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Abstract

Markov chain Monte Carlo (MCMC) simulations are modeled as
driven by true random numbers. We consider variance bounding
Markov chains driven by a deterministic sequence of numbers. The
star-discrepancy provides a measure of efficiency of such Markov chain
quasi-Monte Carlo methods. We define a push-back discrepancy of the
driver sequence and state a close relation to the star-discrepancy. We
prove that there exists a deterministic driver sequence such that the
discrepancies decrease almost with the Monte Carlo rate n=1/2. As for
MCMC simulations, a burn-in period can also be taken into account
for Markov chain quasi-Monte Carlo to reduce the influence of the ini-
tial state. In particular, our discrepancy bound leads to an estimate
of the error for the computation of expectations. To illustrate our
theory we provide an example for the Metropolis algorithm based on
a ball walk. Finally we show under additional assumption that there
even exists a driver sequence such that the discrepancies have a rate
of convergence of almost n .



1 Introduction

Markov chain Monte Carlo (MCMC) simulations are used in different branches
of statistic and science to estimate an expected value with respect to a prob-
ability measure, say m, by the sample average of the Markov chain. This
procedure is of advantage if random numbers with distribution 7 are difficult
to construct.

When sampling the Markov chain the transitions are usually modeled as
driven by i.i.d. (0, 1)® random variables for some s > 1. But in simulations
the driver sequences are pseudo-random numbers. In many applications, if
one uses a carefully constructed random number generator, this works well.
Instead of modeling the Markov chain with random numbers, or imitating
random numbers, the idea of Markov chain quasi-Monte Carlo is to construct
a finite, deterministic sequence of numbers, (u;)o<i<, in [0,1]° for all n € N,
to generate a deterministic Markov chain sample and to use it to estimate
the desired mean.

The motivation of this conceptual change is that carefully constructed
sequences may lead to more accurate sample averages. For example, quasi-
Monte Carlo (QMC) points lead to higher order of convergence compared to
plain Monte Carlo, which is a special case of MCMC. Numerical experiments
for QMC versions of MCMC also show promising results [LS06, Lia98, OT05,
Sob74, Tri07]. In particular, Owen and Tribble [OT05] and Tribble [Tri07]
report an improvement by a factor of up to 10% and a better convergence rate
for a Gibbs sampler problem.

In the work of Chen, Dick and Owen [CDO11] and Chen [Chell] the
first theoretical justification for Markov chain quasi-Monte Carlo on con-
tinuous state spaces is provided. The authors show a consistency result
if a contraction assumption is satisfied and the random sequence is sub-
stituted by a deterministic ‘completely uniformly distributed’ sequence, see
[CDO11, CMNO12, TOO08]. Thus the sample average converges to the ex-
pected value but we do not know how fast this convergence takes place.

Recently, in [DRZ13] another idea appears. Namely, the question is con-
sidered whether there exists a good driver sequence such that an explicit
error bound is satisfied. It is shown that if the Markov chain is uniformly
ergodic, then for any initial state a deterministic sequence exists such that
the sample average converges to the mean almost with the Monte Carlo rate.

However, in [CDO11] and [DRZ13] rather strong conditions, the contrac-
tion assumption and uniform ergodicity, are imposed on the Markov chain.



We substantially extend the results of [DRZ13] to Markov chains which sat-
isfy a much weaker convergence condition. Namely, we consider variance
bounding Markov chains, introduced by Roberts and Rosenthal in [RROS],
and show existence results of good driver sequences. In the following we
describe the setting in detail and explain our main contributions.

1.1 Main results

The MCMC sampling can be represented via X; ;1 = o(X;,U;) for i > 2,
with X; = ¢(U;) and the U; ~ U(0,1)® are i.i.d. The state X; is an element
in G C R4, the function p: G x [0,1]* — G is called update function and
Y1 [0,1]* — G is called generator function. The update function corresponds
to a transition kernel, say K. For f: G — Rlet E.(f) = [, f(x)m(dx) be the
desired mean and Pf(z) = [, f(y)K(x,dy) be the Markov operator induced
by the transition kernel K. We assume that the transition kernel is re-
versible with respect to the distribution 7 and that it is variance bounding,
see [RRO8|. Roughly, a Markov chain is variance bounding if the asymp-
totic variances for functionals with unit stationary variance are uniformly
bounded. Equivalent to this is the assumption that A < 1 with

A=sup{r€o(P—E, | L)} (1)

where (P — E, | Ly) denotes the spectrum of P — E, on L,. For example
let us consider the two state Markov chain which always jumps from one
state to the other one. It is periodic and satisfies A = —1, thus it is variance
bounding. With this toy example in mind let us point out that the Markov
chain does not need to be uniformly or geometrically ergodic, it might even be
periodic, and the distribution of X;, for ¢ arbitrarily large, is not necessarily
close to 7.

By a deterministic sequence (u;);>o we generate the deterministic Markov
chain (x;);>1 with 1 = ¢(ug) and z; = p(x;—1,u;—1) where ¢ > 2. The ef-
ficiency of this procedure is measured by the star-discrepancy, a generalized
Kolmogorov-Smirnov test, between the stationary measure m and the empir-
ical distribution 7, (A) = % > iy lyea, where 1,,¢4 is the indicator function

of a set A C G. We define the star-discrepancy D}, - of S, = {z1,...,2,}
as the supremum of |7(A) — 7(A)| over all A € o7, i.e.

or,x(Sn) = sup [T(A) = 7(A)],
Aed



where &/ denotes a certain set of subsets of G. By inverting the iterates
of the update function we also define a push-back discrepancy of the driver
sequence (the test sets are pushed back). We show that for large n € N both
discrepancies are close to each other.

The main result, in a general setting, is an estimate of D%, (S,) (Theo-
rem 2) under the assumption that we have an approximation of 7, for any
d > 0, given by a so-called d-cover I's of &7 with respect to 7 (Definition 5).
The proof of the main result is based on a Hoeffding inequality for Markov
chains. After that we prove that a sufficiently good d-cover exists if 7 is
absolutely continuous with respect to the Lebesgue measure and the set of
test sets is the set of open boxes restricted to G anchored at —oo, i.e. we
consider the set of test sets

B = {(—00,2) NG: z € R},
with (—oo,z) = 1%, (—o00,z;). By the Koksma-Hlawka inequality (Theo-
rem 5) we have

n

E(f)— > fl)

i=1

< HfHHl %,w(sn)v

with || f|| g, defined in (24). Thus a bound on the discrepancy leads to an
error bound for the approximation of E,(f).

