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Abstract

We analyze univariate oscillatory integrals for the standard Sobolev spaces H® of
periodic and non-periodic functions with an arbitrary integer s > 1. We find matching
lower and upper bounds on the minimal worst case error of algorithms that use n
function or derivative values. We also find sharp bounds on the information complexity
which is the minimal n for which the absolute or normalized error is at most €. We show
surprising relations between the information complexity and the oscillatory weight. We

also briefly consider the case of s = oco.
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1 Introduction

There are many recent papers about the approximate computation of highly oscillatory
univariate integrals with the weight exp(27ikz), where x € [0, 1] and k is an integer which
is assumed to be large in the absolute sense, see Dominguez, Graham and Smyshlyaev [4],
Iserles and Ngrsett [6], Melenk [8], Chapter 3 of Olver [11], and Huybrechs and Olver [5] for
a survey. Many papers present asymptotic error bounds as k goes to infinity for algorithms
that use n function or derivative values. It is usually done for C'**™° or even analytic functions.
There are not too many papers that contain explicit error bounds depending on k£ and n.
Examples include [4, 8, 11]. All these papers also contain pointers to the further relevant
literature.

There seems to be some doubt in the literature concerning the question whether “high
oscillation”, i.e., large |k|, means that the problem is “easy” or “difficult”. We believe that
this uncertainty is related to the fact that error bounds are rare and most authors do not
distinguish between the absolute and normalized error criteria. The absolute error criteria
means that the error is at most ¢, whereas the normalized error criteria means that the error
is at most € times the initial error. The initial error is the error of the zero algorithm and
only depends on the formulation of the problem. It turns out that in the setting of our paper
the initial error is small for large |k| which makes the absolute error criterion easier than the
normalized error criterion. We show that the answer to the question whether the problem is
easy or difficult for large |k| depends on the error criterion we choose as well on the relation
between |k|, € and the assumed smoothness of integrands.

We did not find a computation of the initial error in the literature and we did not find
lower bounds on the error of algorithms that use n function or derivatives values. In this
paper, we present the formulas for the initial error as well as matching lower and upper
bounds on the minimal errors of algorithms.

More precisely, we study the approximate computation of univariate oscillatory integrals
for the standard Sobolev spaces H® of periodic and non-periodic functions defined on [0, 1]
with an arbitrary integer s > 1. We usually consider a finite s but we also briefly consider
the case of s = co. Although we consider arbitrary integers k, our emphasis is for large |k|
and we explain our results here only for such k.

For a finite s, we obtain matching lower and upper bounds on the nth minimal worst
case errors of algorithms that use n function or derivatives values. For n = 0, it is the initial
error. For the periodic case the initial error is of order |k|~*, whereas for the non-periodic
case it is independent of s and is roughly |k|™'. This means that the initial error for the
periodic case is much smaller for large s.

For s = oo, the periodic case leads to the space of only constant functions and the
problem becomes trivial since the initial error is zero for all k # 0. The non-periodic case is



still reasonable with the initial error roughly |k|~!.

For a finite s and the periodic case, we prove that an algorithm that uses n function values
at equally spaced points is nearly optimal and its worst case error is bounded by Cy(n+|k|)~*
with an exponentially small C in s. For the non-periodic case, we first compute successive
derivatives up to order s — 1 at the end-points x = 0 and x = 1. These derivatives values
are used to periodize the function and this allows us to obtain similar error bounds like for
the periodic case. Asymptotically in n, the worst case error of the algorithm is of order n=*
independently of k£ for both periodic and non-periodic cases.

Near optimality of this algorithm is shown by proving a lower bound of order (n + |k|)~*
which holds for all algorithms that use the values of function and derivatives up to order
s—1 at n arbitrarily chosen points from [0, 1]. We establish the lower bound by constructing
a periodic function that vanishes with all its derivatives up to order s — 1 at the points
sampled by a given algorithm, belongs to the unit ball of the space H® and its oscillatory
integral is of order (n + |k|)~*.

For s = oo, we provide two algorithms which compute successive derivatives and/or
function values at equally spaced points. The worst case error of one of these algorithms is
super exponentially small in n. For s = oo, we do not have a matching lower bound.

We consider the absolute and normalized error criteria. For the absolute error criterion,
we want to find the information complexity which is defined as the smallest n for which
the nth minimal error is at most € € (0, 1), whereas for the normalized error criterion, the
information complexity is the smallest n for which the nth minimal error reduces the initial
error by a factor €. For a finite s we obtain the following results.

e For the absolute error criterion and the periodic case, the information complexity is
zero if € > 1/(27|k|)® and otherwise is roughly e~/ — |k|. This means that in this case
the problem becomes easier for large |k|.

e For the normalized error criterion and for the periodic case, the information complexity
is of order |k|7'/%. Hence, in this case the problem becomes harder for larger |k|.

e For the absolute error criterion and the non-periodic case, the information complexity
is zero if € > 1.026/(27|k|) and otherwise is roughly lower bounded by /¢ — |k| and
upper bounded by 7'/ 425 — 1 — |k|. As for the periodic case, the problem becomes
easier for large k.

e For the normalized error criterion and the non-periodic case, the information complex-
ity is of order |k|'/* /% for very small e. In this case, the dependence on |k| is more
lenient than for the periodic case if s is large.



The dependence on |k| is quite intriguing if |k| goes to infinity. For s = 1 and fixed ¢,
the information complexity goes to infinity linearly with |k|. However, the situation is
quite different for s > 2. Then for large |k| the information complexity is bounded by
2s if € is fixed or if € tends to zero like |k|~" with n € (0,s — 1).

For s = 0o, we obtain only upper bounds on the information complexity. For € tending
to zero they are roughly In(¢™1)/In(In(¢~')) independently of |k|.

2 Preliminaries

We study the Sobolev space H® for a finite s € N, i.e.,
H* ={f:[0,1] = C| f* Y is abs. cont., f) € Ly} (1)

with the inner product

(f.9), = S 1f“)(a:)da: 1 O (z)dz + 1 F9(2) ¢O(2)dw
g ;/0 /0 g /0 g

= D (1), (0. 1)y + (F.99),

=0

= (f, f)i/Q. We later comment on the

where (f, ), fo z) g(x)dz, and norm |
space H> for 5§ = Q.

Remark 1. Probably the most standard inner product on the Sobolev space H® is

= 28: <f(f)7 g(€)>0 ] (3)
=0

Obviously, the norms || - ||z and || - ={f,f >S . are equivalent. What is more surprising,
the bounds on the embedding Constants are 1ndependent of s and close to one. More precisely,
we have

forall fe H® and seN. (4)

The second inequality is trivial, whereas the first inequality seems to be new and its proof
is given in the appendix.

From (4) it clearly follows that all results presented in this paper for the space H®
equipped with (-, ), are practically the same as for the space H* equipped with (-,-), .. We
choose to work with the inner product (-, -), since the analysis in this case is easier and more
straightforward. ]



We want to solve the following problem:

e What is the complexity of the approximate computation of oscillatory integrals of the
form

1(f) = / fa)e ik e, = VT, (5)

where k € Z and f € H®? Our emphasize is on large |k|. We improve the known upper
bounds and also prove matching lower bounds.

We ask (and answer) the same question also for the periodic case, i.e., for the subspace of H*
given by B
H={feH|f90) = f91) for t=0,1,...,s — 1} (6)

equipped with the same inner product as for the space H®. Note that for f,g € H* this
inner product simplifies to

(f.9)s = (f, 1) (g, L)y + (F), g, .

The results are presented in the following order. We first consider the integration problem
for periodic functions, i.e., for functions from H*, and then, using this knowledge, we analyze
the integration problem for the space H?.

The results of this paper could be stated also for real-valued functions, where I;(f) can
be written, for example, as

Ik(f):/o f(x) cos(2mkx) dz

for k € 7Z, loosing only some negligible constants. We decided to work with complex-valued
functions to ease the notation.

