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DETERMINISTIC QUADRATURE FORMULAS FOR SDES BASED
ON SIMPLIFIED WEAK ITO-TAYLOR STEPS

THOMAS MULLER-GRONBACH AND LARISA YAROSLAVTSEVA

ABSTRACT. We study the problem of approximating the expected value Ef(X(1))
of a function f of the solution X of a d-dimensional system of stochastic differential
equations (SDE) at time point 1 based on finitely many evaluations of the coefficients
of the SDE, the integrand f and their derivatives. We present a deterministic algo-
rithm, which produces a quadrature rule by iteratively applying a Markov transition
based on the distribution of a simplified weak Ito-Taylor step together with strategies
to reduce the diameter and the size of the support of a discrete measure. We essen-
tially assume that the coefficients of the SDE are s-times continuously differentiable
and the diffusion coefficient satisfies a uniform non-degeneracy condition and that the
integrand f is r-times continuously differentiable. In the case r < (|s/2]—1)-2d/(d+2)
we almost achieve an error of order min(r, s)/d in terms of the computational cost,
which is optimal in a worst case sense.

1. INTRODUCTION

Consider a d-dimensional system of stochastic differential equations
dX(t) = a(X(t))dt + b(X(t))dW(t), te]0,1],

with initial value o € R?, drift coefficient a: RY — R, diffusion coefficient b: R —
R?™ and an m-dimensional driving Brownian motion W as well as a function

f:R* = R.
Our computational task is to approximate the integral

(2) I(zo,a,b, f) = Ef(X(1))

by means of a deterministic method that uses xy and finitely many evaluations of a, b
and f and their derivatives at points in R

In this paper we restrict to the case of bounded coefficients a and b that have bounded
partial derivatives up to order s € N with s > 4, and we impose a uniform non-
degeneracy condition on the diffusion coefficient b. In particular, we assume m > d.
The integrand f is supposed to have polynomially bounded partial derivatives up to
order r € N.
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For every n € N we present a method fn that performs a deterministic walk of n
steps in the space M (R?) of probability measures on R? with finite support and finally
yields a probability measure Q,(x¢,a,b) € M;(R?), which is close to the distribution
Px @) of the solution of (1) at point 1. The integral I(xo, a, b, f) is then approximated
by the finite weighted sum

fn(xo,a, b, f) = /fdQn(xo,a,b).

The deterministic walk in M (R?) starts with the one-point measure d,,. In every step,
first a Markov transition of the form

(3) MBS p=Tp)= Y p({y}) -Pyv € Mi(RY)

yEsupp(p)
is carried out, where Y¥ denotes a simplified Ito-Taylor step with initial value y, and
afterwards the diameter and the cardinality of the support of 7'(xt) are reduced in order
to avoid an explosion of the computational cost. The weak order of the simplified Ito-
Taylor steps is adjusted to the smoothness s of the coefficients a and b and the single
step-sizes are chosen in a non-uniform way.

Our method is closely related to the Wiener Cubature approach, which was initiated
in [10] and further developed in particular in [11, 12, 13, 14]. We use the same type
of non-uniform discretization of time and we employ the localized version of a sequen-
tial support point elimination procedure of Davis [2] introduced in [12] to reduce the
cardinality of the support of a discrete measure. However, the transition step (3) is
conceptually much simpler than the procedures used in [10, 11] and in [12, 13, 14].
In particular, we do not need to solve a collection of ODEs along paths of bounded
variation as in [12, 13, 14]. Moreover, by additionally performing a support diameter
reduction step we obtain a further reduction of the computational cost while preserving
the error estimate.

To give a flavour of our results we consider the case that

(4) r<(ls/2] —1)-2d/(d+2)

and all partial derivatives of f up to order r are bounded. In this case our method
achieves an error

1(x0,a,b, f) — Tn(zo,a,b, f)] < ¢ max ||f ] -n"%

1<]a1 <r
with computational cost
COSt(fﬂ? (.ZU(), a, bv f)) <c- nnd(%—i—a)’

see Theorem 1. Here, n,e > 0 are parameters of the method fn and ¢ > 0 is a positive

~

constant that neither depends on n nor on f. Furthermore, cost(I,, (zo,a,b, f)) is de-
fined by the sum of the number of all evaluations of a, b and f as well as their partial
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derivatives and the number of all arithmetical operations and evaluations of elemen-
tary functions that are carried out by the algorithm I,, to compute the approximation

~

I,(xg,a,b, f). In particular,

(w0, a,b, f) = Tn(wo,a,b, )l < ¢ max || f]los - (cost(Tn, (o, a, b, f))) "7,

1<]a1<r

and therefore our method almost achieves the order of convergence r/d in terms of its
computational cost since € can be chosen arbitrarily small.

If the support diameter reduction step is skipped in the definition of fn then we can
only prove the order of convergence

ro_2(s/21-1) _r
d 2([s/2] —1)+r d

for the resulting method in terms of its computational cost, see Remark 2. We conjec-
ture that this estimate is essentially sharp and and we expect a suboptimal order of
convergence for the Wiener Cubature approach as well. See also the discussion in [17,
Remark 4.1] with respect to the latter method in the case r = 1.

In [3, 16, 17] the complexity of approximating the distribution Py ) by a probability
measure with finite support is studied in a worst case setting with respect to classes of
equations (zg, a, b) and classes of integrands f that are essentially specified by smooth-
ness assumptions on a, b and f. It follows from the results in [17] that up to an arbitrary
small power, min(r, s)/d is the best possible order in terms of the computational cost
that can be achieved by any deterministic algorithm for the computational problem
(2) in a suitable worst case sense, see Theorem 2. Consequently, if the condition (4)
is satisfied then the algorithms fn perform almost asymptotically optimal, see Theo-
rem 3. If the condition (4) does not hold then our method almost achieves the order
2(ls/2] —1)/(d + 2), which is suboptimal.

We briefly outline the content of the paper. Basic notation is presented in Section
2. In Section 3 we introduce the particular type of a simplified Ito-Taylor step that
is used in Section 4 for the construction of the algorithm ]'\n The computational cost
and the error of _/f; are analyzed in Section 5, while Section 6 is devoted to lower
error bounds for arbitrary deterministic algorithms and optimality properties of fn
In Section 7 we present numerical experiments to illustrate our results. Proofs are
postponed to Section 8. An appendix contains the description of the sequential support
point elimination procedure of Davis [2] and provides results on smoothness properties
of the semigroup of transition operators associated with an equation (xg, a,b), which
are used for the proofs in Section 8.
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2. NOTATION

Throughout the sequel we use ¢, ¢y, ... and ¢(-),¢1(+),. .. to denote unspecified posi-
tive constants, which may only depend on the parameters eventually specified in brack-
ets or explicitly mentioned in the context.