We show for all n > 16 that there exists a driver sequence uq, ..., u,_ 1 €
[0,1]® such that S, = {z1,...,x,} given by
x1 = Y(uo)
$i+1:¢<$i;ui)7 izlw"vn_lv
satisfies

(5 < ([T V2Uog|lE], +dlogn + 5 log () 8
Bm\ns = 1—A0 \/ﬁ n3/4’

where g—;’r is the density of v = Py, (the probability measure induced by 1) with
respect to m and Ay = max{A, 0} with A is defined in (1). For the details we
refer to Corollary 4 below. This implies, by the Koksma-Hlawka inequality,
that the sample average converges to the mean with O(n~'/2(logn)'/?).
Additionally we might take a burn-in period of ny steps into account to
reduce the dependence of the initial state in the discrepancy bound. Roughly,
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the idea is to generate a sequence 1, ..., Z,,+, by the Markov chain quasi-
Monte Carlo procedure and to consider the discrepancy of the last ng states,
i.e. of Spgn] = {®ng41, - - -» Tngsn}- Under suitable convergence conditions of
the Markov chain, for example the existence of an absolute Lo-spectral gap
(see Definition 1), the density % is close to 1, see Subsection 4.3.

If we further assume that one can reach every state from every other state
within one step of the Markov chain, then we prove that there exists a driver
sequence such that the discrepancy converges with O(n=!(log, n)3#+1/2) We
call the additional assumption ‘anywhere-to-anywhere’ condition. The result
shows that in principle a higher order of convergence for Markov chain quasi-
Monte Carlo is possible. Note that, many well studied Markov chains satisfy
such a condition, for example the hit-and-run algorithm, the independent
Metropolis sampler or the slice sampler, see for example [Liu08|. However,
it is not clear how to obtain suitable driver sequences which yield such an
improvement. We provide an outline of our work in the following.

1.2 Outline

In the next section the necessary background information on Markov chains is
stated. Section 3 is devoted to the study of the relation of the discrepancies.
The Monte Carlo rate of convergence for deterministic MCMC is shown in
Section 4. There we also provide results for the case when a burn-in period
is taken into account. Section 5 deals with the set of test sets which consists
of axis parallel boxes, see Z above. We show the existence of a good J-cover
and how the discrepancy bounds can be used to obtain bounds on the error
for the computation of expected values of smooth functions. This yields a
Koksma-Hlawka inequality for Markov chains. To illustrate our results, we
provide an example of a Metropolis algorithm with ball walk proposal on the
Euclidean unit ball. A special situation arises when the update function of
the Markov chain has an ‘anywhere-to-anywhere’ property, see Section 6. In
this situation we show that a convergence rate of order almost n~! can be
obtained.

2 Background on Markov chains

Let G C R? and let B(G) denote the Borel o-algebra of G. In the following
we provide a brief introduction to Markov chains on (G, B(G)). We assume



that K : G x B(G) — [0, 1] is a transition kernel on (G, B(G)), i.e. for each
z € G the mapping A € B(G) — K(z, A) is a probability measure and for
each A € B(G) the mapping = € G — K(x,A) is a B(G)-measurable real-
valued function. Further let v be a probability measure on (G, B(G)).

Then let (X,)nen, with X, mapping from some probability space into
(G,B(G)), be a Markov chain with transition kernel K and initial distribu-
tion v. This might be interpreted as follows: Let X; = z; € G be chosen
with v on (G,B(G)) and let i € N. Then for a given X; = z;, the random
variable X;.; has distribution K (z;,-), that is, for all A € B(G), the proba-
bility that X;,1 € A is given by K(x;, A).

Let m be a probability measure on (G, B(G)). We assume that the tran-
sition kernel K is reversible with respect to m, i.e. for all A, B € B(G) holds

/A K(z, B) (dz) = /B K(z, A) 7(dz).

This implies that 7 is a stationary distribution of the transition kernel K,

i.e. for all A € B(G) holds

/G K(z, A) n(dz) = 7(A). (3)

We assume that the stationary distribution 7 is unique. Let Ly = Lo(m) be
the set of all functions f: G — R with

i1 = ( [ 150 7r<d:c>)1/2 .

The transition kernel K induces an operator acting on functions and an
operator acting on measures. For z € G and A € B(G) the operators are
given by

Pf(:z:):/Gf(y)K(:r,dy), and I/P(A):/GK(]J,A) v(dzx),

where f € L, and v is a signed measure on (G, B(G)) with a density % € L.
By the reversibility with respect to m we have that P: Ly — Lo is self-adjoint
and m-almost everywhere holds P(4)(z) = d(;’f) (x) . For details we refer to

[Rud12].




In the following we introduce two convergence properties of transition
kernels. Let the expectation with respect to m be denoted by E.(f) =
Jo f(y)m(dz). Let LY = {f € Ly: Ex(f) = 0} and note that LY is a closed
subspace of Ly. We have ||P —Er|; ;= [|Pllg_, 1y, for details see [Rud12,
Lemma 3.16, p. 44].

Definition 1 (absolute L,-spectral gap) We say that a transition kernel
K and its corresponding Markov operator P has an absolute Lo-spectral gap
if

B=11Pllg s < L.
and the absolute spectral gap is 1 — 3.

Let us introduce the total variation distance of two probability measures

v, on (G, B(G)) by

1 = w2y, = sup [ri(A) —r2(A)].
AEB(G)

Note that for a Markov chain (X,,),en with transition kernel K and initial
distribution v holds P, x(X,, € A) = vP" *(A), where v and K in P, g
indicate the initial distribution and transition kernel. Then we obtain the
following relation between the absolute Ls-spectral gap and the total vari-
ation distance. The result is an application of [Rud12, Corollary 3.15 and
Lemma 3.21].

Proposition 1 Let v be a distribution on (G,B(G)) and assume that there
exists a density 3—7’; € Ly. Then

dv

Pn_ < A"
||V 7T||tv — B d?T

, neN,

with B = ||P||L3HL3-

The next convergence property is weaker than the existence of an absolute
spectral gap.

Definition 2 (Variance bounding or L,-spectral gap) We say that a
reversible transition kernel K and its corresponding Markov operator P is
variance bounding or has an Lo-spectral gap if

A = sup{\ € spec(P | Ly)} < 1, (4)
where spec(P | LY) denotes the spectrum of P: Ly — LY.
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For a motivation of the term variance bounding and a general treatment we
refer to [RRO§]. In particular by [RR08, Theorem 14] under the assumption
of reversibility our definition is equivalent to the one stated by Roberts and
Rosenthal. Note that the existence of an absolute Ls-spectral gap implies
variance bounding, since

1Pl = s .
Aespec(P|LY)

We have the following relation between variance bounding and the total
variation distance.

Lemma 1 Let the transition kernel K be reversible with respect to w and let
n € N with n > 2. Further, let P be variance bounding. Then the Markov
operator P, = %Z?:_(} P7 has an absolute Lo-spectral gap. In particular, if v
is a distribution on (G, B(G)) with 9% € Ly, then

dv

HVPn_WHtv < dr

Y

1— AP ‘
2

n-(1—Ag)

with Ag = max{0, A}, see (4).