3 The periodic case

As already indicated, we first analyze oscillatory integration over H¢*. That is, we want to
approximate the integral

I(f) ::/0 f(:z:)ezmkzdx:/o f(z) cos(2mkx)dx — i/o f(z) sin(2rkx)dz, (7)

where k£ € Z and f € H® with s € N. Although k can be any integer, the emphasis of
this paper is for large |k|. In this case the weight functions cos(27kz) and sin(27kx) highly
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oscillate and therefore the approximation of I is called an (highly) oscillatory integration
problem. B

We consider the worst case error on the unit ball of H* for algorithms that use function
values or, more generally, function and derivatives (up to order s — 1) values. Note that for
f € H*, the values fY)(x) are well defined for all j =0,1,...,s — 1 and 2 € [0, 1].

It is well known that adaption does not help, see Bakhvalov [1], and linear algorithms are
optimal, see Smolyak [12]. These results can be also found in e.g., [9, 10, 13]. This means
that without loss of generality we may consider linear algorithms of the form

A = 3 ) (w) ®

for some a; € C, ¢; € [0,s — 1] and z; € [0, 1]. Observe that we allow the use of derivatives
f%)(z;) as in [6]. An important sub-class is the class of linear algorithms that use only
function values, i.e.,

A =Y aif@)). )

Of course, for s = 1 there is no difference between (8) and (9). We will see that for all s the
complexity results are similar for both classes of algorithms (8) and (9).
The worst case error of A,, is defined as

é(An) = sup 11k (f) = Au(f)],

feHs, ||| gs<1

whereas the nth minimal worst case error is

é(n, k,s) :=infé(A,). (10)

We use the tilde to indicate that we consider the periodic case, i.e., the class H*. The

particular case n = 0 corresponds to the zero algorithm Ay = 0 and gives the so-called initial
error

é(0> k: S) = sup ’[k(f)’ = H[kl

FEH?, | fllms<1

Hs—C- (11)

Remark 2. We believe that this is a simple but already interesting model problem for
approximating highly oscillatory integrals. Later we plan to study the multivariate case and
tractability and we believe that, from a practical point of view, the integrals

Su(5) = [ £y exp(=al}) da
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for smooth integrands f : R? — C are more interesting. We start, however, with the
integral (5) since it seems to be the simplest interesting case of oscillatory integrals. O

We start with the computation of the initial errors €(0, k, s) = ||Zx|

e Since Iy is a
continuous linear functional defined on the Hilbert space H*®, Riesz’s theorem implies that
for each k& € Z and s € N, there exists a function hy , € H® such that

L(f) = <f, hk> for all f e H*.

The function ;llts is called the representer of I for the space He. Tt is well known and easy
to show that ||hxs|lms = [ 1ell gs e B

To find hy,, consider the particular function ej(z) = 7% Clearly, e, € H®. Using
integration by parts, we obtain for k # 0

(Frewh = (£, Do Tem Do + (£9,6l) = (£9,6l) = (=1 (£.627)

= (2mk)™ (f, ex)o = (27k)™ Ii(f).
For k = 0, we have (f,ex), = (f, 1), = Io(f). Hence we obtain

(12)

Proposition 3. Let k # 0. The representer of I is
ﬁk,s(x) — (27_‘_]{;)723 lerik:Jc

and the initial error is ]

(2m|k|)”
Additionally, for k = 0 we have hg4(z) = 1 and &(0,0, s) = 1.

(0, k,8) = || husll s =

We now present a few linear algorithms whose worst case errors are of order (n + |k|)~*.
We will prove later that this is the best possible order.
For n > 1, we first define the linear algorithm

1 < _ -
AP = = D (/) e forall - f e B
=1

We use the superscript QMC to stress that the algorithm uses equal weights 1/n for the
function f(-) exp(—2mik-). This means that this is a QMC (quasi Monte Carlo) algorithm.
As we shall see, the worst case error of AYMC is small only if n is sufficiently large with
respect to |k|. Later, we will modify the algorithm ASMC to have a good error bound for
all n. First we prove the following theorem.



Theorem 4.

(i) The worst case error of AMC n > 1 is

N 1/2
S(AQMCY — ! !
) (Z <maX{1, CrGn+ R} max{L, 2n(jn - k>)25})> |

(ii) For any 1 <n < |k| we have

E(AMCY) > (0, k, s).

(iii) For any n > |k| we have

. 1/2
; Moy _ 1 1 2 1
(A7) (Z ((QW(jn Tr)E T @r(n— k:>>28>) = @ny (o Ikl

J=1

(iv) Let a € (0,1). Then for n > [(1 + a)/(1 — )] |k| we have

2 1

(AN .
W) = Gra)s (v )

]

Proof. For h € Z, let e, (x) = €21 for z € [0,1]. Since f is a periodic function from H* we

can write

fx) =" fnenla),

heZ

with the Fourier coefficients f, = fol f(x)e ?™he dz. Since f is smooth the last series is also

pointwise convergent. Then

ASMC(f) _ % th Z [ezm(h—k)/n}ﬂ"

heZ j=1

Note that the sum with respect to j is zeroif h—k # 0 mod n, and isequal tonif h—k =0

mod n. Therefore we can restrict h to h = k + jn with j € Z, and

AP =D Jerin:

JEZ



For j = 0 we have fj, = Ii.(f) which yields

L(f) = ARO(f) == > ferin.

JEZ\O

Let a;, = max{1, (2rh)2}. Clearly a; = a_y. Since e,’s are orthogonal in H*
ap, for f € H® we have

||f||?{s - Z |fh|2ah < 0.

heZ
Hence,
1/2 1/2
QMC 12 —1/2 Foo2 ,
[1x(f) — Ay E fk+3nak+yn T S | ftjnl @kt jn ak+]n
FEZ\O FEZ\O JEZNO
and

[1:(f) =AM (S)

1/2
1 1
(Z(max{l <jn+k:>>2s}+max{1,<2w<jn—k>>2s}>> |

The last inequality becomes an equality if we take

f=c Z Jetjn€rijn  with ¢ #0, and frijn = a];_il_jn'
JEZ\O

We can choose ¢ such that || f||zs = 1. This yields the formula for é(AMC) and proves (i).

Using (i), we obtain for n € [1, |k|] that

> (e n))%})m - (max{l,izwkm)l/z =&0.59).

This proves (ii).

e(AFN)

We now estimate é(AMC) for n > |k|. For such an integer n and all j € N we have

1 1 2
max{ L, (2n(jn + 0=} | max{L, (2n(jn — k))>) = (2m(jn — [k]))>*




This yields

We have

> 1 1 1
2 G T G Z (jn — [k

7=1
< ;+/°°d_x
= (n—kD)> i (na—[k])*

1 1 o
_ —(2s-1)
= o E @ Da TR
1 1

(n — |k|)2 + (2s — 1)n(n — |k|)2s 1

B n — |k 1 25 1

- (1 T 1>n) (= k)= = 25— 1 (n— k)®
2

(n R

IN

This completes the estimate of é(AMC) for n > |k|, and proves (iii).