The minimal eigenvalue of a symmetric non-negative square matrix A is denoted by
Amin(A). For a vector z = (x1,...,24) € R? and a multi-index a = (v, ..., ) € N
we put % = 27" - - -25? as well as al = aq!- - gl

For p € [1, 00] we use | - |, to denote the p-norm on a finite-dimensional vector space
and we put |-| = |- |x. Furthermore, ||h| = sup,cra |h(2z)| denotes the supremum norm
of a function h: R? — RI**,

We use Pr(R?) to denote the set of polynomials on R? of total degree at most k. By
C(R?Y) and C*(R?) we denote the space of all continuous functions and the space of all
k times continuously differentiable functions h: R? — R, respectively. For K > 0 we
put

Ck::{he<ﬂ%R%; max thn|g1(}

0<|al1 <k

Furthermore, for 5 > 0 we let

F*0 = {h € C*(RY): |[h|rs < oo},

where
|2 ()]
h = max sup ———,
H Hk’ﬁ lglallxgkxeﬂg 1+ ‘Z"ﬁ
and we put
Pt =]
B8>0

We use M(R?) to denote the set of all Borel measures with finite support on R<.
Moreover, M;(R%) c M(R?) denotes the subset of probability measures in M (R?).
For a Borel probability measure ¢ on R? and a p-integrable function h: R — R we
use

Em:/h@

to denote the integral of h with respect to u, and we put
moln) = [ lolp )

for p > 1. Finally, we use 2 to denote equality in distribution of two random variables.



3. SIMPLIFIED WEAK ORDER 7 ITO-TAYLOR STEPS

Let Wo(u) = u for u > 0. For f € N, a = (o, ..., ) € Nj and 7 € [0, 1] we use

:/ / 1AW, (wr) - . . AW, ()
0 0

to denote the corresponding iterated Ito-integral and we put
deg(a) =+ |{i: a; = 0}].
For further purposes we note that
d eg(a® eg(a(™
(5) (Ja (7)o Jaon (7)) = (FUB@2 07 0y (1), 79820 g 0 (1))

for any multi-indices oV, ..., o™ and n € N.
For v € N we put
v
r, = J{0,....m}"
=1
Consider a family £ = (£, )aer, of real-valued random variables £, on a common prob-

ability space. We call £ a simplification of order v if Pe, € M;(R) for all a € T,
and

L
(6) EH&’@(Z =E]] Jao(1)
=1
forall oM, ... o) € T, with deg(aM)+...+deg(aP)) <2y+land L=1,...,2y+1.

We add that in [10] £ is called a (2vy+1)-moment similar family if (6) holds with iterated
Stratonovich-integrals in place of the iterated Ito-integrals J, ) (1).

By Tchakaloft’s theorem, for every v € N, there exists a simplification £ of order ~
with

[supp(Pe, )| < [{(alV,. .. al) e TL: Zdeg Bl L=1 2y +1)

for all a € ', see [1, Corollary 2]. See Example 1 for examples of simplifications of
order v =1, 2.

Consider a drift coefficient a € (C?0~D(R?))? as well as a diffusion coefficient b €
(C?0=1(R%))>™ with associated differential operators

CCooh 1A 9%h
2 d d
Lo: C2(RY) — C(RY), hr—>§ jaz 3 §k 1]§1jb”bk]ayayk

%

and
d

Lj: C'(RY) — C(RY), h— Zbi,jg—h
Yi

i=1
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for j = 1,...,m. Put m(y) = y; for y € R? and i = 1,...,d. The Ito-coefficient
functions associated with a and b are then given by

Yo = (Lay 00 Lo, Ti)iz1,..d: RY — R?

for multi-indices o € I',.
Let y € R Then

(7) X7y =y + > Yaly) Jalr)

is a single step of size 7 with initial value y of the weak order ~ Ito-Taylor scheme
associated with a and b, see e.g. [9, Section 14.2]. Consider a simplification £ of order
~ and put

o) = 7IB@O/2 ¢
for « € T,,. We define a simplified weak order v Ito-Taylor step Y¥**(7) of size 7
with initial value y by replacing the iterated Ito-integrals J,(7) in (7) by the discrete
variables £,(7), i.e.,

(8) Yyﬂ’b(T) =Y+ Z wa(y) fa(T)'

Example 1. A simplification § of order 1 is, e.g., given by ) = 1 and independent
random variables ), ..., {m) with
1

1
Py = 55—1 + 551

forj=1,...,m.
In the case v = 2 one can take independent random variables
(Nj)i<ism: (Vs )1<ii<josm

with distributions given by

1:92

1 2 1 1 1
Py, = =0 =00+ =0 Py . ==0_1+=0
N; 6_\/§+30+6*/§’ v 5 1+21,

and define a simplification £ of order 2 by {g) = 1, §0,0) = 1/2 as well as
&) = €60 = o) =

and
(leNj2 + ij’z)/l if j1 < Ja,
i) = NN = Vi )/2, i j1 > o,
(N7, —1)/2, if j1 = Jo
for j, j1,jo € {1,...,m}. This family has been introduced in [19] in the case d = m =1
and was extended in [9, Sec. 5.12] to arbitrary dimensions d,m € N.



4. THE ALGORITHM

Let reNand f > 0as wellasy € Nand K > 1> X > 0. We consider integrands
f from the class F"# and equations (x¢, a,b) from the class

C5? = { w0 a,0) € [— I K x (CRP2) 5 (P2 infl Ain (067 (2)) = A}

z€R4
Let n € N. We first introduce a method
Qn: C2Y2 = My(RY),
which for a given equation (zo, a,b) € C?’;Z uses xo and finitely many function values
and derivative values of a and b to compute a probability measure Q, (g, a,b) on R?
with finite support that is close to the distribution of the solution of the corresponding
equation (1) at time ¢ = 1. Our deterministic algorithm is then defined by

1,: CPx F™P =R, (20,a,b, f) — /fdQn(a:O,a, b).
The method @), employs a nonuniform discretization
O=ty<---<t,=1

of the unit time interval [0, 1]. For a given equation (zg, a, b) it starts with the one-point
distribution at the initial value xy and iteratively applies a Markov transition operator

¢ My(R?) — My (RY),
which is based on simplified weak order v Ito-Taylor steps of size
T =1t —tim1
associated with a and b, together with strategies
D,., Ry, : Mi(RY) — M;(RY)

to reduce the diameter and the cardinality of the support of a discrete measure, re-
spectively, in order to avoid an explosion of the computational cost. Thus

(9) Qn(o,a,0) = R, 0D, oT¥ o0 R, oD, 0T (8y,).

We turn to the definition of the time discretization and the operators 7% D, and
R, for general 7 € (0,1]. To this end we employ the smoothness parameter v and
we choose a simplification £ of order v as well as further parameters n,e,x > 0. The
parameter n determines the size of the single time-steps 7;, the simplification & is used
to construct the transition operator 7%°, the parameters ¢ and & specify the support
diameter reduction strategy D, and the support cardinality reduction strategy R, is
determined by the parameter +.
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4.1. The non-uniform time discretization. We employ a time discretization that
was introduced in [10] and is also used in [7] for approximation of certain stochastic
integrals. Choose n > 0 and define

ti=1—(1—i/n)", i=0,...,n.

4.2. The It6-Taylor transition. Choose a simplification £ of order ~y. For coefficients
a € (CP)4 and b € (C27?)%™ consider the associated simplified weak order -y Ito-
Taylor steps Y¥®b(7) given by (8) and define

T = Y nl{y}) Pyvescr)

y€Esupp(u)

for p € My (RY).

4.3. The support diameter reduction strategy. Choose ¢,k > 0. Let H, =
[—k77¢, k7¢]? and project points y € RY onto H, by

=1,...,

Define
Dr(w) =Y u{y}) Oy,

yEsupp(p)

for p € M;(R9).