Proof. By the spectral Theorem for bounded self-adjoint operators we have
for a polynomial F': spec(P | L) — R that

IF(P)l gy = max |Fla)].

aEspec(P|LY)

For details see for example [Rud91] or [Kre89, Theorem 9.9-2]. In our case
F(A) = 23715 M so that F(P) = £ 3777 P'. Thus

1n71 ‘
2P

L=\ | 1-Ap
n-(1=X| " n-(1-Ag)

= max
Aespec(P|LY)

LY—LY

The last inequality is proven by spec(P|L3) C [—1, 1] and the following facts:

For A € [~1,0] holds nl(_l—in/\) < % and for A € [0,1] the function —nl(—lg) —

% Z?;& M is increasing. The estimate of the total variation distance follows
by Proposition 1. |



The next part deals with an update function, say ¢, of a given transition
kernel K. We state the crucial properties of the transition kernel in terms of
an update function. This is partially based on [DRZ13].

Definition 3 (Update function) Let ¢ : G x [0,1]° — G be a measurable
function and

B: G x B(G) — B([0,1]*),
B(z,A) ={u € [0,1)°: p(z;u) € A}.

Let \s denote the Lebesgue measure on R®. Then the function ¢ is an update
function for the transition kernel K if and only if

K(z,A) =P(p(z;U) € A) = A\(B(z, A)), (5)
where P is the probability measure for the uniform distribution in [0, 1]°.

Note that for any transition kernel on (G, B(G)) there exists an update func-
tion, see for example [Kal02, Lemma 2.22, p. 34]. For x € G and A € B(G)
the set B(x, A) is the set of all random numbers u € [0, 1]* which take z into
the set A using the update function ¢ with arguments z and wu.

We consider the iterated application of an update function. Let ¢ (z;u) =
o(x;u) and for i > 1 with ¢ € N let

wi G x[0,1" = G,

%(UC; Uy, U2, - - - ,Uz’) = 90(801‘71(% Uy, U,y - - -, uifl); Uz)
Thus, z;11 = wi(T;u1,us, ..., u;) € G is the point obtained via i updates
using uq, us, . . ., u; € [0, 1]°, where the starting point is x € G.

Lemma 2 Leti,j € N andi > j. For any uy,...,u; € [0,1]° and x € G we
have

Oi(zsur, .. w) = @ii(@i(Tyur, o ) Wi, -, W) (6)
Proof. The proof follows by induction on . O
For ¢ > 1 with 7 € N let
B; : G x B(G) — B([0, 1)),
Bi(w, A) = {(uy, ug, ..., u;) € [0,1]% : gi(w;uy, ug, ..., u;) € A}
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and Bj(z, A) = B(z,A). Note that B;(x, A) C [0,1]*. For x € G and A €
B(G) the set B;(x, A) is the set of all random numbers uy, ug, ..., u; € [0,1]*
which take x into the set A using the ith iteration of the update function ¢,
i.e. ; with arguments x and uq, us, ..., u;.

In [DRZ13] we considered the case where the initial state is deterministi-
cally chosen. The following assumption is useful to work with general initial
distributions.

Assumption 1 For a probability measure v on (G,B(G)) we assume that
¥:[0,1]* — G is a generator function, i.e. ¢ satisfies

v(A) =P(p(U) € 4), AeB(G),
where P is the uniform distribution in [0, 1]°.

For a probability measure v on (G, B(G)) let Assumption 1 be satisfied.
Then, for i > 1 with i € N and A € B(G), let

Ciyw(A) = {(uo,u1,...,u) €0, 1](”1)5: oi((ug);ug, ... u;) € A}
= {(ug,uy, ..., u;) € [0, 15D (uy, ... w;) € Bi(w(ug), A)}

where Cj,(A) = {ug € [0,1]*: ¥(ug) € A}. The set C; 4 (A) C [0,1]FDs is
the set of possible sequences to get into the set A with starting point ¢ (uy)
and 7 updates of the update function.

The next lemma is important to understand the relation between the
update function, generator function, transition kernel and initial distribution.

(7)

Lemma 3 Let K be a transition kernel and v a distribution on (G, B(G)).
Let ¢ be an update function for the transition kernel K. Let (X, )nen be a
Markov chain with transition kernel K and initial distribution v. Further, let
Assumption 1 for v be satisfied. Leti € N and F: G' — R. The expectation
of I with respect to the joint distribution of Xy, ..., X; is given by

F(Xy,...,X;))
/ / (1, ... x;) K(z-1,dx;) ... K(xq,dzy) v(day).

- tzmes
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Then
E, k(F(X1,...,X;))
= [ P ), w), e @,
X dugduy ... du;_q,
whenever one of the integrals exist.

Proof. By Assumption 1 we have
/ F(¥(uo), p1(¢(uo), ur), - .., pima(¥(uo), wa, - - -y ui1)) dug dus . .. duiy
[O’l]is

= / / F(xl, <P1(I1, Ul), Sy %‘—1(%17 Upy -y Uz’—1)) duy . ..du;—y V(dﬂ?l),
G J10,1]G=1s
and by Lemma 2 we obtain

/ / F(zy, or(w,ur), . 01 (rn,ug, - wim)) duy - odug g v(da)
G J[o,1)-1s
= / / / (21, 19, 01(72,u2), - . ., i1 (T2, Un, - . Ui—1))
G JG J[0,1)(i=2)s
X dug . ..du;—q K(x1,dxs) v(day).
By iterating the application of Lemma 2 the assertion is proven. O

Note that the right-hand-side of (8) is the expectation with respect to the
uniform distribution in [0, 1]%.

Corollary 1 Assume that the conditions of Lemma 8 are satisfied. Then,
for A € B(G), holds '
vP'(A) = Ai+)s(Cip(A)), (9)

and vPY(A) = v(A) = A\ (Cou(A)).

Proof. By Lemma 3 we have

VPZ'(A):/GKi(x,A) v(dzx)

11



g

= / Wz(w(UO)’uly-nyui)eA dUO dU1 . d’LLZ
0,1](+1)s

/.../1zi+leAK(l‘i,dIIIi+1>...K(Z‘l,dl'g)l/<d$1)
G G

i-times

Q

= /[o o Lwo o) eCiy (A) ug duy . dug = Aiy1)s(Cig(A)),
1 3 S

which completes the proof. O

3 On the push-back discrepancy

Let o C B(G) be a set of test sets. Then the star-discrepancy of a point set
S, =A{m1,...,x,} € G with respect to the distribution 7 is given by

nZlmz A—7T

Assume that ug, uq,...,u,—1 € [0,1]° is a finite deterministic sequence. We
call this finite sequence driver sequence. Further, let ¢: G x [0,1]* — G and
¥ [0,1]* — G be measurable functions. Then let the set S, = {z1,...,2,} C
G be given by

DirelS0) = 3

Tiv1 = $z‘+1(951) = Sp(xi;ui) = @i(xl;ula e 7“1’)’ t=1,...,n—1, (10)

where 21 = ¥ (ug). Note that ¢ might be considered as a generator function
and ¢ might be considered as an update function. We now define a discrep-
ancy measure on the driver sequence. We call it push-back discrepancy. Below
we show how this push-back discrepancy is related to the star-discrepancy of

Sh.

