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Weak approximation of heat equation with Gaussian noise Setting

Debussche/Printems: Weak order for the discretization of the stochastic heat
equation, 2008.
dXi+ AX,dt = QY2dWy, Xo =m0 € H, te[0,T]. (1)
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Weak approximation of heat equation with Gaussian noise Setting

Debussche/Printems: Weak order for the discretization of the stochastic heat
equation, 2008.
dXi+ AX,dt = QY2dWy, Xo =m0 € H, te[0,T]. (1)

» Setting:
(Xt)te[o, ] — H-valued stochastic process.
A - positive self-adjoint unbounded operator on H with domain D(A) dense in H and
compactly embedded in H.
@ — non negative symmetric bounded operator on H.
(Wt)te[o, 7] — cylindrical Wiener process on H.
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Weak approximation of heat equation with Gaussian noise Setting

Debussche/Printems: Weak order for the discretization of the stochastic heat
equation, 2008.
dXi+ AX,dt = QY2dWy, Xo =m0 € H, te[0,T]. (1)

» Setting:
(Xt)te[o, ] — H-valued stochastic process.
A - positive self-adjoint unbounded operator on H with domain D(A) dense in H and
compactly embedded in H.
@ — non negative symmetric bounded operator on H.
(Wt)te[o, 7] — cylindrical Wiener process on H.

» (S(t))¢=0 — semigroup generated by A.
The weak solution (in the PDE sense) of equation (1) is given by

t
Xy = S(t)zo + fo S(t-s)QY2aws, te[0,T].
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Weak approximation of heat equation with Gaussian noise Space Discretization

Space discretization via finite element methods.
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Weak approximation of heat equation with Gaussian noise Space Discretization

Space discretization via finite element methods.

» (Vi) nso — finite dimensional subspaces of D(A/2).
Py, — orthogonal projector from H onto Vi, w.r.t. (-,-)g.
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Weak approximation of heat equation with Gaussian noise Space Discretization

Space discretization via finite element methods.

» (Vi) nso — finite dimensional subspaces of D(A/2).
Py, — orthogonal projector from H onto Vi, w.r.t. (-,-)g.

» Define Ay, : V}, -V}, by
(Al/z’u,h, A1/2'Uh>H = <Ahuh, vh)H’ Vuh € Vh, Vp, € Vh.

(Sh(t))t=0 —semigroup generated by Ay,.
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Weak approximation of heat equation with Gaussian noise Space Discretization

Space discretization via finite element methods.

> (Vi) hso — finite dimensional subspaces of D(A1/2).
Py, — orthogonal projector from H onto Vi, w.r.t. (-,-)g.

» Define Ay, : V}, -V}, by

(Al/z’u,h, A1/2'Uh>H = <Ahuh, vh)H’ Vuh € Vh, Vp, € Vh.

(Sh(t))t=0 —semigroup generated by Ay,.

* Xy = Su(t)Pazo + fg Su(t - s)PLQ'? dW
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Weak approximation of heat equation with Gaussian noise Space Discretization

Space discretization via finite element methods.

» (Vi) nso — finite dimensional subspaces of D(A/2).
Py, — orthogonal projector from H onto Vi, w.r.t. (-,-)g.

» Define Ay, : V}, -V}, by
(Al/zum A1/2vh)H = (Apup, Uh)H7 Yup € Vi, v, € Vi

(Sh(t))t=0 —semigroup generated by Ay,.
4 Xh,t = Sh(t)Ph(EO + fot Sh(t - S)PhQ1/2 dWS
» Main assumption concerning the spaces V3,: Vg€ [0,2] Ik1, k2 >0,

mhqt_q/Q,

IA

HSh(t)Ph - 5(1) HL(H)

|AY2(Sn (1) Py - (1)) Kaht™,  Whit>0.

A

lecy <
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Weak approximation of heat equation with Gaussian noise Time Discretization

Time discretization via implicit Euler scheme.

» N >0 integer, At =T/N, t, =nAT (0<n < N).
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Weak approximation of heat equation with Gaussian noise Time Discretization

Time discretization via implicit Euler scheme.
» N >0 integer, At =T/N, t, =nAT (0<n < N).

