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ALTERNATING DIRECTIONS FITTING (ADF) OF HIERARCHICAL
LOW RANK TENSORS

LARS GRASEDYCK*, MELANIE KLUGE* , AND SEBASTIAN KRAMER*

Abstract. We consider the problem of fitting a low rank tensor A € RZ, T = {1,... ,n}d, to a given
set of data points {M; € R |i € P}, P C Z. The low rank format under consideration is the hierarchical
or TT or MPS format. It is characterized by rank bounds r on certain matricizations of the tensor. The
number of degrees of freedom is in O(dnr?). For a fixed rank and mode size n we observe that it is
possible to approximate a tensor from a number of samples that is in O(log N) for a tensor having N = nd
entries. Our approach is an alternating directions fitting (ADF') inspired by the LMaFit method for matrix
completion, but generalized to tensor completion. We aim at finding a tensor A that fulfils the first order
optimality conditions by a nonlinear SOR-type solver that consists of an alternating fit cycling through the
directions 4 = 1,...,d. In the numerical experiments we observe robustness of the completion algorithm
with respect to noise and good reconstruction capability. Our tests provide evidence that the algorithm is
suitable in higher dimension (>10) as well as for moderate ranks.

Keywords: MPS, Tensor Completion, Tensor Train, TT, Hierarchical Tucker, HT, ALS.

MSC: 15A69, 65F99

1. Introduction. We consider the problem of fitting a low rank tensor
AeRY, T:=Tyx---xTITy, IT,:={l,...,n,}, peD:={1,...,d}

to given data points
d
{MieR|icP}, PCI,  #P>) n,,
pn=1

by minimizing the distance between the given values (M;);cp and approximations (4;);cp:

A = argmin Z(MZ — Ay)? (T being a certain tensor class)
AeT iecp

In the class of general dense tensors this is trivial, because the entries of the tensor are all
independent. For sparse tensors this reduces to a simple Knapsack problem. Our target
tensor class is the set of low rank tensors, i.e., we assume that the implicitly given tensor
M € R? allows for a low rank approximation

IM—M||<e, e€Rxo,

where the unknown approximant M € RZ fulfils certain rank bounds that will be introduced
later. In particular we allow ¢ = 0 so that the task is to reconstruct the whole tensor
M = M in the low rank format. This particular case is considered, e.g. in [11, 3].

1.1. Completion versus Sampling. A tensor fitting problem might arise as follows:
the entries (M;);cp could be measurements of a multiparameter model such that each index
i € P represents a specific choice of d parameters. If the measurements are incomplete or
in parts known to be incorrect, then the goal is to reconstruct all values of M for all
parameter combinations ¢ € Z from the known values (M;);cp (prior to the assumption
that M allows for an approximation in the low rank format). It is crucial that the points P

*Institut fiir Geometrie und Praktische Mathematik, RWTH Aachen, Templergraben 55, 52056 Aachen,
Germany. Email: 1gr@igpm.rwth-aachen.de. All three authors gratefully acknowledge support by the
DFG priority programme 1324 under grant GR3179/2-2.
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are given and we are not free to choose them. In case that the points can be chosen freely
one after another, the problem simplifies drastically and can be approached as in [15, 2] by
an adaptive sampling strategy. Sometimes one can propose rules on how the entries from
P should be chosen, as it is done in quasi Monte Carlo methods. This approach is persued
in [7] and defines sampling rules that allow an efficient approximation scheme. Again, this
is different and possibly a simpler task than the tensor completion considered here.

1.2. Low Rank Tensor Formats. The class of tensors in which we aim for a com-
pletion of the given tensor entries is a low rank format. In the case d = 2 the rank of
a tensor coincides with the usual matrix rank, but in dimension d > 2 there are several
possibilities to define the rank of a tensor and thus there are several data-sparse low rank
formats available.

In the CP(k)! format or representation

k E d
d .
A= Z g .t Aiy,ig = Z H G (i), Gue(iy) €R

*l (=1 p=1

the tensor completion has been considered in [19, 1, 10]. The minimal number of summands
k by which the tensor A can be represented is the tensor rank of A, but minimality of & is
often not relevant. The CP(k) format is data sparse in the sense that storing the factors
gu,e amounts to O(dnk) units (real numbers) of storage, as opposed to the n? units of the
full dense and unstructured tensor A. This is the reason for the attractivity of the format
despite many theoretical and practical difficulties [8].

In the Tucker format

21, i = Z Z C@], La ng7 Ly ,u glhe(iu) c R’ C e Rklx...xkd’

l1=1 la=1

tensor completion has been considered in [17, 9, 12, 16]. This format is limited to small
dimensions d since the so-called core tensor C' requires HZ:1 k, units of storage. The
advantage on the other hand is that standard matrix approximation techniques can be
used by matricizing the tensor.

The low rank format that we consider lies in between these two, combining the benefits
of both: the number of degrees of freedom scales linearly with the dimension d and the
format is based on matricizations such that standard linear algebra tools are applicable.

Here, we put no special assumptions on the data points P, except that they are rea-
sonably distributed:

DEFINITION 1.1 (Slices and slice density). We define the density co,, (or oversampling
factor) of a point set {M; € R |i € P}, P C I, in direction p € D and index j,€ I, by

Cov(Ju) = #{i € P iy = Ju}

The corresponding slice of a tensor A € RT is defined by

— A E RI1 X"'XIH*IXIM+1 ><-~-><Zd A

) Tyeeybpu— 150t 1500 ld

A

= *

= A,

155t —15Tpstp+15--+5%d

Depending on the rank parameters of A (which in turn depend on the target accuracy of
the approximation) the slice densities of the set P have to be high enough, i.e.