Definition 4 (Push-back discrepancy) Let U, = {ug,uy,...,up_1} C
[0,1]° and let C;4(A) for A € B(G) and i € NU{0} be defined as in (7).
Define the local discrepancy function by

|
—

n

Ao Un) =

S|

[1(1140,...,114‘)602'111,(14) - )\(74-‘1-1)5(0171/1(14))} .

@
Il
o
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Let of C B(G) be a set of test sets. Then we define the discrepancy of the
driver sequence by

* U,) = sup |Al° U,)| .
Aczf,'zl),cp( ) AEE% ‘ ,A,z/;,(p( )‘
We call D3, ., ,(Uy) push-back discrepancy of Us,.

The discrepancy of the driver sequence D7, , (Uy) is a ‘push-back dis-
crepancy’ since the test sets C; ,(A) are derived from the test sets A € &
from the star-discrepancy D7, (S,) via inverting the update function and
the generator.

The following theorem provides a relation between the star-discrepancy
of S,, and the push-back discrepancy of U,,, this is similar to [DRZ13, Theo-
rem 1].

Theorem 1 Let K be a transition kernel and v be a distribution on (G, B(G)).
Let ¢ be an update function for K and let us assume that v satisfies Assump-

tion 1 with generator function 1. Further, let U, = {ug,uq1,...,up_1} C

[0,1]® be the driver sequence, such that S, is given by (10). Let o C B(G)

be a set of test sets. Then

D, (S <su
| .917,7r( ) Q)fq/}(p( AGE

ZVPZ (A)].

Proof. For any A € o/ we have by (9) that A;11),(Ci(A)) = vP'(A). Thus

%;1%6‘1_%‘4

1 — A A
= ﬁ Z [1(u07---7ui)60i,w(A) - VPZ(A) + VPl(A) - W(A)]
=0

%i vP'(A) —w(A)].

1
< 52[1<uo,.<.7ui>eci,¢<A>—A<z’+1>s(0@w(f4)>] +
1=0

Hence

Dy +(Sn) < D3y o(Un) + sup
Acof

Z vP' (A (A)]|.

13



The inequality

0 (Un) < Dy 2 (Sn) + sup

follows by the same arguments. |

Corollary 2 Assume that the conditions of Theorem 1 are satisfied. By P
denote the Markov operator of K. Further, let K be reversible with respect
to m, let P be variance bounding and let g—; € Ly. Then

dv

1—Ay
D*, (S,) - D* | < 0 _
‘ 42%,71'( ) Jf,w,@(u )‘ dn

“n-(1—Ap)

)

2

where Ag = max{0, A} and A is defined in (4).

Proof. With P, = 1 S PP we have

n—1
1 )
sup |— vP'(A) —n(A)| < |vP, —7|,. .
|2 3 VP (A) = ()| < o, — il
Thus, the assertion follows by Lemma 1 and Theorem 1. O

Remark 1 For the moment let us assume that we can sample with respect
to m. For any initial distribution v with % € Ly, for allz € G and A € B(G)
we set K(x,A) = n(A), hence A =0. Thus

dv

* * 1
D%y (Sn) = Dy oy o(Un)| < dr

n

2
Note that the discrepancies do not coincide. The reason for this is that the

witial state is taken into account in the average computation. However, if
v = 7, then for any reversible transition kernel with respect to m we obtain

Dy 2(P) = Dy y o (Un).

14



4 Monte Carlo rate of convergence

In this section we show the existence of finite sequences U,, = {ug, u1, ..., up_1} C
[0, 1]*, which define S,, by (10), such that

DYy yoU,) and D7, (Sy)
converge to 0 approximately with order n~'/2 if the transition kernel or the
corresponding Markov operator is variance bounding. The main result is
proven for D7, (S,). The result with respect to D7, (Uy,) holds by Theo-
rem 1.

4.1 Useful tools: delta-cover and Hoeffding inequality

The concept of a d-cover will be useful (cf. [Gne08] for a discussion of -
covers, bracketing numbers and Vapnik-Cervonenkis dimension).

Definition 5 Let o C B(G) be a set of test sets. A finite subset I's C B(G)
is called a d-cover of o with respect to m if for every A € & there are sets
C,D € I's such that

CCACD

and

m(D\C) <6
We assume that O € T.

The following result is well known for the uniform distribution, see [HNWWO01,
Section 2.1] (see also [DRZ13, Remark 3] for the particular case below).

Proposition 2 Let I's be a d-cover of &/ with respect to w. Then, for any
Zn={21,...,2n}, holds

D, (Z,) < max + 0.

— 1
Cels |n Z HEC T
Instead of considering the supremum over the possibly infinite set of test sets
</ in the star-discrepancy we use a finite set I's and take the maximum over
C € I's by paying the price of adding .
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For variance bounding Markov chains on discrete state spaces, i.e. the
second largest eigenvalue of the transition matrix is less than 1, in [LP04] a
Hoeffding inequality is proven. In [Mial2| this is extended to non-reversible
Markov chains on general state spaces. The following Hoeffding inequality for
reversible, variance bounding Markov chains follows by [Mial2, Theorem 3.3
and the remark after (3.4)].

Proposition 3 (Hoeffding inequality for Markov chains) Let K be a
reversible transition kernel with respect m and let v be a distribution on
(G,B(G)) with % € Ly. Let us assume that the Markov operator of K
is variance bounding. Further, let (X, )nen be a Markov chain with transition
kernel K and initial distribution v. Then, for any A € B(G) and ¢ > 0, we

obtain
[ ] — dv
x|l=
n
=1

A) 20] 32‘—

1-A
St o (-52e).

with Ay = max{0, A} and where A is defined in (4).

dm

We provide a lemma to state the Hoeffding inequality for Markov chains
in terms of the driver sequence. We need the following notation. Let
Ap apy: [0,1]" — [—1,1] be given by

1
ATMAAO»?ZJ(U()? s Upo) = = Z (w0, ui)EC; 4 (A) — W(A)] : (12)

Lemma 4 Let K be a transition kernel and v be a distribution on (G, B(G)).
Let ¢ be an update function of K and let us assume that v satisfies Assump-
tion 1 with generator function . Further, let (X, )nen be a Markov chain
with transition kernel K and initial distribution v. Then, for any A € B(G)
and ¢ > 0, holds

21X6A_7T

where P denotes the uniform distribution in [0, 1]"* and P, x denotes the joint
distribution of X1, ..., X,.