» numerical scheme:
Let 0 € (1/2,1]. For n€{0,1,...,N -1} seek X' € V},, an approximation of X, , such
that

(X5 = XR o) gy + AAOX] 4 (1= 0)X]!), v
<Q1/2Ztn+1 - Ql/ZZtn’ vh)H’ VUh € V}u

and
(X7, vn)u = {20, vn)m, Yo, € V.
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Weak approximation of heat equation with Gaussian noise Time Discretization

Time discretization via implicit Euler scheme.
» N >0 integer, At =T/N, t, =nAT (0<n < N).

» numerical scheme:
Let 0 € (1/2,1]. For n€{0,1,...,N -1} seek X' € V},, an approximation of X, , such
that
(Xt = X7 vy + AHAOXE + (1-0)XT), vn)
(@221, -QY* 21, v1),,, Von € Vi,

and
(X7, vn)u = {20, vn)m, Yo, € V.

n—1
X7 = St aePrzo+ 0 SRR T aePaQY? (Wey,y = Wiy).
k=0

(X¢ = S(two + /Ot S(t-)Q"? aws)

Felix Lindner (TU Dresden) Weak order for the discretization of the 25.08.2009 5/ 18



Weak approximation of heat equation with Gaussian noise =~ Weak Order of Convergence

Theorem (Debussche/Printems, 2008)

Assume that there exist real numbers >0, 8 < a such that « — <1 and

Tr(A™) < oo,
APQ e L(H).

Let T>1, At=T/N <1 and p € CZ(H). Then there exists a constant C = C(T,¢) which
does not depend on h and N such that for any v <1—-a+ 0 <1, the following inequality holds.

Ep(XN) - Ep(X1)| < C- (B + ALY).
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Weak approximation of heat equation with Gaussian noise =~ Weak Order of Convergence

Theorem (Debussche/Printems, 2008)

Assume that there exist real numbers a >0, <« such that a —3<1 and

Tr(A™) < oo,
APQ e L(H).

Let T>1, At=T/N <1 and p € CZ(H). Then there exists a constant C = C(T,¢) which
does not depend on h and N such that for any v <1—-a+ 0 <1, the following inequality holds.

Ep(XN) - Ep(X1)| < C- (B + ALY).

Question:
Does this also work for Lévy Noise?
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Weak approximation of heat equation with Gaussian noise =~ Weak Order of Convergence

Theorem (Debussche/Printems, 2008)

Assume that there exist real numbers a >0, <« such that a —3<1 and

Tr(A™) < oo,
APQ e L(H).

Let T>1, At=T/N <1 and p € CZ(H). Then there exists a constant C = C(T,¢) which
does not depend on h and N such that for any v <1—-a+ 0 <1, the following inequality holds.

Ep(XN) - Ep(X1)| < C- (B + ALY).

Question:
Does this also work for Lévy Noise?

Instead of (W )eo,7], consider an impulsive cylindrical Process (Z¢)¢c[o,7]-

dXi+ AX,dt = Q"% dZ;, Xo =z0 € H, te[0,T].
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

Impulsive Cylindrical Process

» H:=L?*(0), O cR? open and bounded.
H — U dense Hilbert-Schmidt embedding.
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

Impulsive Cylindrical Process

» H:=L?*(0), O cR? open and bounded.
H — U dense Hilbert-Schmidt embedding.

» v— measure on R with v({0}) =0 and c:= [ 0% v(do) < oo.

7 — compensated Poisson random measure on [0, c0) x O x R with reference measure

dsdgv(do).
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

Impulsive Cylindrical Process

» H:=L?*(0), O cR? open and bounded.
H — U dense Hilbert-Schmidt embedding.

» v— measure on R with v({0}) =0 and c:= [ 0% v(do) < oo.
7 — compensated Poisson random measure on [0, c0) x O x R with reference measure
dsdgv(do).

» For ¢ € L2(O) and t € [0,T7] set

Z(t, ) = fOtLA¢(g)~aﬁ(ds,d§,da).

Felix Lindner (TU Dresden) Weak order for the discretization of the 25.08.2009 7/ 18



Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

Impulsive Cylindrical Process

» H:=L?*(0), O cR? open and bounded.
H — U dense Hilbert-Schmidt embedding.

» v— measure on R with v({0}) =0 and c:= [ 0% v(do) < oo.
7 — compensated Poisson random measure on [0, c0) x O x R with reference measure
dsdgv(do).