Cm)(jp,) > CO’IM jp € I/u we D.

1CP stands for canonical polyadic, in the literature also called CANDECOMP and PARAFAC
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If one of the values c,,(j,.) were zero, then this simply means that the slice 4;,—;, is
undetermined and not observable for any of the low rank formats mentioned above and in
the following.

The low rank format under consideration is the hierarchical [5, 4] or TT [14, 13] or
MPS [22, 20] format.

s Gy =Ny . h n
. =2 . . .
1 = nq ,—_|
)

Gi() Ga() Gu() Ga-1() Gal:
Fic. 1.1. The TT representation of a tensor in TT(r1,...,rq—1) with Gu(iy) € RTe—1%"u,

DEFINITION 1.2 (TT tensor format). Let ro,...,7q4 € N and ro = rq = 1. A tensor
A € RT of the form or representation

Aiy iy = G1(i1) - Galia), G (i) € Rin—r7Tw (1.1)

foralli € T and G, : T, — R"#=1*"n is said to be of MPS (matriz product states) format
or TT (tensor train) format or hierarchical format, cf. Figure 1.1. We define the set of
tensors in TT format by

TT(ry,...,rq—1) :={A e RT | Ais of the form(1.1)}.

The parameters r,, are called representation ranks and combined to the rank vector r:=
(r1,...,7a-1). For the matriz blocks (G,)%_, we use the short notation G. G is called a
representation system of A, and if we want to indicate that A is represented by G we write
A%, The minimal ranks r, for the representation of a tensor A in TT format are the
ranks of certain matricizations of A [4, 15].

The number of degrees of freedom or parameters in the MPS representation is in

d
@) _ ~ O(dr? = = .
<Hz:1 T lrunu> (dren), r Lneaf)( Ty 1 Lneal))( Ty
It could thus in principle be possible to reconstruct the tensor from a number of samples
that is in O(log N) for a tensor having N = Hle n; entries, cf. Section 4.3.

1.3. Statement of the Main Approximation Problem. The full approximation
problem can be stated as follows. For S C 7 let

X, ifieS
X||F:= X2, Xlg)i = ' , Xlls = ||X .
1Xe =, /iezz ; (X1s) {0 otherwise [X|ls = [ X]sllF

PROBLEM 1.3 (Main problem). Given a tensor M € RT known only at points P C T,
and given representation ranks 1, ...,74—1, find a representation (1.1) with representation
system G such that A = AS fulfils

A= argmin M — Al p.
AETT (11, ma—1)
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A related approach for tensor completion is presented in [18] where the authors use a
steepest descent iteration on the tensor manifold. Our approach, the alternating directions
fitting (ADF) algorithm, is based on ideas from LMaFit for matrix completion [21]; and
we generalize these to tensor completion.

1.4. First Order Optimality. For a representation system (Gu)fi:1 such that A =
A% one can write the main problem in the form

G = argmin |M — Aé”p
G

and by introducing an additional tensor Z € RZ, G' can be found via the task to
minimize f(G, Z) := |Z — A®||r st. Z|lp=M|p, A% €TT(r1,...,ma_1).
The latter function f yields first order optimality conditions

Zlpp = A%\ p and G, = argmin||Z — A% p.
G

n

Solving this nonlinear system of equations simultaneously for Gy,...,Gq, Z is not trivial.
In a hard or soft thresholding iteration one would have to find a best approximation A% to
a given tensor Z, and in the matrix case d = 2 this is expensive but possible. For tensors
in d > 2 such a best approximation is not available. A common technique for finding
something close to a best approximation is an alternating fit cycling through the unknowns
G . But since our final goal is not the approximation of Z but the minimization of f, it
makes sense to directly solve the nonlinear system by an alternating fit. We approach this
nonlinear system by a nonlinear block Gau8-Seidel iteration where the blocks of unknowns

are Gl,. .. ,Gd,Zﬁ
Require: Initial guess A%
for i=1,... do
For all i € T\ P set Z; := A¥ and for all i € P set Z; :== M;
For all 4 € D minimize || Z — A%||r with respect to G,
end for
Finally, we use (partial) successive overrelaxation in order to speed up the convergence,
and we change the order of optimization of blocks to be Z,G4,...,Gp, Z,Gq,...,Gy for
some fixed h € D. Altogether this defines the basic proceeding of the alternating directions
fit (ADF) Algorithm 1 by which we solve the tensor completion problem.

1.5. Organization of the Article. In Section 2 we introduce the necessary basic
tools for the analysis and algorithmic treatment of the tensor approximation problem.
Section 3 presents the ADF algorithm in detail and analyses the computational and storage
complexity of one iterative step. Several practical issues like adaptive choice of the ranks,
improved performance, and stopping criteria are considered. In the numerical examples
Section 4 we apply our algorithm to two classes of examples: a) smooth function related
tensors, and b) random low rank tensors with and without noise. We end with a conclusion
in Section 5.

2. Optimization in TT-Format.

2.1. Matrix Fitting. We first present a central tool, by which a k-rank approxima-
tion of a sparsely known matrix can be obtained quite efficiently, cf. [21].