4.4. The support cardinality reduction strategy. By a well-known sequential
support point elimination procedure, see [2], we obtain an algorithm

R: M(RY) — M(R?),
which for every u € M(R?) satisfies

(10) supp(R(1)) C supp(1)
as well as

(11) |supp(R(1))] < dim(Pay 41 (RY)) = <27 +d1 + d)
and

(12) /dedR(u) = /dedu

for every p € Py, 41(R?). See Section 9.1 in the appendix for a detailed description of
the algorithm R.
We employ a localized variant of this method, which is due to [12]. Put

Aj,T = [\/;37 \/;(j + 1))



for j € Z%. Let
Jur ={j €27 Aj, Nsupp(p) # 0}

=Y a( X udha)

J€Ju,r y€Esupp(p)NAj -

and define

for € M;(R?).
5. ANALYSIS OF COST AND ERROR

For the analysis of the computational cost of the algorithm fn we employ the real
number model of computation, see [18] for a formal definition. In particular, computa-
tions with real numbers and with elementary functions like exp and floor are carried out
exactly and for a given input (xg, a, b, f) € C?;FQ x FP we have access to oracles, which
provide function values and derivative values of the components of the coefficients a
and b as well as of the integrand f at arbitrary points in R,

The cost of applying I, to an input (zo,a,b, f) is denoted by cost(I,, (zo, a, b, f))

and is given by the sum of

(i) the number of evaluations of a;, b; ;, Oa;/0xy, Ob; ;/0xy, etc.,
(ii) the number of evaluations of f, df/Jzy etc., and
(iii) the number of basic computational operations, i.e. arithmetical operations and
evaluations of elementary functions,
that are carried out by Zz for this input.
Let
¢ =min(2vy+2,7)
denote the minimum smoothness of the coefficients a, b and the integrands f and recall
that the algorithm 1, is specified by a simplification £ of order « and further parameters
1,&,k > 0. We then have the following estimates of the cost and the error of fn

Theorem 1. For all (zg,a,b) € Cfgj{z, feFP andn €N,

n1+d(%+s)7 ifn < m +1,
2
. T Iye ;
(i) cost(I,, (z0,a,b, f)) < ¢- { n*T¥z*) JIn(n), ifn= ﬁ + 1,
nnd(z+e) ifn > - e )+1

where ¢ only depends on d,m,v,&,n,¢ and k, and

n"7, ifn <2,
() (woab,f) — L@o,ab ) < c- [ flns- {0 % (), ify =2,
n, ifn > 2,
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where ¢ only depends on d, m,r,3,v, K, \,&,n,€ and k.

We proceed with the analysis of the relation of the error and the cost of the algorithm
I, in a worst case setting with respect to the equations and the integrands.
Put
Fl ={f € FP: || fllns < K}

and consider the worst case error

-~ ~

err(l,) = sup |I(xq,a,b, ) — L,(xo,a,b, f)|

(zo ,a,b,f)GCfgf;\r2 X F}T(’B

as well as the worst case cost

cost(,) = sup cost(1,, (zo, a, b, f))

(z0,a,b,f) EC?’;—2 X F}T(’ﬁ

of the algorithm I, over the class Cfg;\& x F7P
We distinguish the cases
2y
d(1/2+¢) q
and we use Theorem 1 to obtain estimates of the worst case errors of the algorithms I,
in terms of their worst case cost, where the time discretization parameter 7 is chosen
in the most favorable way.

+1

AV

Corollary 1. For alln € N,

(cost(1,)) a0+ if m +l<np<

[\

q
o~ = 9 o 49 .
err(1,) < ¢ { (cost(I,)) @2 - (In(cost(I,))) Tam+=,  if m +l=n=7=
~ _ 2~ .
(COSt(]n)) A1+ iof 277 <n< m + 1,
where ¢ only depends on d, m,r,3,v, K, \,&,n,€ and k.

Remark 1. It is easy to see that

1 2 2vd
vesor LB o DL
( VR T Ty "=d12
Thus, if r < 2vd/(d + 2) then by Corollary 1 we can achieve, up to an arbitrary small
exponent, the order
q/d=min(2y+2,r)/d=r/d

for the worst case errors of the algorithms fn in terms of their worst case cost. In
Section 6 we will show that under the respective smoothness assumptions the order
min(2y+2,r)/d is in fact best possible for algorithms based on finitely many evaluations
of the coefficients a, b, the integrand f and their derivatives.
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In the case r > 2vd/(d + 2) we almost achieve the order 2-y/(d + 2), which, however,
is suboptimal.

Remark 2. We address the question whether the estimates in Theorem 1 and Corollary
1 can also be achieved without employing the support diameter reduction strategy D,
see Section 4.3.

We therefore consider the algorithm

LiCOx PP o R (oo f)rs [ FdG(ead)

with
Qn(zo,a,b) = R,, o T¢ o0 Ry o T4 (0y,),
i.e., the successive application of the operator D, in the definition (9) of the method
@, is skipped.
By an obvious slight modification of the proof of Theorem 1(ii) in Section 8.2 we
obtain, up to a constant factor, the same error estimate for ] as for [ However, we

only get

n'+d, ifn<2+1,
(13> COSt(EL) (an a, b’ f)) S C- n1+d . IH(TL), lf T] = % —+ 1’
n T ifn>241,

where ¢ may depend on d, m,~y, K, £ and 7, as an upper bound for the cost of applying
I,, to the input (20, a,b, f). See Section 8.3 for a proof of (13).

We conjecture that both the error estimate and the cost estimate for Tn are sharp.
If the conjecture is true then the order of the worst case errors of the algorithms I, in
terms of their worst case cost on the class of inputs C?;ﬂ x F }}B can not exceed the
value

ap LM o_4 2 D
nel2/ar1,2y/gd n+1 o d 2y+q d 2y+r
in the case r < 2vd/(d + 2), which is suboptimal, see Remark 1.

Remark 3. Consider a Lipschitz continuous integrand f : R? —R. Clearly, the upper
bounds in Theorem 1(i) and (13) for the cost of applying 1, and I, to the input
(20, a,b, f) still hold. Furthermore, by a slight modification of the proof of Theorem
1(ii) in Section 8.2 one can show that for both errors [I(zo, a,b, f) — I(zo,a,b, f)| and
|I(xg,a,b, f) — I,(xo,a,b, f)| the upper bound in Theorem 1(ii) withg=r=1, =0
and || f|l10 replaced by the Lipschitz seminorm of f is valid.

As a consequence, the worst case estimates in Corollary 1 with ¢ = 1 and 8 = 0 hold

true for the class of Lipschitz continuous integrands with Lipschitz seminorm bounded
by K.
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6. LOWER BOUNDS AND OPTIMALITY PROPERTIES

Recall the results in Corollary 1 on the performance of the algorithms fn in a worst
case setting with respect to the class of equations C?;Q and the class of integrands F' ;B :
It is natural to ask whether these results can be improved, i.e., whether it is possible to
construct deterministic algorithms for the computational problem (2) that are based on
the initial value zy and finitely many function values of the integrand f, the coefficients
a, b and derivatives of these mappings, and achieve, asymptotically, worst case errors
of a higher order in terms of their worst case cost than the orders provided by the
bounds from Corollary 1. Motivated by this question we consider general worst case
settings defined by smoothness constraints on the coefficients a, b and the integrands f,
and we present corresponding lower worst case error bounds for any such deterministic
algorithm that satisfies a given worst case cost constraint.