» For ¢ € L2(O) and t € [0,T7] set

t
Z(t,¢) = fo fo /R¢(g)~m(ds,d§, dor).
Then Z(t,-): H - L?(P) and E|Z(¢,¢)[> =t-c-|4]%.
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

Impulsive Cylindrical Process

v

H := L?(0), O c R? open and bounded.
H — U dense Hilbert-Schmidt embedding.

» v— measure on R with v({0}) =0 and c:= [ 0% v(do) < oo.
7 — compensated Poisson random measure on [0, c0) x O x R with reference measure
dsdgv(do).

v

For ¢ € L2(O) and t € [0,7T7] set

t
Z(t,¢) = fo fo /R¢(g)~m(ds,d§, dor).
Then Z(t,-): H - L?(P) and E|Z(¢,¢)[> =t-c-|4]%.

v

Identify (Z(t, -))t6 with the corresponding U-valued Lévy process (Zt)¢e[0,1]

(0,71
N

Zi = L2(Q, A,P,U) - Jim S Z(t,er)ex ((ex)x ONB of H).
—> 00 k:I

Impulsive cylindrical process on L?(O) with jump size intensity v.
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).

N
Z; = LQ(Q,A,IP;U)—A}im S Z(t,er)ex
%Ook:l

Felix Lindner (TU Dresden) Weak order for the discretization of the 25.08.2009 8 /18



Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).

Zt

N t
2@ ArU) - lim Y [ [ [ cp(@)oe, w(ds,d,do)
k=1
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).

N
7 = foth/R L2(O xR, dgv(do);U) - lim > ex(€)oey | #(ds, de, do)
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).

N
7 = foth/R L2(O xR, dgv(do);U) - lim > ex(€)oey | #(ds, de, do)

_ fotfofR{gek(g)gek} #(ds, d¢, do).
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).
t N
Zi = fo fo /R L*(O xR, d§v(do);U) - lim 3 e(§)oey { 7(ds,dE,do)

_ fotfofk{gek(g)gek} #(ds, d¢, do).

Analogously, for ® € LQ([O,T] x Q, Pro, 1, dt dP; LQ(H)), te[0,T],

fotcb(s)dzs - /(;tfofk{éek(f)aé(s)ek} #(ds, d¢, do).

v
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

» Remark: Z; can be written as an integral w.r.t. #(ds,d¢,do).
t N
7 = f f / L2(O xR, dEv(do);U) - lim 3 ey (€)oey b #(ds, dE, do)
o JoJr Nosoo &
t (o]
- fo fo fk{;ek(g)aek} #(ds, de, do).
» Analogously, for ® € L%([0,T] x Q, Pro, 17, dt dP; Ly(H)), te[0,T],

fotcb(s)dzs - /(;tfofk{éek(f)aé(s)ek} #(ds, d¢, do).

Integrand as limit in

L2([0,T] x 2 x O xR, Plo,71® B(O) ® B(R), dtdPd¢ v(do); H).
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Weak approximation of heat equation with impulsive noise Setting

dX:+ AX;dt = QY% dZ;, Xo =zo € H, t[0,T].
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Weak approximation of heat equation with impulsive noise Setting

dX:+ AX;dt = QY% dZ;, Xo =zo € H, t[0,T].
solution:

t
X = S(t)zo + fo S(T - $)Q"? dz,
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Weak approximation of heat equation with impulsive noise Setting

dX:+ AX;dt = QY% dZ;, Xo =zo € H, t[0,T].
solution:

t
X = S(t)zo + fo S(T - $)Q"? dz,

space discretization:

t
Xt = Sp(t)Pao + ]O Si(T = s) PLQY? dZ,
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Weak approximation of heat equation with impulsive noise Setting

dX:+ AX;dt = QY% dZ;, Xo =zo € H, t[0,T].
solution:

t
X = S(t)zo + fo S(T - $)Q"? dz,

space discretization:
t
Xng = SO Przo+ [ *Su(T - 5)PrQ" dzZ

space-time discretization:
X} approximates Xy, for t, =nAt, At=T/N, ne{0,1,...,N}.

n—1
X7 = SitacPhzo+ 2 SR Tn aePhQY? (Ziyyy — Zey)
k=0
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Weak approximation of heat equation with impulsive noise =~ Weak Order of Convergence

Theorem
Assume that there exist real numbers o> 0, B <« such that o — (<1 and

Tr(A™%) < oo,
APQ ¢ L(H).
Let T>1, At=T/N <1, pe C2(H) and assume f—ll ov(do) < co. Then there exists a

constant C = C(T, ) which does not depend on h and N such that for any y<1-a+3<1,
the following inequality holds.