4



Algorithm 1 Basic proceeding of the ADF algorithm

Require: Initial guess A®, overrelaxation parameter a > 1
while breaking condition not fulfilled do
For alli € T\ P set Z; :== AY and for all i € P set Z; := M;
for p=1,...,hdo
Determine G} = argming, [|Z — A%||F and set G, == G, + a(G}} — G,)
end for
For alli € T\ P set Z; :== AY and for all i € P set Z; := M;
for p=4d,...,h do
Determine G} := argming [|Z — AC||p and set G, == G, + a(Gf — G,)
end for
end while

THEOREM 2.1 (LMaFit principle). Let W € R™™ and Y € RF¥*™ be given matrices
and Y of full rank k. Define X € R™** as the minimizer

X := argmin |[W — XY ||
X

Then we gain

range(WY7T) = range(X).

Proof. ([21]) Using the SVD of Y = UXVT we have the pseudo inverse Y+ = VX+U7T.
Hence X = WVXTUT, while WYT = WVXUT. Thereby range(WY?T) = range(X). O

Fortunatly, the LMaFit principle also proves to be a very useful tool in the approxima-
tion of a sparsely known tensor of TT-ranks 71, ...,r4_1 with the help of the representation
G. Tt takes, however, some preparation until its use can be justified.

2.2. Statement of the Lefthand and Righthand Approximation Problem.
For practical reasons (based on the LMaFit principle) it is most efficient if in Algorithm 1
the blocks G1,...,Gj or Gg,...G), are optimized consecutively, where the direction h can
be anything between 1 and d. Since we would like to update Z not only after all blocks
G, are optimized but earlier, we choose

hi=[(d+1)/2]. (2.1)

PROBLEM 2.2 (Lefthand problem). Given a tensor Z € RT (all entries known), ranks
r, and a starting representation G, replace for ;= 1,..., h the entries of G, such that
G, = argming |[Z — A%||p. In order to avoid confusion we want to remark that the
task for the lefthand problem is neither to find the minimizer (G, ..., G4) nor the partial

minimizer (Gy,...,Gh). Instead, we seek consecutively the partial minimizers in the stated
order
G1 := argmin || Z — A%||p, Go := argmin || Z — A||p, ..., G} = argmin ||Z — A%||p.
Gl Gz Gh

PrOBLEM 2.3 (Righthand problem). Given a tensor Z € RZ (known at all points),
ranks r, and a starting representation G, replace for jn = d,..., h the entries of G, such
that G,, = argming | Z — A%|F.



2.3. Tensor Calculus. In this section we introduce the neccessary tools to work with
matrix blocks in order to construct and prove the core step of the ADF algorithm (Theorem
3.1).

DEFINITION 2.4 (Matrix block). Let ki, ko,n € N. We define a matriz block H €
(RF1>k2) g5 q vector of matrices H(1),..., H(n) € RF*F2 We call ky x ko the dimension
and n the length of H.

REMARK 2.5 (Algebraic properties). Let k1,ke € N be fized. Then the set of matriz
blocks H € (RF1**2)" forms an R-vectorspace. Additionally, it can also be viewed as left-
module over the non-abelian matriz ring R¥'*%1 as well as right-module over R¥2**2 Next
we introduce a tool to combine multiple matrix blocks into one, which is ultimately used
for the definition of the TT representation A%.

DEFINITION 2.6 ((Kronecker) product between matrix blocks). We define the (Kro-
necker) product ® for matriz blocks Hy, Hy of dimensions ki X kpy,, km X ko and lengths
ni,no as

(H1 ® H2)((4, ) :== H1(i)H2(j)

where (Hy ® Hs) is a matriz block of dimension ki X ko and length nins. Note that this
is analogous to the conventional Kronecker product, but (Hy @ Hy)T does neither equal
HT @ HI nor HI @ H{ . In order to simplify the notation we use the following convention:
e We treat the product of a matriz and a matriz block as if the matriz was a block
of length 1 and skip the ®. It is referred to as pointwise multiplication.

o We write (Hy ®...Q Hyp)(i1...i,) instead of (H1 @ ... Q Hy)((i1...1,)).
e The empty Kronecker product is defined to be I, the identity matriz of suitable size.
REMARK 2.7 (Generating A®). Using the Kronecker product, one can express AC by

AZ = (G1®...@ Gy (i1,...,iq), A=GC1®...9GC,.

(i1,..., iq)

Next, we define operations to switch between matrix blocks, matrices, and tensors.
DEFINITION 2.8 (Lefthand block and righthand block). Let H € (RF***2)" be a matriz
block. We define the lefthand block H| as

H(1)
H|:= HSQ) € Rk (2.2)

and the righthand block [H as

[H=[HQ) H(2) ... H(n)]eRbxmk - [ =] @

The transpose HT of a matriz block is defined as H™ (i) := H(i)".
REMARK 2.9 (Conjugacy of block operations). The lefthand block operation is conju-
gate to the righthand block operation by means of



DEFINITION 2.10 (Block matricization). Let A € R be a d-dimensional tensor. A
block matricization with respect to s € {1,...,d}, Ay, is defined as the matriz block of
dimension (n1...ns—1) X (Ns41...n4q) and length ng, given by

(A) (1)) (i1 sorie 1 )s(ogrsonnsia) = Adriar Vis € L.

EXAMPLE 2.11 (Block matricization of A%). For a better understanding one may have
a look at the following equation, which is valid for any s and representation G:

A =(G1®...®Gs1)| Gy [(Ge41® ... ® Ga).