PllAnapyl > = [

> C] : (13)
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Proof. Let J(A,¢) = {(z1,...,2,) € G": |13  1..ea — 7(A)]| > ¢} and let

- {1 15" Lyea—7(A)] > 6
zn)EJ(Ac) —

0 otherwise.

-----

By E, x(F(X1,...,X,)) =P, k(J(A, ¢)), Lemma 3 and

1(1/)(110)7901 (¢(U0)7U1):~~~790n—1(¢(U0)7u1,~~-,un—1))€J(A,C)

_ 1 ‘% Z?z_ol [1(% ----- ug)€C; ¢ (A) 7r(A)H 2 ¢
0 otherwise,

the assertion is follows. O

4.2 Discrepancy bounds

We show that for any s € N, for any update function of the transition kernel
K, for every initial distribution v with S—; € L, and every n there exists
a finite sequence wug, uy,...,u,—1 € [0,1]° such that the star-discrepancy of
Sy, given by (10), converges approximately with order n~Y2. The main idea
to prove the existence result is to use probabilistic arguments. We apply a
Hoeffding inequality for variance bounding Markov chains and show that for
a fixed test set the probability of point sets with small A, 4., see (12),
is large. We then extend this result to all sets in the d-cover using the
union bound and finally to all test sets. The result shows that if the finite
driver sequence is chosen at random from the uniform distribution, most
choices satisfy the Monte Carlo rate of convergence of the discrepancy for
the induced point set S,,.

Theorem 2 Let K be a reversible transition kernel with respect to m and v
be a distribution on (G,B(G)) with % € L,. Assume that P, the Markov
operator of K, is variance bounding and that v satisfies Assumption 1 with
generator ¢. Let of C B(G) be a set of test sets and for every 6 > 0 assume
that there exists a set I's C B(G) with |I's| < oo such that I's is a §-cover of
o/ with respect to . Further, let ¢ be an update function for K.

Then there ezists a driver sequence ug,uy,...,u,—1 € [0,1]° such that
Sp=A{x1,...,x,} given by 1 = P (ug) and

Tiy1 = SEZ(SI?l) = QO(SIZ'Z,U@) = goi(xl;ul, e ,Ui), L= 1, e, — 1
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satisfies

T+ A \/210g(|F6|2 14211, .

D: <
ﬁ{,ﬂ'(sn) — 1 . AU

s, (14)

with Ay = max{0,A} and A defined in (4).

Remark 2 In Lemma 6 in Section 5.1 we show for the set of test sets of axis
parallel boves that for any § > 0 there exists a §-cover with |Ts| = O(6~41~9)
for any € > 0. Hence, for instance, by choosing 6 = n~%/*, we obtain that
IT,,—3/4| = O(n?), where we used ¢ = 1/4.

Proof. Let A € B(G). By Lemma 4 and Proposition 3 we have for any ¢, > 0

that Y
exp <— — Ocin) : (15)
2

dv
PlA, <c,|>1-2]|— —_—
H 7A7<P7¢|—C]— Hdﬂ. 1+A0

Let
[;,={D\C:CCACD, and C, D € I';}.

If for all A € T's holds

1
P[|An7‘47%¢| < Cn] >1— —_—, (16)
T
then there exists a finite sequence uy, ..., u,_1 € [0,1]* such that
max [ Ay 4p (U0, - - Un—1)] < Cp. (17)

A€l

For

 [TiR 28I ],
TN ToA, NG

we obtain by (15) that (16) holds and that there exists a finite sequence
Ugy - -, Up—1 € [0,1]° such that (17) is satisfied.

Now we extend the result from ﬁ; to /. By the d-cover we have for
A € 7, that there are C, D € I's such that C C A C D and n(D\ C) <.
Hence

[Luoy.s ;) €C; p(A) — m(A)]

18



n—1 _—
! 1
= E [1(u0,‘..,ui)€Ci,w(D) - W(D)] B E [1(u0,...,ui)€Ci,w(D\A) - ’7T<D \ A)]
=0 P
1 n—1
S E Z [1(“07~-,ui)eci,¢(D) - W(D)] ‘
=0
1 n—1
+ n [1(u0 ..... u;)€C; ¢ (D\A) — (D \ A)} .
=0
Set 1
1 —
=0
and 1
1 —
I, = o [1(u0,A..,ui)eCi,w(D\A) —7n(D\ A)] | )
=0

Since ) € T's we have D = D\ () € T's and therefore

I < max | Ay gl < e
A€l

Furthermore

n—1

1
I Z Lug,...;ui)eCy p(D\A) — T(D\C)+m(D\C)—n(D\ A)
1=0

n -

n—1

< L3 [nmccimie) = (DA O | +1n(D )\ )~ w(D\ 4)

<ec,+0.

The last inequality follows by the d-cover property, (17) and the fact that
D\ C € Ts. Finally note that |Ts| < |T's|>/2 which completes the proof. O

By Corollary 2 and Theorem 2 we can also state an upper bound on the
push-back discrepancy.

Theorem 3 Let K be a reversible transition kernel with respect to m and v
be a distribution on (G,B(G)) with % € L,. Assume that P, the Markov
operator of K, is variance bounding and that v satisfies Assumption 1 with
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generator . Let of C B(G) be a set of test sets and for every 6 > 0 assume
that there exists a set I's C B(G) with |T's| < oo such that T's is a 0-cover of
o/ with respect to w. Further, let @ be an update function for K.

Then there exists a driver sequence U, = {ug,uq, ..., up,—1} C [0,1]° such
that

T \/210g !FaPHdﬂH [ VI P

42{'¢wp 1—A0 (1—A0) dm 9 '

with Ay = max{0, A} and A defined in (4).

We refer to Remark 2 and Lemma 6 for a relation between ¢ and |T's].
Thus, we showed the existence of a driver sequence with small push-back dis-
crepancy. Note that by using Corollary 2 one could also argue the other way
around: If one can construct a sequence with small push-back discrepancy
then the star-discrepancy of S, is also small.

Remark 3 Let us consider a special case of Theorem 2 and Theorem 3.
Namely, let us assume that we can sample with respect to w. Thus, we set
v=m and K(x,A) =n(A) for any x € G, A € B(G). Then

\/2log |Ts[*

1)
VA

since Ao = A = 0. This is essentially the same as Theorem 1 in [HNWWO01]
in their setting. However, it is not as eloberate as Theorem 4 in [HNWW01],
which is based on results by Talagrand [Tal94] and Haussler [Hau95]. We
do not know a version of these results which apply to Markov chains (such a
result could yield an improvement of Theorems 2 and 3).

o (On) = Dy y o (Un) <

4.3 Burn-in period

For Markov chain Monte Carlo a burn-in period is used to reduce the bias
of the initial distribution. We show how a burn-in changes the discrepancy
bound of Theorem 3.

