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Weak approximation of heat equation with Gaussian noise Setting

Debussche/Printems: Weak order for the discretization of the stochastic heat
equation, 2008.

dXt +AXt dt = Q1/2dWt, X0 = x0 ∈ H, t ∈ [0, T ]. (1)

▸ Setting:
(Xt)t∈[0,T ] − H-valued stochastic process.
A− positive self-adjoint unbounded operator on H with domain D(A) dense in H and
compactly embedded in H.
Q− non negative symmetric bounded operator on H.
(Wt)t∈[0,T ] − cylindrical Wiener process on H.

▸ (S(t))t≥0 − semigroup generated by A.
The weak solution (in the PDE sense) of equation (1) is given by

Xt = S(t)x0 + ∫
t

0
S(t − s)Q1/2 dWs, t ∈ [0, T ].
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Weak approximation of heat equation with Gaussian noise Space Discretization

Space discretization via finite element methods.

▸ (Vh)h>0 − finite dimensional subspaces of D(A1/2).
Ph − orthogonal projector from H onto Vh w.r.t. ⟨⋅, ⋅⟩H .

▸ Define Ah ∶ Vh → Vh by

⟨A1/2uh, A
1/2vh⟩H = ⟨Ahuh, vh⟩H , ∀uh ∈ Vh, vh ∈ Vh.

(Sh(t))t≥0 −semigroup generated by Ah.

▸ Xh,t ∶= Sh(t)Phx0 + ∫
t

0 Sh(t − s)PhQ
1/2 dWs

▸ Main assumption concerning the spaces Vh: ∀q ∈ [0,2] ∃κ1, κ2 > 0,

∥Sh(t)Ph − S(t)∥L(H) ≤ κ1h
qt−q/2,

∥A1/2(Sh(t)Ph − S(t))∥L(H) ≤ κ2ht
−1, ∀h, t ≥ 0.
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Weak approximation of heat equation with Gaussian noise Time Discretization

Time discretization via implicit Euler scheme.

▸ N ≥ 0 integer, ∆t = T /N, tn = n∆T (0 ≤ n ≤ N).

▸ numerical scheme:
Let θ ∈ (1/2,1]. For n ∈ {0,1, . . . ,N − 1} seek Xn

h ∈ Vh, an approximation of Xtn , such
that

⟨Xn+1
h −Xn

h , vh⟩H +∆t⟨A(θXn+1
h + (1 − θ)Xn

h ), vh⟩H
= ⟨Q1/2Ztn+1 −Q

1/2Ztn , vh⟩H , ∀vh ∈ Vh,

and
⟨X0

h, vh⟩H = ⟨x0, vh⟩H , ∀vh ∈ Vh.

Ô⇒

Xn
h = Snh,∆tPhx0 +

n−1

∑
k=0

Sn−k−1
h,∆t Th,∆tPhQ

1/2(Wtk+1 −Wtk).

(Xt = S(t)x0 + ∫
t

0
S(t − s)Q1/2 dWs)
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Weak approximation of heat equation with Gaussian noise Weak Order of Convergence

Theorem (Debussche/Printems, 2008)
Assume that there exist real numbers α > 0, β ≤ α such that α − β ≤ 1 and

Tr(A−α) < ∞ ,

AβQ ∈ L(H).

Let T ≥ 1, ∆t = T /N ≤ 1 and ϕ ∈ C2
b (H). Then there exists a constant C = C(T,ϕ) which

does not depend on h and N such that for any γ < 1−α+β ≤ 1, the following inequality holds.

∣Eϕ(XN
h ) − Eϕ(XT )∣ ≤ C ⋅ (h2γ +∆tγ).

Question:
Does this also work for Lévy Noise?

Instead of (Wt)t∈[0,T ], consider an impulsive cylindrical Process (Zt)t∈[0,T ].

dXt +AXt dt = Q1/2 dZt, X0 = x0 ∈ H, t ∈ [0, T ].
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

Impulsive Cylindrical Process

▸ H ∶= L2(O), O ⊂ Rd open and bounded.
H ↪ U dense Hilbert-Schmidt embedding.

▸ ν − measure on R with ν({0}) = 0 and c ∶= ∫R σ
2 ν(dσ) <∞.

π̂ − compensated Poisson random measure on [0,∞) ×O ×R with reference measure
dsdξ ν(dσ).

▸ For φ ∈ L2(O) and t ∈ [0, T ] set

Z(t, φ) ∶= ∫
t

0
∫O ∫R

φ(ξ) ⋅ σ π̂(ds, dξ, dσ).

Then Z(t, ⋅) ∶ H → L2(P) and E∣Z(t, φ)∣2 = t ⋅ c ⋅ ∣φ∣2H .