[

[ I
AR [ L - —
I cioo] [ ]
1 4 1l I I .
—14 e e E - F- - ~ LI T
T T Cmn F = F- - N
SO TT O T ] F=-A Prrrrrig [
RN Cioo] L S
ST T o rma -~
o3It Coa,, Diod]] " I
I coo

Note that both the multiplication with the lefthand as well as righthand block is elementwise,
i€ A(s)(8s)(ir,msiar) (iugrrenia) = (G1(i1) - Gs—1(is—1)) Gs(is) (Gsy1(ist1) -+~ Galia)).
For further calculations we give a scalar product for matrix blocks and derive a norm,
which is essentially the Frobenius norm.
DEFINITION 2.12 ((Scalar) product of matrix blocks). Let G and H be matriz blocks
of the dimensions k1 X kp,km X ko and same length. Then we define the (scalar) product
of two matrix blocks as

(G, H):=> G(i)H(i) = [GH] € RM**.

For a matriz J € RFm>Fm we define
(G,J,H) :=(GJ,H) =(G,JH).

Note that (-,-) is only a product with scalar output regarding its module properties.

DEFINITION 2.13 (R-scalar product and matrix block norm). Let V := (RF1*k2)n pe
the R-Vectorspace of matriz blocks of dimension k1 X ko and length n. Then (-,) defines a
scalar product (-,-)r on V via

(G, H)g := trace(G, HT) = trace(GT, H), G,HeV.

The corresponding norm || - || on V is defined as |G| :== /(G, G)r.-
REMARK 2.14 (Properties of the matrix block norm). For a matriz block G, tensor A

and index s € D holds
Gl =, > NG, [AllF = A Il

We introduce the concept of orthogonality (cf. [6]) for matrix blocks, by which we can
greatly simplify the minimization problem.

DEFINITION 2.15 (Orthogonality of matrix blocks). For a matriz block H, we call H
lefthand orthogonal if the columns of H| are orthogonal (this being (HT , H) = I), and
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righthand orthogonal if the rows of [H are orthogonal (this being (H, HT) =1I).

Let @ be a matriz block of same dimensions as H. We then define the (non-unique)
operation orth® such that for Q = orth*(H), the pair (Q],R) is a QR-decomposition of
H|. Then Q is lefthand orthogonal and QR = H.
Likewise orth”™ is such that for Q = orth”(H), the pair (L, [Q) is an LQ-decomposition
of [H. Then Q is righthand orthogonal and LQ = H. In the following we demonstrate
how orthogonality, the scalar product and the Kronecker product act together and form
a central result (Corollary 2.18) regarding the feasibility (Theorem 3.4) of the ADF core
step (Theorem 3.1) for which we initially only need Corollary 2.17.

LEMMA 2.16 (Scalar products of Kronecker products). Let Gi,Ga and Hy,Hy be
matrixz blocks of appropriate dimensions and lengths. Then

<(G1 ® GZ)T7H1 ® H2> = <G§, <G?: H1>7H2>a
respectively

(G1® Ga, (Hy @ Hy)") = (G1,(Ga, Hy ), HY ).

Proof. Due to analogy we consider only the first case. By definition and reordering of
summation we get

(G1@Go)" Hi@Hy) = (G ®Ga)(0)" (Hy © Ha)(i)

3

=D Galia)"Gr(in)" (Hi(in) Ha (i) = ZG2(Z'2)T D (Gi(i)" Hi(ir)) Ha (i2)

01,12 i1

:ZGQ(iQ)T<G{7H1>H2(i2) = <G§v<GP{’H1>aH2>'

O

COROLLARY 2.17 (Orthogonality of Kronecker products). If two matriz blocks G, H
are lefthand (righthand) orthogonal, then G @ H is lefthand (righthand) orthogonal. This
follows as for a matriz block K and a lefthand (righthand) orthogonal matriz block @ (P),
we have

QoK) QoK)= (K",K) and (K,KT)= (K ® P,(K ® P)T), respectively.
Furthermore this implies
Q@ K| =[|K|| = [|[K @ P
COROLLARY 2.18 (Scalar products of multiple Kronecker products). Let Gy,...,Gy

and Hy,...,Hy be matriz blocks of appropriate dimensions. Let G := G1 ® ... Gy and
H:=H, ®...Q H. Then

(GT H)=(GT,...(GT Hy),..., Hy).
If Gy = Hy,...,Gy = Hy are lefthand orthogonal, we have

(GT H) = (GT o (Gh o Hit) oo H) = (Grsr @ . © GOy Hir © ... © Hy).
8



Likewise
(G,HTY = (G1,..., (G, HY), ..., H]).
If Gy, = Hy,...,Gy = Hy are righthand orthogonal, we have
(G,HTY = (Gh,... (G, HL ), ..., H) = (G1®...@CGr_1,(H1®...®@ Hy_1)T).

Note that this decouples the Kronecker product and reduces the amount of computations as
well as the involved dimensions. For shorter notation we set the empty scalar product (i.e.
¢ =0) as I, the identity matriz of suitable size. ~We offer a last remark on a property
which is central to the ADF core step.