Let us introduce the following notation. Let ¢: G x [0,1]* — G and
¥: [0,1]* — G be measurable functions. Let ng,n € N, let

uno,n == {Uo, v 7un07 uno—l—b v 7uno+n—1} C [07 1]8
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and assume that Spn) = {Tng+1,- - Tngn} € G is given by (10), i.e.
Tit1 = Tip1 (1) = (i u) = pi(T;u, .o oyw;), i=1,...,n0+n—1,

where 21 = 1(ug). As before 1) might be considered as a generator function
and ¢ might be considered as an update function. We now define a discrep-
ancy measure on the driver sequence where the burn-in period is taken into
account. We call it push-back discrepancy with burn-in.

Definition 6 (Push-back discrepancy with burn-in) Let C; ,(A) for A
B(G) andi € NU{0} be defined as in (7). Define the local discrepancy func-
tion with burn-in by

, 1 no+n—1
A A Unon) = — D Moo pa) = A (Cin(A)]
i=ng

Let of C B(G) be a set of test sets. Then we define the discrepancy of the
driver sequence by

Dzo,y{,w,@(uno,n) = sup A}S()C,n,A,¢,4p(Z/[n0,n)| .
Acd/

We call D}, o o(Ungn) push-back discrepancy with burn-in of Upe .

By adapting Proposition 3 and Lemma 4 to the setting with burn-in we
obtain, by the same steps as in the proof of Theorem 2, a bound on the
star-discrepancy for Sj,, ). Further, adapting Theorem 1 and Corollary 2 to
the burn-in leads to a bound on Dy, (Un, ) for a certain set Uy, .

Theorem 4 Let K be a reversible transition kernel with respect to m and let
v be a distribution with g—; € Ly. Assume that P, the Markov operator of K,
18 variance bounding and that v satisfies Assumption 1 with generator 1. Let
o C B(G) be a set of test sets and for every § > 0 assume that there exists
a set T's C B(G) with |I's| < oo such that T's is a §-cover of </ with respect
to w. Further, let © be an update function for K.

Then there exists a driver sequence

uno,n = {Uo, Ugy - 7uno+n—1} C [07 1]5
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such that

)

with Ay = max{0, A} and A defined in (4). If P has an absolute Ls-spectral
gap we have

Dty < TR (0BT A [ 1)
no g = 1 — Ag NG (18)
(1= Ap)B™ ||dv

— -1
n(l—Ao) dm

2 || dwPro)
1+ Ay \/210g<|F5| H ar

s (Stngnl) < 0,
,Lff,ﬂ'([ﬂv] — 1_A0 +

vn

+ 0,
2

with 8 = HP”L8—>L87 see Definition 1. In particular, by A < Ay < 8 < 1 and
|A| < B, we deduce

4 flog (ITsf2(1+ B[22 = 1]],))  9pm ||d — 1|

n-(1-p) ni-g "

D;:o A o (uno,n) S

(19)

Equations (18) and (19) reveal that the burn-in ng can eliminate the influence
of the initial state induced by @ under the assumption that there exists
an absolute Lo-spectral gap. A variance bounding transition kernel is not
enough, since it could be periodic and then v P™ would not converge to 7 at
all.

5 Application

We consider the set of test sets 8 which consists of all axis parellel boxes
anchored at —oo restricted to G C RY, i.e.

B = {(—00,2)q: v € R},

with (—o0, 1) = (—o00,2)NG and (—oo, z) = 114, (—o0, x;). In the following
we study the size of d-covers with respect to such rectangular boxes.
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We then focus on the application of Theorem 2 and state the relation
between the discrepancy and the error of the computation of expectations.
The Metropolis algorithm with ball walk proposal provides an example where
one can see that the existence result shows an error bound which depends
polynomially on the dimension d.

5.1 Delta-cover with respect to distributions

We now use an explicit version of a result due to Beck [Bec84], for a proof
and further details we refer to [AD, Theorem 1]. We state it as a lemma.

Lemma 5 Let ([0, 1]¢, B([0,1]%), ) be a probability space. Let the set of test
sets o = {[0,y) | y € [0,1]"}, with [a,b) = T19_,[a;,b;) for a,b € R?, be the
set of anchored boxes. Let suppu be the closure of

{x € [0,1]* : Yopen neighbourhoods B of x : u(B) > 0}

Then for any r € N there exists a set Z, = {z1,..., 2.} with z1,...,z. €
suppp such that

(2 4 10g2 7“)(3d+1)/2
. .

D3, ,(2,) < 63V (20)

Note that log, denotes the dyadic and log the natural logarithm.

Proof. The assertion follows by [AD, Theorem 3] with P = p, X = [0,1]¢N
suppp, € = {[0,y) Nsuppp | y € Q¢}. This implies a version of [AD,
Corollary 1], thus a version of [AD, Theorem 1], with 1, ..., zx € suppy. O

By a linear transformation we extend the result to general, bounded state
spaces G C R,

Corollary 3 Let G C R? be a bounded, measurable set and let (G, B(GQ), )
be a probability space. Let the set of test sets B = {(—o0,2)g | © € R},
Then for any r € N there exists a set S, = {x1,...,2,} C G such that

2 + log, 7,)(3d+1)/2
. .

5 (S0) < 63Vd (
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Proof. Since G is bounded there exist a,b € R? such that G C H?Zl[aj, bjl.
There is a linear transformation 7' H;l:l[aj, b;] — [0,1]% which induces a
probability measure p on ([0,1]4, B([0,1]¢)) with 7(A) = u(T(A)) for A €
B(G). In particular, for A € B([0,1]? \ T(G)) we have u(A) = 0.

By Lemma 5 we have that there exists a set 7, = {z1,...,2,} C supp u
such that (20) is satisfied. Let z; = T7!(z;) fori = 1,...,r and for z € [0, 1)
let x =T71(2). Then

53 1 o) = 7(—00,2)6) =3 Y Tpanriey(z) — #(0,2) N T(G),

Since zy,...,2 € suppu C T(G) and pu(A) =0 for A € B([0,1]¢\ T(G)) we
have

23 Usemio ) = w{(—00,2)0) =2 3 1) — (0, )

By taking the supremum over the test sets on the right-hand side and using
(20) the assertion follows. O

As in [DRZ13, Lemma 4] a point set which satisfies a discrepancy bound
can be used to construct a d-cover. The idea is to define for each subset of the
point set a minimal and maximal set for the d-cover, see [DRZ13, Lemma 4].
To simplify the bound of Corollary 3, for any r € N and 0 < ¢ < 1 we have

(2 + 10g2 T)(3d+1)/2

r

< 7"871 Ce,da

where

Ceq = max = (21)

z>1 x€

(2 + log, x)Bd+1)/2 E ( 3d+1 >(3d+1)/2
2ee log 2 '

With this notation we obtain the following result.

