. Jin, T. Khan, P. Maass, and M. Pidcock. Function Spaces and Optimal Currents
in Impedance Tomography. Preprint 17, DFG-SPP 1324, June 2009.

G. Plonka and J. Ma. Curvelet-Wavelet Regularized Split Bregman Iteration for
Compressed Sensing. Preprint 18, DFG-SPP 1324, June 2009.

G. Teschke and C. Borries. Accelerated Projected Steepest Descent Method for
Nonlinear Inverse Problems with Sparsity Constraints. Preprint 19, DFG-SPP
1324, July 2009.

L. Grasedyck. Hierarchical Singular Value Decomposition of Tensors. Preprint 20,
DFG-SPP 1324, July 2009.

D. Rudolf. Error Bounds for Computing the Expectation by Markov Chain Monte
Carlo. Preprint 21, DFG-SPP 1324, July 2009.

M. Hansen and W. Sickel. Best m-term Approximation and Lizorkin-Triebel
Spaces. Preprint 22, DFG-SPP 1324, August 20009.

F.J. Hickernell, T. Miiller-Gronbach, B. Niu, and K. Ritter. Multi-level Monte
Carlo Algorithms for Infinite-dimensional Integration on RY. Preprint 23, DFG-
SPP 1324, August 2009.

S. Dereich and F. Heidenreich. A Multilevel Monte Carlo Algorithm for Lévy
Driven Stochastic Differential Equations. Preprint 24, DFG-SPP 1324, August
2009.

S. Dahlke, M. Fornasier, and T. Raasch. Multilevel Preconditioning for Adaptive
Sparse Optimization. Preprint 25, DFG-SPP 1324, August 2009.



[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

S. Dereich. Multilevel Monte Carlo Algorithms for Lévy-driven SDEs with Gaus-
sian Correction. Preprint 26, DFG-SPP 1324, August 2009.

G. Plonka, S. Tenorth, and D. Rogca. A New Hybrid Method for Image Approx-
imation using the Easy Path Wavelet Transform. Preprint 27, DFG-SPP 1324,
October 20009.

O. Koch and C. Lubich. Dynamical Low-rank Approximation of Tensors.
Preprint 28, DFG-SPP 1324, November 2009.

E. Faou, V. Gradinaru, and C. Lubich. Computing Semi-classical Quantum Dy-
namics with Hagedorn Wavepackets. Preprint 29, DFG-SPP 1324, November
2009.

D. Conte and C. Lubich. An Error Analysis of the Multi-configuration Time-
dependent Hartree Method of Quantum Dynamics. Preprint 30, DFG-SPP 1324,
November 2009.

C. E. Powell and E. Ullmann. Preconditioning Stochastic Galerkin Saddle Point
Problems. Preprint 31, DFG-SPP 1324, November 2009.

O. G. Ernst and E. Ullmann. Stochastic Galerkin Matrices. Preprint 32, DFG-SPP
1324, November 2009.

F. Lindner and R. L. Schilling. Weak Order for the Discretization of the Stochastic
Heat Equation Driven by Impulsive Noise. Preprint 33, DFG-SPP 1324, November
20009.

L. Kammerer and S. Kunis. On the Stability of the Hyperbolic Cross Discrete
Fourier Transform. Preprint 34, DFG-SPP 1324, December 2009.

P. Cerejeiras, M. Ferreira, U. Kéahler, and G. Teschke. Inversion of the noisy Radon
transform on SO(3) by Gabor frames and sparse recovery principles. Preprint 35,
DFG-SPP 1324, January 2010.

T. Jahnke and T. Udrescu. Solving Chemical Master Equations by Adaptive
Wavelet Compression. Preprint 36, DFG-SPP 1324, January 2010.

P. Kittipoom, G. Kutyniok, and W.-Q Lim. Irregular Shearlet Frames: Geometry
and Approximation Properties. Preprint 37, DFG-SPP 1324, February 2010.

G. Kutyniok and W.-Q Lim. Compactly Supported Shearlets are Optimally
Sparse. Preprint 38, DFG-SPP 1324, February 2010.



[39]

[40]

[49]

[50]

[51]

[52]

M. Hansen and W. Sickel. Best m-Term Approximation and Tensor Products of
Sobolev and Besov Spaces — the Case of Non-compact Embeddings. Preprint 39,
DFG-SPP 1324, March 2010.