[Ep(XA) - Ep(Xr)| < C - (7 + A7)
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Weak approximation of heat equation with impulsive noise =~ Weak Order of Convergence

Theorem
Assume that there exist real numbers o> 0, B <« such that o — (<1 and

Tr(A™%) < oo,
APQ ¢ L(H).
Let T>1, At=T/N <1, pe C2(H) and assume f—ll ov(do) < co. Then there exists a

constant C = C(T, ) which does not depend on h and N such that for any y<1-a+3<1,
the following inequality holds.

[Ep(XA) - Ep(Xr)| < C - (7 + A7)

Remark:
An analogous result holds for equations of the form

dX¢ + AX,dt = QYdW, + QV? dZ, + QY dZ,, Xo=woe H, te[0,T].
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Weak approximation of heat equation with impulsive noise  Proof

dXi+ AX,dt = Q"% dZ;, Xo =z0 € H, te[0,T].

solution:

t
Xt = S(t)wo + fo S(T - $)QY2 dz,

space discretization:
t
Xn,t = Sp(t)Przo + [0 Si(T - $)PyQ'? dZs

space-time discretization:
X}' approximates X, for t, =nAt, At=T/N, ne{0,1,...,N}.

n-1
Xp = Sp acPhzo+ Y SR T aePhQ'? (Zoy,y - Z1y)
k=0
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Weak approximation of heat equation with impulsive noise  Proof

dXi+ AX,dt = Q"% dZ;, Xo =z0 € H, te[0,T].

solution:

¢ 1/2
X = S(t)zo + fo S(T - $)QY/? dz,
space discretization:
t
Xn,t = Sp(t)Przo + [0 Si(T - $)PyQ'? dZs

space-time discretization:
X}' approximates X, for t, =nAt, At=T/N, ne{0,1,...,N}.

n-1
Xp = Sp acPhzo+ Y SR T aePhQ'? (Zoy,y - Z1y)
k=0

splitting of the error:

Ep(Xr) - Eo(X3))

{Be(X1) ~Ee(Xn,r)} + {Ee(Xnr) -Ee(X))}

spatial error + time discretization error
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Weak approximation of heat equation with impulsive noise  Proof

Estimate of the spatial error Eo(XT) - Eo(Xp, T):
Define

T
v(t,z) = Ew(z+ﬁ_t S(Tfr)Ql/QdZT)7 te[0,T], z€H,

then
Ep(X1) = (T, S(T)z0), Eo(Xn,1) =Ev(0, Xn 1)
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eo(XT) - Eo(Xp, T):

Define
T 1/2
v(t,z) = IEcp(z+L S(T-r)QY dZT), te[0,T], z€H,
—t
t
Ye = Sp(T)Phao+ f Sn(T - 1) PyQY? dZ,, t € [0,T],
0
then

Ep(X1) = (T, S(T)z0), Eo(Xn,1) =Ev(0, Xn 1)
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eo(XT) - Eo(Xp, T):

Define
T 1/2
v(t,z) = IEcp(z+L S(T-r)QY dZT), te[0,T], z€H,
—t
t
Ye = Sp(T)Phao+ f Sn(T - 1) PyQY? dZ,, t € [0,T],
0
then

Ep(X1) = (T, S(T)z0), Ep(Xp,1) =Ev(0, Xy, 1) = Ev(0, Y7).
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eo(XT) - Eo(Xp, T):
Define
- T _ 1/2
v(t,z) = Eplx+ . S(T-r)Q“dZ, ), te[0,T], z € H,
—t
t
Yo = Su(DPuao+ [ Su(T-n)PQYdz, te[0,T),
0
then

Ep(X1) = (T, S(T)z0), Ep(Xp,1) =Ev(0, Xy, 1) = Ev(0, Y7).