Lemma 6 Let G C RY be a bounded measurable set and let m be a probabil-

ity measure on (G,B(G)) which is absolutely continuous with respect to the

Lebesgque measure. For the test set B = {(—o00,r)c |z € R}, any 0 <6 < 1
and 0 < e < 1, there is a §-cover I's of B with respect to m with

ITs) < (24 [(2C..06 10—,

where Cy 4 is given by (21).
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Proof. The proof of the assertion follows essentially by the same steps as
the proof of [DRZ13, Lemma 4]. The only difference is that we use the
discrepancy bound of Corollary 3 instead of [HNWWO01, Theorem 4]. ]

The dependence of the size of the d-cover on ¢ is arbitrarily close to
order =% in Lemma 6, whereas in [DRZ13, Lemma 4] it is of order §—2<.
Furthermore, the constant in Lemma 6 is fully explicit (one can choose 0 <
e < 1 to obtain the best bound on the size of the §-cover).

By Theorem 2 and Lemma 6 we obtain the following result.

Corollary 4 Let G C R? be a bounded set. Let K be a reversible transition
kernel with respect to 7 and v be a distribution on (G,B(G)) with % € L,.
Assume that P, the Markov operator of K, is variance bounding and that v
satisfies Assumption 1 with generator ¢. Let B = {(—o0,x)q | © € R} be
the set of test sets and ¢ be an update function of K.

Then, for all n > 16, there exists a driver sequence ug, . .., u,—1 € [0, 1]
such that S, = {x1,...,x,} given by (10) satisfies

2 (log || ||, + dlogn + 3d*log(5d))*/?
DZ@J(S”)< 1+A0.f(0g|}dﬂ‘|2 ogn og(5d)) 8

22

with Ay = max{A,0}.

Proof. Let e = 1/4. Thus Cy 44 = \/5(%)(3“1)/2 and |T's| < (166=4/3(5d)34)<.

By § = 8/n** and Theorem 2 the assertion follows. 0

Let us discuss the result. The factor depending on Ag is the penalty
for the convergence of the Markov chain. The term log HZ—ZH , shows the
dependence on v and the additional summand # comes from the d-cover
approximation. The rest is basically as in [HNWWO01, Theorem 1].

5.2 Integration error

In this section we state a relation between a reproducing kernel Hilbert space
and the star-discrepancy. As in [DRZ13, Appendix B| we define a reproduc-
ing kernel @) by

Q(xa y) =1+ /Rd 1(—oo,z)g(l‘> 1(—00,2)@ (y) p(dZ),

25



where p is a finite measure on R%, i.e. [, p(dz) < oc.

The function @) uniquely defines a reproducing kernel Hilbert space Hy =
Hy(Q) of functions defined on RY. Reproducing kernel Hilbert spaces were
studied in detail in [Aro50]. It is also known that the functions f in Hj
permit the representation

F@) = ot [ 1cmna(@Fe) i) (23)

for some fy € C and function f € Ly(RY, p), see for instance [SCO8, Theo-
rem 4.21, p. 121] or follow the same arguments as in [BD14, Appendix A].
The inner product in Hs is given by

()= hoo+ [T o).

With these definitions we have the reproducing property

QU = fot [ FOlmsnldz) = o)

For 1 < ¢ < oo we also define the space H, of functions of the form (23)
for which f € L,(G, p), with finite norm

11, = (18 + | rﬂz)wp(dz))l/q. (21)

The following result concerning the integration error in H, is proven in
[DRZ13, Theorem 3].

Theorem 5 Let G C R? and m be a probability measure on G. Further let
B ={(—00,7)q : v € RY}. We assume that 1 < p,q < oo with 1/p+1/q = 1.
Then for Z, ={z1, 22,...,2,} € G and for all f € H, we have

| 1@z = 2 3 1| < 111, D (20
i=1

where

D;,%,W(Zn) = (/
R4

P 1/p
p(d2)> ,

1 n
/G Li—so.2)6(y)(dy) — — D Loon)alz)
=1
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and for p = oo let

D;?Jr(Z ) D;o /97r(Z'fL> = sup
z€R4

/Gl( OOZ)G dy __Zl( 00,2)c ZZ

Corollary 5 (Markov chain Koksma-Hlawka inequality) Assume that
the conditions of Corollary 2 are satisfied. Further let B = {(—o00,2)q : x €
R?}. Let Hy denote the space of functions f : RY — C with finite norm given
by (24). Let U, = {ug,...,un—1} C [0,1)° be the driver sequence, such that
Sy, =Ax1,...,x,} is given by (10). Then for all f € Hy we have

7(dz) ——Zfa:Z
1—Ap ‘

<Dy, @)+ | |
= ( j,¢,¢<u )+ n - (1 _ AO) 2) ||f||H1

with v induced by ¢ and Ao = max{0, A}, where A is defined in (4).

dv B
dm

In the spirit of Remark 1 we obtain for K (z, A) = m(A) that A = 0. Further,
if v = 7 we have the Koksma-Hlawka inequality

m(dx) ——fo,

< D% o Un) [ f]] 11

5.3 Metropolis algorithm with ball walk proposal

The goal of this subsection is the application of the previously developed
theory to an example. Let us assume that G = B, is the Euclidean unit
ball, i.e. By = {z € R? | ||lz|| :== (0, |z:|*)V? < 1}. Let p: By — (0,00),
where p is integrable with respect to the Lebegue measure. We define the
distribution 7, on (Bg, B(Bg4)) by

() = LD

de p(z)dz

The goal is to compute

x)dx
B, ()= [ £(a)m,(ds) = def 2oz} dz.

l‘
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for functions f: B; — R which are integrable with respect to m,. Note that
for an approximation of E, (f) the functions f and p are part of the input
of a possible approximation scheme. We assume that sampling directly with
respect to 7, is not feasible. We consider the Metropolis algorithm with ball
walk proposal for the approximate sampling of .

Let v > 0, x € B; and C € B(B,), then the transition kernel of the ~ ball
walk is

A(C A D, ()
Wa(w. €)= =30, 0)

s [1 - MBODE]

Aa(D~(0))

where \; denotes the d-dimensional Lebesgue measure and D, (z) = {y €
R? | ||z — y|| < 7} denotes the Euclidean ball with radius v around = € R
The transition kernel of the Metropolis algorithm with ball walk proposal is

M, (x,C) = /Ce(w,y) W, (z,dy) + 1zea [1 — /Bd 0(z,y) Wy(x,dy)} :

where 0(z,y) = min{l, p(y)/p(x)} is the so-called acceptance probability.
The transition kernel M, , is reversible with respect to .

Now we provide update functions of the ball walk and the Metropolis
algorithm with ball walk proposal. Let S™1 = {x € R? | ||z|| = 1} be the
unit sphere in R% Let ¢: [0,1]"! — S%! be a generator for the uniform
distribution on the sphere, see for instance [FW94]. Then, v : [0,1]¢ —
D, (0) given by

w’Y(ﬁ) = (’7 Ud)l/dd)(vla s 7,Ud*1>7 (25)

with @ = (vy,...,v4) € [0,1]%, is a generator for the uniform distribution in
D, (0) (the Euclidean ball with radius vy around 0). Thus, an update function
ow~: By x [0,1]7 — By of the  ball walk, with @ = (vy,...,v4) € [0,1]%, is

Uy(w)  Py(u) € Bg

T otherwise.