Fixr€e Nand 8 > 0 as well as 51,59 € Nand K > 1> X > 0. We consider the class
of integrands F}}B and the class of equations

Cit = {(w0,a,b) € [~ K, KJ X (CR)" X (CR)™ s inf din (067 () = A},

zC€R4

For (z,a,b) € Ci%? and f € Fi¥ we put

a= (") 1ziza . b=(b) 1cica f= (F“) o<y <r-

0<]al1<s 0505652

Thus
(ab,f): R? > R*

with

d—|—81 d+82 d+T
L=d- m - _
() e () G0)
We use an integer N € N as well as mappings

Yo RHFEEDL s A p—1 ... N,

and
p: R R

to describe a (generalized) deterministic algorithm that computes approximations to
I(z0,a,b, f) for (wg,a,b) € Cry? and f € F? based on z, and on finitely many
sequential evaluations of (a, b, f) at points in R%.

The mapping 1, is employed to determine the node for the ¢-th evaluation of (a, b, f)
based on the data from the previous £ — 1 evaluations of (a, b, f), and the mapping ¢ is
used to obtain the approximation to I(zg, a, b, ) based on the data of all N evaluations
of (a,b,f). More precisely, we define a mapping

. (751,52 . d+N-L
N’ﬁl,mﬂ/w' KA XFK - R
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by
Nzﬁl ----- wN(xoﬂl, b, f) = (zo,y1, -, Yn)
with
y1 = (a,b, ) (¥ (z)) € R
and

Ye = <a7b7f)(wé(x07yl7 cee 7yffl>> € RL
for ¢ =2,...,N. Then

(14) PO Np,wn t CRNE X P R

defines a (generalized) deterministic algorithm, which for a given input (zo,a,b, f)
sequentially evaluates the corresponding mapping (a, b, f) at the points

wg(x(]?yl’--'ayffl)ERd, gzl,...,N’

and finally applies the mapping ¢ to the resulting data Ny, .,y (%0, a,b, f) to obtain
the real number (Ny,  ux(Zo,a,b, f)) as an approximation to I(xg, a,b, f).
We use

In(CE x FP) = {0 Ny, pn 0 RENE S R gpp: RFEDE SR =1, N}
to denote the class of all deterministic algorithms of the form (14) and we put

T x FP) = | (e < 1),

NeN
The worst case error of I € T (Crn? x F72PY is defined by
err(f) = sSup ’[(Z'o,a,b, f) o A(‘T07a7b7 f)‘

(w0,a,b, /) ECL N2 x Fp”
and for every N € N we put
en( }?;2 X FIT(B) = inf{err(f): Te In( ;{1;2 % F};B)}

Thus, eN(C}?jQ X F};”B ) is the smallest possible worst case error on the class of inputs

Crn X F, "5 that can be achieved by any deterministic algorithm 7, which uses the initial
value xy and at most N sequential evaluations of (a, b, f) to compute an approximation
f(xg,a,b, f) to I(zg,a,b, f).

From [17] we obtain the following lower bounds for the minimal errors ey (Cy

FiP.

»S2

NoX

Theorem 2. For every N € N,

min(sq,s9,r)

en(Ci x Ry > e N— 0,

where ¢ only depends on d, sy, sy and r.
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Proof. We get en(Cyy* % FIP) > ¢(d, sy, 89) - N™minGs1s2)/d apq en(Cry’ X Py >
c(d,r) - N~/ from [17, Theorem 4.2] and [17, (6.4)], respectively, together with [17,
Remark 4.5]. The first two results are formulated in [17] only for the class of (general-
ized) deterministic algorithms based on function values of the coefficients a, b and the
integrands f but are easily seen to be valid as well if, additionally, derivative values
may be used. 0

We now show that the lower bounds from Theorem 2 can almost be achieved by the
algorithms fn introduced in Section 4 if the smoothness r of the integrands is not too
large compared to the minimum smoothness min(sy, s3) of the coefficients a and b.

Assume s1, s9 > 4, let

~v = |min(sy, $2)/2] — 1
and consider the algorithms .7;: C;;ff X F};’B — R introduced in Section 4 with any

choice of the simplification £ of order v and of the parameters 1, € and «. By definition
of v we have Ci1%2 € C2 7%, Thus

L € Ty, (C232 x F)
with

~

N,, = cost(I,)

denoting the worst case cost of I,, on the class K X F P Using Corollary 1, Remark 1

and Theorem 2 we get the following result, which shows that in the case r < 2vd/(d+2)
the sequence of methods I, performs almost optimal if the time discretization param-
eter 7 is chosen in an appropriate way.

Theorem 3. Assume s1,s2 > 4 and r < 2vd/(d + 2). If n € (1/(d(1/2 + €)),2v/r)
then for every n € N,

c1-Np¢ < eNn(C;{l’;\S2 < FIT(’B) < err(fn) <cy- Nn_d(T%)’
where ¢1 only depends on d and r and co only depends on d, m,r,3,~v, K, \,&,n,€ and k.

Remark 4. Recall from Theorem 2 the lower bounds ¢ - N~ ™n(s1:527)/d for the min-
imal errors 61\7((',";(17;\92 x F ;B ). By Theorem 3, under the respective restrictions on the
smoothness parameters s;, so and 7, these bounds are sharp, up to an arbitrary small
power of N. It follows from the upper bound in [17, Theorem 4.1] together with [17,
Remark 4.5] that the estimate

s

min(sq,s9,r)
en(Cl2 x FiPy <e . N—7 @ e

where ¢ only depends on d, m, s1, so,7, 5, K and ¢, is in fact valid for any s;, se,7 € N

and £ > 0. However, the proof of the upper bounds in [17, Theorem 4.1] is based on

the construction of algorithms which, in contrast to the algorithms I,,, rely on heavy

precomputation and are therefore of no practical relevance.
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7. NUMERICAL EXPERIMENTS
We illustrate our results by numerical experiments for the scalar equation given by
(15) x9=0, a=sin, b=1+ 0.3cos,
and the integrand
(16) f(z) = max(0,1 —¢e%), z€R.

In particular, d = m = 1 and (zg, a,b) € C?Q:;\FQ for any vy € N, K > 1.3 and X € (0,0.7].
Moreover, f is Lipschitz continuous.

We take v = 2 and consider the algorithms fn introduced in Section 4 using the
simplification & of order 2 presented in Example 1 and the parameters

n=3, k=23, € =0.05
We employ fn with n = 32000 time steps to obtain the reference value
Le(0, @, b, f) = Tsa000(0. a, b, f) = 0.3374637100...,

which is used in place of the unknown quantity I(zo,a,b, f) in the subsequent error
estimates.
Figure 1 shows, on logarithmic scales, plots of the resulting error estimates

En = |Iref(x0> a, b7 f) - /[\n(-TOa a, ba f)’
and
gn = |[ref(x0> a, b7 f) - In($0a a, ba f)|

for the method IAn with diameter reduction and the method fn without diameter reduc-
tion, respectively, versus the number n of time-steps for n = |5-1.5| withi =0,...,17.
In both cases we computed a regression line based on the last 14 data points, i.e. based
on (n,e,) and (n,e,) with n = |5-1.5%],...,|5 - 1.5'7]. The corresponding slopes
are approximately —2.04 in both cases, which is consistent with an order of conver-
gence of at least 1.5 for the respective true errors |I(zg,a,b, f) — fn(xo,a,b, f)| and
|I(xg,a,b, f) — Zl(xo,a, b, f)| in terms of n due to Theorem 1(ii), Remark 2 and Re-
mark 3.