▸ Identify (Z(t, ⋅))
t∈[0,T ] with the corresponding U -valued Lévy process (Zt)t∈[0,T ],

Zt = L2(Ω,A,P;U) − lim
N→∞

N

∑
k=1

Z(t, ek)ek ((ek)k ONB of H).

Impulsive cylindrical process on L2(O) with jump size intensity ν.
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Weak approximation of heat equation with impulsive noise Impulsive Cylindrical Process

▸ Remark: Zt can be written as an integral w.r.t. π̂(ds, dξ, dσ).

Zt = L2(Ω,A,P;U) − lim
N→∞

N

∑
k=1

Z(t, ek)ek

= ∫
t

0
∫O ∫R

{
∞
∑
k=1

ek(ξ)σek} π̂(ds, dξ, dσ).

▸ Analogously, for Φ ∈ L2([0, T ] ×Ω,P[0,T ], dt dP; L2(H)), t ∈ [0, T ],

∫
t

0
Φ(s)dZs = ∫

t

0
∫O ∫R

{
∞
∑
k=1

ek(ξ)σΦ(s)ek} π̂(ds, dξ, dσ).

Integrand as limit in

L2([0, T ] ×Ω ×O ×R, P[0,T ] ⊗ B(O)⊗ B(R), dt dPdξ ν(dσ); H).
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ek(ξ)σek} π̂(ds, dξ, dσ).
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Weak approximation of heat equation with impulsive noise Setting

dXt +AXt dt = Q1/2 dZt, X0 = x0 ∈ H, t ∈ [0, T ].

solution:
Xt = S(t)x0 + ∫

t

0
S(T − s)Q1/2 dZs

space discretization:

Xh,t = Sh(t)Phx0 + ∫
t

0
Sh(T − s)PhQ1/2 dZs

space-time discretization:
Xn
h approximates Xtn for tn = n∆t, ∆t = T /N, n ∈ {0,1, . . . ,N}.

Xn
h = Snh,∆tPhx0 +

n−1

∑
k=0

Sn−k−1
h,∆t Th,∆tPhQ

1/2 (Ztk+1 −Ztk)
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Weak approximation of heat equation with impulsive noise Weak Order of Convergence

Theorem
Assume that there exist real numbers α > 0, β ≤ α such that α − β ≤ 1 and

Tr(A−α) < ∞ ,

AβQ ∈ L(H).

Let T ≥ 1, ∆t = T /N ≤ 1, ϕ ∈ C2
b (H) and assume ∫

1
−1 σ ν(dσ) <∞. Then there exists a

constant C = C(T,ϕ) which does not depend on h and N such that for any γ < 1 − α + β ≤ 1,
the following inequality holds.

∣Eϕ(XN
h ) − Eϕ(XT )∣ ≤ C ⋅ (hγ +∆tγ/2).

Remark:
An analogous result holds for equations of the form

dXt +AXt dt = Q1/2
0 dWt +Q1/2

1 dZt +Q1/2
2 dZ̃t, X0 = x0 ∈ H, t ∈ [0, T ].
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Weak approximation of heat equation with impulsive noise Proof

dXt +AXt dt = Q1/2 dZt, X0 = x0 ∈ H, t ∈ [0, T ].

solution:
Xt = S(t)x0 + ∫

t

0
S(T − s)Q1/2 dZs

space discretization:

Xh,t = Sh(t)Phx0 + ∫
t

0
Sh(T − s)PhQ1/2 dZs

space-time discretization:
Xn
h approximates Xtn for tn = n∆t, ∆t = T /N, n ∈ {0,1, . . . ,N}.

Xn
h = Snh,∆tPhx0 +

n−1

∑
k=0

Sn−k−1
h,∆t Th,∆tPhQ

1/2 (Ztk+1 −Ztk)

splitting of the error:

Eϕ(XT ) − Eϕ(XN
h ) = {Eϕ(XT ) − Eϕ(Xh,T )} + {Eϕ(Xh,T ) − Eϕ(XN

h )}

= spatial error + time discretization error
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Weak approximation of heat equation with impulsive noise Proof

Estimate of the spatial error Eϕ(XT) − Eϕ(Xh,T):

Define

v(t, x) ∶= Eϕ(x + ∫
T

T−t
S(T − r)Q1/2dZr) , t ∈ [0, T ], x ∈ H,

Yt ∶= Sh(T )Phx0 + ∫
t

0
Sh(T − r)PhQ1/2 dZr, t ∈ [0, T ],

then
Eϕ(XT ) = v(T,S(T )x0), Eϕ(Xh,T ) = Ev(0,Xh,T )

= Ev(0, YT )

.