REMARK 2.19 (Non-uniqueness of representations). Considering A®) : H — A one
has a mapping which is non-injective as for the representations H' : Hy, ..., (HyJ),..., Hy
and H% : Hy,...,(JHyi1),. .., Hq one has AH = AHZ, where £ is arbitrary and J a square
matriz of appropriate dimension. This degree of freedom is not a disadvantage, indeed
we exploit this property in Theorem 3.1 by use of the LMaFit principle (Theorem 2.1).
Furthermore one can always assume, using the operations orth® and orth”, that all matriz
blocks H;, i < h are lefthand orthogonal as well as that all matriz blocks H;, i > h are
righthand orthogonal. Then also ||A%||r = ||G4]|.

3. The ADF Algorithm. We approach the main Problem 1.3 by the ADF Algorithm
1. As a basic step of the algorithm one has to solve the lefthand and righthand problem,
i.e., optimize with respect to G1,...,Gp or Gg,...,G} while keeping the other variables
fixed. In the following we give a detailed description for solving these problems, as well as
for the choice of the overrelaxation parameter o (Remark 3.8 and Algorithm 2).

3.1. The ADF Core Step. The core step we now give solves the lefthand respec-
tively righthand problem in the sense that Gy, ..., Gy, respectively Gy, ..., G}, are each
optimized individually as it is required for the update of G in Algorithm 1.

THEOREM 3.1 (Core step of the ADF algorithm). Given the lefthand problem one
can, as one sequence, optimize consecutively Gy,...,Gp in order s = 1 — h, respectively
Gh,...,Gq in order s = h < d when given the righthand problem. Without loss of gen-
erality we assume that Gy ...Gr_1 are given lefthand orthogonal, respectively Gpi1 ...Gq
righthand orthogonal (cf. Remark 2.19). The solution of the lefthand or righthand problem
is given by

GG)= Y. Zi(Gi(ir)...Ge1(is-1))" (Gar1(ist) ... Galia)" = QL Z()(45)PY

i€Lis=]
where
Qs =(G1®...9Gs1)], Pi:=[(Gsp1®...®Ga),
followed by

orth?(Gy), ifs<h
Gs < | G, ifs=h
orth™(Gs), if s> h.

Proof. (lefthand) We carry out the proof for s < h and s = h, assuming that the steps
before were performed as described above. Thereby Gy ...Gs_1 are lefthand orthogonal.

9



We abbreviate P := P, and Q) := Q. As @ is orthogonal we have
Gy = argmin || Z — A||p = argmin || Z(,) — A(GS)H = argmin || Z,) — QG P
G, Gs G

= argGmin ||QTZ(S) —GsP| = argGmin ||(QTZ(8))J — Gs|Pllr (LS),

the latter being one single least squares problem to be solved for the matrix Gs]|.
Case s < h : At this point we can, for s < h, use the LMaFit principle. We thereby know
that

range((Q" Z(5))| P")) = range(G,]),
which for some matrix R yields
(QTZ(s))|PTR=G,| & Q" Z(4(is)P"R = G4(is) Vis.

In principle we have found G, but we do certainly not want to calculate R. Therefore, we

interprete R as part of G511 instead of Gs. This is a valid operation that does not change
AC | as

Gy (is—1) (QT Z(5)(i5) PTR) Giir (is41) - - -

= ... Gy1(is—1) (QT Z(5)(i15) PT) (RGss1(is41)) ... V(i1,...,iq) € L.

Thereby R will vanish as the newly formed RGs11 is next to be replaced. Hence we can,
instead of the direct minimizer, choose

Gslis) + QT Z(5)(is)PT Vis. (%)

followed by lefthand orthogonalizing Gs. This again produces some R, which is treated
likewise (cf. [6] for the matrix case).
Case s = h : One can see a more specific reason for the splitting into lefthand and righthand
now. There is naturally a limit for R to be transferred to the right, at the latest G4. This
implies that we can neither use the LMaFit principle nor orthogonalize for one index, this
being s = h. Yet in this case P is orthogonal. Starting at (LS) again, we can thereby
without any further reasoning put P to the right as we did with (. This immediately
results in the same formula (x), except that we do not orthogonalize. This completes the
proof. O

The core step described above solves the lefthand (or righthand) problem without
overrelaxation. The overrelaxation parameter o can be incorporated directly into the core
step by modifying Z as follows.

LEMMA 3.2. Let A =G, ®---® G4 € R be given, a € R, Z € RT and

GZ =argmin||[Z —G1 @ ® Gy1 ®C~¥M®GM+1 ®---®Gy|-
Gy

Then G := oG} + (1 — )G, fulfils

GO =argmin[|Z* ~G1® - ® G 1®G,® G @ @Gyl
GM
for Z% .= aZ + (1 — a)AC.
10



Proof. We insert aGI + (1 — a)G, into the righthand side of the last equation and
obtain

HZa_Gl®"'®G1L71®(QG:+(1_a)Gu)®Gu+1®'“®Gd”
=[aZ+(1-a)A -G @ @ Guo1 ® (aG) + (1 —a)Gy) @ Gup1 ®@ -+ @ G
=laZ -aG1® - @G 1 @G, @G @ @G|
=al|Z-G1® -G, 190G @G ©-- G

and any other choice G, = aé;‘ + (1 — )G, does not give a smaller value since G} is a
minimizer. 0

NOTATION 3.3 (Denoting current and old representations). During one sweep of up-
dating G1,...,Gp, in the lefthand problem, we use the notation G~ for the representation
before the sweep and G for the updated representation. Analogously for the righthand prob-
lem.