Ep(X7) ~Ep(Xn,1)
= o(T,S(T)zo0) - Ev(0,Yr)
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eo(XT) - Eo(Xp, T):
Define
T 1/2
v(t,z) = IEcp(z+L S(T-r)QY dZT)7 te[0,T], z€H,
—t
t
Yo = Su(DPuao+ [ Su(T-n)PQYdz, te[0,T),
0
then

Ep(X1) = (T, S(T)z0), Ep(Xp,1) =Ev(0, Xy, 1) = Ev(0, Y7).

Ep(X7) ~Ep(Xn,1)
= o(T,S(T)zo0) - Ev(0,Yr)

~ T
1t6 v(T,S(T)a:o)—E[v(T,Yo)JrfO (Dao(T - 1,Y:o), dZ4),,
T v 1 r7T, .
_fo E(T_t,yt_)dmifo (D20(T ~,Yi), dIZ15) o 1

+ AT =1,%4) = o(T = 1,Yeo) = (Dov(T ~ 1, Vi), AY:) 1 }]
t<T
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eo(XT) - Ep(Xp, T):
Define
T 1/2
o(t,z) = m(m[T S(T - r)QY dZ,n), te[0,T], ¢ H,
—t
t .
Yi = Si(DPueo+ [ SW(T-r)PQY dZy, te[0,T),

then
Ep(XT) = (T, S(T)z0), Ep(Xp,1) = Bv(0, Xp 1) = Ev(0, Y7).

Eo(X1) - Eo(Xph 1)

= o(T,S(I)z0) - Ev(0, Y1)

L (T, S(T)z0) ~v(T, Sy (T)Prao)  ~ 0

+]EfOT%(T—t,Yt—)dt -0

~E 3 {o(T=,Y2) = o(T = £,Ye-) = (Dov(T = £,Ye-), AYe) 1 }
t<T
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eo(XT) - Ep(Xp, T):

Define

T
o(t,z) = IEcp(;r+fT7tS(T—r)Q1/2er), te[0,T], z ¢ H,

Yy

then

t
S (T)Pao + f Sp(T - ) PaQY2 dZ,, te[0,T],
0

Ep(X7) = (T, S(T)z0), Ep(Xn,1) = Ev(0, Xp, 1) = Ev(0,Y7).

Eo(XT) - Ep(Xn,T)
= o(T,S(T)zo) - Ev(0,Y7)

" o(T,S(T)o) = v(T, Sp(T) Prao)

T Qv
Ef DT -, vi)dt
* 0 Bt( )

~E > {o(T=,Y2) = o(T = £,Ye-) = (Dov(T = £,Ye-), AYe) 1 }

t<T
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Weak approximation of heat equation with impulsive noise Proof

. . . . T v
Ep(X7) ~Ep(Xp,r) = o+ E [ ST -t Ve ) dt

-E Y {U(T -t,Ys) —v(T —t,Yi ) = (Dgo(T - t, th),AYr)n}

t<T

Ep (1 + f’i S(T - 7~)Q”2(127,),

v(t,z)

What does %v(t,x) look like?
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Weak approximation of heat equation with impulsive noise

Proof

Eo(X1) -Ep(Xp 1)

I Ov

) (T —t, Y ) dt

+ f') at( t,Yi-)c

—E S {o(T=4,Y2) = o(T = t,Y-) = (Dav(T =1, Y1), AYi) i },
t<T

E (:L- + f’i S(T - 7»)Q”2(zz,,.) .
What does %v(t,x) look like?

v(t, )

T NHL/2 ¢ 125, _.
fT_tS(T QY2dz, fo S(r)QY2dZ, = M.
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Weak approximation of heat equation with impulsive noise Proof

X . ) § T v
Ep(X7) ~Ep(Xp,r) = o+ E [ ST -t Ve ) dt

-E /; {v(T =1, v2) = 0(T =, Ys-) = (Dav(T =1, Y2-), AYi) }

:1¢(;,,-+ f: S(T - ,»)cg‘/z(z'/,,,).

What does %v(t,x) look like?

(t, x)

T t
fT S(T - r)QY%dZ, ~ fo S(r)QY2dz, = M.
—t
Applying It6’s formula,

p(x+ M) = (x)+martingale + 0
+3 {(p(x + Moo + AM,) = p(x + Ms_) - (Dg(x + My_), AMS)H}.

s<t
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Weak approximation of heat equation with impulsive noise Proof

T Ov
lo(X7) —Ep(Xp1) = ..o+ fl] S (Tt Yi)dt
—E 3 {o(T=t,Y3) = o(T = t,Y;-) = (Dov(T = 1, Y3-), AYi) |,
t<T
v(t,z) = v’:\;(‘l"*’ /T'I‘f S'('I'*V’)Ql/z(lz,.).