Figure 2 shows, on logarithmic scales, plots of the error estimates e,, and €, versus the
computational cost, cost(./f\n, (x0,a,b, f)) and cost(INn, (xo,a,b, f)), forn = |5-1.5"] with
t=0,...,17 and ¢ = 0, ..., 15, respectively. In both cases we computed a regression
line based on all but the first 2 data points. The respective slopes are approximately
—1.27 and —1.08, which is in accordance with an order of convergence of at least
1/(142¢) = 0.909... for the true errors |I(zo, a, b, f) — In(xo, a, b, f)| of the method with
diameter reduction and n/(n+1) = 0.75 for the true errors |I(zo, a, b, f)—L.(zo, a, b, f)]
of the method without diameter reduction in terms of the computational cost, see
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FIGURE 1. Error vs. number of time steps

Corollary 1, Remark 2 and Remark 3. We thus gain a power of almost 0.2 by employing
the diameter reduction strategy.

Additionally, we consider two randomized methods for computing I(xg, a, b, f), namely
the classical Monte Carlo Euler method and the multilevel Monte Carlo Euler method,
which has been introduced in [6] for the computation of global solutions of integral
equations and, independently, in [8] for quadrature of diffusion processes.

Let £ € N and let Zy,..., Z; denote a sequence of independent standard normally
distributed random variables. The weak Euler scheme ()/(\rg)g:()’m?k with k equidistant

steps is iteratively defined by
)?O = Zo,

(17) Y % -1 e —1/2 Y

Xe=Xi+k a(Xoe) + K (X)) - Zy

for ¢ =1,..., k. Take k independent copies )A(,gl), e )A(,ik) of )A(k and consider the Monte
Carlo Euler approximation of I(xg,a,b, f) given by

k
E(ro,ab, )= 1 3 F(RY).

Then
(18) E(I(zo,a,b, f) — IF (z0,a,b, f))> < c- k"
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due to well known results on the Euler scheme. We define the computational cost
cos.t(f/fE , (zo,a, b, f)) to compute a single realization of the approximation f,f (x0,a,b, )
in the same way as the computational cost to compute fn(azo, a,b, f), see Section 6, up
to additionally adding the number k of calls to a random number generator for the
standard normal distribution. Then cost(IAkE , (o, a,b, f)) is deterministic and satisfies

cost(j;f, (z0,a,b, f)) < c- K.
As a consequence,
(19)  (E(I(zo,a,b, f) = IF(wo,a,b, ))?)"* < - cost(I¥, (zo,a,b, )",

The multilevel approacb is based on coupled pairs of weak Euler schemes. For j € N
we consider the scheme (X)¢—o, . 2; given by (17) with k& = 2j together with the scheme
(X¢)i=o0....; given by X, = z¢ and

Xo=Xpa 4+ a(Xe) + 572 0(Xoo1) - (Zagr + Zat) V2

for ¢ =1,...,7, and we use

(Xj1, Xj2) = (X, Xo))



18 MULLER-GRONBACH AND YAROSLAVTSEVA
to denote the pair of the corresponding final steps.
Let n € N with n > 2. Put L = [log,n| as well as
ke =287/ L
for £ =0,..., L. Take ky independent copies )A(l(ll) e ,)A( l(fflo) of X 11 and k¢ independent
copies ()?(1) XM Yyonns ()/(\'(IW) )?(ke)) of ()?2@’1,)?23’2) for ¢ = 1,..., L, such that the

2010 <ot 9 2017 <ot 9
resulting ko + --- + k7 random variables are independent as well, and consider the
multilevel Monte Carlo Euler approximation of I(xg,a,b, f) given by

o 1 . 1 . .
L = o 2RI+ D01 3 () = F(X3),
Jj= J
Using (18) it is easy to see that
E(I(I()? a,b, f) - ZTE(J;O? a,b, f))2 <c- (111 n)/na
and furthermore we have

COSt(ZTEa (l’o, a, b7 f)) <c- n,

where the computational cost cost(f;b”E , (zg,a,b, f)) to compute a realization of the
approximation I (z, a, b, f) is defined analogously to cost(IF, (zo,a,b, f)) and is de-
terministic as well. Thus

(E<I($O> a, b> f) - ZTE(:I:U: a, b> f))2)
< ¢+ (In(cost(I"Z, (zo,a,b, /)" - (cost(I"Z, (zo, a,b, )))

We estimate the root mean squared errors of the Monte Carlo Euler approximation
IE(zq,a,b, f) and the multilevel Monte Carlo Euler approximation I (x, a,b, f) by

1/2

(20)

—-1/2

100

1 . 1/2
65 =\ 7= (Iref(anaaba f) - I’I’LE‘,Z(LL‘O’&’ b’ f))2>
100 &
and
1 Joo 1/2
mE _ mEi 2
€, = (m E ([ref(l'o,a,b, f) - In (ana>ba f)) > ’

i=1
where IEY (2, a,b, f), ..., IE90(xq, a,b, f) and I™EY(xg, a,b, f), ..., [ME0(2g a,b, f)
are independent copies of IZ(xg,a,b, f) and I™F(zg,a,b, f), respectively. Figure 2
shows plots of realizations of e and e”¥ versus the computational cost for n = |50-1.5"
with @ = 0,...,17 and n = 300 - 2° with i = 0,...,20, respectively, together with
the resulting asymptotic 95% confidence intervals. The corresponding regression lines
have slopes of approximately —0.25 for the Monte Carlo Euler approximation and ap-
proximately —0.43 for the multilevel Monte Carlo Euler approximation, which is in
accordance with the respective bounds (19) and (20). Thus, both randomized methods
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perform much worse than the deterministic algorithm I, for the given equation (15)
and the given integrand (16) and, in particular, are far from achieving the error level
of 1078 with reasonable computational cost.

8. PROOFS

Throughout this section we fix r € N, >0, vy € Naswell as K > 1> X\ > 0 and
we consider a fixed equation (xg, a,b) € C?’;\&. We use XY to denote the solution of the
corresponding equation (1) with initial value y € R? in place of zy. The corresponding
semigroup of linear operators

P:F' = F', te|0,00),

is given by

(21) Fif(y) = Ef(XY()),

see Lemma 8 in the appendix. In particular,

I(Jio,CL,b, f) = Plf(xO)

Furthermore, we fix a simplification £ of order v and the parameters n € N and
n, €,k > 0, which are needed to specify the time-discretization and the operators T2,
D,, R, presented in Sections 4.1 to 4.4 and hereby determine the algorithms ]An and
L.
We write T, and Y¥(7) in place of T%* and Y¥%°(7), respectively. Moreover, we use
QF to denote the identity operator on M;(R?) and we iteratively define

QET =150 Qf—la

Q7 = Dy, 0 Q7

QFf = Rr, 0 Q7
for ¢ =1,...,n. Thus, Q,(xo,a,b) = QF(s,,) and

~

In(x()a a, b7 f) = EQE((SIO)JC

8.1. Proof of Theorem 1(i). In this section unspecified positive constants ¢ may
only depend on d,m,~,&,n, e and k.
Let 7 € (0,1] and g € M; and consider

ve{T: (1), D-(1), Ry (1)}

It is straightforward to obtain upper bounds for |supp(v)| as well as for the number
op(v) of basic computational operations and the number eval, ;(v) of evaluations of the
coefficients a, b and derivatives thereof that are needed to compute the support points
and the corresponding weights of the probability measure v as presented in Table 1.
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v | supp(v)] op(v) evalyy(v)
17 (1) c - | supp(p)| c-|supp(p)| | ¢~ |supp(p)|
D- (1) | supp(p)] ¢+ | supp(p)] 0
R (p) | e-min(|supp(p)|, [Ju-|) | ¢ - [supp(p)] 0

TABLE 1. Upper bounds of the size of support, the numbers of basic
computational operations and the number of evaluations of the coeffi-
cients and their derivatives for the operators T;, D., R,.