THEOREM 3.4 (Practical ADF core step (lefthand)). Under the assumptions from
Theorem 3.1 the update Gy, ...,Gy for the lefthand problem with overrelazation parameter
« is given by

Gy(§) =(GT_y,.. (GT,GT)...Gy) G5 (4) (Gipy -Gy Gy ) o Gy ) (3.1)

(LS3) (L52)

+ Y aM—AF) (Gi(i) . Gea(is1)” (Goyy (i) - Gy (i)
i=(i1,..via)EP
1s=7

(LMY); (LM2);
(3.2)

(3.3)

E .
G« orth*(Gs), zfs <h
G, if s=h.

(The short notations are used for Lemma 3.5.)
Proof. According to Theorem 3.1 and Lemma 3.2, we have

Gs(3) = Q1 20 ()P
= > ZMGi(i1).. Geo1(is-1) (Gagr(iss) ... Galia))" V3. (34)

i=(i1,...,ia) €T
is=J

Z =A% |pp+ M|p (cf. Algorithm 1) and Z* = aZ + (1 — &) A" (cf. Lemma 3.2) yield

VA AG +Oé(M|p—AG7‘P)

—First summand «+Second summand

which we insert it into (3.4).
First summand: Recall that Ag)_ can be expanded (Example 2.11). Using the definition
for Qs and Ps (Theorem 3.1) we have:

QTAR) P =

(G1®... @G )]Gl ©@...0G_ )]G ) [(Gr®...0G)[(Gi®...0Ga)"
(3.5)
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With Remark 2.9 and the definition for the scalar product (Definition 2.12) we can simplify
(3.5) = ((G1®...0G,-1)T, (GT ®...0G_))) Gy (is) (G11©...®G), (Gs11®...0Ga)T)

Due to Corollary 2.18 and the fact that Gsyq,...,Gq still equal G 4,...,G; and are
righthand orthogonal as of index h + 1 when optimizing lefthand we can simplify both
scalar products

(35) = (GT_,,...(GT.GT)...Gi1) Gy () (Grpy - (G Gy ) Gy ).

Second summand: As (M|p — A% |p); = 0 for any i ¢ P, we can reduce the summation
from Z to P without changing its outcome. We use again that Gsy1,...,Gy still equal
G.i1,---,G5 and receive the formula stated in the theorem. O

Analogously to the lefthand case we can treat the righthand case by

Gu(§) = (Gt o Gy .Gy .. Grly) G (4) (Giy - (G GT) .. GT,y)

+ ) M= AY ) (G (i) .. Gs—l(lsfl))T(Gs+l(is+l) - Galia))"
i=(i1,ria)EP

is=j
G o orth"(Gs), ifs>h
Gy, if s = h.

3.2. Computational Complexity of ADF. Each statement in this section which
we give in its lefthand version can be treated analogously in the righthand case, leading to
equivalent results.

LEMMA 3.5 (Successive computing). In the lefthand core step (Theorem 3.4) occuring
terms can be reduced to simpler successive computations, via:

(LS3) = (G, (LSs_1), Gy), (3.6)
(LSE) = <Gis+17 (LSs+1)?Gs_+1>v (37)
where (LST) =1 and (LS}) = I (the identity matriz). Likewise

(LM3); = Go1(is—1)" (LM_,);, (3.8)
(LMZ); = (LMZ); Gy (ist1)” (3.9)

where (LM{) =1 and (LM?) is inherited from the righthand step. Hence, while (LS') and
(LM?Y) are updated within the sequence, (LS?) and (LM?) are calculated before. Further-
more, (LM}) and (LM?) can be used to update AG .

COROLLARY 3.6 (Computational complexity). Let r := max{ri,...,rq-1}, n =
max{ni,...,nqt and p := #P. If we consider one full lefthand optimization sweep (Z,
Gy, ..., Gp), we can give an upper bound for the effort by analyzing the operations in
Lemma 3.5 and Theorem 3.4:

1. (3.6) & (3.7): 2n times (r X r) times (r X r) matriz multiplications
2. (3.8) & (3.9): p times (1 x r) times (r x ) matriz multiplications
3. (3.1): n times (r x 1) times (r X r) matriz multiplications

4. (3.2): p times (r x 1) times (1 x r) matriz multiplications

5. (3.3): at most one QR decomposition of an nr X r matriz

12



Each of these steps is performed about d/2 times. As the number of samples scales like
p ~ Cor?nd, items 1, 3, 5 are negligible. This leaves us with a total effort for one lefthand
sweep of

¢ = O(prid) = O(C,yrind?),

where the oversampling constant Cy, is assumed to be the uniform slice density, cf. Def-
inition 1.1. Note that the constant hidden in the order is very small, but the number of
necessary lefthand and righthand sweeps can be large.

COROLLARY 3.7 (Storage complexity). Let r := max{ri,...,rq—1} and p := #P and
n = max{ny,...,nq}. As in the lefthand case (LS?) and (LM?) have to be calculated
beforehand and stored for efficiency reasons, we require

& = O(prd) = O(Cyyr®*nd?)
numbers to be stored.

3.3. Choice of the SOR Parameter a. By an optimized determination of the accel-
eration parameter a one can speed up the convergence of the ADF algorithm considerably.
Therefore, after each sweep for the lefthand or righthand problem, we allow a relatively
expensive search for a suitable a by testing increased (a“P) and reduced (a?*™) values of
o until the residual decays (or we break).