B. Niu, F.J. Hickernell, T. Miiller-Gronbach, and K. Ritter. Deterministic Multi-
level Algorithms for Infinite-dimensional Integration on RY. Preprint 40, DFG-
SPP 1324, March 2010.

P. Kittipoom, G. Kutyniok, and W.-Q Lim. Construction of Compactly Supported
Shearlet Frames. Preprint 41, DFG-SPP 1324, March 2010.

C. Bender and J. Steiner. Error Criteria for Numerical Solutions of
Backward SDEs. Preprint 42, DFG-SPP 1324, April 2010.

L. Grasedyck. Polynomial Approximation in Hierarchical Tucker Format by
Vector-Tensorization. Preprint 43, DFG-SPP 1324, April 2010.

M. Hansen und W. Sickel. Best m-Term Approximation and Sobolev-Besov Spaces
of Dominating Mixed Smoothness - the Case of Compact Embeddings. Preprint 44,
DFG-SPP 1324, April 2010.

P. Binev, W. Dahmen, and P. Lamby. Fast High-Dimensional Approximation with
Sparse Occupancy Trees. Preprint 45, DFG-SPP 1324, May 2010.

J. Ballani and L. Grasedyck. A Projection Method to Solve Linear Systems in
Tensor Format. Preprint 46, DFG-SPP 1324, May 2010.

P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, and P. Wojtaszczyk.
Convergence Rates for Greedy Algorithms in Reduced Basis Methods. Preprint 47,
DFG-SPP 1324, May 2010.

S. Kestler and K. Urban. Adaptive Wavelet Methods on Unbounded Domains.
Preprint 48, DFG-SPP 1324, June 2010.

H. Yserentant. The Mixed Regularity of Electronic Wave Functions Multiplied by
Explicit Correlation Factors. Preprint 49, DFG-SPP 1324, June 2010.

H. Yserentant. On the Complexity of the Electronic Schrodinger Equation.
Preprint 50, DFG-SPP 1324, June 2010.

M. Guillemard and A. Iske. Curvature Analysis of Frequency Modulated Manifolds
in Dimensionality Reduction. Preprint 51, DFG-SPP 1324, June 2010.

E. Herrholz and G. Teschke. Compressive Sensing Principles and Iterative Sparse
Recovery for Inverse and Ill-Posed Problems. Preprint 52, DFG-SPP 1324, July
2010.



[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[65]

[66]

L. Kémmerer, S. Kunis, and D. Potts. Interpolation Lattices for Hyperbolic Cross
Trigonometric Polynomials. Preprint 53, DFG-SPP 1324, July 2010.

G. Kutyniok and W.-Q Lim. Shearlets on Bounded Domains. Preprint 54, DFG-
SPP 1324, July 2010.

A. Zeiser. Wavelet Approximation in Weighted Sobolev Spaces of Mixed Order
with Applications to the Electronic Schrédinger Equation. Preprint 55, DFG-SPP
1324, July 2010.

G. Kutyniok, J. Lemvig, and W.-Q Lim. Compactly Supported Shearlets.
Preprint 56, DFG-SPP 1324, July 2010.

A. Zeiser. On the Optimality of the Inexact Inverse Iteration Coupled with Adap-
tive Finite Element Methods. Preprint 57, DFG-SPP 1324, July 2010.

S. Jokar. Sparse Recovery and Kronecker Products. Preprint 58, DFG-SPP 1324,
August 2010.

T. Aboiyar, E. H. Georgoulis, and A. Iske. Adaptive ADER Methods Using Kernel-
Based Polyharmonic Spline WENO Reconstruction. Preprint 59, DFG-SPP 1324,
August 2010.

O. G. Ernst, A. Mugler, H.-J. Starkloff, and E. Ullmann. On the Convergence of
Generalized Polynomial Chaos Expansions. Preprint 60, DFG-SPP 1324, August
2010.

S. Holtz, T. Rohwedder, and R. Schneider. On Manifolds of Tensors of Fixed
TT-Rank. Preprint 61, DFG-SPP 1324, September 2010.

J. Ballani, L. Grasedyck, and M. Kluge. Black Box Approximation of Tensors in
Hierarchical Tucker Format. Preprint 62, DFG-SPP 1324, October 2010.