Ifn>[14+a)/(1—a)]|k] we have n—|k| > a(n+ |k|) and (n— |k])™* < a™%(n+ |k|) .
Then (iii) easily yields (iv) and completes the proof. O

We comment on Theorem 4. Note that for £ = 0, the point (ii) cannot happen and
the assumptions of (iii) and (iv) always hold. We now discuss this theorem for k # 0. We
start with (iv). Obviously, if « is close to zero then the condition on n is relaxed. However,
the upper bound on é(AMC) is weaker since the factor (27ra)~* goes to infinity. On the
other hand, if o goes to one than the condition on n is more severe but the upper bound (in
terms of (n + |k|)~%) on é(AMC) is better. This means that there is a tradeoff between the
condition on n and the quality of the upper bound on é(AMC). This problem disappears if
n goes to infinity. Then we can take « close to one. In fact, the formula for é(AMC) for n
tending to infinity yields

1/2
lim &(AMC) ps = (2¢(2s)” (13)

n—o00 (27‘(’)5 ’

where ( is the zeta Riemann function, ((z) = >_72, i~ for z > 1.
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Remark 5. It is interesting that the right hand side of (13) appears for other problems.
First of all, it is the norm of the embedding of H* N {f € H 5| fo x)dx) = 0}, equipped
with the norm || f¥||1,, into C([0,1]), see [7, Theorem 1.2]. This was proven by calculating
the diagonal values of the corresponding reproducing kernel. Moreover, the right hand side
of (13) equals % || Bs||,, where By is the Bernoulli polynomial of degree s, see [7, Lemma 2.16].

O

We now comment on Theorem 4 when n € [1, |k|]. In this case we know that the algorithm
ASMC is even worse than the zero algorithm. For instance, take n = |k|. Then it is easy to
conclude from (i) that

E(AMOY2 > 1 — (14)

1
(4mk)2s”
Note that (14) is almost worst possible since every quadrature rule A,, with positive weights
which sum up to one satisfies

é(4,) < sup  ([L(N]+ [An(D) < IHkllgae +_ sup sup |f(z)|

FEHS,||fllms<1 feHs, || flls <1 =€[0.1]
1
= + ||1d||.
(2|kl)®
Here, 1d : H® — C([0,1]) is the embedding operator, i.e., Idf = f for all f € H*. We can
estimate its norm as follows. We know that H?® is a reproducing kernel Hilbert space with
the kernel!

27rzh (z—t)

Ky(z,t) = 1+ (=1 'Bs,({z —t}) = 1+ Z
heZ\0

where B} = By /k! is the kth normalized Bernoulli polynomial, see (22), and {x — t} is the
fractional part of = — ¢.

This implies for f with ||f||zs <1 that
fA(x) = <f, f?s(',x)>2 < || fl14e Ko(z,2) <14 2y i
i (2m)2 P ;25
Hence, ||Id]|? < 1+ 2¢(2s)/(27)? and
1 (2¢(25))"2

) <1 Gy T ey

!The formula of the reproducing kernel of H* given as (10.2.4) on page 130 in [14] and as Example 21 on
page 320 in [2] has a typo. The term Bj(z)B;(t) should be replaced by >75_, Bj(2)Bj(t), as is correctly
stated in the original paper [3], where this result is proved.
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which for large s is close to one as the right hand-side of (14).

We now show how to modify the algorithm ASMC such that its worst case error is smaller

than the initial error €(0, k, s) with no condition on n. It turns out that the weight n~! used
by the algorithm ASMC is too large.

Theorem 6. For a € R, consider the algorithm of the form
I o -
Ana(f) = — ' “2mikin o for all € h®.
o(f) " ;f(j/n) exp or a f

The worst case error of A, , is minimized with respect to a for

ks
" R0, k)2 + (AP
and 3 .
E(Apas) = (0, k,s) é(AMO) .
VIE0, k)2 + [6(APIO)2
Clearly,

ar <1 and  &(A,.) < min{é(0,k, s), 6(AM)}.

n

Proof. Repeating the analysis of the first part of the proof of Theorem 4, we obtain

[k(f) - An,a(f) = (1 - Cl)fk —a Z fk+jn-
JEZ\O
Similarly as before we use aj, = max{1, (2rh)*} and conclude that
1/2

= (1= )?[e(0, k. )] + a?[e(AP)2) .

(1— a)2 12 1
jezo Ak+jn

Clearly, the last expression is minimized with respect to a for a = a; from which we obtain
the form of é(A, :). This completes the proof. O

12



We discuss @} which decreases the weight n=! in the algorithm A, ... For n € [1, |k[],
the point (ii) of Theorem 4 yields that a! < 1/2. For n = |k| > 1 we know from (14) that
E(AMCY) > 1 and therefore a’ < [6(0, k, s)]? = (2r|k|)~2* which is polynomially small in |k]|
and exponentially small in s. On the other hand, if £ is fixed and n goes to infinity then o}
goes to one and the algorithm A, .- becomes the same as the algorithm AOMC,

The algorithm A, .- has a (small) computational drawback since it requires the exact
value of a} which is given by the infinite series describing the worst case error of é(ASMC).
Of course, it can be precomputed to an arbitrary accuracy.

There is another simple idea how to modify the algorithm AMC without computing a.
Namely, for small n we use the zero algorithm whereas for large n we use the algorithm
AQMC More precisely, for n = 0,1,..., we define the algorithm

0 if n=0 or n<2|kl|,

AMC(FYif n > max(1,2|k]). (15)

AL (f) = {

The algorithm A} uses no information on f if n = 0 or n < 2|k|, and n function values
otherwise. Based on Theorem 4 and the discussion after its proof it is easy to show

Corollary 7. We have

=1 for k=0 and n =0,
e(AX) ¢ = (27T|1k|)s for k#0 and n € [0,2|k|),
< (Qi)s (nf‘kDS for n >max(1,2|kl|).
Furthermore,
3\° 2
e(A*) < [ — ) ————— forall > 1. 1
e(Ar) < (27r> CEATIE orall n> (16)

]

Proof. Assume first that k = 0. Then for n = 0 we have Af = 0 and é(Aj) = 1. For n > 1
we have A% = AMC and we use Theorem 4(iii) to get the third estimate on é(A%).

Assume now that k£ # 0. For n € [0,2|k|) the error of A = 0 is the initial error which
is (27|k|)7*. For n > 2|k| we have A* = AMC and the estimate on é(A*) follows from
Theorem 4(iii).

We now prove the estimate (16). Again assume first that £ = 0. Consider first the case
n > max(1,2|k|). We can now apply Theorem 4(iv) with o = 1/3 and then

o) = a2 < (1) A

13



as claimed. It remains to consider the case n € [1,2|k|) for £ # 0. Then |k| > (n + |k|)/3

and s s
)= ey = () = (55) e

as claimed. This completes the proof. O

We stress that all algorithms considered so far use only function values although we allow
also computation of derivatives up to order s — 1. Furthermore, they use function values
at equally spaced points and use the same weights n~! or a*n~! for large n. Although
algorithms that minimize the worst case error are probably not of this form, we now prove
a lower bound on the order of convergence of an arbitrary algorithm, and show that this
order is (n + |k|)®. Hence the algorithm A’ enjoys the best possible order of convergence.
Additionally, the algorithm A’ is easy to implement.

Theorem 8. Consider the integration problem [ defined over the space H* of periodic
functions with s € N. Let é(n, k, s) be the nth minimal worst case error of all algorithms
that use at most n function or derivatives (up to order s — 1) values, see (10). There is a
number ¢, > 0 such that

Cs

o < etk < (£) 2
(n4lkl)s = > 777 7 \2n/) (n+k[)*
for all kK € Z and n € N. O

Proof. The upper bound has been already shown for the algorithm AY. Hence, we only need
to prove the lower bound.

Let A, be an arbitrary algorithm of the form (8) that uses f()(z;) for some ¢; € [0, s—1]
and z; € [0,1] for j = 1,2,...,n. Suppose that for f € H* we get f%) (z;) = 0 for all
j=1,2,...,n. Since —f also belongs to H *  the algorithm A,, cannot distinguish between
In(f) and I;(— f) = —Ix(f). Therefore |I;(f)| is a lower bound on the worst case error of A,,.
This leads to a well-known inequality

&(A,) > sup{|Lu(f)| = f € H, |f]

HsélaN(f):0}7

where
N(f)=[f%(z;), j=1,2,...,n]

Below we will construct a function f with large |Ix(f)| and all of the s-n values f®(z;),j =
1,...,n, £=0,...,s—1, are equal to zero. Obviously, such a function f satisfies N(f) = 0.