What does %v(t,m) look like?

T t
f S(T - r)Q"?dz, ~ f S(rQY2dZ, =: M.
T-t 0
Applying 1t6’s formula,
p(x+ M) = ¢(x)+martingale

+f0tfH{w(ﬂHMs-+y)—<p(x+Ms-)—(D<p(:v+Ms-),y)H}uM(ds-,dy)-
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Weak approximation of heat equation with impulsive noise Proof

Ep(X71) -Ep(Xp, 1)

"/TaU(T €Y, dt
+E — (T —t, Yy ) dt
o ot =)

—E S {o(T=t,Y3) = o(T = t,Y;-) = (Dov(T = t,Y3-), Ay ) },
t<T

v(t,x) Ep (‘1' + ‘/‘T'l'/y S(T - r')Ql/Z(IZ,.) .
What does %fu(t,:c) look like?

T t
fT S(T - r)Q'2dZ, ~ f S(r)QY2dZ, = M.
—t 0
Applying Itd’s formula,

p(x+ M) = @(x)+martingale
" jot AR N er(©)oS()Q ) ~pla+ Ma-)

~(Dyp(@ + My-), ;ek@)aS(s)Ql/%k)H}w(ds, d, do).
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Weak approximation of heat equation with impulsive noise Proof

Eo(X7) -Eo(Xp 1)

T Ov
+;,f o (T-t.Ye)dt
0

7rz o(T = t,Y3) = v(T = t,Yy-) = (Dav(T = t,Y3-), AY ) i },

v(t,x) Ee (‘1' + L'l'/ S(T r')()l/Z(IZ,.).
What does %fv(t,:c) look like?

T t
f S(T - 1)Q"?dz, ~ f S(r)QY2dZ, = M.
T-t 0
Applying Ité’s formula,

p(x+Mi) = ¢(x)+martingale
+ _[Ot L -/R {90(:'J + Ms_ + Zk:(fk;(f)ffs(s)Ql/2ek) - @(z + Ms—)

~(Dep(a + M), ;ek@)aS(s)Ql/zek)H}w(ds, d¢, do).
Taking E... and % ... yields
%v(t,x) = f f{ t Z+Z€k(£)JS(S)Q1/2€k)—’U(t x)
- (Du(t, @), Zk:ek(g)aS(s)Ql/zek>H} dé v(do).
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‘Weak approximation of heat equation with impulsive noise  Proof
T v
Ee(X7) ~Ep(Xpr) = +E [T (T -t )dt

Yi

“E X {o(T -4, Y2) = o(T =, Y1) = (Dpv(T — £, Ys-), AYe) i}
t<T
S, (T)ao + [Ot S, (T - s)PpQY 2 az,.

DA

a
o
v
a
v
a
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a
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Weak approximation of heat equation with impulsive noise Proof

- ; . ; . T v , . -
Bo(X1) ~Ep(Xpr) = ..+ E [7 (T -t Vi) de
E Y {o(T=,Y) = w(T —t,Ys-) ~(Dav(T ~,Yi-), AYi) g .
t<T
t -
Yy = 5'77('1'):1('*/“ Sp(T - s)P,Q"% dz,.

Similarly, one gets

E Y {o(T-t,Ye) = v(T=1,Yi-) + (Dav(T - £, Yi-), AYi)y |
t<T

= B[ [ (ot Yie vy) - 0T, Ye) ~ (Dan(T - 1,Yi0), uhy sy G dy).
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Weak approximation of heat equation with impulsive noise Proof

- ; . ; . T v , . -
Ep(XT) -Ep(Xp,7) = ...+ Zf“ m(l —t,Y-)dt
E Y {o(T=,Y) = w(T —t,Ys-) ~(Dav(T ~,Yi-), AYi) g .
t<T
Y, = Sp(T)xo+ /U/ ST - s)PLQY?% dz,.