M. Hansen. On Tensor Products of Quasi-Banach Spaces. Preprint 63, DFG-SPP
1324, October 2010.

S. Dahlke, G. Steidl, and G. Teschke. Shearlet Coorbit Spaces: Compactly Sup-
ported Analyzing Shearlets, Traces and Embeddings. Preprint 64, DFG-SPP 1324,
October 2010.

W. Hackbusch. Tensorisation of Vectors and their Efficient Convolution.
Preprint 65, DFG-SPP 1324, November 2010.

P. A. Cioica, S. Dahlke, S. Kinzel, F. Lindner, T. Raasch, K. Ritter, and R. L.
Schilling. Spatial Besov Regularity for Stochastic Partial Differential Equations
on Lipschitz Domains. Preprint 66, DFG-SPP 1324, November 2010.



[67]

E. Novak and H. WozZniakowski. On the Power of Function Values for the Ap-
proximation Problem in Various Settings. Preprint 67, DFG-SPP 1324, November
2010.

A. Hinrichs, E. Novak, and H. Wozniakowski. The Curse of Dimensionality for
Monotone and Convex Functions of Many Variables. Preprint 68, DFG-SPP 1324,
November 2010.

G. Kutyniok and W.-Q Lim. Image Separation Using Shearlets. Preprint 69,
DFG-SPP 1324, November 2010.

B. Jin and P. Maass. An Analysis of Electrical Impedance Tomography with
Applications to Tikhonov Regularization. Preprint 70, DFG-SPP 1324, December
2010.

S. Holtz, T. Rohwedder, and R. Schneider. The Alternating Linear Scheme for
Tensor Optimisation in the T'T Format. Preprint 71, DFG-SPP 1324, December
2010.

T. Miiller-Gronbach and K. Ritter. A Local Refinement Strategy for Constructive
Quantization of Scalar SDEs. Preprint 72, DFG-SPP 1324, December 2010.

T. Rohwedder and R. Schneider. An Analysis for the DIIS Acceleration Method
used in Quantum Chemistry Calculations. Preprint 73, DFG-SPP 1324, December
2010.

C. Bender and J. Steiner. Least-Squares Monte Carlo for Backward SDEs.
Preprint 74, DFG-SPP 1324, December 2010.

C. Bender. Primal and Dual Pricing of Multiple Exercise Options in Continuous
Time. Preprint 75, DFG-SPP 1324, December 2010.

H. Harbrecht, M. Peters, and R. Schneider. On the Low-rank Approximation by
the Pivoted Cholesky Decomposition. Preprint 76, DFG-SPP 1324, December
2010.

P. A. Cioica, S. Dahlke, N. Dohring, S. Kinzel, F. Lindner, T. Raasch, K. Ritter,
and R. L. Schilling. Adaptive Wavelet Methods for Elliptic Stochastic Partial
Differential Equations. Preprint 77, DFG-SPP 1324, January 2011.

G. Plonka, S. Tenorth, and A. Iske. Optimal Representation of Piecewise Holder
Smooth Bivariate Functions by the Easy Path Wavelet Transform. Preprint 78,
DFG-SPP 1324, January 2011.



[79]

[80]

[31]

[91]

A. Mugler and H.-J. Starkloff. On Elliptic Partial Differential Equations with
Random Coefficients. Preprint 79, DFG-SPP 1324, January 2011.

T. Miller-Gronbach, K. Ritter, and L. Yaroslavtseva. A Derandomization of the
Euler Scheme for Scalar Stochastic Differential Equations. Preprint 80, DFG-SPP
1324, January 2011.

W. Dahmen, C. Huang, C. Schwab, and G. Welper. Adaptive Petrov-Galerkin
methods for first order transport equations. Preprint 81, DFG-SPP 1324, January
2011.

K. Grella and C. Schwab. Sparse Tensor Spherical Harmonics Approximation in
Radiative Transfer. Preprint 82, DFG-SPP 1324, January 2011.

D.A. Lorenz, S. Schiffler, and D. Trede. Beyond Convergence Rates: Exact In-
version With Tikhonov Regularization With Sparsity Constraints. Preprint 83,
DFG-SPP 1324, January 2011.