14



We consider a real-valued f and the real part
1
I(f) = / f(z) cos(2mkx) dx
0

of I(f). Define the disjoint subintervals 7} C [0, 1] for which |cos(2rkz)| > 1/v/2. There
are 2|k| 4+ 1 such intervals. For & = 0 we have Ty = [0, 1], whereas for k # 0 the lengths

of Tpy's for i = 1,2,...,2|k| + 1 are ﬁ’ﬁ""’fkl’ﬁ with the total length 1/2. The
points z1,...,x, used by A, may divide the T; 1Lurther and altogether we obtain m €

2|k| + 1,2|k| + 1 + n] intervals Ty ..., Tyus: all the endpoints of the T}, coincide with an
endpoint of one of the T;; or are one of the x;. Again, the sum of the lengths of the ﬁk
is 1/2.

<Ne define ®(z) = d,(cos?(mz/2))* for |z| < 1 and ®(x) = 0 otherwise. Then ® € C*(R)
and we can choose dg; > 0 in such a way that ||®|gs(-1,1)) = 1.

Let the length of the interval ﬁk be 1/n; and let y; be its midpoint. For i =1,2,... ,m,
we define a scaled version of ¢ by

sgn(cos(2mky;))
(2712 ) s

O;(x) = O(2n;x — 2ny;)  forall  z eR.

Note that the support of ®; is ik and [|®; || gs(-1,1)) < 1. Furthermore,

~ 1 .
I(®;) = G /?k | cos(2mkx)|P(2n;(z — y;)) do > 25+1/2 s

/f O(2n(z — yi)) dz

ds ! s
= W/ (cos?(mt/2))* dt.

1

Finally we define our “fooling function” by

f=> o
i=1

It is casy to check that f € H*® with N(f) = 0 and ||f|
integral and obtain

gs < 1. We can also estimate the

1N 2 T = 3 Tu(®) 2 &y n!

with X
ds
= / (cos?(wt/2))* dt > 0.
1
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It is easy to check by standard means that

m

min Zn‘s_l = L i > 1 > 1
nie Sy t=1/2 2t mes = 2HL 20k 4+ 14 n)* T 2-45(n+ |k|)*

This proves the lower bound with ¢; = ¢5/(2 - 4%). O

We stress that the lower bound in Theorem 8 holds for a larger class of algorithms than
the class (8) for s > 1. Namely it holds for algorithms

n s—1

A=) D aie fO))

j=1 ¢=1

for arbitrary a;, € C and x; € [0, 1]. That is, we now use n - s values of f and its derivatives
instead of n, however, we still have “only” n sample points to choose.

Theorem 8 states that both lower and upper bounds on the nth minimal error decay
with |k|. Does it really mean that high oscillation makes the problem easy? The answer to
this question depends on whether we consider the absolute or normalized error criterion.

For the absolute error criterion, the information complexity 72" (e, k, s) is defined as the
minimal n for which the error is at most ¢ € (0,1). That is,

7 (e,k,s) =min{n | é(n,k,s)<ec}.

Clearly, 7®™(e, k,s) = 0 for ¢ > €(0, k, s) since we can solve the problem by the zero algo-
~ abs

rithm. For e < (0, k, s) we can bound n**(e, k, s) by Theorem 8. This implies the following
corollary.

Corollary 9. Consider the absolute error criterion for the integration problem I defined
over the periodic space H®. Let ¢, be from Theorem 8.

e For k=0 and all € € (0,1) we have

1/s
1\ 3 (V2
Ci/s (_) S ﬁabs(g’o7 S) S 2_ <£>
T

£ 9

e For k # 0 and ¢ € [1/(27]k|)*, 1) we have

7P (e, k, s) = 0,

16



whereas for € € (0,1/(27|k|)®) we have

1/s
1\ ¢ 9
/e (—) K <A™ (e kys) < ;(ﬁ) K
T

3

]

This means that for the absolute error criterion the problem becomes easier for large |k,
but the asymptotic behavior of 72"(e, k, s), as € — 0, does not depend on k.

We now turn to the normalized error criterion in which we want to reduce the initial
error €(0,k,s) by a factor e € (0,1). That is, the information complexity n"*(¢, k, s) is
defined as

n" (e, k,s) =min{n | é(n,k,s) <ecé(0,k,s)}.

In this case we always have n"°" (e, k, s) > 1. Note that for £ = 0 we have €(0,0,s) = 1 and
there is no difference between the normalized and absolute error criteria.

For k # 0 the situation is quite different. From Theorem 4, Theorem 8 and Proposition 3
it is easy to prove the following corollary.

Corollary 10. Consider the normalized error criterion for the integration problem I defined
over the periodic space H®. Let ¢, be from Theorem 8.
For all £ # 0 and all € € (0,1) we have

1/s
S\ 1/8 2
k| (27r (%) - 1) < (e, k,s) < k| |3 (%) 1],

which can be written as

=~ nor |k:|
n (€,k,8):@(€l/s as e —0.

]

Hence, for the normalized error criterion the problem becomes harder for large |k|. It is
interesting that the dependence on |k| is linear and does not depend on s. In particular, for
fixed s and fixed ¢ < (27)%cs we have

lim n
|k|—o00

(e, ky s) = o0. (17)

17



4 The non-periodic case
We now turn to the case of non-periodic functions, i.e., we consider the Sobolev space
H® ={f:[0,1] = C| f¢ Y is abs. cont., f*) € Ly} (18)

for a finite s € N. The inner product (-,-), in H*® is again defined by (2).
Clearly, for all j =1,2,...,s we have H* C H? and || f||gs; < ||f||us for all f € H*. This
follows from the inequality

/01|f’(m)l2dx > /Ollf(x)|2dx - (/01f<x>dx)2

for differentiable functions f and implies that the unit ball of H?® is a subset of the unit ball
of HY.
Again we want to approximate the integral

I(f) ::/0 f(a:)e_%ikxdx, (19)

where £ € Z and f € H® with s € N. Without loss of generality we consider linear
algorithms A,, of the form (8). Similarly as before, we define the worst case error of A,, as

e(An) = sup |L(f) = Au(f)],

feHs, || fllas<1

and the nth minimal worst case error as

e(n,k,s) := inf e(A,).

n

In particular, the initial error is given by

e(0k,s) =  sup  |L(f)] = |1l

feHs | fllas<1

Hs—C,

compare with (10) and (11). We do not now use the tilde to stress the non-periodic case.

Note that H* is obviously a superset of H*® and hence, lower bounds that were proved in
Section 3 for H* also hold for H?, i.e.,

e(n,k,s) > é(n,k,s). (20)

18



We start with the computation of the initial error. As we shall see, for large s and |k, it is
now much larger than for the periodic case. In particular, the initial error for & # 0 does
not tend to zero if s tends to infinity.

Similarly to (12) we want to compute the representer hy s of I in H®. Using the same

functions ey (z) = e*™** which satisfy ||ex||ms = (27|k|)%, we obtain
s—1 ; 1
s s (2s S— s
<f,ek>5=<f<%e,i>>0:<—1> (Fe7) + [ et
E=° (21)
= (27k)* I, Z (2mik)2s~¢ (& fl 1)(0)>
(=

Surprisingly, the functionals ¢~ (1) — f“=1(0), £ =1,..., s, or more precisely their repre-
senters in H?®, have some nice properties that will be useful in the following analysis. These
representers are given by the normalized Bernoulli polynomials

Biw) = 5 Bilw) (22)

where the Bernoulli polynomials By, ¢ > 0, are the unique polynomials that are given by
t+1
/ By(r)dr = t* forall t€R with 0°=1.
t

To see this note that [B;] = Bj_; as well as fo Bj(x)dx =0, ¢ > 1, and fo Bi(x)dx = 1.
In particular, this implies for f € H® and ¢ < s that

(f.Bp), = (f9, 1), = f0(1) = F(0),
which proves the claim. Additionally, this shows

182

=1 and (B}, B;), =0 (23)
for £,m € {0,1,...,s} with £ # m and, consequently,
H* = HH®{B}Yo- - o {B},

see e.g. [14, Section 10.2].
Using (21) we obtain the following proposition.
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Proposition 11. Let k£ # 0. The representer of I in H? is

his(x) = (27k) 7> A — N “(—1)!(2mik) ™ B} (x)

(=1

and the initial error is

s—1

2 + 1 ﬁk,s

(27rk:)28 —1 (271']{})% - 27[k|

e(0,k,s) = ||hgs|

Hs —

with B = V2 and

(2mk)? + (2mk)? — 2 2
| <8, — < 1+ —S— <1.02566
= \/(m)% ~ ek S A\ RrkE o1 S

for s > 1. Note that limy_,o Bis = 1.
For k = 0, the representer is hg s = 1 and the initial error is one, €(0,0,s) = 1.