Similarly, one gets

E Y {o(T-t,Ye) = v(T=1,Yi-) + (Dav(T - £, Yi-), AYi)y |
t<T

= B[ [ oY ey) 0T Vi)~ (Dan(T - 1,Yi0), uhy sy (d, dy).
- EfoT/(M{U(T—t,yt,+;ek(g)ash(T—t)Pth/Qek)—u(T—t,Yt,)

~(Dav(T =1, Ye), Y en(©oSu(T - )PLQ Per)  Jm(dt, de, do).
k
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Weak approximation of heat equation with impulsive noise Proof

- ; . ; . T v , . -
Ep(XT) -Ep(Xp,7) = ...+ Zf“ ,*(l —t,Y-)dt

E 3 {o(T=1,Y2) = o(T ~ 1, Y1) = (Daw(T ~ 1, Y1), AYe)r |
t<T

t -
Y, = s‘;,('j');x[,+/ S (T - )P, QY% dz
JO

Similarly, one gets

E Y {o(T-t,Ye) - v(T = 1,Yi) + (Dov(T - £, Yi-), Vi) |
t<T

- E/Tf v(T—t,Yt-+y)—’u(T—t,Yt_)—(va(T—t,Yt—Ly)H}#Y(dt,dy).
B Ef foX (T -t Y- +Z@k(f)ﬁsh(T—t)Pth/Qek)—v(T—tYt)

~(Dav(T =1, Ye), Y en(©oSu(T - )PLQ ex)  }dtdé v(do).
k
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- ; . ; . T v , . -
Ep(XT) -Ep(Xp,7) = ...+ Zf“ ,*(l —t,Y-)dt

E 3 {o(T=1,Y2) = o(T ~ 1, Y1) = (Daw(T ~ 1, Y1), AYe)r |
t<T

t -
Y, = s‘;,('j');x[,+/ S (T - )P, QY% dz
JO

Similarly, one gets

E Y {o(T-t,Ye) - v(T = 1,Yi) + (Dov(T - £, Yi-), Vi) |
t<T

- E/Tf v(T—t,Yt-+y)—’u(T—t,Yt_)—(va(T—t,Yt—Ly)H}#Y(dt,dy).
B Ef foX (T -t Y- +Z@k(f)ﬁsh(T—t)Pth/Qek)—v(T—tYt)

~(Dav(T =1, Ye), Y en(©oSu(T - )PLQ ex)  }dtdé v(do).
k
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Weak approximation of heat equation with impulsive noise Proof

All in all,

[Eo(Xn,7) - Bo(Xr)|
< Ch*

T
B fo foxR {U(T ThYier zk: ek (£)aSK(T -~ t)P,Q"2ey)

(T -t, Y+ Y er(&)oS(T - t)Ql/Qck)
k

+

+# (Dav(T -1, Y20, ;ek@)a(S(T 1) = Su(T = 0)P)Q er) }dtdév(do)
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Weak approximation of heat equation with impulsive noise Proof

All in all,

[Eo(Xn,7) - Bo(Xr)|
< Ch*

OxR

(T 1, Y- + Y e (£)oSK (T — t) PoQ"?ey,)
k

(T -t, Y+ Y er(&)oS(T - t)Ql/Qck)
k

+# (Dav(T -1, Y20, ;ek@)a(S(T 1) = Su(T = 0)P)Q er) }dtdév(do)

< Ch*®
+2|\Dzv\|cb(H) / o v(do)

6k(§) S(T ) = Sp(T - t)P,)Q ey,

dt de.
H
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Weak approximation of heat equation with impulsive noise Proof

All in all,

|[Eo(Xn, ) - B (X))
< Ch*

T
e[ {o(T =Y+ Den©osn(T-0P.Q er)

—’U(T -t, Y-+ Z er(§)oS(T - t)Qlﬂek,)
k

+

(Do = 1,Y12), Y en(©)o(S(T ~ 1) = Su(T = )PL)Qer)  }dt dé v(do)
k

< Ch*
T
+2|Dvle,an [ ovtde) [ (ST -0 = Su(T - )P AT 71)/2”L(H)dt
xf iek(g)A—(l—’Yl+5)/2Aﬂ/2Q1/23k de.
O |g=1 H
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Weak approximation of heat equation with impulsive noise Proof

All in all,

[Eo(Xn,7) - Bo(Xr)|
< Ch*

£ jt;T f(oxR {U(T —h Y-+ %ek(f)ﬂsh(Tf )P, QY ?ey)