Eϕ(XT ) − Eϕ(Xh,T )
= v(T,S(T )x0) − Ev(0, YT )

Itô= v(T,S(T )x0) − E[v(T,Y0) + ∫
T

0
⟨Dxv(T − t, Yt−), dZt⟩H

−∫
T

0

∂v

∂t
(T − t, Yt−)dt +

1

2
∫

T

0
⟨D2

xv(T − t, Yt−), dJZKct⟩H⊗̂2H

+ ∑
t≤T

{v(T − t, Yt) − v(T − t, Yt−) − ⟨Dxv(T − t, Yt−),∆Yt⟩H}]
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Weak approximation of heat equation with impulsive noise Proof

Eϕ(XT ) − Eϕ(Xh,T ) = . . . + E∫
T

0

∂v

∂t
(T − t,Yt−)dt

−E ∑
t≤T

{v(T − t,Yt) − v(T − t,Yt−) − ⟨Dxv(T − t,Yt−),∆Yt⟩H},

v(t, x) = Eϕ(x + ∫
T

T−t
S(T − r)Q1/2

dZr) .

What does ∂
∂t
v(t, x) look like?

∫
T

T−t
S(T − r)Q1/2dZr ∼ ∫

t

0
S(r)Q1/2dZr =∶Mt.

Applying Itô’s formula,

ϕ (x +Mt) = ϕ(x) +martingale + 0

+∑
s≤t

{ϕ(x +Ms− +∆Ms) − ϕ(x +Ms−) − ⟨Dϕ(x +Ms−), ∆Ms⟩H}.

Taking E . . . and ∂
∂t
. . . yields

∂

∂t
v(t, x) = ∫O ∫R

{v(t, x +∑
k

ek(ξ)σS(s)Q1/2ek) − v(t, x)

− ⟨Dv(t, x),∑
k

ek(ξ)σS(s)Q1/2ek⟩
H
} dξ ν(dσ).
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All in all,

∣Eϕ(Xh,T ) − Eϕ(XT )∣

≤ Ch2γ
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+ 2∥Dxv∥Cb(H) ∫ σ ν(dσ)

×∫
T
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∫O

∣
∞
∑
k=1

ek(ξ)(S(T − t) − Sh(T − t)Ph)Q1/2ek∣
H

dt dξ.

Finally,

∥(S(T − t) − Sh(T − t)Ph)A(1−γ1)/2∥
L(H)

≤ C h2γ (t−(γ1(γ1−1)/(2γ)+1) + t−((1−γ1)/2+γ)).
◻
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Weak approximation of heat equation with impulsive noise Proof

Consider the case ∫
1
−1 ∣σ∣ ν(dσ) =∞, ∫

1
−1 ∣σ∣2 ν(dσ) <∞ ∶

∣Eϕ(Xh,T ) − Eϕ(XT )∣

≤ Ch2γ

+ ∣E∫
T

0
∫O×R

{v(T − t, Yt− +∑
k

ek(ξ)σSh(T − t)PhQ1/2ek)

−v(T − t, Yt− +∑
k
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+ ⟨Dxv(T − t, Yt−),∑
k

ek(ξ)σ(S(T − t) − Sh(T − t)Ph)Q1/2ek⟩
H
}dt dξ ν(dσ)∣

Taylor= Ch2γ

+ ∣E∫
T

0
∫O×R

{⟨Σ , D2
xv(T − t, Yt− + ϑΣ )Σ ⟩

H

− ⟨Σ , D2
xv(T − t, Yt− + ϑΣ )Σ ⟩

H
} dt dξ ν(dσ)∣

Besides other difficulties, this leads to expressions like

∫O
∣ek(ξ)A−(1−γ1+β)/2Aβ/2Q1/2ek ∣

3

H
dξ.
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ek(ξ)σSh(T − t)PhQ1/2ek)

−v(T − t, Yt− +∑
k

ek(ξ)σS(T − t)Q1/2ek)

+ ⟨Dxv(T − t, Yt−),∑
k

ek(ξ)σ(S(T − t) − Sh(T − t)Ph)Q1/2ek⟩
H
}dt dξ ν(dσ)∣

Taylor= Ch2γ

+ ∣E∫
T

0
∫O×R

{⟨Σ , D2
xv(T − t, Yt− + ϑΣ )Σ ⟩

H

− ⟨Σ , D2
xv(T − t, Yt− + ϑΣ )Σ ⟩

H
} dt dξ ν(dσ)∣

Besides other difficulties, this leads to expressions like

∫O
∣ek(ξ)A−(1−γ1+β)/2Aβ/2Q1/2ek ∣

3

H
dξ.
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Thank you for your attention!
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