S. Dereich, M. Scheutzow, and R. Schottstedt. Constructive quantization: Ap-
proximation by empirical measures. Preprint 84, DFG-SPP 1324, January 2011.

S. Dahlke and W. Sickel. On Besov Regularity of Solutions to Nonlinear Elliptic
Partial Differential Equations. Preprint 85, DFG-SPP 1324, January 2011.

S. Dahlke, U. Friedrich, P. Maass, T. Raasch, and R.A. Ressel. An adaptive
wavelet method for parameter identification problems in parabolic partial differ-
ential equations. Preprint 86, DFG-SPP 1324, January 2011.

A. Cohen, W. Dahmen, and G. Welper. Adaptivity and Variational Stabilization
for Convection-Diffusion Equations. Preprint 87, DFG-SPP 1324, January 2011.

T. Jahnke. On Reduced Models for the Chemical Master Equation. Preprint 88,
DFG-SPP 1324, January 2011.

P. Binev, W. Dahmen, R. DeVore, P. Lamby, D. Savu, and R. Sharpley. Com-
pressed Sensing and Electron Microscopy. Preprint 89, DFG-SPP 1324, March
2011.

P. Binev, F. Blanco-Silva, D. Blom, W. Dahmen, P. Lamby, R. Sharpley, and
T. Vogt. High Quality Image Formation by Nonlocal Means Applied to High-
Angle Annular Dark Field Scanning Transmission Electron Microscopy (HAADF-
STEM). Preprint 90, DFG-SPP 1324, March 2011.

R. A. Ressel. A Parameter Identification Problem for a Nonlinear Parabolic Dif-
ferential Equation. Preprint 91, DFG-SPP 1324, May 2011.



[92]

[93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

G. Kutyniok. Data Separation by Sparse Representations. Preprint 92, DFG-SPP
1324, May 2011.

M. A. Davenport, M. F. Duarte, Y. C. Eldar, and G. Kutyniok. Introduction to
Compressed Sensing. Preprint 93, DFG-SPP 1324, May 2011.

H.-C. Kreusler and H. Yserentant. The Mixed Regularity of Electronic Wave
Functions in Fractional Order and Weighted Sobolev Spaces. Preprint 94, DFG-
SPP 1324, June 2011.

E. Ullmann, H. C. Elman, and O. G. Ernst. FEfficient Iterative Solvers for
Stochastic Galerkin Discretizations of Log-Transformed Random Diffusion Prob-
lems. Preprint 95, DFG-SPP 1324, June 2011.

S. Kunis and I. Melzer. On the Butterfly Sparse Fourier Transform. Preprint 96,
DFG-SPP 1324, June 2011.

T. Rohwedder. The Continuous Coupled Cluster Formulation for the Electronic
Schrodinger Equation. Preprint 97, DFG-SPP 1324, June 2011.

T. Rohwedder and R. Schneider. Error Estimates for the Coupled Cluster Method.
Preprint 98, DFG-SPP 1324, June 2011.

P. A. Cioica and S. Dahlke. Spatial Besov Regularity for Semilinear Stochastic
Partial Differential Equations on Bounded Lipschitz Domains. Preprint 99, DFG-
SPP 1324, July 2011.

L. Grasedyck and W. Hackbusch. An Introduction to Hierarchical (H-) Rank and
TT-Rank of Tensors with Examples. Preprint 100, DFG-SPP 1324, August 2011.

N. Chegini, S. Dahlke, U. Friedrich, and R. Stevenson. Piecewise Tensor Product
Wavelet Bases by Extensions and Approximation Rates. Preprint 101, DFG-SPP
1324, September 2011.

S. Dahlke, P. Oswald, and T. Raasch. A Note on Quarkonial Systems and Multi-
level Partition of Unity Methods. Preprint 102, DFG-SPP 1324, September 2011.

A. Uschmajew. Local Convergence of the Alternating Least Squares Algorithm
For Canonical Tensor Approximation. Preprint 103, DFG-SPP 1324, September
2011.

S. Kvaal. Multiconfigurational time-dependent Hartree method for describing par-
ticle loss due to absorbing boundary conditions. Preprint 104, DFG-SPP 1324,
September 2011.