(T —t,Yee + Y e (€)aS(T - 1)Q"%ey)
K

+

+ (Dzv(T —t,Yi), ; er(€)o(S(T —t) = S(T - t)Ph)Ql/2ek>H} dtdé v(do)

< Ch¥
T
+2|\Dzv\|cb(H)fou(dU)](; H(S(T—t)7Sh(Tft)Ph)A(l—'yl)/z”L(H)dt
MCRE ||A*(1*“/1+/3)/2Aﬁ/2Q1/2HL2(H).
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Weak approximation of heat equation with impulsive noise Proof

All in all,

[Eo(Xn,7) - Bo(Xr)|
< Ch*

T
+ |E jo fo . {U(Tft,ytf+;ek<s>ash(T—t)PhQ”2ek)
(T —t,Yee + Y e (€)aS(T - 1)Q"%ey)
k
+(Dav(T = 1,Y12), Y en(©)o (S(T ~ 1) = Sy (T = )P )Q?er) i dé v(do)
k
< Ch*
T

+2|\Dzv\|cb(H)fou(dU)](; H(S(T—t)7Sh(Tft)Ph)A(l—'yl)/z”L(H)dt

MCRE ||A*(1*“/1+/3)/2Aﬁ/2Q1/2HL2(H).

Finally,

(ST = 1) = Sp(T =) P ) A2 <2 (t‘(“(ﬂ‘l)“%)“) + t‘((l"Yl)/Q‘“'Y)).
L(H)
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Weak approximation of heat equation with impulsive noise Proof

Consider the case [, |o|v(do) = 0o, [ |o]?v(do) < oo
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Weak approximation of heat equation with impulsive noise Proof
Consider the case [, |o|v(do) = 0o, [ |o]?v(do) < oo

[Ee(Xn,1) - Ep(X1)|
< Cr*
T
B f o (T -1+ Ser©asn(T- 0710 2e)

(T =, Yoo + Y e (§)oS(T - 1)Qey,)
k

+

+{Dao(T =1,Ye), D en(€)a (ST~ ) = S,(T = 1) P )Q e}  } di dgv(do)
k
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Weak approximation of heat equation with impulsive noise Proof
Consider the case [, |o|v(do) = 0o, [ |o]?v(do) < oo

[Ee(Xn,1) - Ep(X1)|
< Cr*
T
B f o (T -1+ Ser©asn(T- 0710 2e)

(T =, Yoo + Y e (§)oS(T - 1)Qey,)
k

+

+{Dao(T =1,Ye), D en(€)a (ST~ ) = S,(T = 1) P )Q e}  } di dgv(do)
k

Taylor
L con®

T
+‘1Ef [ {(E,chv(T—t,Yt,JrﬁE)E)
0 OxR H

(3, D2(T -1, V- +192)E)H} dtd{u(dcr)‘
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Weak approximation of heat equation with impulsive noise Proof
Consider the case [, |o|v(do) = 0o, [ |o]?v(do) < oo

[Ee(Xn,1) - Ep(X1)|
< Cr*
T
B f o (T -1+ Ser©asn(T- 0710 2e)

(T =, Yoo + Y e (§)oS(T - 1)Qey,)
k

+

+{Dao(T =1,Ye), D en(€)a (ST~ ) = S,(T = 1) P )Q e}  } di dgv(do)
k

Taylor
L con®

T
+‘1Ef [ {(E,chv(T—t,Yt,JrﬁE)E)
0 OxR H

(3, D2(T - t, Vi +9%) E)H} dtd{u(dcr)‘
Besides other difficulties, this leads to expressions like

—(1- 3
f(9|ek(5)A =reD2 g8 QU2 2 de.
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Weak approximation of heat equation with impulsive noise Proof
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Debussche, A., Weak approximation of stochastic partial differential equations: The non
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Hausenblas E., Finite element approximation of stochastic partial differential equations
driven by Poisson random measures of jump type, SIAM J. Numer. Anal., Vol 46, No. 1,
pp. 437-471, 2008

Meétivier, M., Semimartingales - a Course on Stochastic Processes, de Gruyter, 1982
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Peszat, S. & Zabczyk, J., Stochastic Partial Differential Equations with Lévy Noise,
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Weak approximation of heat equation with impulsive noise Proof

Thank you for your attention!
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