@Wﬁ(xv ﬂ) = {

This leads to an update function vy, ,: Byx [0, 1]471 — B, of the Metropolis
algorithm with ball walk proposal. Let

A(z;u) = min{1, p(ew, (x,a))/p(x)}
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then an update function for the Metropolis algorithm with ball walk proposal
is

OwA(@,v1, ..., 0a) Ve < Alx, e, ., vg)
SOM/Y,P(xv U’) = ! i (26)
x Var1 > Az, v, ..., 0g),
where u = (vy,...,v4:1) € [0,1]% and x € B;. Thus the algorithms are

given by the update functions above.

We assume that the functions f: B; — R and p: B; — (0, 00) have some
additional structure. Let f € H; with ||f|lg, < 1, where H; is defined in
Subsection 5.2. For o > 0 let p € R, 4 if the following conditions are satisfied:

(i) p is log-concave, i.e. for all A € (0,1) and for all z,y € B, holds
POz + (1= N)y) > p(x)*p(y)' .
(ii) p is log-Lipschitz continuous with «, i.e.
llog p(x) —log p(y)| < allz —yl|.
Thus
Rad={p: Ba = (0,00) | p log-concave, [log p(x) — log p(y)| < ef|lz — yl[}.
Next we provide a lower bound for A, ,, defined as in (4) for the transigo?l
kernel M, ,, where the density p is log-concave and log-Lipschitz. The result
follows by [MNO7, Corollary 1, Lemma 13].
Proposition 4 Let us assume that p € Ry q. Further let
v =min{1/vVd+1,1/a},

3.125-10-¢ 1 1
T Nt Sy S O 28
TS T a1 mm{d+1’a} (28)

Then

The combination of Proposition 4, Theorem 5, Lemma 6 and Corollary 4
lead to the following error bound for the computation of E. (f) for f € H;
and p € R 4.
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Theorem 6 Let v be the uniform distribution on (Bg, B(B,)) with generator
function i, see (25). Let

v =min{l/vVd+1,1/a}

and recall that par~+ , 15 an update function of the Metropolis algorithm with
ball walk proposal, see (26).
Then for all n > 16 and any p € Raq there exists a driver sequence

Ug, UL, . . . Up_1 € [0,1]9F such that S, = {z1,...,2,} given by
r1 = Y1(to)
Tig1 = O~ p(Tis15), i=1,...,n—1,
with g = (vy,...,vq) where ug = (vq, ..., Vg, Vay1), Salisfies

sup

1 n
E, i .
JeH | fllm, <1 ) n ; fxi)

- 5000v/d max{v/2d, /a} (o + dlogn + 3d> log(50l))1/2 8

NG + n3/4
Proof. By
L Jz,Py) dy
dTrp B )\d<:|Bd)p<x>7

< expa.

and by p(z)/p(y) < exp(2«a) for any z,y € By we have HCZ‘l—éHQ
Further by Proposition 4 we obtain

. 3.125-10~6 11
— — 1NN _, — .
0="4+1 d+ 1 o

Thus by Corollary 4 and Theorem 5 the assertion follows. |

Let us emphasize that the theorem shows that for any p € R, 4 there exist
a deterministic algorithm where the error depends only polynomially on the
dimension d and the Log-Lipschitz constant a.
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6 Beyond the Monte Carlo rate

In the previous sections we have seen that there exist deterministic driver
sequences which yield almost the Monte Carlo rate of convergence of n~/2.
Roughly speaking, the proof of Theorem 2 reveals that, if the driver sequence
is chosen at random from the uniform distribution the discrepancy bound of
(14) is satisfied with high probability. In this section we use a stronger
assumption to achieve a better rate of convergence. Again this result is an
existence result. We want to point out that the proof of the result does not
reveal any information on how to find driver sequences which leads to good
discrepancy bounds.

Its proof is based on the ‘anywhere-to-anywhere’ condition and Corol-
lary 3.

Definition 7 Let ¢ : G x [0,1]° — G be an update function. We say that ¢
satisfies the ‘anywhere-to-anywhere’ condition if for all x,y € G there exists
au € [0,1]° such that

p(r;u) =y.

Now we use the ‘anywhere-to-anywhere’ condition to reformulate Corol-
lary 3. We obtain a bound on the star-discrepancy for the Markov chain
quasi-Monte Carlo construction.

Corollary 6 Let G C R? be a bounded, measurable set and let (G, B(G), )
be a probability space. Let the set of test sets B = {(—oo,2) NG | © €
R} be the set of anchored bozes intersected with G. Let o be an update
function and assume that @ satisfies the ‘anywhere-to-anywhere’ condition.
Let ¢: [0,1]° — G be an arbitrarily surjective measurable function. Then for
any n € N there exists ug,uy,...u,—1 € [0,1]* such that S, = {x1,..., 2.}
given by x1 = ¥ (ug) and

x; = @(xi_1;u;)  fori>1,

satisfies
(2 4 10g2 n)(3d+1)/2
- :

D3, (S,) < 63Vd
The corallary states that if the ‘anywhere-to-anywhere’ condition is satisfied,

in principle, we can get the same discrepancy for the Markov chain quasi-
Monte Carlo construction as without using any Markov chain. If the update
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function and underlying Markov operator P satisfies the conditions of Corol-
lary 2, then a similar discrepancy bound as in Corollary 6 also holds for the

driver sequence U,, = {ug, uy,...,u,_1}. Namely
(2 + logy n)Bd+1)/2 1—Ap  |dv
Dy, ) < d — — .

7 Concluding remarks

Let us point out that the discrepancy results of Subsection 4.2 and Sub-
section 4.3, in particular, also hold for local Markov chains which do not
satisfy the ‘anywhere to anywhere’ condition and the proof of this bound
reveals that a uniformly i.i.d. driver sequence satisfies the discrepancy esti-
mate with high probability. In other words, there are many driver sequences
which satisfy the discrepancy bound of order (logn)'/?n=/2. On the other
hand, the choice of the driver sequence depends on the initial distribution
v and the transition kernel. It would be interesting to prove the existence
of a universal driver sequence, which yields Monte Carlo type behavior for a
class of initial distributions and transition kernels. (For a finite set of initial
distributions and transition kernels such a result can be obtained from our
results since for any given initial distribution and transition kernel we can
show the existence of good driver sequences with high probability.) Another
open problem is the explicit construction of suitable driver sequences. The
results in this paper do not give any indication how such a construction could
be obtained. However, we do obtain that the push-back discrepancy is the
relevant criterion for constructing driver sequences.
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