[105]

[106]

[107]

108

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

M. Guillemard and A. Iske. On Groupoid C*-Algebras, Persistent Homology and
Time-Frequency Analysis. Preprint 105, DFG-SPP 1324, September 2011.

A. Hinrichs, E. Novak, and H. WozZniakowski. Discontinuous information in the
worst case and randomized settings. Preprint 106, DFG-SPP 1324, September
2011.

M. Espig, W. Hackbusch, A. Litvinenko, H. Matthies, and E. Zander. Efficient
Analysis of High Dimensional Data in Tensor Formats. Preprint 107, DFG-SPP
1324, September 2011.

M. Espig, W. Hackbusch, S. Handschuh, and R. Schneider. Optimization Problems
in Contracted Tensor Networks. Preprint 108, DFG-SPP 1324, October 2011.

S. Dereich, T. Miiller-Gronbach, and K. Ritter. On the Complexity of Computing
Quadrature Formulas for SDEs. Preprint 109, DFG-SPP 1324, October 2011.

D. Belomestny. Solving optimal stopping problems by empirical dual optimization
and penalization. Preprint 110, DFG-SPP 1324, November 2011.

D. Belomestny and J. Schoenmakers. Multilevel dual approach for pricing Amer-
ican style derivatives. Preprint 111, DFG-SPP 1324, November 2011.

T. Rohwedder and A. Uschmajew. Local convergence of alternating schemes for
optimization of convex problems in the T'T format. Preprint 112, DFG-SPP 1324,
December 2011.

T. Gorner, R. Hielscher, and S. Kunis. Efficient and accurate computation of
spherical mean values at scattered center points. Preprint 113, DFG-SPP 1324,
December 2011.

Y. Dong, T. Gorner, and S. Kunis. An iterative reconstruction scheme for pho-
toacoustic imaging. Preprint 114, DFG-SPP 1324, December 2011.

L. Kammerer. Reconstructing hyperbolic cross trigonometric polynomials by sam-
pling along generated sets. Preprint 115, DFG-SPP 1324, February 2012.

H. Chen and R. Schneider. Numerical analysis of augmented plane waves methods
for full-potential electronic structure calculations. Preprint 116, DFG-SPP 1324,
February 2012.

J. Ma, G. Plonka, and M.Y. Hussaini. Compressive Video Sampling with Ap-
proximate Message Passing Decoding. Preprint 117, DFG-SPP 1324, February
2012.



[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

D. Heinen and G. Plonka. Wavelet shrinkage on paths for scattered data denoising.
Preprint 118, DFG-SPP 1324, February 2012.

T. Jahnke and M. Kreim. Error bound for piecewise deterministic processes mod-
eling stochastic reaction systems. Preprint 119, DFG-SPP 1324, March 2012.

C. Bender and J. Steiner. A-posteriori estimates for backward SDEs. Preprint
120, DFG-SPP 1324, April 2012.

M. Espig, W. Hackbusch, A. Litvinenkoy, H.G. Matthiesy, and P. Wahnert. Eff-
cient low-rank approximation of the stochastic Galerkin matrix in tensor formats.
Preprint 121, DFG-SPP 1324, May 2012.

O. Bokanowski, J. Garcke, M. Griebel, and I. Klompmaker. An adaptive sparse
grid semi-Lagrangian scheme for first order Hamilton-Jacobi Bellman equations.
Preprint 122, DFG-SPP 1324, June 2012.

A. Mugler and H.-J. Starkloff. On the convergence of the stochastic Galerkin
method for random elliptic partial differential equations. Preprint 123, DFG-SPP
1324, June 2012.

P.A. Cioica, S. Dahlke, N. Dohring, U. Friedrich, S. Kinzel, F. Lindner, T. Raasch,
K. Ritter, and R.L. Schilling. On the convergence analysis of Rothe’s method.
Preprint 124, DFG-SPP 1324, July 2012.

P. Binev, A. Cohen, W. Dahmen, and R. DeVore. Classification Algorithms using
Adaptive Partitioning. Preprint 125, DFG-SPP 1324, July 2012.

C. Lubich, T. Rohwedder, R. Schneider, and B. Vandereycken. Dynamical approx-
imation of hierarchical Tucker and Tensor-Train tensors. Preprint 126, DFG-SPP
1324, July 2012.