We are ready to discuss algorithms for the non-periodic case. One of the ideas to get such
algorithms is first to periodize functions f from H*® by computing f(®(0),..., f&=Y(0) and
FO(),..., f&=1(1), and then apply the algorithm A* ,. from Section 3. Of course, this
requires to assume that n > 2s which is a bad assumption if s is large or even impossible to
satisfy if s = co. Therefore for n < 2s we need to proceed differently. As already discussed
f € H? implies that f € H’ for all j < s. Therefore we can use periodization for H’ by
computing f@(0),..., fU=Y(0) and f©(1),..., fU=Y(1) as long as n > 2j. Then we can
again apply the algorithm A} _,; from Section 3. Formally, this algorithm was studied only
for H® but it is obvious that its error can be also analyzed for H’ with the change of s to j.

Another idea to obtain algorithms for small n relative to s is to use the integration of
Taylor’s expansion of f € H?® at % As we shall see this approach is appropriate if |k
is relatively small with respect to n. To explain these ideas more precisely we need some

preparations.

4.1 Periodization

For j =1,2,....sand f € H®, we compute
FO0),..., f979(0) and fO(1),..., FU(1).
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With this information we define a polynomial py ; of degree at most j such that fj = f—pys;is

a periodic function from H’. To obtain the polynomial py ;, we use the normalized Bernoulli

polynomials from (22). In particular, Bj(z) = 1 and Bj(z) = z — . For m > 1, we have

2
[B:|" = B?,_, which yields

B:)® =B, forall (=0,1,...,m. (24)
Furthermore,
Bi(1)-Bf(0)=1 and B (1)—B;(0)=0 forall m#1. (25)

For f € H* C H’, we define the polynomials p;; by

j—1

pri(@) = > (f™() = f(0)) By, (). (26)

=0

We stress that the computation of the value py;(x) requires the 2j values of f(™(1) and
fm(0) form=0,1,...,5 — 1.
For £ =0,1,...,5 — 1, we conclude from (24) that

7j—1

POy = > (F™Q) = F0)) By ().

m=max(0,(—1)

Using (25) we obtain
P = p5(0) = fOW) = fO0)  forall  £=0,1,..j1

This implies that f —py; € H for all feH.
Since f—py; € H? and the norm of I, restricted to the space H7 is given by Proposition 3
with s replaced by j, we know that

\f = ppjlla
max{1, (2r|k|)’}

11:(f) = L)) < | el gl 1F = prilles =

and, by Parseval’s identity (in HY), that

17 =prilles = | —prs ;| + 320~ prsrea,| @n0)
Le7\0
) ) ' (27)
= [+ X [tea| @R < WAl < 1

Le7\0
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Here we used that (py;, ex); = 0 for all k € Z. This proves that

111
) = lps)| < T

Note that the last upper bound is not small for k& = 0. However, if k # 0 then for j € [1, s]
for all f € H® we have
[P

|]k(f)_]k(pf7])| < (27T|/{,‘|)]7 (28)

which is exponentially small in j.
We now show how to compute I (py;) exactly. Indeed,

—

Li(prg) = > (f (1) = f(0)) (B4,

.

3
I

and it is enough to compute I (B}, ,,). For k = 0 we have Iy(B}, ;) = fol Bl (x)dz =0
for all m =0,1,...,5 — 1. Hence, Iy(py;) = 0.
For k # 0, we use the Fourier expansion of the normalized Bernoulli polynomials B}, .,

1 2milx
B q(x) = — Z c for all x€[0,1]. (29)

(2m i )mt1 (i+1
£€Z\0

This yields

1 1
I.(B* 2m i (L—k) xd - -
#(Bri1) = C(2mi)m e%\o (i+1 / e (2mik)m+t

Hence,
for k=0

0
Ii(pyj) = { ZJ 1 fOW)-f9(0) for k#0

(2mik)l+1

For k # 0, the computation of Ij(p;;) requires the 2j values of f(1) and f®(0) for
=0,1,...,7 — 1 which are also needed for the computation of py ;(z).

4.2 Taylor’s Expansion

For n € [1, s], we use Taylor’s expansion of f € H® at % Let

Trn(x)=fG)+ G a—3)++ —i)ﬁ) (z—3)"" forall zel0,1].



Then

f(x) = Tyn(z) = % /0 L=t fM A+t —1))dt forall ze€0,1].

This allows us to estimate I (f — T¥,,) since

1ol
Li(f = Tyn) = ﬁ /0 /0 e ik (p — Lyn (1) (Lt (z - 1)) dtda,

and
[ x(f = Tyn)l S / / o — 3" [ (3 +t(x - 1)) | dtda.
We now change variables y = 1 + t(x — 3) €[0,1] such that dy = (z — )d¢ and then
L)~ 1)l < oty [ / o= 3" O dedy < ot 1,

This proves that for n € [1, s| and all f € H® we have

116(f) = Ie(Tran)| < ooy I e (30)

Furthermore, we can compute I,(T},,) exactly if we know f(3), f/(3),..., f""D(3). In-
deed,

n—1 1
1 —2mikx
(T) =Y 100 5 [ e - e
=0 -0
For k = 0, we have
n—1
1+ (=1)*

_ 01

=0

For k # 0, we use integration by parts and show that

l /0 e*QTrikm (SE . %)é de = ( »1 Z " (kﬂ-)m((_l)m - 1)

14

Hence for k # 0, we have

n-1 f@ 1 i " (k)™ (=)™ — 1) (32)



4.3 Algorithms

With the preparations done in the previous two subsections, we are ready to define algorithms
for the non-periodic case.

e Assume first that k € Z \ {0}.

We discuss algorithms based on periodization for f € H*. We define the algorithm A
for all even n € [2,2s) and for n = 2s 4 ¢ with ¢ € Ny.
For even n € [2,2s) we compute f©(0),..., f(=2/2(0), fO(1),..., f(=2/2(1), and
define
AP(f) = Telpgay2)

with pgn/e given by (26) for j =n/2 <s.
For n = 2s + £ with £ € Ny, we compute f©(0),..., fC=9(0), fO(1),..., f6=D(1) to
obtain the polynomial pss. Then we define

AL (f) = Tu(prs) + Apy (F = pin)

with the algorithm Aj , from Section 3 defined by (15). The algorithm Aj , uses no extra
information on f if £ < 2|k| — 1. For £ > 2|k| — 1, the algorithm Aj , uses extra ¢ function
values at j/(¢ + 1) for j = 1,2,...,¢. Note that we have already computed the function
value at j/(£+ 1) for j = ¢+ 1.

We stress that the algorithm AP is well defined for n = 2s + ¢ since f —p; € H*® and
H?* is the domain of the algorithm Aj,,. For f € H* we have p;; = 0 for all j € [1,s], and
therefore AL (f) =0 for all even n € [2,2s) and AL (f) = A, (f) for n = 2s + L.