£

By definition of D, we have supp(D,(u)) C [—k77°, k7~ ¢]. Hence

| Tpeuy | < (2r7 =029 4 2)4,

Using the support size estimates from Table 1 it follows

(22) [ supp(QF(0s,))| = [supp(Re(QF (Ba))| < ¢+ [ Jgpsaym| < €7y ©3F)

for ¢ =1,...,n, and, in particular,
| supp(Qn (20, a,b))| = | supp(QF(04,))| < ¢ - 7, WV/2e) = ¢ pdn(1/2+e),

which provides the claimed bound for the number of evaluations of integrands f.

By the estimates in columns 3 and 4 of Table 1 we see that the cost to compute
the support points and the corresponding weights of R, (D.(T;(n))) is bounded by
c-| supp(p)]. Using (22) we conclude by induction that the cost to compute the support
points and the corresponding weights of @, (¢, a,b) is bounded by

n—1 n-l
—d
¢SO supp(QF(3i))] < ¢ Y7, 1.
=0 t=1
By definition of 7, we have
(23) n(n— 07" <7 <pn—L+1)" 07"
and therefore
n—1 n—1
—d(1/24¢) —d(1/2+¢€),,nd(1/2+e) | ;
7, <7 DY
py =1
plHd(1/24e). if n < (d(1/2+¢)) ' +1,
<c- ¢ttt Un(n) if g = (d(1/24¢))7" + 1,
pd(1/2+¢) iftn>(d1/2+¢))" ' +1,

which completes the proof of the cost estimate.
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8.2. Proof of Theorem 1(ii). In this section unspecified positive constants ¢ and c(-)
may only depend on the parameters eventually specified in brackets and on d, m,r, 8,v, K, A\, &, n, €
and K.

Let 7 € (0,1] and y € R%. For o € N we put

(24) AL = BT ) - ) - IEH (Y (7) — o)™

to compare moments of X¥(7) and the simplified weak order ~y It6-Taylor steps Y¥(7).
Lemma 1. For all 7 € (0,1], y € R? and o € N& with |af; < 2y + 1 we have

(25) Ay(r) e (L+]yl) -7

Proof. Let 7 € (0,1], y € R? and o € N¢. By (5) we have

L L
‘EHJQ(Z) EH£ (e) ‘ _TZZ | deg(a®)/ ‘EHJ © ]EHfa(Z)
/=1 /=1

for all oV, ... o) € I'yand L =1,...,2v+ 1. Since £ is a simpliﬁcation of order 7,
the right hand side of (26) vanishes if deg(a™) + ... + deg(a'®) < 2v + 1. Otherwise
the right hand side of (26) is bounded by ¢ - Tze_ldeg(a(”)ﬂ <c-7rL

Hence, by [9, Corollary 5.12.1],

ETJex@y - ETJ0 )| <

for all p € Nd with |p|; <2y + 1.
It remains to observe that

-3 ZH( ) -(Eﬁ(XﬂT))m—Ef[m%))m).

p1=0 pa=0i=1

e (L4 yl7) - 7

O

Next, we estimate the deviation of the simplified weak Ito-Taylor step Y¥(7) from
its initial value y.

Lemma 2. For all 7 € (0,1] and y € R? we have
Y¥(r) =yl <c- 2
Proof. Since a;,b; j € C?“ fori=1,...,dand j =1,...,m we have

(27) [Pall < c
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for all of the associated Ito-coefficient functions ¢, with o € I'. Hence
V() =yl = |3 waly) 7O < e rV2 3 g6
a€l, a€l,
Clearly,
|€al < max{|z[: z € supp(&)} <,
which finishes the proof. O

Next, we compare the distributions of X¥(7) and YY(7) with respect to integration
of functions f € F*P,

Lemma 3. Let 7 € (0,1], y € R? and k € N. For every f € F*P,
|Prf(y) = B o) f| < ¢ | fllns - (14 [y|) - 7nOFHE2),

Proof. Let 7 € (0,1], y € RY, k € N and let f € F&°. Put k* = min(2y + 2, k). For
z € R4,

(o) (o)
@) fe=fw+ Y TWeoyey G

aeNg: 1<|al; <k*—1 ’ a€eNd: |af1=k*

where 0, € R? satisfies |0, — y| < |z — y|. Hence
(29) PO < M Fllis - (L +10:17) < eI Fllng - (14 |2 =yl + [yl
for all @ € N with |a|; = k* and, similarly,
PO < M f s - (1 + 1917)
for all @ € N& with |a|; < k* — 1. Thus
|1Prf(y) = B, 5,y f| = [E(F(X(7)) = F(y)) = E(F(Y?(7)) = f())]
<l - (1 [yl?) - > AL(T)

a€eNg: 1<|aly <k*—1
+e [ fllkg - (L4 ly17) - (BIXY(7) —y|* +E[Y¥(7) —y|")
+e |1 fllks - (BIXY(7) =yl + E[YY(r) -y 7).
Since ||al|, ||b]| < K, we have
E sup |XY(u) —yl” < c(p) - 77

0<u<r

for all p € N, which jointly with Lemma 1 and Lemma 2 implies
P fy) — ETf(ay)f\ <c [ fllks - (T4 ]yl k)2

and completes the proof of the lemma. O

We turn to the comparison of y and D, () as well as of g and R, (i) for u € M;(R?).
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Lemma 4. Let 7 € (0,1], f € FY and p € M;(R?). For all p € N,
[Epf = Ep o fl < elp) - 1 flls - (1 +masgape(p) - 77
Proof. Let 7 € (0,1], f € F*, n € M;(R?) and p € N. By definition of D,,

B,f — B,/ = / #(L) ) n(dy)
with H, = [-k7 %, k7 °]. Let y € H,. Then
F@) = fylm) = > f90) (y—lylu)".

a€eNd: |af1=1

where 6, € R? satisfies |0,| < |y|. Moreover, |y — |y|u.| < |y| and |y|P/e > wP/= . 77P.
Hence

[, 17 = £l

<cellfhas [ @+lol?) -l ()
R\ H,

<ol flls - mPE P / (1 + [y[+5+7/%) pu(dy)
RI\H,

<o)l 7 (1 [ " )
which finishes the proof. ([l
Lemma 5. Let 7 € (0,1], p € My (RY) and k € N. For every f € F*P,
Ef = Er o f| < el Flles - (14 mp(p) +ms(Re () - 7702,

Proof. Let 7 € (0,1], p € M(R?Y), k € N and f € F*P. Let pu; = pa,, denote the
restriction of ;1 to the cube A;, and choose 2V € A; , for j € Jyur- Thus

p= > my Re(w) =) Rlu).
J€Jur J€Ju,r

Put £* = min(2v + 2, k). By the properties (10) and (12) of the operator R we have

| =) = [ =R

i i
for all j € J, - and a € N¢ with |a]; < k* — 1. Using the Taylor expansion (28) of f at
the points y = zU) for j € Jur we get

(a) .
Buf —Brgof=Y Y / TR (o= 200 (dpy(=) — dR(y)(2)),

J€Ju,r aeNg: |af1=k*
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where 09 € R? satisfies |z — 09| < |z — 20)| < 712 for all j € J,, and z € Aj,.
Employing the first inequality in (29) we thus conclude that

(]
S T e st - ange)

aENd o)1 =k*

<c- ||f||k,ﬁ/ |2 = 2D (L 2 = 2917 4 [2)7) (dpay (2) + dR(u;)(2))

Ajr
< el ™ [ ) i) + dR () 2)
for all j € J, .. Hence |
Bl ~Brof] < el 772 [ (14 21 () + dRe ) 2),
which completes the proof of the lemma. ([l

We provide estimates of absolute moments of 7 (u), D,(u) and R, (u) in terms of
absolute moments of p € M;(R?).