M. Kovégcs, S. Larsson, and K. Urban. On Wavelet-Galerkin methods for semilinear
parabolic equations with additive noise. Preprint 127, DFG-SPP 1324, August
2012.

M. Bachmayr, H. Chen, and R. Schneider. Numerical analysis of Gaussian ap-
proximations in quantum chemistry. Preprint 128, DFG-SPP 1324, August 2012.

D. Rudolf. Explicit error bounds for Markov chain Monte Carlo. Preprint 129,
DFG-SPP 1324, August 2012.

P.A. Cioica, K.-H. Kim, K. Lee, and F. Lindner. On the L,(L,)-regularity and
Besov smoothness of stochastic parabolic equations on bounded Lipschitz domains.
Preprint 130, DFG-SPP 1324, December 2012.



[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

M. Hansen. n—term Approximation Rates and Besov Regularity for Elliptic PDEs
on Polyhedral Domains. Preprint 131, DFG-SPP 1324, December 2012.

R. E. Bank and H. Yserentant. On the H'! -stability of the L, -projection onto
finite element spaces. Preprint 132, DFG-SPP 1324, December 2012.

M. Gnewuch, S. Mayer, and K. Ritter. On Weighted Hilbert Spaces and Inte-
gration of Functions of Infinitely Many Variables. Preprint 133, DFG-SPP 1324,
December 2012.

D. Crisan, J. Diehl, P.K. Friz, and H. Oberhauser. Robust Filtering: Correlated
Noise and Multidimensional Observation. Preprint 134, DFG-SPP 1324, January
2013.

Wolfgang Dahmen, Christian Plesken, and Gerrit Welper. Double Greedy Algo-
rithms: Reduced Basis Methods for Transport Dominated Problems. Preprint
135, DFG-SPP 1324, February 2013.

Aicke Hinrichs, Erich Novak, Mario Ullrich, and Henryk Wozniakowski. The Curse
of Dimensionality for Numerical Integration of Smooth Functions. Preprint 136,
DFG-SPP 1324, February 2013.

Markus Bachmayr, Wolfgang Dahmen, Ronald DeVore, and Lars Grasedyck. Ap-
proximation of High-Dimensional Rank One Tensors. Preprint 137, DFG-SPP
1324, March 2013.

Markus Bachmayr and Wolfgang Dahmen. Adaptive Near-Optimal Rank Tensor
Approximation for High-Dimensional Operator Equations. Preprint 138, DFG-
SPP 1324, April 2013.

Felix Lindner. Singular Behavior of the Solution to the Stochastic Heat Equation
on a Polygonal Domain. Preprint 139, DFG-SPP 1324, May 2013.

Stephan Dahlke, Dominik Lellek, Shiu Hong Lui, and Rob Stevenson. Adaptive
Wavelet Schwarz Methods for the Navier-Stokes Equation. Preprint 140, DFG-
SPP 1324, May 2013.

Jonas Ballani and Lars Grasedyck. Tree Adaptive Approximation in the Hierar-
chical Tensor Format. Preprint 141, DFG-SPP 1324, June 2013.

Harry Yserentant. A short theory of the Rayleigh-Ritz method. Preprint 142,
DFG-SPP 1324, July 2013.

M. Hefter and K. Ritter. On Embeddings of Weighted Tensor Product Hilbert
Spaces. Preprint 143, DFG-SPP 1324, August 2013.



[144]

[145)

[146]

[147]

[148]

M. Altmayer and A. Neuenkirch. Multilevel Monte Carlo Quadrature of Discon-
tinuous Payoffs in the Generalized Heston Model using Malliavin Integration by
Parts. Preprint 144, DFG-SPP 1324, August 2013.

L. Kémmerer, D. Potts, and T. Volkmer. Approximation of multivariate functions
by trigonometric polynomials based on rank-1 lattice sampling. Preprint 145,
DFG-SPP 1324, September 2013.

C. Bender, N. Schweizer, and J. Zhuo. A primal-dual algorithm for BSDEs.
Preprint 146, DFG-SPP 1324, October 2013.

D. Rudolf. Hit-and-run for numerical integration. Preprint 147, DFG-SPP 1324,
October 2013.

D. Rudolf and M. Ullrich. Positivity of hit-and-run and related algorithms.
Preprint 148, DFG-SPP 1324, October 2013.