The algorithm AP°" uses at most n evaluations of f. Indeed, for even n € [2,2s) it uses
n/2 evaluations at the endpoint points x = 0 and x = 1, so that the total number is n. For
n = 2s + £, the algorithm AP*" uses two function values and 2(s — 1) values of derivatives
of fat x =0 and z = 1, as well as at most ¢ functions values at j/(¢ 4+ 1) for j = 1,...,¢,
which is 24+ 2(s — 1) + £ = 25 + { = n, as claimed.

From the formulas of Sections 3 and 4.1 we find the explicit form of AP, For even
n € [2,2s) and n = 2s + £ with £ < 2|k| — 1 we have

(n=2)/2 ., i
er _ f(J)(O) - f(])(1>
AL (f) = jzo (2mi k)i+L
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whereas for n = 2s + ¢ with ¢ > 2|k| — 1, we have

s—1

APer f : f(j ( )

2m k)i+t

+
j=0

1 41 . . o
(+1 Z( (£+1>_pf’$ (Eil)) exp™ D,

.

Note that for s = 1 the algorithm AF®" uses only function values since p;;(x) = (f(1) —
f(0))(z — 3), whereas for s > 2 it also uses derivatives of f. The weights used by the
algorithm APer are complex. However, the sum of their absolute values is bounded by an
absolute constant independent of n since it is known that the values of the normalized
Bernoulli polynomials B}, which are present in pyg, are exponentially small in j. This
implies numerical stability of the algorithm A,,.

Obviously, the derivatives f)(0) and fU)(1) for j = 1,2,...,5 — 1 can be approximated
with an arbitrary precision by computing 2(s — 1) extra function values. Hence, there are
algorithms that use only n function values and they have a worst case error arbitrarily close
to the worst case error of AP**. However, stability of such algorithms is not clear since then
we must use huge coefficients. We leave it as an open problem for s > 2 if there are stable
algorithms that use only n function values and whose worst case error are comparable to the
algorithm APer.

We are ready to bound the worst case error of APer.

Theorem 12. For k # 0, we have

e for even n € [2,2s],

1

) = ot

e for n > 2s,

3\’ 2
Per < .
(A7) < <27r) (n—2s+ 1+ |k|)®

Proof. For even n € [2,2s], we have

L’c(f) - Ager(f) = [k(f> - Ik(pf,n/ﬂ

and (28) implies the bound on e(A,).
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For n = 2s + ¢, we clearly have f = f — p;, + pys for all f € H®. By definition of A
and linearity of I, we obtain

L(f) = AV (f) = Tu(f = prs) = Apra(f = Pas)-
From (16) we know that

3\’ 2
— — A — < (= — ..

Then (27) with j = s yields ||f — pys
This completes the proof.

ms < || fllzs, which implies the bound on e, (AFr).

e Assume now that k € Z.

Although k is now an arbitrary integer, our emphasis will be later on & = 0 or, more
generally, on |k| small relative to n. We discuss algorithms based on Taylor’s expansion
and periodization for f € H®. We define the algorithm AT ~Fe for all n € [1,s] and for
n=2s+ ¢ with ¢ € Ny.

For n € [1,s], we compute f@(1),..., f=D(1) and define

1
2
AT (f) = I Ty ),

where 17, is Taylor’s expansion of f at 1 up to the (n — 1)st derivative and I;(T},) is
explicitly given by (31) for £ = 0 and by (32) for k£ # 0. For n = 2s + ¢ with ¢ € Ny, we
define

AT () = AT (),

where AF®" is from the previous subsection.

Clearly, the algorithm AT®~Per yses at most n evaluations of f. For s = 1 it uses only
function values and it is defined for all n. For s > 2, it also uses derivatives of f and it is
not defined for n € [s + 1,25 — 1]. Its weights are complex and the sum of their absolute
values is uniformly bounded in n. Hence, AT ~Per ig stable, and a similar remark on the
approximation of derivatives by function values can be made as for the algorithm AFer.

The worst case error of AT™~Per can be easily bounded by (30) and Theorem 12. We
summarize these bounds in the following theorem.

Theorem 13. For an arbitrary integer k£, we have

o forn e [l,s],

1
Tay—Per
e(A,Y ) < i
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e for n > 2s

3\’ 2
ATanyer < [ = )
(A7) = (27?) (n—2s+ 1+ k)

We now comment on Theorems 12 and 13 for a finite s. For £ = 0 and initial n, i.e.,
even n < 2s or n < s, we can only apply Theorem 13. It tells us that for n € [1,s] the
error bound of AT~Fer ig exponentially small in n. Note that for non-zero k we can use
both theorems. For the initial n and |k| small relative to n, the first bound of Theorem 13 is
smaller than the first bound in Theorem 12. On the other hand, for large |k| relative to n,
the opposite is true. Obviously for n > 2s, both theorems coincide and the error bound of
ATay=Per — AgPer jg of the form

Per 3 ’ 2
(A7) < (%) (n—2s 11 k) (33)

The last bound yields an upper bound on the nth minimal error e(n, k, s) for n > 2s.
Combining this with (20) and Theorem 8 we obtain sharp lower and upper bounds on the
minimal errors e(n, k, s).

Theorem 14. Consider the integration problem [, defined over the space H® of non-periodic
functions with s € N. Then

Cy < e(nk,s) < <3 )S 2
TS € n? 78 — a_ J
(n+ |k — 2 ) (n+ k| —2s+1)®
for all k € Z and n > 2s. The positive number c¢; is from Theorem 8. O

We stress that Theorem 14 presents an upper bound on the minimal errors e(n, k, s) only
for n > 2s, the lower bound holds for all n. The reason is that we need 2s function and
derivatives values to periodize the function f which enables us to use the algorithm A*. We
do not know sharp bounds on e(n, k, s) for n € [1,2s). However, we know that e(n, k, s) is
at most 1/(2""!n!) for n < s and all k, see Theorem 13, and at most (27|k|)~"/2 for n < 2s
and all k£ # 0, see Theorem 12. Of course, the problem of the minimal errors e(n, k, s) for
initial n it is not very important as long as s is not too large.

The minimal errors e(n, k, s) for the non-periodic case have a peculiar property for s > 2
and large k. Namely, for n = 0 we obtain the initial error which is of order |k|~!, whereas
for n > 2s it becomes of order |k|~*. Hence, the dependence on |k|~! is short-lived and
disappears quite quickly. For instance, take s = 2. Then e(n, k, s) is of order |k|™! only for
n = 0 and maybe for n = 1,2, 3, and then becomes of order |k|2.
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We now briefly discuss the absolute and normalized error criteria for the non-periodic
case. For the absolute error criterion, the information complexity n*™(e, k, s) for € € (0,1)
is defined as

n*(e,k,s) =min{n | e(n, k,s)<c}.

Clearly, n®™(e, k,s) = 0 for € > e(0,k,s). For € < ¢(0,k,s) we can bound n*(e, k,s) by
Theorem 14. This implies the following corollary.

Corollary 15. Consider the absolute error criterion for the integration problem I defined
over the space H®. Let ¢, be from Theorem 8.

e For k=0 and all € € (0,1) we have

1 1/s 3 9 1/s
c;/s (—) < nabs(e,(),s) < {(—) (—) 4+ 25 — 1.
€ 2w €

e For k # 0 and ¢ € [Bxs/(27|k|), 1), with S from Proposition 11, we have
n*(e, k,s) = 0,

whereas for € € (0, B/ (27|k|)) we have

1 1/s 3 2 s
Ci/s (_) — k| < nabs(g, k,s) < 2s + max< 0, <—) (—) —1—|k[¢.
- 2 €

]

Similarly as for the periodic case, this means that for the absolute error criterion the
problem for the non-periodic case becomes easier for large |k|. However, for k # 0, the con-
dition on ¢ is now quite different for s > 2 as compared to the periodic case, see Corollary 9.
We also stress that the asymptotic behaviors of 72P%(¢, k, 5) and nP(¢, k, s) are of order e~1/*
and do not depend on k.