REMARK 3.8 (Determination of the direction). To handle the acceleration parameter
a, we introduce a second parameter 0 taking the role of an increment. Fach lefthand or
righthand sweep is run for two different accelerations (P, a%™™ ) where we denote by a
the previous one:

Q' i=a 446, a®":=maz{l,a—§/5}

By this choice the overrelaxzation parameter is at least « > 1. Depending on the residuals
of the results, one of the three directions, denoted by (up), (down) or (back), is chosen as
specified in Algorithm 2. It determines the new a, § as well as G. At the start we use
a:=1 (possibly adapted to the problem) and § := a/4.

Algorithm 2 Choice of the SOR parameter «

Let G~ be the old representation received by having used a. Let G, G%°"™ denote the
representation obtained by either a lefthand or righthand sweep with parameter a“?, 4o
leading to residuals R~, R*P, Riown,

’Notation: = decrease, \,\,= heavy decrease, /= increase‘

if R*? > R~ and R¥"" > R~ then
N\ @ (but a > 1); N\, 0; keep G < G~ and repeat step; I' < (back);
else if (R*? < R4°"") then
If I' = (up) then ¢, otherwise “\, 0;
o+ o', G+ GYP; T+ (up);
else if (R¥°“" < R"P) then
If ' = (down) then A §, otherwise “\ d;
a — adorn: G« Govn: T« (down);
end if

13



3.4. Generating Starting Values and Stopping Criteria. We continue by intro-
ducing an incremental approach for finding good initial values for the iterative optimization
by the ADF algorithm.

REMARK 3.9 (Stepwise increase of r). A successful strategy for finding good initial
values for the optimization is to start with minimal rank ro = ... =rg = 1, and each time
the algorithm does not do sufficient progress anymore (cf. Remark 3.10), the ranks r, of
G are increased until the target rank is reached. For the very first gquess with TT ranks
r=...=1rq-1 =1, we define

Gl 1 Vs i

(Gs(1))11 = 7 S, 1.
G is uniform and fulfils all required orthogonality conditions, cf. Theorem 3.4. Finally,
we need a reliable stopping criterion and decide when to increase the ranks.

REMARK 3.10 (Breaking criteria). We break if one of the following criteria is met:

e the last 10 directions were (back), i.e., there is no reduction of the residual even if
the SOR parameter o approaches 1.

e the last 5 quotients of old and new residuals are in average too small, and either
the direction is (down) or the change in the two last quotients of residuals is too
small.

The term "too small” is related to a parameter €. Most reasonable choices vary between
10~* and 1075, The first criterion prevents that the algorithm gets stuck trying to lower a

Algorithm 3 ADF algorithm
Initialize the representation G for » = 1 (Remark 3.9), « and d;
while r < 7y, do
for iter = 1,... iter,,qa do
do the while loop lefthand, then righthand: {Remark 3.8}
while I" = (back) do
for (up) and (down) direction optimize respective hand; {Theorem 3.4, Lemma
3.5}
choose direction; {Algorithm 2}
end while
if breaking criteria apply then
stop and continue outer for loop; {Remark 3.10}
end if
end for
adapt representation to 7 + 1; {Remark 3.9}
end while

more and more. In the second one, instead of using some kind of absolute criteria regarding
the residual, it is much better to look at relative improvements. As these can fluctuate a
bit we take the average of several. In order to prevent too early breaking, the direction
is supposed to be (down), as while « increases (in case of (up)) or is accidentially far too
large (in case of (back)), there is still a chance that this improves. However, if this happens
too slow, the algorithm will break anyway to prevent that the algorithm gets stuck. The
final ADF algorithm is given in Algorithm 3

4. Numerical Experiments.

4.1. Generating of Data and Details to Measurements. In order to obtain a
sufficient slice density, cf. Definition 1.1, we generate the set P in a quasi-random way
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as follows: For each direction = 1,...,d and each index i, € Z,, we pick C,,r? indices
i1y eeyiy—1,0u41,--.,iq at random (uniformly). This gives in total dnC,,r* samples (ex-
cluding some exceptions), where C,, is the oversampling factor in the sense that the low
rank tensor format inhibits at most dnr? degrees of freedom.

As a control set C' we use a set of the same cardinality as P that is generated in the
same way. We give neither a limit to time nor to the number of iterations and use only
the previously mentioned breaking criteria with varying ¢ € {107%,1075,107%}. For the
results of the tests we denote the ratio of known points p = #P/n?, the relativ residual
resp = ||A — X||p/||A||p, the error on the control set resc = ||A — X||¢/||Allc and the
time in seconds (s), minutes (m) or hours (h).

4.2. Approximation of a Full Rank Tensor with Decaying Singular Values.
As a first example, we consider a tensor A € RT given by the entries

4 ~1/2
A(il 7777 id) = (Z Zi) .

p=1

We carry out three different tests, each one focusing on a different parameter, i.e. d
(dimension), r (final rank) and n (size).