Lemma 6. For all 7 € (0,1], p € M;(R?) and p € 2N we have
(1) 1y (T () < mp(p) + c(p) - 7+ (1 +mp(p)),
(ii) my(D- (1)) < my(p),
(1) mp(Re (1)) < my() + () -7+ (1 my(10).
Proof. Let 7 € (0,1], u € M;(R?%) and p € 2N.
We start with the proof of (i). By definition of 77,

my(Tr(w) = Y nly})-EY* ().

yEsupp(p)
Since p is even we have
p
p —r r
pop =3 (7)o 02 - w
r=0
forv=1,...,d. Using Lemma 2 we conclude that

Do lyl Y () =l

i=1

P L
r) Ayl

S WA AL RIS S

i=1 r=2

B N

<yl +p- Zy (Y1) =) T

r=2

N
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Note that E(;)) = 0 for all j € {1,...,m} and observe (27) to obtain
EZ(7) = )l = | D taily) TR EE)| S 7o Y ()]
a€ly acl,

fori=1,...,d. Hence
p
p —r
B < g+ erre D (7)< bl o) 7 (14 o),
r=1

which completes the proof of the estimate (i).

The estimate (ii) is obvious. Let us finally turn to the proof of the estimate (iii).
Consider the restriction j; of p to the cube A; ; for j € J, ; as in the proof of Lemma 5.
Clearly,

(30) mp(Re() = 3 / 22 dR(1) (2).

jEJu ) Air

0= (it [, 0),

.....

and note that by properties (10) and (12) of the operator R,

1
0= —/ zi d ) €A,
(M(Ajﬁ) Aj- j( ) i=1,....d !

:::::

1 my (i)
g|P < / 2P dui(z) = —22
O < Ly J, e = i

Let z € A, ;. Since p is even we have

P
|Zi|p — Z (f) . 6)?—7’ . (Zz _ Qi)r

r=0

Fix j € J, -, put

as well as

forall i =1,...,d, and therefore,

d d
< IO +p D (i (ﬁ)Zw s b
i=1 =1
d p
syeyg+p~29f*.( D+doT (r) 65
] r=2
< mp(l’l‘]) + ng 1 . 01) +C(p> (1 + mp(#]))
B ﬂ(AJ -) 1(Ajpr)
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Since

| =09 ari)e) =0
for i = 1,...,d we conclude that
/ |2[p dR (1) (2) < my(py) + c(p) - 7 - ((Ajr) + my(y),

which finishes the proof of part (iii) of the lemma. O

Based on Lemma 6 we can now provide estimates of absolute moments of the prob-
ability measures QF(d,,), QF (0,,) and QP (d,,).

Lemma 7. For all p € N we have
(i) max my,(Q4(dz,)) < e(p) - (14 |wol}),

0,...,n

77777

Proof. Without loss of generality we may assume p € 2N. Clearly,

(31) mMp(Qp (925)) = Mp(025) = [olp.

Moreover, by Lemma 6,

(32) Mp(QF (025)) < Mp(QfL1(625)) - (1 +¢(p) - 70) +c(p) - 72
and

(33) mp(QéD(éﬂco)) < mp(Qg((sxo)) <c(p)-(1+ mp(Qf—l((Sxo)))
fort=1,...,n.

Using Gronwalls inequality we obtain the estimate in part (i) from (31) and (32).
The estimates in part (ii) and (iii) are immediate consequences of (33) together with
part (i). O

We are ready to prove part (ii) of Theorem 1. Let f € F™# and put
9o = Pl—tgf
for £ =0,...,n. Note that g, = f. By Lemma 8 in the appendix we have
Giye oy Gt € FFP
with
(34) lgelles < ¢ [l fllng - (1= )~ FrmmtEni/z
for k=1,...,2v+ 3.
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We have

n

Pif(0) = Bope)f = D Bl + Y EP+Y B[,
/=1 /=1

(=1

where

Ef =Eqr (5,901 — Eqr(s,)9¢:
Ep = Eqr (5,9 — Eqp(s,0)90
B =Eqp (5,9 — Eqrs,,)9¢-

We separately estimate the quantities Ef, EP and Ef. Put

ey = {r, if { =n,
2y +2, ifle{l,... n—1}.
By definition of Q7
Ef = EQp o) Pre9t = B, 0QF (52)91
= /Rd (Prge(y) — Bz 5,)9¢) Q11 (62, ) (dy).
Hence, by Lemma 3, Lemma 7(i) and (34),

min(~y+1,kg /2
BT < e Nlgellins - 702 m o (QF 1 (644))

(35) min(y+1,ke/2)

. T,
< (T |zol) - I fllrp - 1- f;g)(k:e—min(kg,r))/Q'

Use Lemma 4 with p = v+ 1, Lemma 7(ii) and observe (34) to obtain

|EP| = |EQ/_,T(5930)9£ - EDWoQZT((er)Qd
(36) < e lgellig - (14 Maggeirrn=(QF (8s0))) - 7+
<c | fllnp - (L4 ]mol) - 707

Finally, by Lemma 5, Lemma 7(i),(iii) and (34),

|Ef'| = |Eqp(s,,)9 — Er, 0qP (5., 9]

min k
(37) < ¢ el - (1+ms(QF (Bra)) + ms(@F(0ra))) - 7 T2
Tznin(wrl,kz/?)
< e (L4 fzol?) I flls

(1 _ té)(kg—min(kg,r))/Q '
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Combine (35) to (37) to get

[PLf(20) = Eqns,) f1 < ¢ [[fllrs - (14 [20])

n—1 7+1
min(y+1,r/2)

=1
Note that 7,, = 1/n". Furthermore, by (23),
v+l +1)(n-1
(1 — ty)rHi-min(y+1,r/2) (n — £)n(y+1-min(y+1,r/2))
for ¢ € {1,...,n —1}. Thus
n—1 e
f min(y+1,r/2)
. +
_ +1—min(y+1,7/2
2 (T gpprimmGie7?)
n—1 1

<ec- n—nmin('y—f—l,r/?) .

fy+1-nmin(y+1,r/2)
1

~
Il

n—nmin(v+1,r/2)’ if n < ")// mln("y + 1, 7“/2),
< - pmminOHLT2) In(p), if p =~/ min(y + 1,7/2),
n=, if n >~/ min(y + 1,7/2),

which completes the proof of part (ii) of Theorem 1.