We now turn to the normalized error criterion for which the information complexity
n" (e, k, s) for € € (0,1) is defined as

n" (e, k,s) =min{n | e(n,k,s) <ee(0,k,s)}.

We always have n"*(e, k,s) > 1. For k = 0 we have €(0,0,s) = 1 and there is no difference
between the normalized and absolute error criteria also for the non-periodic case.

For k # 0 the situation is quite different. From Theorem 14, Proposition 3 as well as the
estimates of By s, it is easy to obtain the following corollary.
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Corollary 16. Consider the normalized error criterion for the integration problem [}, defined
over the space H®. Let ¢, be from Theorem 8.
For all k£ # 0 and all € € (0,1) we have

1/s 1/s
5 4
cl/s m — k| < n™(e,k,s) < 258+ max 0, i ikl —1—1kl ¢,
s € 2T €

which can be written as

’kll/s
cl/s

n" (e, k,s) =0 ( ) as € —0. (34)

The asymptotic expression (34) shows that for the normalized error criterion the problem
becomes harder for large |k| and small . The dependence on k is through |k|'/* and decreases
with s. This should be compared with the periodic case, where the dependence on |k| is
linear. Hence, the dependence on k is the same for s = 1, and the periodic case is harder
than the non-periodic case for s > 2 and small ¢.

For fixed ¢ and varying |k|, the difference in the behavior of the information complexity
in |k| is even more dramatic and depends on s. Consider first s = 1. Then Corollary 16
yields for ¢ < V27e, that

lim n" (g, k, s) = oo,
|k|—o00

as for the periodic case, see (17).

Assume now that s > 2. In this case, the information complexity for the non-periodic
problem does not go to infinity with |k| in contrast to the periodic case, see again (17).
This simply follows from Corollary 16 since the second term of the maximum behaves like
O(|k|**) — |k| and goes to —oo. Hence

limsup n" (g, k, s) < 2s. (35)
|k|—o0
This is even true if we choose ¢ slowly decreasing with |k|, say ¢, = |k|™" for some 1 €

(0,5 — 1). Indeed, then |k|/e; = |k|**" and O(|k|(*F7/%) — |k| still goes to —oo and (35) is
again valid. This discussion can be summarized as follows.

Corollary 17. For the non-periodic case and the normalized error criterion
e for s > 1, oscillatory integration becomes harder in |k| asymptotically in ¢,
e for s = 1 and fixed small ¢, oscillatory integration becomes harder in |k|,
e for s > 2 and fixed € or even for e ' = O(|k|") with n € (0, s—1), oscillatory integration

becomes easy since n" (e, k, s) is at most 2s for large |k|.
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5 The case of s = 0

We briefly discuss the space H* which is defined as

= {f € C>([0,1]) Z!If 17, < oo},

where || f)| 1, denotes the Ly = Ly([0, 1]) norm of f). Note that H> consists of infinitely
many times differentiable functions. In particular, all polynomials belong to H* but e, (z) =
exp(2mihax) belongs to H> iff h = 0.

We equip the space H* with the two inner products

(f9)e = D (FO1), (9", 1),
(=0

(9o = D (1Y, 9%
(=0

As for a finite s, the norms generated by theses inner products are closely related since we
have

Bl <A fllme < W fllze forall  f e H>,

see the appendix. This means that it is enough to consider only one of these inner product
and, as before, we choose (-, -)__ for simplicity of the analysis.

Proposition 18. Polynomials are dense in H*, i.e., for any f € H* and any positive ¢
there is a polynomial p such that

If = plli= <e.

Proof. We begin by showing that for an absolutely continuous function g for which ¢’ €
Ly([0,1]) we have

lg = 9. < 5 l9"llr.. (36)

Indeed, g(z) — g(3) = J,, 9'(t) dt and
IR
1/2 1/2

2
|W—9%Ma_(/|$—|¢0 191 = 29"l

30

1/2 1/2

<l = 31"%llg’llL.-

x T

lg(z) — g(3)] < dt

\ywm4s

1/2

Hence,



as claimed.
Take now an arbitrary f € H*. For any positive § there exists ¢* = ¢*(f,d) € N such

that -
>IN, <62
=0+
Nz, < 6. Taking g’ = f*) we conclude from (36) that

7€ = FED) s, < 36

For ¢* > 2, we take g/ = f("~1 — f(=D(1) and we have again from (36)

52 = FEDE 1) - 7Dz, < 6

Repeating this procedure we conclude that for

In particular, || f¢

1 1 1 A _1)@) 1\ —1
p@)=FfG)+ G -3+ + 2 @ =1)] (—3)
we have
1£9 —pO, <2796 forall j=0,1,...,0—1.
Hence,
[e'¢) *—1
If =pl3e < DOIFO=p9N3, = Z 1LFO —pON3, + Z 1FO = pD|3,
=0 =t~
-1
2 o 2 _ 452
< Py AT 4 =140
Taking 6 = 1/3/4 ¢, Proposition 18 is proved. ]

It is easy to see that that the periodic subspace
H® ={feH®| f90) = fO91) for ¢ e Ny}

consists only of constant functions. Indeed, since ||I;|| goo ¢ < |1kl s for all s € N and
for k # 0 we have ||I;||z._,c = (27|k|)”°, we conclude that I, = 0 for all k& # 0. This

means that f € H* implies that f = constant, as claimed. Tt is also easy to check that the
reproducing kernel of H* is K (z,t) = 1.
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Let é(n, k, 00) be the minimal errors for H*°. Then &(0,0, 00) = 1 and &(n, 0, 00) = 0 for
all n > 1, whereas é(n, k,00) =0 for all n > 0 and k # 0.

This means that the periodic case is trivial and cannot be used as a tool for the non-
periodic case. That is why our lower bound on é(n, k, s) which was quite useful for a finite s
is meaningless for s = oco. In fact, the problem of non-trivial lower bounds for H* is open.

Proposition 18, together with (23), shows that the set of normalized Bernoulli polynomials
{Bj }i=o.1,... is a complete orthonormal basis of H* and therefore the reproducing kernel K,
is given by

t) = iB]*(x) Bi(t) forall w,t€l0,1].

We now present some upper error bounds on the minimal errors e(n, k, 00) for H*. In
fact, we derived the upper bounds in Theorems 12 and 13 in such a way that they can be
used even for s = oo.

We start with the initial error. For k = 0, the representer of Iy is 1 and

e(0,0,00) =1,

whereas for & # 0, the proof of Proposition 11 can be modified for s = co and yields that
the representer of I}, is

hioo() = = > _(=1)" (2mik) ™ B (x)
(=1
and 5
0,k,00) = ==
6( 9 700) 27T|k|
with 12
A2 k?
= — 1,1.013].
Bk,oo (47T2k2—1> S [ s 0 3]

For k =0 and all n > 1, we can apply the first error bound in Theorem 13 which states
that

e(n,0,00) < i

which is super exponentially small in n.
For k # 0 and all even n, we apply the first error bounds in Theorems 12 and 13 which

state that
k < mi 1 1
e(n, k,00) < min Tl @Ak )
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Note that by Stirling’s approximation we have

Loy (i)" _
2n—lpl — 2n
It is easy to check that the right hand side is smaller than ¢ iff
n(ln(2n) — 1) > In(2/e)

which holds, in particular, if n > 2In(e™!)/Inln(e™!) and e < e =0.135....
These upper error bounds can be used to estimate the information complexities n
n"" for e < e °. For k =0, we have

abs and

1 -1
n*(g,0,00) = n""(g,0,00) < [2 L—‘ .

In In !