Each combination of parameters is tested 10 times for different random P and C,
where (resc) and (resp) denote the geometric mean of the respective results and (time)
the arithmetic mean of times. A plot of the convergence of (resp), (resc) for fixed d = 8
and n = 20 is given in Figure 4.1. We observe convergence for all choices of parameters.
In Table 4.1 we list the detailed results for oversampling factor C,, = 10 and stopping
criterion € = 1076,

d ‘ (resc) ‘ (resp) H (time) ‘
5\130e02\207e03H 6.3 s ‘
8 [2.98e-03 | 4.15e-04 | 325 |

[ r | (resc) [ (resp) | (time) | ’
[2]1.94e-02 [ 8.15e-03 | 145 | y
[ 3]2.05e-03 [ 3.84¢-04 | 1.3 m | \
[4]1.72e-03 [ 7.50e-05 | 24 m | \
|
|
|

13 [ 3.07¢-03 | 6.02e-04 [ 2.9 m |
21 [ 6.29¢-03 [ 4.03¢-03 [[ 4.3 m |
34 [ 7.66e-03 [ 7.59¢-03 [ 27s |
55 | 4.63e-03 | 4.56e-03 [[ 2.1 m |

[5 ] 1.49¢-03 | 4.50e-05 [ 39 m

|
[ 6] 2.25¢-03 [ 1.84e-05 | 1.7h |
| 7] 8.53e-04 [ 7.36e-06 | 2.6h |

TABLE 4.1
Convergence and timing with respect to the target rank r for fived d = 8,n = 20, Cpy = 10, = 1076
(left). Conwvergence and timing with respect to the dimension d for fited 7 = 3,n = 8,Coyp = 10,6 = 1076
(right).

We observe that the timing results can be quite inhomogenous due to the stopping
criterion that does not limit the maximal number of iterative steps. However, the results
show that an approximation in dimension d = 55 still works fine, although only extremely
few points of the whole tensor (less than 107°° x n?) are known.

At last we consider the variation of the mode sizes n € {8, 16,32} in Table 4.2. Here we
also observe an independence of the mode size n, but we could observe in further numerical
experiments that for large n and larger ranks r the results are less satisfying.

4.3. Reconstruction of a Low Rank Tensor without Noise. As second example,
we consider quasi-random tensors with exact, common low TT ranks A € TT(r,...,r) (cf.
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F1G. 4.1. Plotted are the residuals (resp) (right) as well as the control residuals (resc) (left) as func-
tion of p for varying target ranks r = 2,...,10 . Each curve corresponds to one choice of the oversampling
parameter Co, and the stopping parameter €.

Definition 1.2). Each tensor is generated via a TT representation G as follows: Each entry
of Gy,...,Gq is (uniformly) assigned with a random value in [—0.5, 0.5]. The tensor is then
computed as A = AS. Each combination of parameters is tested 20 times for different
random P and C. We consider such a reconstruction successful if resc < 1073, As an
additional heuristic method we allow the algorithm after a failure to try the same task at
most 5 times again. In these tests only portions of the previous P (which increase with the
current rank) are used. However, no new information is anyhow used in these trials. Two
diagrams, for d = 4,5, with fixed n = 20 and € = 107° are given in Figure 4.2, displaying
16



[ n [ (resq) | (resp) | (time) |
[ 8 ][ 2.91e-03 | 1.56e-04 [ 20s |
[ 16 [ 7.13¢-03 | 3.87e-04 | 1.4 m |
[ 32 6.82¢-03 | 4.01e-04 | 2.8 m_ |

TABLE 4.2
Convergence and timing with respect to the mode size n for fited d = 8,17 = 4,Cop = 10,6 = 1075,

the numbers of successes in 20 shades of gray, from white (0) to black (all 20).

256 256
£ 128 S 128
a 32 2, 32
g 16 % 16
: = °
S 4 S 4 §
2 | | ! 2r | | | L]
1 2 3 4 5 6 7 8 2 4 6 8
Rank r Rank r

FiG. 4.2. Displayed as shades of gray (white (0) to black (all 20)) are the numbers of successful
reconstructions for varying target ranks r = 1,...,8 and oversamplings Co, = 2,4,...,256 with d = 4
(left) and d =5 (right)

We observe that the results for d = 4 are quite satisfying and that with increasing
rank, less oversampling is needed. For d = 5, the performance is decreasing rather fast. In
general the known portion of points p seems to effort a magnitude of about 1073 to 1072,

4.4. Reconstruction of a Low Rank Tensor with Noise. As last test we exactly
repeat the previous one but with perturbed tensors A = A+ 10"%1&, where A is generated
as before and v := ||A||p/v/#P. &£ is a tensor of same proportions; each entry being
a (uniformly) quasi-randomly assigned value in [—1,1]. A test is considered successful
if resg < 1073, where the control set residuum is still evaluated on A. However, no
information about the non perturbed tensor is used in the algorithm. We desist from a
diagram as there is no observable difference. It seems as if the algorithm ignores uniform
noise as far as theoretically possible.

5. Conclusions. In this article we presented an alternating directions fitting algo-
rithm that aims at finding a low tensor rank approximation to a tensor whose entries are
known only in a small subset of all indices. It is important to use a certain oversampling
factor in order to obtain a reasonable reconstruction of the tensor, and in our numerical
experiments it turns out that this factor depends on the dimension but can be decreased
with increasing rank, where it approaches C,, = 2 in dimension d = 4. The SOR-type
solver of the first order optimality conditions is able to minimize the residual on the known
set of indices (the samples) for moderate ranks r < 10 and dimension d < 50. A modifica-
tion or extension is necessary in order to treat varying TT ranks rq,...,7r4_1 instead of a
uniform rank. Also, large mode sizes n > 100 possibly require smoothness conditions and a
refined sampling strategy. The influence of noise on the reconstruction is rather harmless,
where the noise can be unstructured or of rank structure but of smaller magnitude than
the desired target accuracy. It seems that the low rank format introduces an automatic
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regularization in the same way as the singular value truncation pronounces low frequency
components.
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