8.3. Proof of the cost estimate (13). In this section unspecified positive constants
¢ may only depend on d, m,y, K,§ and 7. N
We proceed analogously to the proof of Theorem 1(i). Let QF denote the identity
operator on M;(R%) and define iteratively
Qz =150 Qz 1
Qe =Ry 0 Qe
for £=1,...,n. Thus Qu(z0,a,b) = QF(d,,).
For € M;(R%) and 7 € (0, 1] we have

supp(T-(p)) C [ max ly| —c- 7%, max |y|+c-71/2]d

yEsupp(p) yEsupp(p)

due to Lemma 2 as well as supp(R,(u)) C supp(u) by the definition of R.. Hence

¢ l
~ ~ d
Supp(Qf(3rq)) € Supp(Qf (02)) € | ~laol = ¢+ 377", faol + ¢ D772 ]
j=1 j=1
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for £ =1,...,n, which implies
/ ~ 12\
—1/2 1/2
j=1
fort=1,...,n.
Due to (23) we have
y4 n
j=1 Jj=1

Using the support size estimates from Table 1 we thus conclude that

2 —d/2
| supp(Q7' (0, ))| < - |‘]@gT(5z0),Tz| <c-7 /2. pd/?

fort=1,...,n.
As in the proof of Theorem 1(i) we therefore get by (23)
COSt(ITLJ (x(b a, b7 f)) S | SUpp(Qn<CC'0, a, b))’ tc- Z | Supp(@?((sivo))’
=1
<c-n¥?. ZT[“W
=1
n—1
< c.prthd/z, Z ¢—(n—=1)d/2
=1
n—(n+1)d/2+d+17 if n < §_|_ 1
< c-nlmHA2 L S (n), ifn=2+1,

: 2
1, 1f77>8+1’

which completes the proof of (13).

9. APPENDIX

In this section we present the sequential support point elimination procedure R of
Davis [2] that constitutes the main ingredient of the support cardinality reduction oper-
ator R, constructed in Section 4.4, and we discuss its computational cost. Furthermore,
we provide results on smoothness properties of the semigroup of the linear operators
P,: F' — F' associated with equations (9, a,b) € Ci%), see (21).
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9.1. A sequential support point elimination procedure. Fix £ € N and k func-
tions

hy,....,hg: RY = R.
Let N € N with N > k and consider a measure
N
= Zwi -6y, € M(RY)
i=1
with |supp(p)| = N. Choose any u € R¥1\ {0} that satisfies
k+1

(38) Zu ) =0, j=1,...k
and {i: u; < 0} # 0, and put
o = min (—%>
7 u; <0 U;

~ 'UJ7;—|—OZ'UZ', 1f2€{1,,]{7—|—1},
w; =
w;, ific{k+2,... N},

Let

and define
N
B= 0y
i=1

Clearly, wy,...,wy > 0 and w; = 0 for some i € {1,...,k + 1}. Hence 1 € M(R?)
and
supp(f) C supp(p), [supp(p)| < N — 1.
Furthermore, by (38),
N

> - hylas) Zwl- ;) j=1,...,k
=1

Iteratively repeating this procedure we obtain a measure R(u) € M(R?) with
supp(£R(p)) C supp(p), [supp(R(p))| < k

R4 R4

Clearly, at most NV — k steps are needed to obtain R(u) and in each step the number
of basic computational operations needed to compute the support points and the cor-
responding weights of the actual measure ji is bounded by c¢ - k3. Therefore, the total
number op(R(u)) of basic computational operations needed to compute R(u) satisfies

op(R(u)) < ¢ [supp(p)] - K.

and
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Let v € N. The particular choice

2v+1+d
k:(” ),{hl,...,hk}:{pa:aeNg,mhsmH}

(39) d

with the monomials
polz) = 2% 2 €RY
yields the operator R employed in Section 4.4.

Remark 5. In the case of (39) with d = 1, the system of linear equations (38) is given
by

(40) Au =0,

where A is a (27+2) x (2y+3) Vandermonde matrix with entries 4;; = 277, Consider
the (27 +3) x (2 +3) Vandermonde matrix A = (27 ')1<ji<2,+3. Then A is invertible

and the last column of A~! solves the equation (40). Using an explicit representation

of A7!, see, e.g., [15, Section 14(c)], one obtains

ker(A) = {(z . H(a:k — )Y,
ki
for the null space ker(A) of A.
In the case of (39) with d > 1, explicit formulas for a solution u of equation (38) seem
to be unknown up to now, such that suitable numerical methods have to be employed.

9.2. Smoothness properties of the associated semigroup. Let s,7 € N, § >0
and K > 1> X\ > 0. We fix an equation

(41) (0, a,0) € Cgy

and we consider the semigroup of linear operators (P;):cpo,00) associated with a and b,
see (21).

Lemma 8. For every f € F™? and t € (0,1] we have
Ptf c Cerl(Rd)

and for all y € R? and all « € N¢ with 0 < |af; < s+ 1,

(42) (D)) < e N fllrs - (14 1yl”)

where ¢ = c(d,m, s,r, B, K, \).

1
" t(lali—min(jaf1,r))/2’

Proof. In the sequel unspecified positive constants ¢ may only depend on the parameters
d,m,s,r, 3, K and \.

By (41) the distribution of X¥(¢) has a Lebesgue-density for all y € R% and ¢ € (0, 1].
More precisely, put o = bb”, let

V={(,ytz2)|0<v<t<l yzeRY
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and consider the partial differential equation

1 ou
(43) 52; +Za, v,y) + 5 (0,y) =0
for (v,y) € [0,1) x R% By (41) the equation (43) has a unique fundamental solution
G:V —[0,00)

and we have
(44) Pog(4) = [ G0.0..2)d:
A

for every Borel set A C R? and all y € R? and ¢ € (0, 1]. See [5, Theorem 6.5.4].
Moreover, by [4, Chapter 9, Theorem 7] we have G(0,-,t,2) € C**}(R?) for all

t € (0,1] and z € R? with

0°G

oy ——(0,y,t,2)| <

for all « € Nd with 0 < |a|; < s+ 1 and y € R%
Using (44) and (45) we obtain P, f € C**1(R?) with

(46) D) = [ G0t fe)d:

for all f € F™? t € (0,1],y € R? and o € N with 0 < |a|; < s+ 1.
Fix f, t, y of the latter type and o € Nd with 1 < |a|; < s+ 1. Put

(45)

Iz—y|2>

C
= 1{ali+d)/2 eXp<_C' ;

q= min(’&’h T)
as well as

. /Rd (f(z) - Z 2 (y) Az — y)p> . %(ojy,t,z) dz

p!
peNg: 0<| pl1<g—1

_ f9y) 0°G
I, = ) '/Rd(z—y)p 3y ——(0,y,t,2)dz

for p € Nd with 0 < [p|; < ¢ — 1.
Using integration by parts as well as (45) and (46) we obtain

I, = (_1)|p|1 ~f('”)(y) . g gz;p_f((),y,t,z) dz = (—1)|PI1 .f( )(y) (P 1)(a p)(y) 0

for all p € N& with 0 < |p|; < ¢ — 1. Hence
(Ptf)(a)(3/> =1

and
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Clearly,
(#) . G
I= > | f00)- G-y 520yt d
peNg: pli=q R
where 0, € R? satisfies |0, — y| < |z — y|. Since f € F" we get, similarly to (29),
[FOO) < e[ fllns - (1 + Jyl° + 12 = 9l?)
for all p € N¢ with |p|; = ¢ and all z € R?. Using (45) we therefore obtain

2 —yl?
II\SW 1£1ls,s /(1+!y|5+!z—y|ﬁ)'Iz—y\q'eXp(—c'T)dz

e |z =yl
= t(|a|1+d q)/ HerB / (1 + |y|ﬁ + |Z — y|5) . exp<_c. —)dz

t
5 s - (L4 1yl?),

which completes the proof of (42) in the case 1 < |a|; < s+ 1. The case a = 0 is
treated analogously. OJ

- (Iall a)/
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