For k # 0, we have

In et

In e !
Inln e=!’ In(27|k|) ’

n* (e, k,00) < [2 min{

and

n“°f<e,k,oo>g[zmm{ el +m@alk]) Ine 1H

In(In e~ + In(27|k]))” In (27|k]|)

These estimates are valid for all ¢ < e™©. Note that asymptotically, when ¢ tends to zero,

all information complexity are upper bounded by roughly In(¢™!)/In(In(¢7")) independently
of k.

6 Appendix

We now prove (4) which shows the embeddings constants between the space H® equipped
with the norm || - || g+ given by (2) and || - ||z given by (3). Since | (f,1) > < || fO|7, we
clearly have || f||gs < || f||ns for all f € H®.

To obtain the other estimate, we consider f € H® which can can be written as

F=>_{f.B).B; + > (f.en),en
7=0

heZ\O
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since the normalized Bernoulli polynomials B} and e} = exp(2wih-)/(27|h[)® are an orthonor-
mal basis of H® with respect to (-,-),. Let {b;};en be some ordering of this orthonormal
basis. Then, clearly, we have

Z <f7 bj)s bj

jeN

s*

2

1f1

= > (b, (b b b,

Hs j,mEN

DRIFAINE ‘(ijbm%,*

(%2%{2(@7%57* }) <Z\<f, bﬁﬁ) (37)
}) 111

- (e X[
jeN
= M;||f]
To bound M, we estimate | (b;,b,), , | for all possible b;,b,, € {B;, €4 }i=0,1,....5, heZ\ {0} -
We start with the case where both b, b,,, are in {e} }rez\0. This case is easy since {e]} }rez

2
H =

IN

IA

2
Hs

2
Hs-

is also an orthogonal basis in H* with the inner product (-, )sr We have for h € Z \ 0 and
¢+ h that

s 1/2
1
L)y =0 and [lefflms = m—r o|h])* | .
<eh>e€>s,* an Heth* (27T‘h|)s (Z( ﬂ-‘ |) )

=0

Hence
1 472

2. < < .
B =1 —@n|h)2 — 4r2 -1

(€hs€h)se| = lleil (38)

To treat the case where b;, by, are in {BJ* }i=o1
of the normalized Bernoulli polynomials

s, we need the following known properties

goor

(Br,.By)y = 1 form=0and 0 form>1,

(B, B;>0 (—1)min{m.g3-1 By, . i(0), forallm,j>1
B;(0) 1,
2(—1)m+!
B;,(0) = ﬁ ¢(2m) forallm > 1,
T
B3,.1(0) = 0 forallm>1.
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Here, as always, ( is the zeta Riemann function.
From these properties for m € [0, s] we conclude

m
1B = 2{:!|13* N, =D B, =
=0

Hence

2¢(2) 2¢(4)
(2m)? * 42(4m2 — 1)

Since ¢(2) = 72/6 and ((4) = 71/90, we conclude that

1B

s <1+

1Bl

2 <14+ L+ (39)

180(4n% — 1)
We now consider <B;1,B;>s* for all m,j € [0,s] and m # j. Let m’ = max{m,j} and
j' =min{m, j}. Furthermore, let x,y_;; = 0 for odd m’ — j" and k,,,_; = 1 for even m’ — j'.
Then

<B:ng>s,* = <B;17BS>0 = Om,0,

whereas for m,j € [1,s] and m # j we have

j'—1 3’ =1
<B:;Z7B;’<>S7* = Z<Bm 0 z> Z ]_K lB:;Z—I—j 2@(0)
£=0 £=0

B (m—j")/2 Cm—i—j—%)
— 2/‘€m/_j Z 27T mtj—20

271' m/—j'+2¢

(- mawzc 20

Note that the smallest argument of ¢ for even m’ — j' is 4. Therefore

% % R/ — 4t > 1 QC 4 R/ — 4t
<Bm7Bj>5* S 2<—(4 J ( ) J

, <
(2m)m' =3’ — (2m)2 — 4Ax2 — 1 (2m)™' 7

From this we have

2{: (B B),. | < IB;l;

2C<4> u Rm/—j’
HS 47‘(’ . 1 7;) (271')7”,7], .
m#j
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. I
The non-zero terms correspond to even m' — 5’ and each non-zero term &, _j/(27)™ =7 may
appear at most twice. Therefore

° 4C(4) = 1 4
B B: < ||Bz|%. = |B¥||%. + —————. 40
mZ:O|< m J>s,*| — H ]”H* + 47'('2—1 ; (27T)Qg || ]‘H* + 90(47’(’2— 1)2 ( )

We now consider the coefficients <B]’-‘, e;:>s for j =0,1,...,s and h € Z\ 0. We start by
showing that we have

1 4 0 for j=0
* —27i hx _ )
/0 Bj(r)e dor = { _

@Tz)j for ]21

For j = 0, it is zero since the integral of e} is zero for h # 0.
We now use induction on j. For j =1, we have Bj(z) = z — 1 and using integration by
parts we get

! 1 27mi h —1 ! 1 27i h, —1 ! 27i h, —1
1 —2mihr . — — 1) Je2mihe _ 1— —2mihz —
/0 (r=3)e ’ 2m’h/0 (v=3) de 2m‘h( /0 ‘ x) omi b

as claimed.
For j > 1, we again use integration by parts, and the property of Bernoulli polynomi-
als (24) and (25) to obtain

1 ) -1 1 ) 1 1 )
* —27mi hx o * —2mihy __ * —2mi hx
/0 Bi(z)e de = 2m'h/o Bi(z)de =5 /0 [Bi](x) e dx

1 ! . -1
— Bf —27mi hx d — :
omih /0 jalz)e T @rin)i
as claimed.

From this we conclude that for £ < j and j # 0,

([B7]O, [ O) = (=2mi h)" (B}, ™) = —(2wh)* i,

Clearly, for 7 = 0 we have <[B;‘](Z), [e2m 7] , =0
Then for h # 0 we have

1 j

* ok - - ¥ X100 —
<BJ’ h>s,>)< §<[BJ] ,len] >0 (2r|h|)s

<[B>',‘](£)’ [62m'h-](é)>0

B 0 for j=0,
(27r|h\)_5(127rz‘h)j So(rh)¥* for j> 1
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This allows us to compute ‘<B}‘,e};>s*‘ for h #0 and j =0,...,s. For j =0 it is zero, and
for j > 1 we have

(B;.e

B 1 (27h)% —1 _ (27|h|)7—* < 472 1
~ (2x|h|)st (2wh)? -1 (27h)2 —1 = 4m2 —1 (27|h|)s—9+2"

o)

S
MS72 o J'L%axs ’ 3 eh>s,*‘ * ’<Bm7 Bj >S7*
m=0

(41)

We now are ready to bound M, from (37). For this we define

Z(<

em eh

M, = max
heZ\0

and

.....

such that My = max{M; 1, Ms»}.
Clearly, M, is strictly larger than one since the term inside of the maximum of M,

corresponding to 7 = 0 equals one. We now show that M is close to one.
From (38) and (41) we get

42 > 1 472 1
M, < — (1 - ) < 14— — ) < 1.057.
P ( * i (27?)5—]+2> — An? -1 ( * (2m)2 — 27T> -

We now bound M;,. We use (41) to bound the first sum in Mj o,

4 1 8r% ((s—j+2)
B}, ey < — ; = .
Z ’< J’eh>s* = 4n2—1 Z (27T|h|)s—]+2 472 — 1 (27]-)8—]—‘,-2
heZ\0 heZ\0
8m*  ((2) w2

= < 0.0855.
~ 4r2 —1 (271)? 3(4n?2 —1) —

Using (39) and (40) we can bound the second sum in M; 5 by

§\<B B).| <

This shows that M;, < 1.1732 and, consequently, M, < 1.1732 and M, < 1.0832 < %
From (37) we finally obtain

w2 47t

13 < 1.0877.
S 2T REe - 1) T oo@ —1)2

H; < VMstl

/]

= 12

for all f € H®, as claimed
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